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Extraction of Ocean Wave Spectra From Simulated
Noisy Bistatic High-Frequency Radar Data

Jianjun Zhang and Eric W. Gill, Senior Member, IEEE

Abstract—An algorithm is developed for the inversion of bistatic
high-frequency (HF) radar sea echo to give the nondirectional
wave spectrum. The bistatic HF radar second-order cross section
of patch scattering, consisting of a combination of four Fredholm-
type integral equations, contains a nonlinear product of ocean
wave directional spectrum factors. The energy inside the first-
order cross section is used to normalize this integrand. The
unknown ocean wave spectrum is represented by a truncated
Fourier series. The integral equation is then converted to a matrix
equation and a singular value decomposition (SVD) method is
invoked to pseudoinvert the kernel matrix. The new algorithm
is verified with simulated radar Doppler spectrum for varying
water depths, wind velocities, and radar operating frequencies.
To make the simulation more realistic, zero-mean Gaussian noise
from external sources is also taken into account.

Index Terms—Bistatic cross section, high-frequency (HF) radar,
inversion algorithm, waveheight spectra.

I. INTRODUCTION

HIGH-FREQUENCY (HF) ground-wave radar has the
potential for sensing ocean surface parameters to ranges

exceeding 200 km from the coastline. At HF, the transmitted
signal, which is guided by a good conducting medium like
ocean water, travels along the earth’s curvature, reaches far
beyond the line-of-sight horizon, and couples strongly with the
ocean surface. The returning signals contain a large amount of
information on ocean currents, waves, and winds. The speed of
the ocean waves generally causes Doppler shifts on the incident
radar carrier frequency. Typically, the resulting Doppler radar
spectra are characterized by two significant “first-order” peaks
(Bragg peaks [1]) surrounded by a higher order continuum (see
Fig. 1). As is well known now, this continuum contains infor-
mation on the ocean wave regime. The procedure of extracting
this information from the Doppler spectrum is referred to here
as the inverse analysis.

Historically, HF radar has been operated as a remote sensor in
monostatic mode (transmitter and receiver are essentially colo-
cated). Recently, bistatic operation (transmitter and receiver
are widely separated) has been considered and, consequently, a
need has arisen for bistatic inversion schemes. Compared with
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a monostatic configuration, a bistatic configuration possesses
some advantages in practical utilization. For instance, it is
possible to use one full monostatic radar system in combina-
tion with a remote receiver, rather than two complete, widely
separated monostatic radar systems, to obtain wave directional
information.

The derivation of the HF radar cross section for the ocean
began initially with Barrick [2], [3]. Barrick and Lipa [4] further
derived a set of expressions to account for shallow water. Sub-
sequently, based upon Walsh’s generalized-function approach
[5], Srivastava [6] developed the first- and second-order monos-
tatic cross sections in an alternative way. Walsh et al. [7] carried
a similar analysis to third-order cross section. Assumptions are
made of grazing incidence and vertical polarization of the radar
wave. The first inverse analysis model was developed by Bar-
rick [8]. Lipa [9] reduced Barrick’s second-order cross section
to a linear equation by means of a stabilization technique using a
Phillips equilibrium spectrum [10]. A detailed theoretical anal-
ysis was presented by Lipa and Barrick [11]. Their work was
extended by Wyatt [12] and Wyatt et al. [13] to derive ocean
wave information from a greater range of Doppler frequencies.
Lipa and Barrick [14] presented another extension to include an
ocean region of arbitrary depth. Howell and Walsh [15] and Gill
and Walsh [16] produced algorithms for the inverse analysis by
means of singular value decomposition (SVD) routines for nar-
rowbeam and widebeam cases, respectively.

Among some of the most recent progress in the development
of HF radar cross sections of the ocean surface, Gill and Walsh
[17] have presented bistatic first- and second-order radar cross
sections using the generalized-function approach [5]. The lo-
cations of the first-order peaks are shown to be at Doppler ra-
dian frequencies of if deep water is
assumed. Here, is the acceleration due to gravity, is the
radiation wave number, and is the bistatic angle defined as
one-half of the angle between radar transmitter and receiver
as viewed from the scattering patch. The second-order bistatic
cross sections are characterized by three parts: 1) radiation from
the scattering patch, which consists of a single scatter from
second-order ocean waves along with two scatters from first-
order waves, all of which occur on the ocean surface far from
the transmitter and receiver; 2) scattering in which one of two
scatters occurs at the ocean surface near the radar transmitter;
and 3) scattering in which one of the scatters is near the re-
ceiver. In parts 2) and 3), the second scatter occurs on the remote
patch. Thus, the total second-order HF cross section of
the ocean surface contains four components: one first-order por-
tion and the three second-order components. Based upon the as-
sumption of a pulsed radar system, a model for the ocean clutter
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Fig. 1. Simulated bistatic first- and second-order cross sections of the patch scatter with the wind perpendicular to the scattering ellipse normal at the patch (see
Fig. 2).

signal-to-noise ratio is presented [18], [19]. In this paper, the
models developed in [18] and [19] and detailed in [17] and [20]
are incorporated in an algorithm for the inverse problem for the
bistatic patch scattering of HF radiation from the ocean surface
[21]. However, as seen in [17], the portions of the cross sec-
tion involving scatters near the transmitter and receiver, being
typically about 30 dB below the “patch scatter,” do not enter
the inversion process. Furthermore, the so-called electromag-
netic portion of the “patch scatter” which involves two scatters
from first-order waves will also not have a significant effect on
the inversion process. The reason for this is that the energy in
the Doppler region to which the inversion applies is influenced
much more strongly by a single scatter from a second-order
Bragg wave than by a dual scatter from first-order waves.

In Section II, bistatic cross sections are depicted. The new in-
version algorithm is presented in Section III. The effect of dif-
ferent water depths, wind directions, wind speeds, and radar fre-
quencies are considered. In Section IV, the effect of zero-mean
stationary Gaussian noise external to the system is examined
with conclusions appearing in Section V.

II. SIMULATION OF THE BISTATIC CROSS SECTIONS

A. Normalized Cross-Section Equations

The ocean surface layer is a dispersive medium for wind-
driven gravity waves, and the phase speeds of these waves are

proportional to their wavelengths. The relationship between the
radian frequency of an ocean wave, and the corresponding
wave number is (see, for example, [22])

(1)

where is the acceleration due to gravity and is water depth.
The position of the first-order peaks in the Doppler spectrum
(see Fig. 1) matches the velocities of ocean waves whose wave-
lengths are equal to one-half the radar operating wavelength if
grazing incidence and monostatic operation are assumed. Thus,
for water waves traveling toward and away from the radar, the
Doppler frequencies of the first-order peaks will occur at

(2)

Of course, underlying ocean currents will cause a displacement
of these peaks from the given theoretical positions. For deep
water, in which the water depth is greater than approximately
one-half of the ocean wavelength, the hyperbolic tangent ap-
proaches unity, and the dispersion relationship in (1) simplifies
to

(3)
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Fig. 2. Geometry of the bistatic configuration. Transmitter (T ) and receiver (R)
are foci of an elliptical scattering patch. P is a scatter position on this ellipse
where the unit normal is ^N , while � is the direction of the dominant scattering
wave vector and � is defined as the bistatic angle.

while the Doppler frequencies of the first-order peaks become
from (2)

(4)

The geometry of the bistatic configuration is depicted in
Fig. 2. The path directed from the transmitter ( ) to the receiver
( ) is the baseline reference ( -axis). and are foci of an
elliptical scattering patch. is a position on this ellipse where
the unit normal is . The angle from to the unit normal
is precisely the direction of the dominant scattering wave vector
in the first-order cross section. The angle is bisected by
the ellipse normal and one-half of this is defined as the bistatic
angle .

For bistatic scattering, the Doppler frequencies of the first-
order peaks are a function of as given by [17]

(5)

Of course, for deep water

(6)

In order that the analysis may be readily used for any operating
frequency of interest, the bistatic first-order and second-order
cross sections developed by Gill and Walsh [17] are normalized
and calculated. The normalizing factor is . Then, the
normalized wave vector is

(7)

and the normalized wave number is

(8)

For consistency, the other dimensionless quantities of normal-
ization are obtained as follows:

— normalized water depth

(9)

— normalized Doppler frequency

(10)

— normalized ocean wave spectrum

(11)

Then, the first-order cross section in normalized form is given
as

(12)

where is the scattering patch width illuminated by a radar
pulse, is the sampling function, while indicates
the positive and negative Bragg regions corresponding to ocean
waves moving along , where is the ellipse normal at a
particular scattering position (see Fig. 2).

For water of arbitrary depth, the normalized version of the
second-order cross section is

(13)

where

is the normalized coupling coefficient, is the usual
delta function, and is the mean direction of one of the scat-
tering ocean wave. The constraint on the normalized scattering
wave numbers so that the second-order scattering will occur is

(14)

where has the direction of the scattering ellipse normal and
a magnitude of unity. From the law of cosines, is expressed
in terms of as

(15)

The dual-integral equation in the second-order cross section
is reduced to a single-integral equation by means of the solution
of delta function constraint. The Newton–Raphson method is
invoked to derive the wave number for each wave frequency

and scattering angle [8], [9]. After a trivial calculation,
the normalized second-order cross section is simplified as

(16)
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Fig. 3. Bistatic radar cross sections for water depths of 100, 10, and 5 m. 100 m may be viewed as deep water.

where , the value is solution of the delta function
constraint, and is the normalized Jacobian of the transforma-
tion which has the form

(17)

where

(18)

The choice of an ocean spectral model for simulation has been
discussed by Gill [18]. Generally, ocean spectral models may
be considered as a product of a nondirectional spectrum ,
and a normalized directional distribution , i.e.,

(19)

For reasons described in [18], is defined by means of the
Pierson–Moskowitz spectrum [23] as

(20)

where

(21)

Here, is a constant with a value 0.0081 while is the wind
speed measured at 19.5 m above the ocean surface. Then, the
directional ocean wave spectrum may be written as

(22)

where is the wind direction with respect to the reference
direction -axis. Of course, the directional distribution in the
second square bracket of (22) is just a typical value chosen for il-
lustrative purpose. The normalized directional ocean wave spec-
trum may be obtained by (11).

B. Illustration of and

The scattering geometry associated with the illustration of
the bistatic Doppler radar spectra presented in Figs. 3–6 may
be referenced to Fig. 2 as follows: The ellipse normal is chosen
as 90 , wind directions are indicated, and the bistatic angle is
30 . Of course, all the angles are with respect to the -axis.

Fig. 3 depicts the water-depth dependence of the first- and
second-order bistatic cross sections of patch scatter with illus-
trations given for depths of 100 (deep water), 10, and 5 m. The
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Fig. 4. Bistatic radar cross sections for a wind speed of 15 m/s and wind directions of (a) � = 0 , (b) � = 45 , (c) � = 90 , and (d) � = 135 to x-axis.

Fig. 5. Bistatic radar cross sections for wind speed of 10 m/s and wind directions of (a) � = 0 , (b) � = 45 , (c) � = 90 , and (d) � = 135 to x-axis.

radar operating frequency is 25 MHz. The wind speed is 15 m/s
at 0 to the -axis.

Fig. 4 depicts the bistatic cross sections with wind directions
0 , 45 , 90 , and 135 . 25 MHz is used as the radar oper-

ating frequency. The wind directions of 45 and 135 are sym-
metrical with respect to the ellipse normal and produce iden-

tical results. This is analogous to the well-known directional
ambiguity associated with winds which are symmetric about the
radar look direction in monostatic operation.

Fig. 5 gives the bistatic cross sections for wind speeds of
10 m/s. The radar operating frequency is 25 MHz. As ex-

pected, a significant reduction in the second-order cross sec-
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Fig. 6. Bistatic radar cross sections for (a) 25 MHz, (b) 10 MHz, and (c) 5.75 MHz radar operating frequency. The wind speed is 15 m/s, 0 to the x-axis.

tion (as compared to that for 15 m/s) occurs as sea state
decreases.

Fig. 6 depicts the bistatic first- and second-order cross sec-
tions for different radar operating frequencies. The wind speed
is 15 m/s and the same wind direction, water depth, and bistatic
angle are used. In the second-order region, when the radar fre-
quency is 25 MHz, the continuum adjacent to the Bragg peaks is
quite distinct. This means that much of the ocean spectral energy
is mapped to these regions. When the radar frequency is 5.75
MHz, the second-order curve is not as distinct in the near-Bragg
regions because there is significantly less spectral energy being
mapped to the corresponding regions. The different behaviors
of the second-order cross section in the near Bragg regions for
higher and lower radar operating frequencies will significantly
affect the inversion results as will be seen in Section III.

III. INVERSE ANALYSIS

In this section, the integral equation of the bistatic second-
order cross section is inverted to obtain the nondirectional ocean
wave spectrum. The influence from ocean currents is neglected,
but could be trivially included. The nonlinear factor inside the
integrand is linearized under the assumption that the selected
Doppler frequency ranges are close to the first-order peaks. The
corresponding ocean wave frequency ranges will contain the
predominant portion of the ocean wave spectrum when the radar
is operated in the upper half of the HF band.

The inversion of the integral equation is carried out numer-
ically in a manner similar to that in [9]. A frequency band ap-
proximation is invoked to discretize the integral equation and

to convert it to a matrix equation. The directional ocean wave
spectrum is represented by a truncated Fourier series. Nondi-
rectional ocean wave spectra for different ocean conditions are
derived and discussed.

A. Selection of the Ocean Wave Number Range

The nonlinearity of the integrand of the second-order cross
section [see (16)] comes from the product of two unknown but
related factors and . Lipa and Barrick
[11] used the assumption that for , the wave of is
in the saturated region of the ocean wave spectrum along with
the Bragg wave. In this region, the magnitude of will be
approximately equal to the magnitude of Bragg wave . To
specify the region, it is useful to define a dimensionless param-
eter , which is the magnitude of the normalized Doppler fre-
quency shifted from the first-order peaks, i.e.,

(23)

Within the range 0.4, the linear assumption is satisfied [11].
The range of is used to determine the range of frequency

that will be selected for the inverse analysis. From (23) and since
for , we have

(24)

If the range of is known, so is the range of for various com-
binations of and . In the algorithm that is described in
this paper, the range of is selected as 0.05 0.36.
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Lipa and Barrick [11] provide a method to derive the bound-
aries of the corresponding wave number bands. They show that,
for deep water, the lower and upper limitations of the wave
number band and , associated with the values of
are

(25)

and

(26)

B. Linearization Method

The integrand of (16) is nonlinear in wave number by virtue
of the ocean spectral product. Here, a linearization scheme pi-
oneered by Lipa and Barrick [9], [24] and successfully used by
many other investigators (see, for example, [16]) is followed.
The method requires that the wave vector lies in the saturated
region of ocean wave spectrum. In this scheme, the nondirec-
tional wave spectra and are represented
by the Fourier coefficients, i.e.,

(27)

and

(28)

Since the directional wave spectra are even functions of wind di-
rection only the cosine terms of Fourier coefficients are needed
in the expansions. Then, (27) and (28) are simplified as

(29)

and

(30)

respectively. Using the linearization scheme which invokes a
Phillips equilibrium spectrum, in (30) is converted
to the corresponding Fourier coefficients as

(31)

where 1.

Considering that the upper limits of the Fourier series sum-
mation in (29) and (30) should be finite for numerical calcula-
tion, a truncation value of two is used following the suggestion
of previous investigators (see, for example, [16]). The linearized
second-order bistatic cross section may be written from (16) and
(29)–(31) as

(32)

with the Fourier coefficients being

(33)

For 2, we have

(34)

(35)

and

(36)

A question which may be legitimately proposed now is
“Why approach the problem of inversion using Fourier series
methods?” The answer lies partially in the fact that, as detailed
by Barrick and Lipa [25], some of the important spectral pa-
rameters are linked directly to the Fourier coefficients of the
ocean surface which result from the inversion. For example, the
Fourier coefficient is of particular importance since
it essentially gives the nondirectional ocean wave spectrum.
Other parameters linked to higher order coefficients involve the
mean wave direction and the spreading parameter.

C. Discretization of the Integral Equation

As can be seen from the expression for the cross section in
(32), for each value of changes with the angle . To dis-
cretize the integral, the continuous wave number values are sep-
arated into bands of equal size. The wave numbers are assumed
constant within a given band, with the central value being used
as the representative wave number. This is the wave number
band approximation suggested by Lipa and Barrick [11]. For
each wave number band, the ocean wave spectrum can be rep-
resented by its corresponding Fourier series component. The in-
tegral is obtained by calculating the summation of values inside
each wave number band. The procedure is outlined as follows.

For wave number bands, the boundaries are obtained from
(25) and (26). The wave numbers for each band are equally
spaced. For a specific Doppler frequency value,
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changes from to . The related set of scattering wave num-
bers is calculated. Each wave number belongs to a certain wave
number band, and there are wave number bands associated
with each (where ). For the coefficient of the
Fourier series, we have

(37)

where is defined as

(38)

The second-order cross section contains four parts as indicated
by the various combination of and . It is convenient to
denote the groups of the selected normalized Doppler frequen-
cies by . Each determines four Doppler frequencies from
the four portions of the cross section, respectively. Letting the
total number of be means that values of frequency
are being used. Consequently, the integral equation of the lin-
earized second-order cross section may be represented by a ma-
trix equation

(39)

where is a column array with its elements being the Fourier
coefficients corresponding to each wave frequency band, i.e.,

(40)

with the element being

(41)

is a column array with its elements being the simulated radar
data selected for inversion. It may be represented as

(42)

where the element contains the th set of four cross sec-
tion components as indicated by

(43)

where the indices , and denote the four parts of the
second-order cross section.

Matrix , the kernel matrix, has row corresponding to the
number of selected frequencies. The number of columns is equal

to the number of frequency bands times the number of the
Fourier coefficients. Thus, the kernel matrix has a dimension of

.
The arrangement of elements in the kernel matrix is crit-

ical to the stability of the subsequent inversion. Analogous to
similar decision by Gill and Walsh [16] for a widebeam radar
application, matrix may be arranged as

(44)

where and are of the form of the expressions in (38).
This is an effective but not unique way to arrange the elements
of . A numerical simulation has validated this construction of

as a successful choice. The number of frequency bands is
chosen as 60 and the Fourier series representation is truncated
at 2. The number of selected frequency groups is taken to
be approximately 120, and for that choice, matrix has
dimensions of 480 180.

D. SVD Solution of the Matrix Equation

Ideally, the problem of solving a matrix equation such as (39)
means determining

(45)

where is the inverse of . If the inverse matrix does
not exist or if it has a large condition number as a result of it
being the discretization of an ill-posed system, there will be no
unique solution for . However, this kind of matrix equation
may still be solved approximately. Instead of finding the inverse
matrix , the SVD method (e.g., see [26]) is invoked to find
a pseudoinverse matrix for the kernel matrix . Then

(46)

This result denotes a linear least-squares solution.
In setting up the SVD routine, it is noted that for any real

matrix , there exists orthogonal matrices and ,
with dimensions and , respectively, which satisfy

...
. . .

... (47)

where is the transpose of and is a diagonal matrix with
nonzero, positive elements satisfying

(48)

The elements are referred to as the singular
values of and are square roots of the eigenvalues of ,
where the superscript again indicates “transpose,” when is
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Fig. 7. Example of the choice of the retained number of singular values. The asterisk indicates the position of the retained number (r = 172 here).

real. The columns of and are the so-called right and left
singular vectors of . From (47), is

...
. . .

... (49)

A Matlab [27] function svd is invoked to calculate the singular
values of to obtain . The Fourier coefficient is ob-
tained from the solution of as the ocean wave nondirectional
spectrum.

The determination of how many of the singular values of the
kernel matrix should be retained is another important issue.
Beyond a certain number, the singular values will be truncated
because they decrease significantly in magnitude and introduce
instability in the inversion process. This problem has been well
investigated by Howell and Walsh [15]. Generally speaking, the
retained number, denoted as , is chosen as a number equal to
or less than the rank of the matrix. In the results presented in
Section III-E, the value of is selected to be equal to the rank
of matrix . The rank of the ill-conditioned matrix is calculated
by a Matlab [27] function rank. Fig. 7 depicts a typical behavior
of the singular values. The retained number 172 is denoted
by an “ .”

At this stage, it is worthwhile to point out that the choice of
such a large number of Doppler frequency bands, in this case
480, and the ocean wave number resolution within each band,
is not necessarily optimal, and is used here only for illustra-
tive purposes. In reality, imposing such a fine resolution may
exacerbate the problem of an already ill-conditioned system,
the latter being largely due to many small values sporadically
scattered throughout the kernel matrix [28]. This problem may

be mitigated somewhat by grouping the rows of the kernel ac-
cording to the absolute value of the difference between a partic-
ular Doppler frequency and the corresponding Bragg frequency,
as in (44). For the case of field data, to which it is intended
that the algorithm will be eventually applied, a much smaller
kernel matrix will likely yield more stable inversions. In fact,
good results have been regularly attained using this method for
significant waveheight and nondirectional spectra recovery from
both narrowbeam and broadbeam monostatic field data (see, for
example, [15] and [16]). Although it is not the subject of this
work, it is worthy of note that a more robust algorithm for recov-
ering directional spread information has been successfully im-
plemented by Atanga and Wyatt [29]. In reaching their conclu-
sion, the authors of that work provide an extensive comparison
of their method with that used here and in [15]. The application
of the newer techniques presented in [29] to the bistatic case,
while not addressed here, is intended for future investigation.

E. Illustration of the Results

In illustrating the nondirectional ocean wave spectra obtained
from the inverse analysis, the bistatic angle is fixed at 30 . The
scattering ellipse normal is 90 (see Fig. 2). Several sets of plots,
corresponding to different water depths, wind directions, wind
speeds, and radar frequencies are obtained and shown. The solid
line indicates the recovered wave spectrum, while the dashed
line is Pierson–Moskowitz spectrum used in the related cross-
section calculation.

Fig. 8 illustrates inversion results for different water depths.
The radar frequency is 25 MHz, the wind speed is 15 m/s,
and the wind direction is 0 to the -axis. At this operating
frequency, the shallow-water effects begin to affect spectral
recovery when the depth is less than 10 m. The effects on
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Fig. 8. Recovered nondirectional wave spectra for water depths of (a) 100 m (deep water), (b) 10 m, and (c) 5 m.

magnitude and shape are even more prominent as water depth is
further lowered because of the influence from the seafloor. This
is not surprising as the underlying assumptions of small height
and slope of the surface feature used in developing the cross
sections become increasingly less valid as the water becomes
shallower.

Fig. 9 depicts the recovered nondirectional spectra for wind
directions of 0 , 45 , 90 , and 135 to the -axis and the wind
speed of 15 m/s. The radar frequency is 25 MHz and the
water is deep. When the wind directions are not equal to 90 ,
the inversion results are well matched with the ideal Pierson–
Moskowitz nondirectional spectrum in shape and magnitude.
When the wind direction is 90 , which means the wind direc-
tion is parallel to the scattering ellipse normal, this match is
significantly reduced. The inversion routine sets a threshold of
30 dB between the maximum and minimum useable second-
order Doppler data. In the wind direction case (see Fig. 4),
this meant two of the four sidebands of the Doppler spectrum
could be used in the inversion process. As seen in Section IV,
this problem is exacerbated when the data are noisy.

Fig. 10 depicts the recovered ocean wave spectra for wind
directions are 0 , 45 , 90 , and 135 to the -axis while
the wind speed is 10 m/s. The other parameters are the same
as for Fig. 9. Here, the recovered shapes do not agree with the
ideal nondirectional spectrum as much as when the wind speed
is 15 m/s since, for lower sea state, the assumption for lineariza-
tion is compromised.

Fig. 11 shows comparative results for radar frequencies of 25,
10, and 5.75 MHz. It is observed that almost all the nondirec-

tional ocean wave spectrum is recovered from the Doppler spec-
trum for a radar frequency of 25 MHz, i.e., the upper level of
the HF band. However, as the operating frequency is increased,
the higher frequency end of the nondirectional spectrum is not
available. This phenomenon may be explained from (25) and
(26). These two equations give the normalized lower and
upper wave number boundaries of the recovered spec-
trum. Since is selected in the range 0.05 0.36,
will be

(50)

and will be

(51)

When the normalized wave numbers and are con-
verted to the unnormalized versions, they will be multiplied by
the factor , which is a function of the radar oper-
ating frequency and the bistatic angle. For a bistatic angle of
30 and a radar frequency of 25 MHz, the range of recovered
wave numbers may be 0.0022 0.160. For 10 MHz, this
range is 0.0008 0.064, while for 5.75 MHz the range is
0.0005 0.037, i.e., the recovered wave number ranges
are reduced when radar frequencies are decreased. Of course,
for high sea states, lower frequency operation, which allows for
improved range capabilities, would also mitigate the problem of
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Fig. 9. Recovered nondirectional wave spectra when wind directions are (a) 0 , (b) 45 , (c) 90 , and (d) 135 to the x-axis. Wind speed is kept as 15 m/s. The
radar frequency is f = 25 MHz.

Fig. 10. Recovered nondirectional wave spectra for different wind directions when wind speed is 10 m/s, the radar frequency is f = 25 MHz, and wind directions
are (a) 0 , (b) 45 , (c) 90 , and (d) 135 to the x-axis.

saturation of the Doppler spectrum and would enhance the re-
coverability of the ocean spectrum from the radar signal. Thus,

for the proposed method, the optimal operating frequency is
largely dictated by the waveheights being interrogated and the
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Fig. 11. Recovered nondirectional wave spectra for radar operating frequencies of (a) 25 MHz, (b) 10 MHz, and (c) 5.75 MHz. The wind speed is 15 m/s, 0 to
the x-axis.

desired range. These issues may be mitigated somewhat by re-
sorting to a nonlinear inversion scheme that employs a greater
extent of the Doppler spectrum in the inversion process. How-
ever, for consistency in results, a suitable method for choosing
initial parameters to start the inversion process is required [30].
For bistatic operation, the added feature of the bistatic angle de-
pendency dictates further constraints on the combination of
and such that a significant portion of the ocean spectrum can
be recovered.

IV. MODEL FOR NOISY DOPPLER SPECTRA

A. Simulation of Noisy Bistatic HF Radar Spectra

A model for the simulation of the effect of additive Gaussian
white noise for pulsed bistatic radar data is found in [19]. The
power spectral density (PSD) of ocean clutter is given as

(52)

Here, is radar operating wavelength, is the pulse width of
the transmitted signal, is the pulse repetition period, is the
peak power, and and are the gains of transmitting and
receiving antennas, respectively. is the rough spherical
earth attenuation function and and are the distances from

the transmitter and receiver, respectively, to scattering patch.
is the patch area, and the normalized patch cross section is

, where and are calcu-
lated from (12) and (13).

In keeping with the analysis in [19], for the purpose of il-
lustrating the clutter PSD, the following values are used:
25 MHz ( 12 m), 13.3 s, 333 s, 16 kW,

2 dB, i 1.585, 56.76, 50 km,
702 900 m . A 512-point fast Fourier transform (FFT) with 50%
overlap and 15 averages are used to calculate the PSD spectrum.
Figs. 12–15 depict typical noisy radar Doppler PSD for different
water depths, wind directions, wind speeds, and radar operating
frequencies. Comparing with Figs. 3–6 in Section II, the rip-
ples over the curve are observed because of the contamination
by noise. When the wind speed is 10 m/s or lower and the wind
direction is at an angle more than 45 , the second-order part of
the positive Doppler PSD is hidden by noise.

B. Recovery of Ocean Wave Spectra

The inverse analysis for noisy data uses the same procedure
as explained in Section III. The simulated radar data are pro-
duced according to the description in Section IV-A. Figs. 16–19
depict recovered ocean wave spectra for different water depths,
wind directions, wind speeds, and radar operating frequencies,
associated with Figs. 12–15. Again, the solid line is the re-
covered wave spectrum, while the dashed line is the original
Pierson–Moskowitz spectrum.
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Fig. 12. Simulated noisy spectra for water depths of 100 (deep water), 10, and 5 m (wind speed: 15 m/s; radar frequency: 25 MHz).

Fig. 13. Simulated noisy spectra for wind directions of (a) � = 0 , (b) � = 45 , (c) � = 90 , and (d) � = 135 (wind speed: 15 m/s; radar frequency:
25 MHz).

The earlier comments about the inversion results for noise-
free sea echo also apply here. The normalized root-mean-square

(rms) waveheights for noise- free and noisy spectra at different
wind directions are listed in Table I. The same values obtained
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Fig. 14. Simulated noisy spectra for different wind directions when wind speed is 10 m/s, radar frequency is 25 MHz, and wind directions are (a) � = 0 ,
(b) � = 45 , (c) � = 90 , and (d) � = 135 .

Fig. 15. Simulated noisy spectra for (a) 25 MHz, (b) 10 MHz, and (c) 5.75 MHz radar operating frequency. The wind speed is 15 m/s, 0 to the x-axis.

directly from corresponding Pierson–Moskowitz spectra are
also listed as the ground truth when the percent of difference is
calculated.

It is obvious that the results from noisy spectra for nondirec-
tional wave spectra and normalized rms waveheights are less
well matched to the actual conditions than those from the noise-
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Fig. 16. Recovered nondirectional spectra from noisy radar Doppler PSD for water depths of (a) 100 m (deep water), (b) 10 m, and (c) 5 m.

Fig. 17. Recovered nondirectional spectra from noisy radar Doppler PSD for different wind directions (wind speed: 15 m/s). Wind directions are (a) � = 0 ,
(b) � = 45 , (c) � = 90 , and (d) � = 135 .

free spectra. As in Section III-E, for special wave field condi-
tions, such as lower sea state and when the wind direction is

90 to the -axis, the mismatches are, not surprisingly, more
significant.
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Fig. 18. Recovered nondirectional spectra from noisy radar Doppler PSD for different wind directions (wind speed: 10 m/s). Wind directions are (a) � = 0 ,
(b) � = 45 , (c) � = 90 , and (d) � = 135 .

Fig. 19. Recovered nondirectional spectra from noisy radar Doppler PSD for (a) 25 MHz, (b) 10 MHz, and (c) 5.75 MHz different radar frequency.
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TABLE I
COMPARISON OF NORMALIZED WAVEHEIGHTS FOR NOISE-FREE AND NOISY

SPECTRA AT DIFFERENT WIND DIRECTIONS (f =25 MHz, u = 10 m/s)

V. CONCLUSION

Based upon bistatic cross sections developed by Gill and
Walsh [17], an algorithm has been developed to derive the
nondirectional ocean wave spectrum from simulated HF nar-
rowbeam bistatic radar returns. The water depth is set to be
arbitrary and the current is assumed to be absent. The inverse
results for different ocean surface conditions and operating
frequencies are addressed in a manner similar to that used by
other investigators for the monostatic case [14]–[16].

Mathematically, the inverse scattering analysis is a problem
of solving a set of Fredholm-type integral equations of the first
kind. The integrand of the second-order cross-section equation
contains nonlinearities resulting from the product of two related
factors of ocean wave directional spectra. An approximate lin-
earization is implemented and the path gains and losses are re-
moved from the second-order cross section by normalizing to
the first order. The discretization of the cross section is accom-
plished by means of a frequency band approximation. The di-
rectional ocean wave spectrum is represented by a truncated
Fourier series. The original cross-section equation is then con-
verted to a matrix equation in which the Fourier coefficients of
the ocean spectrum are the unknowns. SVD is used to invert the
kernel matrix of the equation. Inversion yields the ocean Fourier
coefficients of which the zero-order coefficient yields the nondi-
rectional spectrum.

While no bistatic field data were available for testing pur-
poses, a realistic model of the Doppler PSD incorporating noise
developed by Gill and Walsh [19] was used. Based upon the
inverse scattering algorithm presented in Section III, nondirec-
tional wave spectra were derived from the simulated bistatic
noisy data. The results show that, even when noise is added,
for the upper HF band (20–30 MHz), the linearization method
works well, and most of the ocean wave spectral energy may
be recovered from the bistatic HF radars data. Not surprisingly,
the effect of added noise becomes increasingly significant as sea
state decreases.

There is another important issue which has the possibility of
affecting the results presented here, namely the problem of side-
lobes in both the transmitter and receiver arrays. When sidelobes
are only a few decibels below the mainbeam, it is obvious that
major effects, such as spectral smearing, can be introduced into
the field data. This may preclude, among other things, the de-
termination of the position of the sea surface patch being inter-
rogated. With the added reality of the directional nature of the

sea spectrum, it is clear that a reasonable understanding of the
radar beamforms is necessary in producing useful inversion re-
sults. It is proposed that these problems be considered in future
analyses.

It is intended that the inversion models present here be used
in the near future on bistatic data collected from HF radars in-
stalled at Cape Race and Cape Bonavista, NL, Canada. These
radars have typically operated in monostatic mode only, but
in the recent past the Canadian Department of National De-
fense has initiated experiments designed to assess the facili-
ties of bistatic operation. While these radars are operated in the
lower part of the HF band, the wave regime over the North At-
lantic is such that, even at these frequencies, there will be pe-
riods when the sea state will be large enough to further test the
integrity of the procedure presented here.
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