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Abstract: Often, nearshore radiation stresses are approximated using the monochromatic wave assumption, although this can have
significant errors when the incident waves have finite frequency and/or directional spread. Consequently, the resulting wave-driven
currents could be predicted erroneously or, when fitting to observations, biased model parameters such as the bottom friction coefficient
may result. We develop and test a moments-based reduced spectral wave model which includes the leading order effects of wave
frequency and directional spreading. This model solves the evolution equations of wave moments, which are integrations of the wave
action balance equation multiplied by weighting functions over frequencies and directions. An assumption of analytical Gaussian distri-
bution for the frequency-direction spectrum is made to develop a simple five-parameter system that contains information on the wave
height, period, direction, frequency bandwidth, and directional bandwidth. Using this model, we investigate the finite bandwidth effects on
the wave field and radiation stresses. The directional spreading is found to have a strong impact on the radiation stress, with a larger
directional bandwidth resulting in smaller radiation stresses. However, the frequency spreading has much less impact. The spectral wave
breaking based on the roller concept is considered in this wave model. After coupling with a circulation model based on the shallow water
equations, simulation results compare favorably with the DUCK94 field data for waves and longshore currents but show strong depen-
dence on the directional bandwidth.
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Introduction

Waves begin to feel the sea bottom as they propagate into shallow
nearshore areas and various wave transformations take place in-
cluding wave shoaling, refraction, diffraction, and breaking. Since
wave momentum fluxes are proportional to the wave energy,
changes in the wave field will lead to changes in the momentum
fluxes and generate wave-induced nearshore currents. Alongshore
currents in particular are commonly generated by obliquely inci-
dent waves breaking on a beach. The important role of alongshore
currents in coastal processes has long been recognized and their
measurement and prediction have received much attention from
scientists and coastal engineers �Bowen 1969; Longuet-Higgins
1970; Thornton 1970; Guza et al. 1986; among many others�.

Longshore Currents

The development of the radiation stress concept by Longuet-
Higgins and Stewart �1964� has made it possible to simulate
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wave-induced currents using mathematical models. In past de-
cades, a variety of current models have been developed and used
to study wave-induced currents in coastal areas. Early one-
dimensional models were simultaneously developed by Longuet-
Higgins �1970�, Bowen �1969�, and Thornton �1970�. Thornton
and Guza �1986� developed a model that took into account irregu-
lar wave breaking and successfully reproduced the measured
alongshore current profile on a planar beach. For alongshore
uniform barred beaches, models �e.g., Church and Thornton 1993;
Feddersen et al. 1998� predicted longshore current profiles with
maxima not over the bar crests, which are not consistent with
laboratory experiments and field observations. This failure
may result from the neglect of rollers in the wave forcing �e.g.,
Lippmann et al. 1996; Reniers and Battjes 1997; Ruessink et al.
2001�. The surface wave rollers give a correction to the wave
radiation stresses and consequently alter the wave forcing in
the surf zone. Ruessink et al. �2001� demonstrated that including
the rollers in the wave forcing greatly improved the predictions
of the observed wave-induced longshore currents over barred
beaches.

Spectral Wave Models

When modeling wave-induced currents it is often assumed that
the wave spectrum is narrowbanded resulting in a single repre-
sentative direction and frequency to approximate the irregular
waves �e.g., Church and Thornton 1993; Özkan-Haller and Kirby

1999; Ruessink et al. 2001�. However, in situations where the
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wave spectrum is not narrowbanded, the resulting wave field may
differ substantially between irregular, multidirectional waves and
the monochromatic approximation �e.g., Vincent and Briggs
1989; Panchang et al. 1990�. In addition, the monochromatic
approximation can cause significant errors in estimating the
wave radiation stresses, even though the wave heights may be
similar. Battjes �1972� first investigated the effect of frequency-
and-directional spreading on the radiation stresses and derived
mathematical expressions for corrections to the monochromatic
approximations according to the linear wave theory. Feddersen
�2004� compared the monochromatic-approximated radiation
stresses to the true radiation stresses calculated using a moment-
based technique �Elgar et al. 1994� in 8-m water depth during
DUCK94 and SandyDuck field experiments and found that the
component Sxy was overestimated systematically by up to 60% by
the monochromatic approximation. Using parameterized wave
spectra, Feddersen found that the difference between the approxi-
mated and true radiation stresses is mainly due to the directional
spread, whereas the frequency spread only has a minor effect.

Locally generated waves usually have a broad frequency-
directional spectrum. In deep water, the one-sided directional
bandwidth of the wave spectrum is typically 30° �Holthuijsen
2007�. Additionally, a distantly generated ocean swell often ar-
rives at beaches with finite frequency and directional spread. The
inclusion of these frequency-and-directional spreading effects can
be accomplished in several ways. One approach is to use phase-
resolving monochromatic wave models to go through every indi-
vidual wave component and calculate the wave statistics
afterward such as a model based on the mild-slope equation �e.g.,
Panchang et al. 1990; Chawla et al. 1998� or to use a model based
on the Boussinesq equations, in which all components are calcu-
lated simultaneously �e.g., Chen et al. 2003�. However, these
models tend to be quite expensive. Alternatively, full spectral
models such as WAM �WAMDI Group 1988�, WAVEWATCH III
�Tolman 1991�, or SWAN �Booij et al. 1999� are common. These
models solve the full evolution of wave spectra in both engineer-
ing practice and research. However, the wave spectrum needs to
be solved not only in spatial dimensions and time but also in
frequency and directional space. Therefore, these models are usu-
ally computationally expensive.

Study Objectives

At present, there is no method intermediate between a full spec-
tral model and the quasimonochromatic approximation. To fill
this gap, we introduce here a reduced spectral, moments-based
wave model by integrating the weighted governing equations over
all frequencies and directions of the spectral evolution. The model
thus solves for wave moments, which can contain information on
other important wave parameters in addition to the RMS wave
height, mean frequency, and mean wave angle provided by
monochromatic-based models. The model developed here con-
tains additional information on the frequency bandwidth and di-
rectional bandwidth. Thus the moments-based model, when
coupled with a circulation model as the wave driver, enables the
direct investigation of frequency-and-directional spreading effects
on the resulting wave-induced currents. Unlike full spectral mod-
els, moments-based models do not need to be solved in the full
spectral domain for all frequencies and directions. Instead, several
equations of wave moments will be solved only in space and time

�for unsteady problems�. Therefore, a moments-based wave

JOURNAL OF WATERWAY, PORT, COASTA

Downloaded 16 Jun 2010 to 129.74.164.152. Redistribu
model will require much less computational effort than standard
spectral models although more than monochromatic models. It
should, however, be emphasized that this moments-based model
is still spectrally averaged, so it will not include effects from
fluctuating wave groups as would a complete phase-resolving
model �e.g., Chen et al. 2003�. The reduced model is expected to
be most useful in coastal areas, where it might be used for simu-
lations of wave transformation that would be costly to perform
using a full spectral model.

In this study, we use the moments-based model to examine the
effects of frequency-and-directional spreading on wave-induced
longshore currents by coupling the wave model with a two-
dimensional �2D� circulation model based on the nonlinear shal-
low water equations. The new wave model is described in detail
in the following section including the derivation of governing
equations, solution methods, and model tests. Using the coupled
wave/circulation model, we simulate the wave-induced longshore
currents over a barred beach at Duck, N.C. during a storm event
and the model results are compared against the field data. A roller
model including the effect of the directional spreading is devel-
oped and corrections due to surface wave rollers are taken into
account in simulations. Sensitivity tests on the impact of fre-
quency and directional bandwidths upon the resulting longshore
currents are conducted. We also investigate the apparent variation
of the bottom friction coefficient in longshore flows with chang-
ing directional bandwidth.

Moments-Based Wave Model

Derivation of Governing Equations

The wave spectrum is defined as the Fourier transform of covari-
ance of the sea surface, providing a statistical description of the
complex sea states. The physical meaning of the wave frequency-
direction spectrum is that it specifies the distribution of the wave
energy over all frequencies and directions. When the random
sea elevation is treated as a stationary Gaussian process, the sta-
tistical characteristics of a frequency spectrum can be expressed
in terms of the spectral moments of the frequency spectrum F���
�Holthuijsen 2007�

mn =�
0

+�

�nF���d�, n = 0,1,2, . . . �1�

where �=intrinsic angular frequency �Willebrand 1975�. These
will converge for exponents, n, that are not too large. Extending
and generalizing this concept, the general wave moment En�x , t�
of a frequency-directional spectrum F�x , t ;� ,�� could be defined
by

En�x,t� =�
0

+� �
−�

�

wn��,��F�x,t;�,��d�d� �2�

where �=wave angle; wn�� ,�� are as yet undefined weighting
functions; and the subscript n=index of the weighting function
and moment. Because the wave spectra are generally clustered
around certain frequencies and directions, it seems plausible to
suggest that, with intelligent choices of weighting functions, only
a relatively small number of moments might be needed to repre-
sent the wave spectra that are not too complex.

In contrast, full spectral wave models �e.g., SWAN and
WAVEWATCH III� represent the wave spectrum for a discrete

number of frequencies and directions at each location in space.
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Although numbers vary, a typical implementation might use 25
frequencies and 24–36 directions, giving 600–900 degrees of
freedom at each grid location. The many spectral components can
lead to large memory requirements and slow execution times as
they solve the spectral wave action balance for these frequencies
and directions. The fundamental equation of spectral evolution
can be written as �Hasselmann et al. 1973�

�

�t
�F

�
� + � · ��cg + U�

F

�
� +

�

��
�c�

F

�
� +

�

��
�c�

F

�
� =

Stot

�
�3�

where cg and U=group velocity vector and ambient current vec-
tor, respectively. c� and c�=propagation velocities in spectral
spaces �frequency and direction space�. �=2D gradient operator
and Stot�x , t ;� ,�� represents the effects of wave generation, dis-
sipation, and nonlinear energy transfers.

With the definition of wave moments, evolution equations for
these moments can be obtained by multiplying the standard wave
action balance Eq. �3� by the weighting functions wn�� ,�� and
then integrating over all frequencies and directions. These mo-
ments are only functions of time at a given location in geographi-
cal space, so if there are N total moments then there will only be
N evolution equations at each point in space and time and conse-
quently the computational efforts can be greatly reduced. The key
question then becomes how to choose a proper weighting func-
tion. The weighting functions should be easy to treat mathemati-
cally and more important should result in wave moments that
make it simple to evaluate the wave properties of most interest
�e.g., RMS wave height; mean direction; peak frequency; and the
frequency and directional bandwidths�. In this study, the moments
are defined using the weighting function �neim�. The correspond-
ing frequency moments are consistent with the traditional defini-
tion and the directional moments are similar with the definition of
Kuik et al. �1988�. Following Eq. �2�, the wave moment En,m is
written as

En,m�x,t� =�
0

+� �
−�

�

�neim�F�x,t;�,��d�d� �4�

where n ,m=0,1 ,2 , . . . = indices of moments. If m=0, En,m=nth
frequency moment of the wave spectra. If n=0, En,m becomes
the mth directional moment. It reduces to the wave variance
E0,0=HRMS

2 /8 when both m and n are equal to zero. This is not the
only possible choice of weighting functions; it works well for
small exponents, n, but will not converge when n�4. Thus, if
large numbers of weighting functions are desired, other weights
will prove more useful. However, here we only use relatively
small exponents so convergence is not an issue.

After multiplying Eq. �3� by �n+1eim�, using the product rule
for derivatives, and integrating over all frequencies and direc-
tions, we arrive at

�

�t
En,m + � ·�

0

+� �
−�

�

�cg + U��neim�Fd�d�

+�
0

+� �
−�

� �

��
�c��neim�F�d�d�

+�+� �� �

��
�c��neim�F�d�d�
0 −�
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− �n + 1��
0

+� �
−�

�

c��n−1eim�Fd�d�

− im�
0

+� �
−�

�

c��neim�Fd�d� =�
0

+� �
−�

�

Stot�
neim�d�d�

�5�

Physically, since �nF��=0�=0 and �nF��=��=0 �for suffi-
ciently small n�, and because eim�=e−im� with integer m, it is
obvious that

�
0

+� �
−�

� �

��
�c��neim�F�d�d� = 0 �6a�

�
0

+� �
−�

� �

��
�c��neim�F�d�d� = 0 �6b�

Eq. �5� is then reduced to

�

�t
En,m + � ·�

0

+� �
−�

�

�cg + U��neim�Fd�d�

− �n + 1��
0

+� �
−�

�

c��n−1eim�Fd�d�

− im�
0

+� �
−�

�

c��neim�Fd�d� =�
0

+� �
−�

�

Stot�
neim�d�d�

�7�

Note that the wave spectrum F�x , t ;� ,�� is still in the above
equation. In a moments-based reduced model, the moments, En,m,
are the only known quantities and will not uniquely define the
detailed variation of the wave spectrum F�x , t ;� ,��. This intro-
duces a closure problem much like those found in computations
of the turbulent flow, where integrals involving the full wave
spectrum need to be expressed in terms of moment En,m and/or
moments of other orders. To uniquely define all terms in the gov-
erning equations in terms of wave moments, several approxima-
tions and assumptions were made.

The first assumption deals with the shape of the spectrum,
which is not uniquely defined by a finite number of moments. For
this first investigation of a reduced system, a 5-degree-of-freedom
system was used which provided information on the wave height,
peak frequency, peak direction, and both frequency and direc-
tional bandwidths. The system was assumed to be separable in
frequency and direction, so that F�� ,��=E0,0M���D���. Because
E0,0 is the definition of the wave variance, it follows that the
frequency and directional distributions, M��� and D���, are prob-
ability density functions and integrate to unity over the frequency
and direction, respectively.

For the frequency spectrum M���, it would be possible to use
standard spectral shapes such as JONSWAP �Joint North Sea
Wave Project� or Pierson-Moskowitz �PM�; evaluate all integrals
numerically; and compose a lookup table. However, it is unclear
how these spectra would be modified to account for varying
spectral bandwidths �e.g., narrowbanded swell versus broad-
banded sea�. Thus we have chosen to use an analytical Gaussian
distribution in frequency, where changing bandwidth is trivial.
The integrals in Eq. �7� were evaluated by expanding the velo-
cities cg, c�, and c� using Taylor series approximations, which
were then integrated analytically. Another approach would be to

integrate the equations numerically but, as will be seen, there is
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little difference between the two approaches in terms of accuracy.
Because the Gaussian assumption theoretically gives small posi-
tive values for negative frequencies this closure should not be
used for strongly broadbanded seas.

A Gaussian assumption is also used for the directional distri-
bution. Other possibilities include cosine power functions, which
are commonly used in defining boundary conditions in spectral
wave models �Holthuijsen 1983�. However, there do not appear to
be any obvious advantages to cosine distributions, while integrals
of the Gaussian functions can be integrated analytically using
standard relations and have clearly visible relations to the direc-
tional bandwidth.

With these assumptions, the parameterized frequency-
directional spectrum used for closing the reduced system then
becomes
mean direction, frequency bandwidth, and directional bandwidth.
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F�x,y,t;�,�� = E0,0

1
�2�S�

exp�−
1

2
�� − �m

S�

�2� 1
�2�S�

�exp�−
1

2
�� − �m

S�

�2� �8�

where �m=mean intrinsic frequency; S�=one-sided frequency
bandwidth with units of rad/s; �m=mean direction; and
S�=one-sided directional bandwidth. This closure is suitable for
modeling waves with a single-peaked spectrum in both frequency
and direction. It is not suitable for modeling, for example, com-
binations of local wind waves and distant swell. A system com-
posed of multiple spectra of this type might be used in this case,
but will not be treated here.

With the Gaussian spectral closure given in Eq. �8�, the gen-
eral moment E can be written as
n,m
En,m =
E0,0

�2�
e−m2S�

2/2eim�m	
k=0

n
n!

k!�n − k�!
S�

n−k+1�m
k 2�n−k+1�/2���n − k + 1�/2� , n − k = 0,2,4, . . .

0, otherwise
 �9�
where ���n−k+1� /2�=gamma function. Detailed derivations are
given in the section “Derivation of Wave Moments.” Evaluating
the integrals in Eq. �7� in terms of moments is straightforward but
lengthy �see the section “Evaluation of the Integrals in Wave
Governing Equations” for details�. Generally, for moment En,m,
the evolution equation has the following form:

�

�t
En,m + I1 + I2 + I3 = 0 �10�

where integrals I1, I2, and I3=functions of
�En,m ,En+i,m+j ,�m,�m ,S�,S��, as given in Appendix I, “Evaluation
of the Integrals in Wave Governing Equations.” En+i,m+j �i=1,2
and j=−2,−1,1 ,2� are moments of other orders rather than En,m.
The relations between moments are defined by Eq. �9�. The gov-
erning equations in explicit form for the single frequency, direc-
tional waves without ambient currents are given in Appendix I,
“Explicit Equations for Regular Directional Waves.”

Theoretically, the moments of the wave spectrum can be taken
to any order as necessary. However, the values of higher-order
moments are rather sensitive to noise in the high-frequency range
of the spectrum �Holthuijsen 2007� and problems with conver-
gence will be encountered for large exponents n. Generally, more
information can be obtained from more moments. At the same
time, however, more moments involved lead to a more compli-
cated system. So in practice, the number of moments used should
be determined by the specific wave spectrum and by the accuracy
requirement of problem interested. In this study, a system with
five equations solving the five moments, E0,0 ,E1,0 ,E2,0 , �E0,1�R,
and �E0,1�I, is developed. The specific expressions of these five
equations can be easily obtained with the equation of the general
moment En,m derived in the “Evaluation of the Integrals in Wave
Governing Equations” and will not be reproduced here for brev-
ity. This five-parameter system is relatively simple but contains
information on the following: the RMS wave height, mean period,
The system itself can be used as an alternative for the full spectral
wave models to some degree, especially when well-defined wave
spectra are involved such as narrowbanded Gaussian-type spectra.
What is even more important is that this system can serve as a
foundation for a more comprehensive model that is able to simu-
late the realistic wave spectra accurately.

Model Tests

For a first test, the results from the moments-based wave model
are compared to the analytical solutions for the transformation of
irregular waves on a planar beach. The bathymetry consists of a
flat bottom with 10-m depth followed by a constant slope of 1:50
as shown in Fig. 1. For testing purposes, no energy dissipation is
assumed.

Without dissipation and with no ambient currents, the wave
energy conservation equation for stationary, monochromatic inci-
dent waves can be written as

Ecg cos � = �Ecg cos ��0 �11�

where the subscript “0” stands for incident wave conditions; and
E=total wave energy. This equation can easily be solved analyti-
cally according to Snell’s law. For spectral waves, the analytical
solutions are not as apparent but still can be obtained by splitting
the total wave spectrum into monochromatic components, with
each component corresponding to a direction and a frequency.
Eq. �11� is then solved for all components and wave moments can
then be obtained following their definition. This will become used
for computing numerically exact spectral wave transformation
over cross-shore varying topography for comparison with the ap-
proximate moments-based model.

Numerically, the governing equations of the moments-based
model are solved in time given the initial condition and the off-

shore boundary condition. A second-order Runge-Kutta method
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is used for temporal differencing and the third-order upwind
scheme �also known as QUICK� is used for spatial derivatives.
Stationary incident waves of Tp=4 s and HRMS=1 m at the off-
shore boundary are used for this test. The computational domain
is Lx=1,000 m in the cross-shore direction. The spatial grid size
used is �x=2 m, with a time step of �t=0.2 s. The total run time
is 30 min, which is long enough for the wave field to reach a
steady state.
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Fig. 1. Planar beach bathymetry with a slope of 1:50 connecting to a
flat bed with 10-m water depth. Water depth is 1 m at x=1,000 m.
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In the first set of simulations, normally incident unidirectional
waves �i.e., S�=0°, �m=0� but with finite frequency bandwidths
are used to examine the model’s performance in simulating the
shoaling of irregular waves. As discussed previously, the present
wave model uses a Gaussian closure. However, field measure-
ments of the ocean wave spectrum have shown that the one-
dimensional frequency spectrum appears to roughly have a
universal shape: the JONSWAP spectrum �Hasselmann et al.
1973�. Therefore, it is necessary to examine the differences be-
tween using JONSWAP spectra and using Gaussian spectra as an
approximation. Fig. 2�a� shows the comparison of the JONSWAP
wave frequency spectrum and a Gaussian-shaped spectrum with
the same peak frequency 0.25 Hz; the same frequency bandwidth
of S� /�m=0.11; and the same RMS wave height of 1 m.

Fig. 2�b� shows comparisons between three shoaling spec-
tra: numerically exact results from the shoaling of an initial
JONSWAP spectrum; numerically exact results using the initially
Gaussian-shaped spectrum of Fig. 2�a�; and results from the
moments-based model with the Gaussian closure. The maximum
height differences between the exact and moments-based transfor-
mation of the initially Gaussian spectrum are around 1% suggest-
ing that the moments-based model approximates the
transformation well. Differences in transformation between the
Gaussian and JONSWAP spectra are still small, with a maximum
difference of 3.6% in very shallow water �where waves would
likely be breaking in any case� and a RMS difference of less than
1%. This suggests that using a Gaussian spectrum to approximate
a more realistic JONSWAP in this simple case will not introduce
large errors.
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In the second set of simulations, waves are used with a single
frequency, i.e., S�=0, and with mean incident angle �m=30°, but
finite directional bandwidth. Fig. 3 shows a comparison of the
moments-based model results with the analytical solutions for
directional bandwidths S�=10° ,20° ,30°. We observe that the
model results are in good agreement with the analytical solutions.
For smaller directional bandwidth S�=10° and S�=20°, the cross-
shore variations of HRMS, �m, and S� are accurately predicted. For
the case S�=30°, HRMS is predicted with a minor discrepancy
from the analytical results, and S� is underpredicted with maxi-
mum error close to the shore. It is also evident that the shoaling
wave heights are smaller for a broader wave directional spectrum
and the bandwidth S� decreases as waves approach the shoreline.
This directional narrowing is expected and consistent with Snell’s
law for bathymetric refraction: waves tend to travel in the direc-
tion normal to bottom contours; thus, all wave components bend
to the shore-normal direction and consequently both the mean
direction and the directional bandwidth decrease as waves travel
toward the shore.

Simulations for incident waves with both nonzero frequency
bandwidths and directional bandwidths are also conducted. Fig. 4
shows model results of waves with S�=0.2 rad /s �S� /�m

�0.127� and S�=10° compared to a numerically exact transfor-
mation with the same original spectrum. The cross-shore varia-
tions of HRMS, �m, and �m are accurately predicted, and only a
slight overestimation in S� and underestimation in S� are ob-
served. Overall, this test demonstrates the capability of the
present model to predict the shoaling and refraction of irregular
waves with finite frequency and directional bandwidth.

Radiation Stresses

Because wave radiation stress gradients define forcing, an accu-

0.85

0.9

0.95

1

1.05

H
rm

s(m
)

10

15

20

25

30

θ m
(d

eg
)

500 550 600 650 700 750 800 850 900 950 1000
0

10

20

30

S
θ(d

eg
)

x(m)

Fig. 3. Transformation of multidirectional waves over the sloping
beach of Fig. 1: �a� HRMS; �b� mean direction �m; and �c� directional
bandwidth S�. A Gaussian incident spectrum is used with �m=2� /4,
S�=0, and �m=30°. Symbols �circle, diamond, and square� indicate
analytical shoaling of the original spectrum using S�=10° ,20° ,30°,
respectively. Lines represent the results from the five-parameter
model. Nonbreaking waves are assumed.
rate estimate of radiation stresses is critical in modeling wave-
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induced currents. For simplicity, radiation stresses computed
using basic wave statistics �HRMS, peak frequency, and mean di-
rection� have been used for many years to drive nearshore circu-
lation models �e.g., Church and Thornton 1993; Ruessink et al.
2001�. For random waves, however, the wave radiation stress is a
function of the frequency-direction spectrum and the monochro-
matic approximation can result in significant errors �e.g., Battjes
1972; Feddersen 2004�.

The present wave model solves the frequency bandwidth and
directional bandwidth in addition to the wave height, mean direc-
tion, and mean frequency. Therefore, it can provide a more accu-
rate estimate of the radiation stress by including the frequency-
and-directional spreading. For a monochromatic wave of height
H, the radiation stress can be written as �Longuet-Higgins and
Stewart 1964�

Sij = E�n�kikj/k2 + 	ij� − 	ij/2� �12�

where E=1 /8
gH2 and n=cg /c. For random waves, according to
the linear wave theory the radiation stress is written as �Battjes
1972�

Sij = 
g�
0

+� �
−�

� � cg���
c���

�kikj/k2 + 	ij� − 	ij/2�F��,��d�d�

�13�

Assuming F�� ,�� is separable as F�� ,��=M���D���, where
M���=function of frequency distribution, and �0

�M���d�=E0,0

=HRMS
2 /8, and D���=directional distribution and normalized so

that �−�
� D���d�=1. With these used in Eq. �13�, we obtain

Sxx = 
g�
0

+� cg���
c���

M���d��1 +�
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lytical solutions �circles� for incident Gaussian spectra: �m=30°, S�
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Sxy = 
g�
0

+� cg���
c���

M���d��
−�

�

D���sin � cos �d� �14b�

Syy = 
g�
0

+� cg���
c���

M���d��1 +�
−�

�

D���sin2 �d�� −
1

2

gE0,0

�14c�

To examine the effect of frequency spreading, unidirectional
waves are assumed, with D���=	��−�m�, which is the delta func-
tion, Eq. �14b� reduces to

Sxy = 
g sin �m cos �m�
0

+� cg���
c���

M���d� �15�

For any given M��� and water depths, the integral in the above
equation can be computed numerically. The error introduced by
neglecting the frequency spreading is measured by the ratio of Sxy

to �Sxy�mono, which represents the monochromatic approximation

Sxy

�Sxy�mono
=

�
0

+�

cg���M���/c���d�

E0,0cg��m�/c��m�
�16�

In examining the effect of directional spreading on the radia-
tion stress, the assumption of M���=E0,0	��−�m� is made.
Again, taking the component Sxy, for instance, after some algebra,
the ratio can be written as

Sxy/�Sxy�mono = exp�− 2S�
2� �17�

The above equation is valid for any nonzero mean wave angle.
The expressions for Sxx and Syy can be obtained similarly and will
not be reproduced here.

Two types of empirical frequency spectra are used to examine
the effects of the frequency spread: Gaussian-shaped spectra and
the PM spectra �Pierson and Moskowitz 1964�. For the Gaussian
spectra, ratios of the true and approximate radiation stresses for
6-s waves with a water depth of 6 m are computed. Fig. 5�a�
shows that, as the frequency bandwidth increases, the ratios
change only slightly from 1 and the differences are less than 5%
with a broad spectrum of S� /�m=0.5.

Fig. 5�b� shows that although all radiation stress components
are underestimated somewhat for the PM spectrum, with the dis-
crepancies increasing for larger f p �i.e., intermediate-deep water
waves for the fixed water depth of 6 m�, the errors are not large.
Thus, the frequency spreading does not have strong influences on
the radiation stresses, which is consistent with Feddersen �2004�.
Although a realistic frequency spectrum may be considerably dif-
ferent from a Gaussian distribution or the PM spectrum, this
strongly suggests that finite frequency spread does not change the
wave radiation stresses significantly and the monochromatic ap-
proximation in calculating radiation stresses could be reasonable
for most cases.

In contrast, the ratios of the true radiation stresses to the uni-
directional approximations show a very strong dependence on the
wave directional bandwidth S� as seen in Fig. 5�c�. Sxx and Sxy are
overestimated consistently by using the monochromatic approxi-
mation as S� increases, while Syy is underestimated. With a direc-
tional spread of S�=30° �a typical one-sided directional
bandwidth; Holthuijsen 2007�, the monochromatic approxima-
tions overestimate Sxy by 73%, which will, without question,
change the wave forcing and the wave-induced longshore currents

considerably.
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Wave Breaking and Roller Model

Surface rollers have an important impact on the surf zone dynam-
ics. For wave-induced longshore currents over barred beaches, it
has been shown that including rollers in the wave forcing can give
a more accurate longshore velocity profile by shifting the current
maximum shoreward and increasing the velocity in the trough
areas as well �Reniers and Battjes 1997; Ruessink et al. 2001�.
The one-dimensional roller energy balance equation has been
given by Stive and De Vriend �1994�, and Reniers and Battjes
�1997�, independently. When extended to a 2D time-dependent
formulation, the energy balance for rollers can be written as

�

�t
Er + � · ��c + U�Er� = − Dr + Dbr �18�

where Er=roller energy density derived from the kinetic energy
density of the roller volume with unit crest length �Svendsen
1984a,b�. c and U=wave phase speed vector and ambient current
vector, respectively. The first term on the right-hand side is the
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Fig. 5. Ratios of the true spectral radiation stress components to
monochromatic radiation stresses with the same RMS wave height,
mean direction, and peak frequency. �a� Gaussian spectra with vary-
ing frequency bandwidths, �m=2� /6, �=30°, S�=0, and water depth
h=6 m are used. �b� For PM spectra with varying peak frequencies,
�=30°, S�=0, and water depth h=6 m are used. �c� Gaussian direc-
tional spectra with varying S�, �m=30°, and h=6 m are used.
Sxx / �Sxx�mono �circle�; Syy / �Syy�mono �“x” mark�; and Sxy / �Sxy�mono

�square�.
roller sink term given by �Duncan 1981; Deigaard 1993�
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Dr =
Erg sin �

c
�19�

where �=wave-front slope and usually is assumed to be
��10° �Lippmann et al. 1996�. Dbr stands for the wave breaking
dissipation and is the source term for the roller energy balance
equation.

Using the same strategy as to the wave action balance equa-
tion, a roller model including the leading order effects of
frequency-and-directional spreading can be derived. While, in the
surface roller energy balance equation, the wave phase velocity c
is weakly relevant to the frequency � since surface rollers only
exist after wave breaking occurs, therefore, the equation only con-
sidering the directional spreading as the following is used:

�

�t
Er +

�

�x
��c�E0,1�R/E0,0 + u�Er� +

�

�y
��c�E0,1�I/E0,0 + v�Er�

= − Dr + Dbr �20�

where �E0,1�R and �E0,1�I=real and imaginary parts of the wave
moment E0,1 as defined previously. However, �E0,1�R /E0,0 and
�E0,1�I /E0,0 contain not only information on the mean wave direc-
tion but also the wave directional spreading. Eq. �20� is solved
after solving the wave equations with the same numerical
schemes. Er is set to be zero at the offshore boundary.

The formulation of the roller radiation stress is similar to the
wave radiation stress. Since cg=c in shallow water, the roller
radiation stress is given by

Sij,r = Er�kikj/k2 + 	ij/2� �21�

The roller radiation stress is a correction to the wave radiation
stress due to the presence of the surface wave rollers. The wave
forcing used in later simulations of wave-induced longshore cur-
rents includes the effects of the surface wave rollers.

Wave-Driven Longshore Currents

The moments-based reduced spectral wave model of this section
is quite well suited to forcing nearshore currents as a coupled
wave-circulation system. The circulation model is based on the
depth-averaged, nonlinear shallow water equations, which are av-
eraged over the incident wave timescales. This general theoretical
treatment is standard in the literature �e.g., Allen et al. 1996�
although for the purposes of this paper, we also assume longshore
currents to be steady in time �Ruessink et al. 2001�

�hu�x + �hv�y = 0 �22a�

�huu�x + �huv�y = − ghx + Fx + �bx + �x� �22b�

�huv�x + �hvv�y = − ghy + Fy + �by + �y� �22c�

where �u ,v�=depth-averaged velocities in the �x ,y� directions;
h=local water depth; =mean water surface displacement rela-
tive to the undisturbed free surface; g=gravity; �bx and �by denote
the bottom friction dissipations in the x and y coordinates, respec-
tively. Fx and Fy =wave forcing modeled using the radiation stress
concept proposed by Longuet-Higgins and Stewart �1964�

Fx = −
1



� �Sxx

�x
+

�Sxy

�y
�, Fy = −

1



� �Syx

�x
+

�Syy

�y
� �23�

where 
=water density. The radiation stresses are computed from

the results of the moments-based approach; thus, the effects of the
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directional and frequency spreading are included.
The bottom friction ��bx and �by� uses the linear damping for-

mulation

��bx,�by� = cfU0�u,v� �24�

where U0=amplitude of the wave horizontal orbital bottom veloc-
ity calculated according to the linear wave theory. cf=empirical
drag coefficient. Numerous other formulations have been pro-
posed �e.g., Mei 1983� but, for these purposes, they do not appear
to have any clear advantages. A constant cf with the typical value
of O�0.01� from offshore to shoreline has been used by many
investigators �e.g., Özkan-Haller and Kirby 1999�. A formulation
for the variable cf is proposed by Sleath �1984�

cf = 0.015� ka

h
�1/3

�25�

where ka=apparent bed roughness and is assumed to be constant
and time independent. According to Ruessink et al. �2001�, ka is
typically in the range of 0.01–0.06 m for simulating longshore
currents.

�x� and �y� represent the effects of the lateral momentum mix-
ing. We use the simple parameterized representation used by
Özkan-Haller and Kirby �1999�

�x� = 2
�

�x
��

�hu

�x
� +

�

�y
��

�hv
�x

�, �y� =
�

�x
��

�hv
�x

� �26�

where �=eddy viscosity coefficient, approximated as �
=Mh��b /
�1/3, where M =a constant mixing coefficient, and �b

=energy dissipation due to wave breaking. This was developed
to parameterize the effects of depth-varying velocities in long-
shore currents by Putrevu and Svendsen �1999�, with typical co-
efficients of M =0.25 �Özkan-Haller and Kirby 1999�. It is
worthwhile to note that other processes become important in rep-
resentations of time-averaged hydrodynamics, namely, the Rey-
nolds stresses arising from lower frequency motions such as shear
waves. However, consistent parameterizations of these processes
in longshore currents have not been well studied compared to
other areas of hydrodynamics. We will instead use the above mix-
ing formulation �26� for both time domain and time-averaged
cases, but with larger M values for time-averaged simulations in
an attempt to account for these Reynolds stresses.

The numerical circulation model is developed using a
pressure-correction solution method �known as the SIMPLE algo-
rithm, which stands for semi-implicit method for pressure-linked
equations�. It is a finite volume model using structured nonor-
thogonal computational grids with collocated variable arrange-
ment. The model has second-order accuracy for computational
grids.

Simulation of DUCK94 Field Measurement Data

For a first test, we simulate mean alongshore currents driven by
wave forcing over a barred beach and compare to the field data.
The bathymetry and experimental data used here are from the
DUCK94 experiment, which were collected from August to Oc-
tober 1994 during the nearshore field experiments at the U.S.
Army Corps of Engineers Field Research Facility �FRF� in Duck,
N.C. The wave statistics �the significant wave height Hs, peak
period, and mean wave direction� and frequency-directional spec-
trum were measured at 8-m water depth �Long 1996�. Pressure
and velocity observations were obtained at more than 15 cross-

shore locations extending from the nearshoreline to 4.5-m depth.
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The cross-shore depth profile measured at around 10 a.m. on
October 14, 1994 and the locations of the pressure sensors and
current meters are shown in Fig. 6. All the wave and current data
are 3-h-averaged for a storm event. The 8-m depth wave statistics
are Hs=2.07 m, Tp=8.866 s, and �m=−20°. The pressure gauge
nearest to the offshore end of the measured bathymetry is P19
located 347.4 m from the shoreline. In order to take advantage of
the available wave conditions at Gauge P19, the offshore bound-
ary of the computational domain is chosen to be at the pressure
sensor Gauge P19. The wave height and peak period here are
HRMS=1.373 m and Tp=6.4 s.

The bottom morphology for this experiment is known to have
been close to alongshore uniform, so alongshore uniformity is
also assumed for waves and currents in all numerical experi-
ments. The frequency-directional spectrum at the 8-m water depth
is approximated using the Gaussian-shaped spectrum with fre-
quency bandwidth S� /�m=0.14 and directional bandwidth S�0

=25°. This specific Gaussian spectrum has the same wave mo-
ments E2,0 and E0,1 as the measured spectrum. The mean wave
direction and the frequency and directional bandwidths are trans-
formed to the model offshore boundary �i.e., Gauge P19� using
the reduced spectral model assuming a constant slope between the
8-m depth and Gauge P19 as the water depths are not known. The
wave field and wave-induced longshore currents from Gauge P19
to the shoreline are simulated using a two-way coupling of the
wave and circulation model in which the wave-current interaction
is taken into account. The coupling between the models is
achieved through radiation stress gradient terms �accounting for
the presence of the ambient currents� and through the wave-
current interaction terms �leading to the modification of the wave
field due to the ambient currents�. The simulation results show
that the modeled wave height HRMS is in good agreement with the
measured data at all sensors �Fig. 7�a��. The HRMS errors for in-
dividual sensors vary between 0.01 and 0.12 m, with an average
of 0.04 m for all sensors. The surface rollers were modeled based
on Eq. �18� and the wave forcing is calculated including the roller
radiation stresses. Fig. 7�b� shows the comparison of predicted
longshore currents with/without rollers against the field data. It is
clear that by including the roller the predicted longshore velocity
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Fig. 6. Sea bottom elevation relative to mean sea level versus cross-
shore distance on October 14, 1994 at Duck, N.C. and selected cross-
shore locations of pressure sensors and/or current meters
profile matches the measurement much better. These simulation
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results are obtained with �=0.05, ka=0.017 m, and M =1. The
�=0.05 and ka=0.017 m are consistent with the values used by
Ruessink et al. �2001�. It needs to be particularly pointed out that
a large lateral mixing coefficient, M =1, is used in order to ac-
count for the mixing due to the potential instabilities of the
mean longshore currents. Ruessink et al. �2001� used a simpler
description of lateral mixing in which the eddy viscosity is as-
sumed to be constant. Terms in the y-momentum equation are
plotted in Fig. 7�c� with the dash-dotted line representing the
residual. The wave forcing is primarily balanced by the bottom
friction with the lateral mixing locally important in the surf zone.

Using the same parameters ��=0.05, ka=0.017 m, and M =1�,
the influence of the wave frequency and directional spreading was
investigated by performing simulations with various nonzero S�

and S�, respectively. The radiation stress component Sxy is the
most important in simulating alongshore currents because its
cross-shore gradient defines the wave forcing and determines the
magnitude and cross-shore shape of the resulting longshore cur-
rents. As expected, the cross-shore distribution of Sxy only varies
slightly with increasing the relative frequency bandwidth S� /�m

from 0 to 0.2 for this case �Fig. 8�a��. As a result, there is no
obvious difference in the resulting longshore currents �Fig. 8�b��.

The cross-shore distribution of Sxy varying with the directional
bandwidth S� is shown in Fig. 9�a�. Sxy displays a nonlinear de-
crease with increasing S� from 0 to 25°. For S�=5° the decrease
in Sxy is 2%; 8% for S�=10°; 16.6% for S�=15°; 27% for
S�=20°; and 38% for S�=25°. It appears that the decrease in Sxy

is initially small and accelerates as the wave directional spreading
S� increases. The cross-shore shape of Sxy, however, does not alter
significantly due to the wave directional spreading. The cross-
shore profiles of the longshore currents associated with the vari-
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Fig. 7. Model-data comparison: �a� measured �circle� and modeled
�solid line� wave height HRMS; �b� longshore current, measured
�circle�, no roller �dash-dotted line�, roller model with �=0.045 �solid
line�; and �c� longshore momentum balance: wave forcing �solid
line�, bottom friction �long-dashed line�, lateral mixing �short-dashed
line�, and residual �dash-dotted line�
ous S� are compared in Fig. 9�b�. As expected, the magnitude of
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the longshore currents is smaller for waves with a broader direc-
tional distribution, since Sxy is smaller and so is the wave forcing.
The shapes of the velocity profiles are similar for all cases with a
slight shift of the maximum velocity offshore as S� increases. It is
also evident that maximum differences in velocity occur in the
bar-trough area, with a 35% decrease in Vmax as S� increases from
0 to 25°. In addition, the jet velocity near the shoreline also de-
creases substantially as S� increases. It should be pointed out that
the effect of surface rollers and wave-current interaction were
included in all of these simulations.

The bottom friction is a large source of uncertainty because the
formulations used are rough approximations and the value of the
bottom friction coefficient is not well known a priori. In practice,
the friction coefficient is often determined by fitting to observa-
tions. As a result, errors in estimated radiation stresses due to
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neglecting the effects of frequency-and-directional spreading will
lead to a biased bottom friction coefficient �Battjes 1972; Fedder-
sen 2004�. However, it is still unknown how much the presence of
the finite frequency and directional spread would alter the result-
ing mean wave-induced longshore currents, or by matching ob-
servations how much the fitted bottom friction coefficient would
vary with the frequency and directional spread of the incident
waves. In an attempt to address this, the values of the only free
parameter in the bottom friction formulation, the bed roughness
ka, associated with various nonzero S� were calibrated by match-
ing the observed longshore current velocities as is often done in
practice. Strong variations in ka are observed with increasing S�,
with ka decreasing from 0.038 to 0.0072 m as S� increases from 0
to 25° �Fig. 10�. With ka=0.038 m, the bottom friction coefficient
cf is in the range of 3.7–4.3�10−3 across the bar-trough area, and
the cross-shore average cf is 3.5�10−3. Using ka=0.0072 m re-
sults in the bar-trough cf ranging from 2.0�2.3�103 and the
cross-shore average of 2.0�103. These are significant differences
that could lead to errors in longshore currents if the directional
bandwidth is neglected.

Discussion and Conclusions

The five-parameter moments-based wave model developed here
gives an option intermediate between purely monochromatic-
based models and full spectral solutions. Its greatest utility would
seem to be in open coast nearshore computations, where the high
resolution required to resolve the surf zone is a hindrance for the
large-scale application of full spectral models. The improvement
in accuracy seems clear over purely monochromatic models and
should thus result in an improved prediction of wave-driven long-
shore currents. Although the results were presented here only for
one-dimensional topographies, the numerical extension to two
horizontal dimensions has already been implemented and is
straightforward. However, this type of model should not be used
over strongly varying 2D topographies because of difficulties
analogous to the caustics found in monochromatic models.

For single-peaked spectra, probably the most limiting assump-
tion here was the Gaussian closure. Other closures that resemble
more closely observed spectra may also be used either with nu-
merical or Taylor series based integrations. However, for near-
shore current forcing, the detailed shape of the frequency
spectrum has only minor importance. In contrast, the directional
distribution is of prime importance and results in strong changes
in the modeled currents between narrow and wide directional
spreading. The inclusion of directional spreading in the reduced
moments model is probably the most important factor to improve
the predictions of nearshore currents when compared to
monochromatic-based models. Comparisons with measured
DUCK94 data showed a strong dependence of the current veloc-
ity on the directional bandwidth or, alternatively, in the estimation
of the bottom roughness.

Complex multipeaked spectra will not be represented well by
this five-moment model. For these spectra that may be found on
many coastlines, multiple reduced spectral models with Gaussian
closures may be run simultaneously with little additional com-
plexity. An alternative option is the extension to higher-order mo-
ments. However, although this is quite possible, closures and
integrals and even the choice of moment weighting functions
make it a difficult task. This is particularly true for frequency
integrals, which are multiplied by group velocities and other

frequency-varying functions. Additionally, the simple weighting
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functions used here will diverge for higher-order frequency mo-
ments. An extension to higher-order directional moments may be
more accessible, although the development of an arbitrary order
directional closure is also an open question. It may prove that, in
addition to the five-moment frequency and directionally spread
model developed here, an arbitrary order directional model with a
constant frequency may be of considerable use in reducing the
computational load of full spectral models.

For this simple model to be used mainly for forcing nearshore
current models, wind inputs, whitecapping, and nonlinear triad
and quadruplet interactions are probably not useful additions.
However, if the model were to be extended to higher order for
more general use, these would likely increase significantly in im-
portance, and moment-based versions of these sources and sinks
would need to be implemented.
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Appendix I. Derivation of Wave Moments

Derivation of Wave Moments

For the Gaussian-shaped spectra given by Eq. �8�, the wave mo-
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is the value of directional bandwidth at the offshore boundary based
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En,m = E0,0

1
�2�S�

1
�2�S�

�
0

+�

�ne−1/2��� − �m�/S��2

�d��
−�

�

eim�e−1/2��� − �m�/S��2
d� �27�

First, look at the first integral. Let ��−�m� /S�= t, which gives

�
0

�

�ne−1/2��� − �m�/S��2
d� =�

−�m/S�

�

�S�t + �m�ne−�1/2�t2S�dt

�28�

Because the exponential function e−�1/2�t2 decreases quickly to
0 as �t� increases to about 3. For relatively narrow spectra,
�−�m /S�� is always larger than 3. Therefore, it is reasonable to
approximate Eq. �28� by

�
0

�

�ne−1/2��� − �m�/S��2
d� =�

−�m/S�

�

�S�t + �m�ne−�1/2�t2S�dt

��
−�

�

�S�t + �m�ne−�1/2�t2S�dt �29�

According to the binomial theorem

�S�t + �m�n = 

k=0

n
n!

k!�n − k�!
S�

n−k�m
k tn−k �30�

(a)

15 20 25
ndwidth S

θ
(deg)

(b)

bandwidth S� �deg� obtained by best-fit match to velocity data. �b�
s directional bandwidth. The asterisk � �� stands for S�=17.1°, which

measured wave spectrum at the 8-m water depth.
al ba

tional
versu
on the
Substituting Eq. �30� into Eq. �29�, it gives
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�
0

�

�ne−1/2��� − �m�/S��2
d� = 


k=0

n
n!

k!�n − k�!
S�

n−k+1�m
k�

−�

+�

tn−ke−�1/2�t2dt

= 	
k=0

n
n!

k!�n − k�!
S�

n−k+1�m
k 2�n−k+1�/2���n − k + 1�/2� , �n − k� = 0,2,4, . . .

0, otherwise
 �31�

where ���n−k+1� /2�=gamma function.

Similar processes are applied to the integral �−�
� e−1/2��� − �m� / S��2

d�. Substituting �−�m /S�= t into the integral and assuming that both
���−�m� /S�� and ��−�−�m� /S�� are not small so that the approximation followed can be made

�
−�

�

eim�e−1/2��� − �m�/S��2
d� =�

�−�−�m�/S�

��−�m�/S�

eim�S�t+�m�e−�1/2�t2S�dt � �2�S�e−m2S�
2/2eim�m �32�

Combining Eqs. �31� and �32�, the moment En,m is finally given by

En,m =
E0,0

�2�
e−m2S�

2/2eim�m	
k=0

n
n!

k!�n − k�!
S�

n−k+1�m
k 2�n−k+1�/2�� �n − k + 1�

2
� , �n − k� = 0,2,4, . . .

0, otherwise
 �33�
As mentioned above, ��m /S��, ���−�m� /S��, and ��−�−�m� /S��
were assumed to be no less than 3 in order to take advantage of
the definite integral containing exponential functions. To maintain
the assumption valid, the following limitations are forced:

S�/�m � 0.25, �� − �m�/S� � 5 and �− � − �m�/S� � − 5

�34�

After deriving the general form of the wave moment En,m, it is
straightforward to give the moments appearing in the current
wave model

E0,1 = E0,0�m, E0,2 = E0,0��m
2 + S�

2�, E0,m = E0,0e−m2S�
2/2eim�m

�35�

Evaluation of the Integrals in Wave Governing
Equations

The propagation velocities in �-space can be rewritten as

c� =
1

h
�U · �h�� cg

c
−

1

2
��

−
cg

c
��cos2 �

�u

�x
+ sin � cos �� �u

�y
+

�v
�x
� + sin2 �

�v
�y
�
�36�

c� = −
1

h
�cg −

1

2
c��− sin �

�h

�x
+ cos �

�h

�y
�

− �cos2 �
�u

− sin � cos �� �u
−

�v� − sin2 �
�v� �37�
�y �x �y �x
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First Integral

I1 =�
0

� �
−�

�

�cg + u��neim�Fd�d�

=�
0

� �
−�

� � ei� + e−i�

2
,
ei� − e−i�

2i
�cg�neim�E0,0M���D���d�d�

+ �u,v�En,m =
1

2
�E0,m+1 + E0,m−1,− i�E0,m+1 − E0,m−1��

��
0

�

cg�nM���d� + �u,v�En,m �38�

Using the Taylor expansion of cg, we have

I1 =
1

2
A1�En,m+1 + En,m−1,− i�En,m+1 − En,m−1��

+
1

2
A2�En+1,m+1 + En+1,m−1,− i�En+1,m+1 − En+1,m−1��

+
1

2
A3�En+2,m+1 + En+2,m−1,− i�En+2,m+1 − En+2,m−1��

+ �u,v�En,m �39�

where

A1 = �cg��m
− �m� �cg

��
�

�m

+
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2
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2 � �2cg

��2 �
�m

A2 = � �cg

��
�

�m

− �m� �2cg

��2 �
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, A3 =
1

2
� �2cg

��2 �
�m

Second Integral

Similar to the first integral, the second integral can be given by
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Third Integral
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where
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.

Explicit Equations for Regular Directional Waves

For waves with one single frequency �i.e., S�=0� and Gaussian
direction distribution, and no ambient currents, the governing
equations can be written in explicit form as follows:

�

�t
E0,0 + � · �E0,0cge−S�

2/2�cos �m,sin �m�� = 0 �42�

�

�t
E0,1 +

1

2

�

�x
�E0,0cg�e−2S�

2
e2i�m + 1��

+
1

2

�

�y
�− iE0,0cg�e−2S�

2
e2i�m − 1�� +

1

2h
E0,0�cg −

1

2
c�

��−
�h

�x
�e−2S�

2
e2i�m − 1� + i

�h

�y
�e−2S�

2
e2i�m + 1�� = 0 �43�

Appendix II. Spectral Wave Breaking Model

For irregular waves, the spectral and directional details of depth-
induced wave breaking are not well understood and little is
known about how to simulate numerically. Fortunately, the total
energy dissipation due to depth-induced breaking has been stud-
ied and can be well modeled based on different theories such as
the bore-based breaking model �Battjes and Janseen 1978� and the
random wave transformation model by Thornton and Guza
�1983�. Laboratory observations indicate that the shape of a wave
spectrum changes only moderately as waves propagate cross a
simple beach profile. Based on this, Eldeberky and Battjes �1996�
developed a spectral version of the breaking model of Battjes and
Janseen �1978�

Sbr��,�� =
Dtot

Etot
F��,�� �44�

where Sbr=source term due to the wave breaking; Dtot= rate of
total energy dissipation due to the wave breaking; and Etot= total
wave energy equivalent to E0,0 defined in the wave model.

Lim and Chan �2003� incorporated different breaking models
into the SWAN wave model and evaluated their performance by
comparing with experimental data and concluded that the model
of Thornton and Guza �1983� yielded the smallest errors. In the
present model, the breaking model of Thornton and Guza will be
incorporated and the slightly modified version by Whitford
�1988� based on a best fit to the field data is used

Dtot =
3��

16
f pB3C1

HRMS
3

h
�1 − �1 + �HRMS

�h
�2�−2.5� �45�

where

C1 = 1 + tanh�8�HRMS

�h
− 0.99�� �46�

in which f p=peak frequency; the coefficient B=0.8 �measuring

the intensity of the wave breaking�; and �=0.42.
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To develop a wave breaking model fit to the current wave
model, similar operations apply to the breaking dissipation term
Sbr�� ,��. Multiplying Eq. �44� by �neim� and integrating over the
frequencies and directions, we can have

�
0

+� �
−�

�

�neim�Sbrd�d� =�
0

+� �
−�

� Dtot

E0,0
�neim�Fd�d� =

Dtot

E0,0
En,m

�47�

in which the RMS wave height in Dtot can be evaluated by E0,0

with the following relation: HRMS=�8E0,0.
According to Eq. �47�, the breaking dissipation terms associ-

ated with the equations of moments E0,0, E1,0, E2,0, and E0,1 are
the following, respectively:

�
0

+� �
−�

�

Sbrd�d� = Dtot �48�

�
0

+� �
−�

�

�Sbrd�d� = Dtot�m �49�

�
0

+� �
−�

�

�� − �m�2Sbrd�d� = DtotS�
2 �50�

�
0

+� �
−�

�

ei�Sbrd�d� = Dtot
E01

E00
�51�

Thus, the dissipation due to breaking is included in this wave
model by including the breaking terms given by Eqs. �47�–�51�.
The energy dissipation rate Dtot is infinitesimally small when no
breaking happens but increases to finite values after the waves
start breaking. It may be worth mentioning that no assumption
has been made in developing this breaking model. Therefore,
this breaking model itself is not limited to narrowbanded regular
spectra.
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