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Abstract

In this paper, infragravity (IG) waves, forced by normally and obliquely incident wave groups,
are studied using the quasi-3D (Q3D) nearshore circulation model SHORECIRC [Van Dongeren,
A.R., I.LA. Svendsen, 1997h. Quasi 3-D modeling of nearshore hydrodynamics. Research report
CACR-97-04. Center for Applied Coastal Research, University of Delaware, Newark, 243 pp.],
which includes the Q3D effects. The governing equations that form the basis of the model, as well
as the numerical model and the boundary conditions, are described. The model is applied to the
case of leaky |G waves. It is shown that the Q3D terms have a significant effect on the cross-shore
variation of the surface elevation envelope, especialy around the breakpoint and in the inner surf
zone. The effect of wave groupiness on the temporal and spatial variation of all Q3D terms is
shown after which their contribution to the momentum equations is analyzed. This reveas that
only those Q3D coefficients, which appear in combination with the largest horizontal velocity
shears make a significant contribution to the momentum equations. As a result of the calculation
of the Q3D coefficients, the IG wave velocity profiles can be determined. This shows that in the
surf zone, the velocity profiles exhibit a large curvature and time variation in the cross-shore
direction, and a small — but essentidl — depth variation in the longshore direction. © 2000
Elsevier Science B.V. All rights reserved.
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1. Introduction

In this paper, we apply the SHORECIRC model to the case of leaky infragravity (IG)
waves. SHORECIRC is a quasi-3D (Q3D) nearshore circulation model, which combines
the effect of the vertical structure of the IG wave particle velocity profile with a
numerical two-dimensional horizontal (2DH) circulation model.

2DH models have been developed to study phenomena, such as the current circula
tion over periodically longshore-varying bottom topographies Noda et al., 1974; Eber-
sole and Dalrymple, 1980 and others) and in closed basins with in principle arbitrary
bathymetries (Wu and Liu, 1985; Wind and Vreugdenhil, 1986). These models describe
the depth-mean current velocity and surface elevation and are based on the depth-aver-
aged and time-averaged Reynolds equations. Since time averaging is done over the
short-wave period, the effect of the short-wave motion is replaced by the radiation stress
and the short-wave-induced volume flux, which force the long-wave and current motion.
These quantities cannot be determined from the wave-averaged equations themselves
and have to be supplied to the model through a so-caled “short-wave driver”. The
bottom boundary layer effect is replaced by a wave-averaged bottom shear stress, which
in itself is modelled as a function of the depth-averaged velocity. The turbulent shear
stresses are represented by an eddy viscosity model, which closes the equations.

These models, however, do not account for the vertical variation of the current or
long-wave velocity profiles over depth. Therefore, Q3D models were developed. In an
approach by De Vriend and Stive (1987) and Stive and De Vriend (1987), the current is
split into primary and secondary flow profiles where the absolute magnitude of the
primary velocity vector is assumed to dominate the secondary flow magnitude. This
assumption is not valid in the case of normally incident waves. In a different approach,
Svendsen and Lorenz (1989) determined analytical expressions for the verticaly varying
longshore and cross-shore currents separately for the special case of a long straight
coast. Svendsen and Putrevu (1990) formulated the steady-state version of the SHORE-
CIRC Q3D nearshore circulation model using analytical solutions for the 3D current
profiles in combination with a numerical solution of the depth-integrated 2DH equations
for along straight coast. They split the current velocity into a depth-invariant component
and a component with a vertical variation with zero depth-mean flow. Sanchez-Arcilla et
al. (1990, 1992) presented a similar concept.

Putrevu and Svendsen (1992) and Svendsen and Putrevu (1994) recognized that the
current—current and current—wave interactions neglected in previous investigations
induce a nonlinear dispersion mechanism, analogous to the dispersion of solutes (Taylor,
1954; Elder, 1959). This mechanism significantly augments the lateral turbulent mixing
and accounts for the difference in magnitude between the vertical and horizontal mixing
in the case of a longshore current on a long, straight coast.

The time-dependent version of this model, called SHORECIRC, was presented in
Van Dongeren et al. (1994) for the specia case of longshore uniformity in both the
bathymetric and hydrodynamical conditions. The generalized Q3D governing equations
were derived in Putrevu and Svendsen (1997, 1999), and analytical expressions for the
velocity profiles were given in Van Dongeren and Svendsen (1997b).
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The development of 1G waves on a plane slope has been studied earlier using the
linearized, depth-averaged equations of motion. Symonds et al. (1982) and Schéaffer and
Svendsen (1988) anayzed the 1D-horizontal generation of surf beat using different
assumptions about the way breaking modifies the wave groupiness. These investigations
certified that forcing of 1G waves occurs both due to a varying breakpoint and
throughout the surf zone due to the changes in wave heights and groupiness in that
region. (Schaffer, 1993, 1994) extended this approach to a 2DH study of edge wave
generation and generalized the breaking assumption by combining the two extremes
considered by Symonds et a. and Schaffer and Svendsen. In all these investigations, the
forcing was generated by wave groups formed by a weak modulation of a sinusoidal
carrier wave train, which made analytical solutions possible for the steady-state situation
that occurs after a long time of periodic forcing. Recently, Lippmann et al. (1997)
examined the initial growth rate of such edge waves for the fully resonant case and
(Chen and Guza 1998a,b) studied the effect of periodic topographic variations.

In this paper, we will analyze the case of IG waves generated by normally and
obliquely incident periodic wave groups using the same forcing as Schaffer (1994), but
using the fully nonlinear Q3D SHORECIRC model. This case is a natural extension of
the longshore current case studied before, where the restriction of steady, longshore-uni-
form forcing is replaced by periodic forcing.

First, we will give an outline of the derivation of the Q3D governing equations with
an emphasis on the calculation of the depth-varying velocity profiles. Then, we will
briefly describe the numerical model and its boundary conditions. The main part of this
work is devoted to the analysis of the Q3D terms in the governing equations for the case
of leaky 1G waves forced by both normally and obliquely incident wave groups. In
particular, we will investigate the size of these terms réelative to the “conventional”
terms that appear in the nonlinear shallow water (NSW) equations. We will also show
the effect these terms have on the cross-shore long-wave envelope and show the 1G
wave velocity profiles.

2. Q3D governing equations

In this section, we will give an overview of the depth-integrated, time-averaged
governing equations of the SHORECIRC model. For a more thorough derivation of
these equations for the case of depth-uniform currents we refer to the procedure given
by Phillips (1977) and Mei (1983), and for the more general case of depth-varying
currents to Putrevu and Svendsen (1991, 1997, 1999) and Van Dongeren and Svendsen
(1997b).

The conservation of mass eguation is given by

5 -
% uda=o (1)
ot X, 7 —h,

where ¢ is the surface elevation of the long (or 1G) wave motion, u,, is the total velocity
of the long and short waves. The index « represents the horizontal x and y directions.
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Fig. 1. Definition sketch.

z is the vertical coordinate, defined from the still-water level (SWL) up. h, is the
still-water depth and h=h, + ¢ is the total depth. (See Fig. 1 for a definition sketch.)
After turbulence averaging, the total horizontal velocity can be split into a depth-uniform
long-wave part V,, a depth-varying long-wave part V;, and a short-wave contribution
Uy, SO that

Ua(%,Y,2.8) =V (X.Y,1) + Vi (X,Y,2,8) + Uy (XY, 2.1) (2)
We define u,,, = 0 below trough level and define the short-wave-induced volume flux
above the trough level as

Que = [g IE: (3)

where ¢; denotes the trough level of the short-wave motion. The total flux (1 can then
be written as

GaE/Z uadz=\7ah+fZ V,,dz+ Q,, (4)
“h, “h,

Wa?

Since the depth-averaged velocity is chosen such that
Q.=V,h (5)
we have from Eq. (4) that

[f Vi dz= -q,, (6)
7h0

With this result, Eq. (1) can be written as
Y
a—t"f'a—)(a(vah):O (7)

The horizontal conservation of momentum can be expressed as
a

at

S R o 0
(Voh) + 55 (VVh) + 5= [ Vi Vigdz a/;(umvm + Uy Vaa )2

{— TBS ’TBB
[saﬁ—fhfaﬁdz + L2 (8)
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where B is index notation for the horizontal x and y directions, 7,, represents the
turbulent shear stresses, 7, is the surface stress and 77 is the bottom stress. The
radiation stress is defined as*

Su=[° d ot 9
aB:fihO( péaﬁ—’_puwauwﬁ) Z— Saﬁapg ( )

The governing equations, Egs. (7) and (8), are readily solvable numerically in terms
of Q, and ¢ if the depth variation of the long-wave velocity V,, is known. To
determine this would require a full 3D grid and therefore a large computation time. In
order to reduce the computational time, we use anaytical solutions for the vertical
variation of the long-wave current velocity to calculate the integrals in Egs. (7) and (8).
In this way, the integrals can be written in terms of (analytically determined) coefficients
multiplied by spatial derivatives of the depth-averaged parameters Q, and /. In this
so-called Q3D approach, only a two-dimensional numerical model is needed.

The mathematics of replacing the depth-dependent terms with depth-invariant coeffi-
cients is shown in Appendix A. Substituting the final expression, Eq. (38), from
Appendix A into Eg. (8), the Q3D horizontal momentum equations finally become

3 - (R
(%) + E(vavﬁm Mag + Ausy Y, |
d vV, VA oV,
——|h| Dgy— + D,y + By
X, X, 0X, 0X,
o 108, 0 N, v 7o — 18
— +—||-—==0 (10)
Xg P axa axa axﬁ X, p

Egs. (7) and (10) are the Q3D equations. They are the generalized version of the
equations given in Svendsen and Putrevu (1994) for the special case of steady motion on
a cylindrical coast. The dispersive D terms are generalizations of the results found by
Taylor (1954) and Fisher (1978). It is important to note here that all the terms in Eq.
(10) are functions of either the depth-averaged quantities or the V,9 velocities, which
we can determine from Eqg. (30). In this form, the governing equations can readily be
coded in a numerical model, which solves the 2DH equations numerically while using
the semi-analytical solution of Eq. (30) to represent the effect of the depth-varying
currents (or |G waves).

In the remainder of the paper, we will simplify the calculation of the velocity profiles
by assuming that they exhibit a quasi-steady response to the forcing. This, in other
words, means that the time scale of the motion is sufficiently large so that the
acceleration term in Eq. (30) can be neglected. The details are shown in Appendix B.

! This definition is symbolically similar to Mei (1983), who uses a different definition of u,,, however. He
requires [, U,,dz=0.
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3. Numerical solution and boundary conditions

In the version of the SHORECIRC model used here, the governing equations are
solved using a central finite difference scheme on a fixed spatial grid with an explicit
second-order Adams—Bashforth predictor and a third-order Adams—Moulton corrector
time-stepping scheme.

On the artificial, seaward boundary of the computational domain, an absorbing—gen-
erating boundary condition is imposed. This boundary condition, which was described in
detail in Van Dongeren and Svendsen (1997a), is capable of simultaneously generating
incoming and absorbing outgoing waves with a minimum of reflection.

At the landward side of the domain, a shoreline boundary condition based on a
simple inundation-drainage procedure is implemented. It is based on a control volume
approach in which water is stored in or drained from the shorewardmost wet cell. The
procedure is described in detail in Van Dongeren and Svendsen (1997h). On the lateral
(shore-normal) boundaries, we use a periodicity condition.

The SHORECIRC model has previously been compared to Visser’'s (1984) laboratory
data of the longshore current profile under monochromatic wave forcing (Svendsen and
Putrevu, 1994), to Kostense's (1984) laboratory data of |G waves under normally
incident bichromatic wave group forcing (Van Dongeren et a., 1995), and to Haller and
Darymple's (1999) laboratory data of a rip current system (Haas et a., 1998). In
addition, the model has been applied DELILAH (1990) field data of shear wave motions
(Svendsen et a., 1997) and to field data of 1G wave motions (Van Dongeren et a.,
2000). However, the authors know no laboratory data of |G wave motion under
obliquely incident bichromatic wave groups to compare the present numerical results to.

4. Application: leaky 1G waves

In the following, we will investigate the effect of the Q3D terms on |G waves due to
normally and obliquely incident wave groups, but limit the investigation to the case of
leaky |G waves.

The wave groups consist of two sinusoidal short-wave components that have a
dlightly different frequency, but have the same incident direction of propagation at a
given depth (Schaffer, 1994). As the obliquely incident wave groups propagate towards
shore at the group speed cg, they refract towards the shore-normal direction whereby it
is assumed that both short-wave components refract in the same way and that they do
not diverge. The incoming bound |G wave forced by the wave groups propagates with
the groups. As the wave groups approach the beach and the short waves are dissipated,
this incoming |G wave is modified by the wave group transformation and is released. It
will then reflect from the shore and propagate and refract seawards as a free long wave
(see Fig. 2 for a definition sketch).

In the following, this process will be illustrated by analyzing the linearized model
results and comparing to the linear, analytical solution by Schaffer (1994). Then, we will
show the effect that the nonlinear terms in the 2DH shallow water equations have on the
solution, and finally we will discuss the relative importance of the Q3D terms.
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Fig. 2. Definition sketch of obliquely incident and obliquely reflected |G waves.

4.1. Comparison to the linear analytical solution

We first consider the linearized governing equations for the time-varying motion on a
plane beach connected to an offshore shelf. For reference, the linearized equations of
continuity and momentum solved by Schaffer (1994) read

a  9Q

% + Qu _ 0 (11)
ot dx,

aQ a 19S

s S T (12)

+ gh,— +
ot Tax,  p ox,

We consider the analytical short-wave forcing generated by a wave group consisting
of two sinusoidal short waves that have a dightly different frequency but have the same
direction of propagation. Given this short-wave forcing, the radiation stress S,, can be
written as (generalizing from Schéffer, 1994)

Sup(X,Y,t) = pgP,  HE(1+ 25co8(28)),  hx=h,
Sis(X,y,t) =pgP,zv?h2(1+28(1—«k)cos(29)),  h<h, (13)

where H, is the height of the carrier wave and the wave height modulation 6 =H,/H,
is the ratio of the wave heights of the secondary wave to the primary wave in the group.
In this formulation, it is assumed that & is small. « is the breaking location parameter
(Schaffer, 1994), where a value of k=0 implies that the breakpoint is in a fixed
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location, irrespective of the individua wave height, and that wave groupiness is
transmitted into the surf zone according to the Schaffer and Svendsen (1988) model. A
value of =1 implies that the breakpoint is moving on the time scale of the wave
groups according to the Symonds et al. (1982) model. In the surf zone, the saturated
breaking criterion is H; = yh,, and P, isthe nondimensional shape parameter for the
short waves. Using sine wave theory for the short waves, the shape factor P,; in Eq.
(13) is defined as

1 2kh, | Kk, Kg 2kh
Pp="=[|1+ =

16 sinh2kh,
where k,, are components of the wave number of the carrier short-wave motion and

8,p Is the Kronecker delta
The phase function is defined following Schaffer (1994), his Egs. (5) and (6), as

0o

- 8
k2 sinh2kh, **

(14)

X
20= [ Kdx+K,y—Aot (15)
0

The forcing frequency A w is the difference frequency between the frequencies w,
and w, of the two short waves in the group

Aw=w,— w,=2€ew (16)
where € is the frequency modulation between the two waves in the wave group and
is the mean of w; and w,. In Eq. (15), K, and K, are the x and y components of the
wave number of the wave group, or in other words, they are the x and y components of
the difference between the wave number components of the two short waves, k(" and
k. After some manipulation, this can be rewritten as

k (1 sin%,

K,=k® — k@ =2¢

(17)

coso, | n n

S

where n=cy/c and 6; is the angle of incidence of the short waves with respect to the
normal, and the subscript s denotes conditions on the shelf. We also have

o ® ksiné,
Ky=ky —ky =2€

(18)
S

for the variation in the longshore direction (consistent with Schaffer’'s (1994) Eq. (8)).
The aongshore wave number is constant under Snell’s Law for parallel depth contours.

In the model formulation, we have chosen to retain the idea of considering a coastal
slope rising from an outer, gentler sope (equivalent to the shelf in Schaffer's (1994)
anaysis) rather than the plane slope to infinitely large depth recommended by Lippmann
et a. (1997). The reasons are the following. On the outer slope, we assume that the
depth varies so gently that the waves stay in local equilibrium and that at the toe of the
coastal slope, the set-down wave corresponds to the equilibrium bound wave. This
avoids the difficulty encountered by, e.g., Lippmann et al. (1997) in justifying the use of
long-wave theory in the deepwater part of their plane slope. It also enables us to specify
the conditions at the toe as a simple boundary condition for the inflow to the coastal
slope. This gives a much more flexible approach than the restricted case of a plane slope
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studied by Lippmann et al. (1997). In the present study, we limit the analysis to a plane
coastal slope to facilitate a comparison to analytical results, but it should be emphasized
that the model can be run on an arbitrary bottom topography.
On the shelf we will assume an equilibrium bound long wave
-1 sy

gi_ _; (ghs_cgzys)

where the subscript s denotes conditions on the shelf and S is the time-varying part of
Eqg. (13), which propagates in the direction of the wave groups. This solution was first
found by Longuet-Higgins and Stewart (1962).

In the linearized version of the model, we impose a no-flux condition at the
still-water shoreline. At the lateral boundaries, we impose periodicity. The longshore
domain length is put equal to the longshore projection of the IG wave length.

In the following case, the frequency modulation is chosen as &= 0.1, the mean
frequency of the short waves is w=1.8 s ! and the frequency of the IG wave is
Aw=0.36 s 1. The breaking index is y = 0.75, and in order to illustrate the effect of
the wave groupiness inside the surf zone, we choose first to consider the case of a fixed
breaker location by, i.e, k=0 in Eg. (13). The beach slope is chosen as h, = 1/20.

The other input parameters are the shelf depth, h,, the carrier wave frequency o, the
height H, ¢ of the carrier wave on the shelf, and the amplitude modulation &.

This large number of seemingly independent parameters makes this a complicated
problem to specify. However, analysis of the problem formulation (Van Dongeren and
Svendsen, 1997b) shows that these parameters can be cast into three controlling
dimensionless parameters, which read

(19)

S = o =6.31x 1072 (20)
* hAw?
h 1 /¢, H
=== /2 _03 (21)

k=0 (22)

Notice that this is a reduction from the five parameters used by Schaffer (1993).
Here, S, is equivalent to the slope parameter S=h,L/h of Svendsen and Hansen
(1976) for IG wave motion.

The values chosen above for these parameters imply that the short waves will break
at h,/h,=0.3. In choosing these parameters, we have also made sure that the incident
wave groups travel in intermediate to deep water on the shelf (since ng= ¢ /c = 0.721),
and that the waves break at a location so that there is a considerable surf zone width.
The grid spacings used in the numerical solution are Ax=h,/3, Ay=h, and the
Courant number v = 0.7. By comparison with the results for smaller grid sizes, it is
found that this grid spacing gives sufficient accuracy al the way to the shoreline.

First, we will consider the specia case of normally incident wave groups, which force
2D surfbeat. Fig 3a shows the comparison of the envelopes of the total long-wave
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Fig. 3. Envelope of the total long-wave motion vs. depth: present linearized model (solid line) and Schaffer's
(1993, 1994) analytical solution (dashed line): (&) normally incident wave groups 6; ;= 0°; (b) obliquely
incident wave groups 6; = 22.37°. The breakpoint is located a h, /hs=0.3.

motion. The solid line indicates the present linearized model and the dashed line
indicates the analytical solution by Schéffer and Svendsen (1988) and Schaffer (1993).
The agreement is very good, which confirms the accuracy of the numerical computa
tions. The small discrepancies are due to the coarser resolution of the numerical model.

The envelope represents the maximum and minimum surface elevation and is
normalized by §aZ/h,, where a, = H, /2. This normalization is chosen such that the
incoming bound long wave becomes an O(1) quantity, which can be seen from a scaling
andysis of the dimensional Eq. (19)

_ 1 b 5a? 5a2
F=—= S(xz =O(pg 1)=O(_l) (23)
p (ghy—cZ) pahg hg

where we have used the expression for the time-varying part of the radiation stress in
Eq. (13).

The shore norma coordinate is made dimensionless by h,, so that h,/h,=0
corresponds to the still-water shoreline and h,/h,=1 to the toe of the slope. The
breakpoint is located a h,/h,= 0.3 in this case.

Fig. 3b shows the comparison between the present model and the analytical solution
by Schaffer (1994) for the case of an angle of incidence on the shelf of 6, ;= 22.37°,
which corresponds to an alongshore wave length of the |G wave of 150 m. The angle of
incidence is less than the limiting angle of incidence 6,7 = 37.07°, so that the IG wave
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motion is “leaky”, i.e., the outgoing long waves reach the shelf and are not trapped. The
angle of the outgoing long wave on the shelf will then be 6, ;= 39.1°. The agreement is
again very good, which confirms the accuracy of the (linear part of the) numerical
solution.

4.2. Nonlinear 2DH and Q3D terms

As anext step, we will include in the model the nonlinear terms so that the governing
equations correspond to the nonlinear shallow water equations with forcing. At the
landward side of the domain, we impose the shoreline boundary condition described in
the previous section in order to alow for run-up and run-down.

Fig. 4 shows the envelope of the short-wave-averaged surface elevation (dashed line).
Comparing to the linear solution (which is alinear superposition of the steady set-up and
the long-wave envelope in Fig. 3(a) and plotted here as the dash-dotted line), we see that
including the nonlinear terms shifts the nodes and anti-nodes of the envelopes and
changes the amplitudes of the anti-nodes.

If we include the Q3D terms using Egs. (1) and (10), the cross-shore envelope of the
surface elevation changes even more (see Fig. 4, solid line). The Q3D terms have alarge
effect on the envelope in the surf zone and in the area around the breakpoint, a point that
will be discussed in more detail below. The nodes of the envelope, however, do not
seem to have shifted significantly relative to the 2DH solution for this particular case.

Fig. 4. Envelope of the surface elevation of the IG wave with an angle of incidence of 6; ;= 0° vs. cross-shore
distance: linear analytical solution by Schaffer and Svendsen (1988) (dash-dotted line); SHORECIRC without
Q3D terms (dashed line); SHORECIRC with Q3D terms (solid line). The breakpoint is located at h, / hy = 0.3.
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For the case of obliquely incident wave groups, Fig. 5 shows the envelope of the
short-wave-averaged surface elevation (dashed line). Again, comparing to the linear
solution, the nonlinear terms shift the nodes and anti-nodes in a similar way as was
noticeable in the normally incident case. Here also, the Q3D terms have the largest
effect on the envelope in the surf zone and particularly in the area around the breakpoint.

Fig. 6 shows a snapshot of the surface elevation at a particular time for the obliquely
incident case. To better illustrate the pattern, we have shown three wave lengths in the
longshore y direction.

For comparison, Fig. 7 shows the snapshot of the surface elevation at approximately
the same time instance in the case when the linearized model with the same input
conditions is used.

4.2.1. Time and depth variation of the |G wave particle velocities

In order to calculate the Q3D terms in the momentum equations, we have to
determine the vertical variation of the IG wave particle velocities from Eq. (45). It is
illustrative to use this numerical output and plot the IG particle velocity profiles at
various locations and at various time instances.

Fig. 8 shows the IG particle velocity profiles for three different locations on the
sope: (h,/hy=0.42, 0.17 and 0.07) and at five time intervals of the IG wave period.

Fig. 5. Envelope of the surface elevation of the IG wave with an angle of incidence of 6; (= 22.37° vs.
cross-shore distance: linear analytical solution by Schaffer and Svendsen (1988) (dash-dotted line); SHORE-
CIRC without Q3D terms (dashed line); SHORECIRC with Q3D terms (solid line). The breakpoint is located
at h, /h,=03.
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Fig. 6. Snapshot of the surface elevation using the Q3D model.
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The motion is a result of the forcing by the obliquely incident wave groups, and of the
incoming |G wave and the obliquely reflected |G wave. It is important to notice that the
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Fig. 7. Snapshot of the surface elevation using the linearized model.
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Fig. 8. IG wave profiles for three locations (h, / hg = 0.42, 0.17 and 0.07) and for five time instances of the
IG wave period. The breakpoint is located at h, /hy=0.3.

steady part of the short-wave forcing (Eq. (13)) drives a steady longshore current, which
isincluded in the figure, and that the time-varying part of the forcing causes a variation
of the velocity profiles over an IG period, so in essence, the picture shown in Fig. 8
corresponds to an |G wave motion riding on top of a relatively strong current.

Since the breakpoint is located at h,/h, = 0.3, the location h,/h,= 0.42 is outside
the surf zone. The IG wave velocity profiles at that location show a dight curvature in
the cross-shore direction and essentialy vary linearly with depth in the longshore
direction. The two locations inside the surf zone show much more variation. Also, the
cross-shore velocity profiles vary significantly over one IG wave period, especially at
h,/h,=0.07.

The details of the variation of the velocity profiles can better be seen in Fig. 9, which
shows the projections of the profiles in the longshore and cross-shore direction. Fig. 9(a)
shows the cross-shore velocity (the “undertow”) normalized by the local long-wave
celerity ¢, = M vs. normalized depth at h,/h, = 0.42, which is located well outside
the surf zone, for 10 intervals per 1G wave period. It can be seen that the profiles are
dlightly curved and, aso, that the vertical gradient varies substantially with time. Thisis
due to the (time-varying) forcing f, in Eq. (45), which is a function of the radiation
stress gradients, the pressure gradient and the gradients in the short-wave velocities.

Fig. 9%(b) shows the longshore velocity V at the same location outside the surf zone.
Due to the relatively small angle of incidence of the short-wave groups, the forcing
induced by the short waves in the y direction is also small. This means that these
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Fig. 9. IG wave particle velocities in the cross-shore and longshore direction normalized by the longwave
celerity ¢, vs. normalized depth for 10 intervals per IG wave period: () Cross-shore velocity U at
h, / hg = 0.42; (b) Longshore velocity V at h, /hy=0.42; (c) U a h, /h,=0.17; (d) V a h, / h,=0.17; (&)
U at h, /hg=0.07; and (f) V a h, /hg=0.07.

profiles are fairly linear with only a dlight curvature. The mean over depth is nonzero
due to due to the lateral mixing which is mostly dispersive (Svendsen and Putrevu,
1994).

The cross-shore profiles in Fig. 9(c) and (e) exhibit the typical characteristic
time-varying undertow profile inside the surf zone that was previously shown by
Putrevu and Svendsen (1995) and tested against laboratory data by Smith and Svendsen
(1995). The longshore profiles in Fig. 9(d) and (f) are dightly more tilted than the
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longshore current profile in Fig. 9(b) because inside the surf zone, a strong mean forcing
is present due to the difference between the radiation stress gradient and the pressure
gradient. The time variation of the longshore profiles is not very large due to the fact
that inside the surf zone the short-wave groups have refracted to near normal incidence.

4.3. Relative magnitude of Q3D coefficients

The relative magnitude of the Q3D coefficients can be calculated directly from the
model results under the assumption of quasi-steady state. The analytical approximations
used are given in Appendix B as Egs. (50)—(53).

For the case of normally incident wave groups, Fig. 10 shows the variation in the
cross-shore direction of the Q3D coefficients for five time intervals per |G wave period.
In the figure, h,/h, = 0 corresponds to the still-water shoreline and h,/h, = 1 to the toe
of the beach. Although the results are presented in dimensional form, the important
feature of this figure is that it gives an indication of the variation of the magnitude of
these coefficients. It is also emphasized that the coefficients appear in the equations as
coefficients to terms involving the depth-averaged velocity V,, defined by Eq. (5) or the
gradients of those velocities. Therefore, the importance of the entire terms in the
governing equations will also be discussed below.

In Fig. 10, we have split the M, term in Eq. (35) into an integral term

Cox= [ UPULdz (24)
_ho
and a term for the surface contribution
Evx = 2U{2(Z)Qux (25)
so that
MXX=CXX+ Exx (26)

In the case of shore-normal flow considered here, all the y components are zero, and
coefficients involving y components are not shown. All other coefficients show a large
time variation over an |G wave period, especially when compared with the magnitude
found for the case of no groupiness (8 = 0), indicated by the thick line. This indicates
that even a small temporal and spatial variation in the forcing induces an increased
curvature in the velocity profiles, which increases the Q3D terms. This aspect will be
discuss in more detail for the case of obliquely incident wave groups. Note that in this
and following figures, the magnitude of some of the coefficients increases with the
cross-shore coordinate. This is due to the fact that powers of the total depth appear in
Egs. (50)—(53).

For the case of obliquely incident wave groups at an angle of 6, ;= 22.37°, Figs.
11-13 show the variation in the cross-shore direction of these Q3D coefficients for five
time intervals per 1G wave period. These figures give an indication of the magnitude of
these coefficients relative to each other.

Fig. 11 showsthat the B and D coefficients exhibit a quite large variation over an IG
wave period, which indicates that the local time-varying forcing is very important. It can
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Fig. 10. Magnitude of Q3D coefficients vs. cross-shore distance h, / hg for five intervals per 1G wave period
for the case of ;=0 (@ B,,; (b) D,,; (©) C,,; (d) E,,; and (&) A,,,. The case of no groupiness is
indicated by the thick solid line. The still-water shoreline is located at h, /hs=0 and the breakpoint at
h, /hs=10.3.

also be seen that the magnitude of all coefficients is significantly larger than the
magnitudes, which would have been found for the case of no groupiness (8 = 0), which
is indicated by the dashed line. The values increase significantly across the breakpoint,
since the “undertow” profiles become much more curved inside the surf zone due to the
increased forcing. Because of the simple short-wave modeling, this transition in curva
ture occurs very rapidly, which increases the cross-shore gradients of the Q3D coeffi-
cients. The figure shows that the B,, coefficients are in general larger than the
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Fig. 11. Magnitude of B and D coefficients vs. cross-shore distance h, / hg for five intervals per 1G wave
period for the case of 6; ;= 22.37°: (@) By,; (b) D,y; () B,,; (d) Dyy; (&) Byy; and (f) D,,. The case of no
groupiness is indicated by the thick solid line. The still-water shoreline is located at h, /hs=0 and the
breakpoint at h, /h,= 0.3.

corresponding D, , coefficients, but since these coefficients are multiplied by (8\7y /axy)
= —(0W/dz), which is close to zero, we can expect the D,, terms to be more
important.

We dso see that the D,, and B,, coefficients are larger than the D,, and B,,
coefficients, which are in turn larger than the D, and B, coefficients. This is because
the short-wave groups refract towards the shore-normal, which means that the cross-shore
forcing f, in Eq. (45) becomes dominant over the forcing in the longshore direction. Eqg.
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Fig. 12. Magnitude of C and E coefficients vs. cross-shore distance h, / h for five intervals per IG wave
period for the case of 6, ;=22.37: (a) C,,; (b) E,,; (0) Cyy; (d) E,y; (&) C; and (f) E,,. The case of no
groupiness is indicated by the thick solid line. The still-water shoreline is located at h, /hs=0 and the
breakpoint a h, /hg=0.3.

(45) also implies that the cross-shore velocities are more curved than the longshore
velocities, which could aready be seen in Fig. 9. This curvature of the velocity profiles
directly influences the magnitude of the dispersive coefficients.

For convenience, we will again split the M, ; term in Eq. (35) into an integral term

¢
Cup= f | ViOvigdz (27)
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and a term for the surface contribution
Ens = ViQ(£)Qup + VIP({)Que (28)
S0 that

M, =C,s+Esp (29)



A.R. Van Dongeren, |.A. Srendsen / Coastal Engineering 41 (2000) 467—496 487

Fig. 12 shows the dimensional values of C,, and E,; as defined in Egs. (27) and
(28), respectively. The time variation over the group period is again very significant. As
in the previous figure, the C,, and E,, coefficients are larger than the C,, and C,,
coefficients, which are in turn larger than the C,, and C,, coefficients, due to the
refraction of the wave groups towards the shore-normal.

The E coefficients are of equa magnitude and even dightly larger than the
corresponding C coefficients, especialy just inside the breakpoint (h,/h, < 0.3), where
the surface velocities become large due to the large gradients in the forcing and the large
local value of the short-wave-induced volume flux Q,,; in the breaking waves. In fact,
it will be shown below that the equivalent terms in the equations have a very significant
effect.?

Finally, Fig. 13 shows the variation of the A, coefficients. Since this term is
symmetrical in the first two indices (as was already seen in Eqg. (36), we can reduce the
number of A coefficients from eight to six. The figure shows that the A,,, term is
much larger than all the other coefficients. It can also be seen that seawards of the
breakpoint the values of all these coefficients are larger than in the surf zone. However,
in the momentum equations, these coefficients are multiplied by U and V, which both
tend to zero offshore. As will be shown in the next section, this means that the
importance of these terms is relatively small offshore. The values of A,,, vary
significantly across the breakpoint because they depend on the horizontal gradients of
the rapidly changing velocity profiles (see Eg. (36)). This means that, in the governing
equations, we can expect some of these A terms to be large around the breakpoint. The
contribution of these and all other Q3D terms to the momentum equations will be shown
in the next section.

4.4. Analysis of Q3D contributions to the momentum equations

As mentioned the isolated analysis of the Q3D mixing coefficients given in the
previous section only gives a partia picture of the mixing effect. To fully assess the
importance of the nonlinear processes described by these coefficients, we need to look at
the corresponding terms in the equations. The analysis is performed at an arbitrary time
after the periodic state of the 1G waves has been reached and is strictly speaking only
valid for this particular time. However, similar analysis of the variation for other times
show that the magnitudes of the terms in the equations at this time instance are indeed
characteristic for their magnitudes at any time in the periodic state.

We first analyze the terms in the x-momentum equation for the case of normal
incidence (all terms in the y-momentum equation are identically zero). Fig. 14 shows
the most important terms in the x-momentum equation. The “conventional” terms
shown are the pressure gradient gh(aZ/9x), the radiation stress gradient (1/p)(3S,, /9x)

2 For the short-wave model used here, the variation right around the breakpoint is somewhat exaggerated
due to the sudden changes in wave height assumed in that region. However, the conclusion holds also for more
realistic variations of the change in wave height at the initiation of breaking.
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Fig. 14. Magnitude of significant termsin x the momentum equation vs. cross-shore distance h, / hg for the
case of 6; ;= 0°: pressure gradient (solid); radiation stress gradient ((1/ p)3S,, /9x) (dashed); local accelera-
tion (dash-dotted); aM, , /dx (stars); and (9 /9x)(h(B,, +2D,, + 21, )V /3x)) (dots). The still-water shore-
lineis located a h, / hg =0 and the breakpoint at h, /hs = 0.3.

and the local acceleration. Of the Q3D terms, the (dM,, /9x) term is large only locally
at the breakpoint. This is due to the choice of a fixed breaker location (x = 0), which
causes the cross-shore velocity profiles to undergo a rapid change over a short distance
around the breakpoint. (Notice that M,, is equivalent to the momentum correction
factor in hydraulics.) The term is positive, which leads to a negative pressure gradient in
the balance. In the inner surf zone, this term is found comparable to other terms, and is
negative, which causes an increase in the pressure gradient and explains the difference
between the envelopes of Fig. 5. Also shown is the sum of the B,, and D,, dispersive
mixing terms, which has a minor contribution to the cross-shore momentum balance.
Hence, we have confirmed that the original result of Svendsen and Putrevu (1994) that
the cross-shore momentum balance is only affected to a minor degree by the dispersive
mixing can be indeed be extended to 2DH situations.

For the case of obliquely incident wave groups, Fig. 15 shows the most important
terms in the x- and y-momentum equations. Fig. 15(a) shows the leading terms in the
X-momentum equation, which are the same as in the normal-incidence case.

The dominating terms in the y component of Eq. (10) are shown in Fig. 15(b) and
(c). Those terms are (as can be expected) the local acceleration, the pressure gradient
gh(dZ/dy), the radiation shear stresses (1/p)@S,,/dy) and (1/xX3S,,/3y), the advec-
tion term (9 /0x)(Q, Q /h), and the bottom friction. However, we also see that in the
longshore direction, the two Q3D terms, aM,,/0x and (3,/9x)X hD, (8V/0x)) are
important. The first term is significant around the breakpoint for the same reason that the

M, /90X was in the x-momentum equation. The second term is of the same order of
magnitude as the 2DH terms inside the surf zone and is the same that was found to be in
the dispersion of momentum in the case of a steady longshore current (Svendsen and
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Fig. 15. Magnitude of significant terms in the momentum equations vs. cross-shore distance h, /h,. (2
x-Momentum equation: as in the previous figure; (b) y-momentum equation: pressure gradient (solid),
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—(3/9x)(hD,,(3V /8x)) (dash-dotted) and bottom friction (stars). The still-water shoreline is located at
h, / hs= 0 and the breakpoint at h, /hg= 0.3.

Putrevu, 1994). In the present case — where the shear in the longshore current is also
large — this term is again important. This is in accordance with the observation pointed
out by Sancho and Svendsen (1997) that the forcing in longshore direction is usually an
order of magnitude smaller than in the cross-shore direction, which implies that the
dispersive terms become relatively more important in longshore momentum balance.



490 A.R. Van Dongeren, |.A. Srendsen / Coastal Engineering 41 (2000) 467—496

This illustrates that while the Q3D coefficients may exhibit a large temporal and
spatial variation, their final contribution to the governing equations is controlled by the
local IG wave velocity and current shear with which they appear in the momentum
equations. In this case of a longshore uniform beach, the 9V /0x shear is significantly
larger than the other velocity shears, and only those Q3D coefficients, which are
multiplied by this shear have a significant contribution. Releasing the constraint of a
longshore-uniform beach, for instance in the case of a barred beach with a rip channel,
will alow other velocity shears to become (locally) large so that other Q3D terms
become significant as well.

5. Conclusions

A numerical study of the forcing of leaky IG waves by normally and obliquely
incident wave groups is performed using the SHORECIRC model which incorporates
the Q3D terms generated by the depth variation of the velocity profiles. The governing
equations are derived from basic principles and include the effect of the depth variation
of the long waves by means of semi-analytical solutions.

The numerical model including the boundary conditions is described briefly. The
mode!’s accuracy (in linearized form) is verified by comparing to the analytical solution
for the linear surf beat envelope generated by a weakly modulated carrier wave
(Schaffer 1993, 1994).

The largest effect of the Q3D terms is in the dispersive mixing effect of the
shore-parallel momentum. This effect primarily acts to modify the mean longshore
current, which is generated by the carrier wave as described by Svendsen and Putrevu
(1994).

However, for the case of normally incident and obliquely incident wave groups,
represented as a weakly modulated carrier wave, it is shown that a slight modulation in
the wave heights of 10% due to wave groupiness causes large temporal and spatial
variations in the Q3D coefficients, relative to the case of no groupiness. The increase in
magnitude of the coefficients due to the groupiness is about a factor 2.

It is aso shown that only those Q3D coefficients, which appear in combination with
the largest velocity shears, make a significant contribution to the momentum equations
and are of comparable size relative to the 2DH terms retained in conventional nonlinear
shallow water models. The largest 3D terms are the lateral dispersive mixing term and
the momentum correction factor.

These Q3D terms turn out to have a significant effect on the structure of the
cross-shore envelope of the forced |G waves, especially around the breakpoint and in the
inner surf zone. These terms cause a larger cross-shore gradient of the surface elevation
in the surf zone.

From the model equations, the vertical |G wave velocity profiles can also be
determined. For locations inside the surf zone, these exhibit a large curvature and time
variation in the cross-shore direction, and a small — but essential — depth variation in
the longshore direction. Outside the surf zone, the velocities in the longshore direction
are small, while in the cross-shore direction, only the upper part of the profile is curved.
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Appendix A. Substitution of the depth-dependent terms by depth-invariant coeffi-
cients

The replacement of the depth-dependent terms with depth-invariant coefficients can
be achieved by using the local (i.e., not depth-integrated), time-averaged momentum
equations (see, e.g., Svendsen and Lorenz, 1989), which after some manipulations can
be written as (Van Dongeren and Svendsen, 1997b)

V. ] V. 1 9 - S
LA g L = =B+ —— saﬁ—f 7,502 - L F
ot 0z 0z ph ox, —h, ph
N, .oV V.
—V,,—L2 -V —f _w—2E (30)
X, X, 0z
where
9 MW, 0 VA YA
=—(u, U —wW2)|+ — % _ + £ 31
Pe axa(‘”“ e W) 0z ax, |t Xy X, (31)

In this expression, w,, denotes the vertical short-wave velocity and v, is the turbulent
eddy viscosity and we have expressed the turbulent shear stresses as (e.g., Rodi, 1980),

W o

+— 32
0Xg  0X, (32)

TaB = le

In Eg. (30), small terms included in the full version of the equation have been
omitted. See Putrevu and Svendsen (1999) for a detailed discussion of the expected
magnitude of the terms in the full equation.

Eg. (30) can be solved more easily if we split the depth-varying velocity into two
parts

Vig= V{9 + VvV (33)
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The first part of V(O) is primarily the (slowly time-varying) component generated by
the local external forcmg, which are the first five terms on the RHS of Eqg. (30), while
the second smaller contribution is generated by the advective terms (the last three terms
on the RHS) in Eq. (30). Hence, we can solve for V,®, which represents the first
approximation to the depth-varying part of the |G velocity profiles, which is done for the
quasi-steady state in Appendix B.

Following the derivation of Putrevu and Svendsen (1997, 1999), which is omitted
here for brevity, we can define the coefficients

1
z rl
Davzﬁf V(O) [ Vlo)(dz) (34)
M= f* VIVIRAZH VE(2) Qup + Vi (£) Que (35)
oh
{ g (o] 2
V(O) V(O)dz— dz
f z Vg ax ‘[ i Xv)( )
= =1 0 ,z oh
7 I (o] 2
— vo [ | — V,Odz— V9O —1|(d 36
) Vt(axy/_ho Az = Vi axy)( 2) (36)
_1 © ¢! ©) ¢ © (1 VO
Baﬁ=ﬁf V4 [ VO(dz)® - f vy 2(h, +2)(d2)®

- hf v((’)/Z v1<°>(h +2)(dz)? (37)

These expressions appear when the solution for V' is substituted into the depth-de-
pendent integrals in Eq. (8). We get for these mtegrals

fg Vi, Vigdz+ fguwavlﬁ + Uy5Vi,d2
7ho &

~ ~

M .—h|D N D WV, B e A .\ 38
~ - — +Dy,— +B,— | +
ap ay axy By axy aB axy afy Yy ( )

This expression is substituted into Eq. (8) to get the Q3D horizontal momentum
equations.
Appendix B. Quasi-steady-state approximation and calculation of the coefficients

If we nondimensionalize the left-hand side of Eq. (30) using

t=Tt z=h,Z u»=Chygh,»  V®=c VY (39)
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where T isatypical time scale of the long-wave motion, C, is a proportionality constant
and h, and c, are the depth and celerity at breaking, respectively. The nondimensional-
ized left-hand side of Eg. (30) then becomes

c, Vi C.cohyoh, 0 [ avy,© 20

T ot m ez |\ ez (40)
This implies that the acceleration is small if the parameter

——/ = <1 (41)

CTV g

Under these assumptions, Eq. (30) reduces to a second-order equation in z and can
be solved with two boundary conditions, for which we choose

v9g  7p
—L P a z=—n, (42)
0z Py

which assumes a dip velocity and an associated stress, and

Z
f_h ViQdz= —Q,, (43)
If we define
19 =\ -1
fB:BB_EE(SaB_f_hUTUﬁdZ + ph (44)

and integrating Eq. (30) twice for V|2 while applying the boundary conditions, we get
the velocity profile

Vi@ =b &%+ b, &+ by (45)
where
f
b =_B 46
=3 (46)
B
-
b, = -~ (47)
Py
b, h Q
= | 2y 4 WB
by S b+ = (48)

and where the vertical coordinate z has been transformed to a new coordinate &, under
the transformation =z + h,,, which means that ¢ =0 at the local bottom and &£ =h=
h, + ¢ at the mean surface elevation.

Putrevu and Svendsen (1997, 1999) show that this expression is the first approxima
tion to the time-dependent solution of Eq. (30). Hence, in the quasi-steady approxima-
tion, the velocity profiles are quadratic and known so that the Q3D coefficients (Eqgs.
(34)—(37)) can be expressed in terms of the coefficients of the velocity profiles.
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Equivalent to Eqg. (45), we can write
VR =a ¢’ +aé+a (49)

where a,, a, and a; have the equivalent definitions for direction «.

Using Egs. (45) and (49), we can then express the coefficients, Egs. (34)—(37), in
terms of known variables and parameters. After some manipulations, the dispersion
coefficient, Eq. (34), can be rewritten as

6 5 3 4
Daﬁ=7t alb1§+(alb2+a2bl)§+(a1b3+za2b2+a3b1 I

h® h?
+(a2b3+a3b2)§+a3b3€) (50)

Notice that the result is symmetrical in a and b or, in other words, in direction.
We can write Eg. (35) as
h5 h4 3
M,p = alblg + (ab, +a,b;) " + (a,by +a,b, + a5b,) 3

h2
+(a,b; + aSbZ)E +aghsh+ (a,h* +a,h +a;5)Q,,

+(blh2+b2h+b3)QWa (51)

which is aso directionally symmetrical.
Eq. (36) can be expressed as

1|dab, 0 da,b, da,b; | h® dab,  dazb, | h°
A, = — + + — + —
ox, 63 X, ox, |36 X, X 15

Y

aBy
Vi

P - (52)
axy 20 axy 8x7

da,b, h° da,b da,b, \ h* da,b, h®
+ 2 M2 + 2 ™3 3 M2 + 33 o
8 axy 3

This expression is symmetrical in the first two indices.
Finaly, Eq. (37) becomes

B h3[4 byh® + (a,b b)h2 b, 2( by + a;b,)h
= ——|—a + (b, + a,b) —= + a,b,— + —(a,b; + a
B v, 6311 1~2 2 M1 12 2210 15 1M3 3M1

+%(a2b3+a3b2)l (53)

which is also symmetrical.
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