Chapter 1: GFD models: reminder/derivations
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GFD :what's that?

Hydrodynamics in all its complexity plus :

» Rotating frame
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Rotating frame
Thermal/stratification effects
Spherical geometry (large- and meso-scales)

Fluid in the complex domains (coasts,
topography/bathymetry)
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Introduction

Hydrodynamics in all its complexity plus :

» Rotating frame
» Thermal/stratification effects
» Spherical geometry (large- and meso-scales)
» Fluid in the complex domains (coasts,
topography/bathymetry)
» Multi-phase fluid (water vapor, ice)
But !

These additional effects often allow to simplify the analysis



Scales :

» Large : planetary 10% km

» Medium : atmosphere - synoptic, 103 km; ocean -
meso-scale 10 — 102 km

» Small : atmosphere - meso-scale 1 — 10 km ; ocean -
sub-meso scale 1 km

» Very small : meters

Our prime interest : large and medium scales.
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Dynamical

CréDS: COLA/ICES

GFS Analysis: 007 Wed 16 JUL 2012

actors : vortices, atmosphere

S00mb Geapotential Heights [dom}, Verticity (1e%/sec) |
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Dynamical actors : waves,

atmosphere
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Where the governing equations come from

» Mechanical system = Newton's 2nd law <> momentum
conservation.
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Where the governing equations come from
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conservation.

» Continuous medium = local mass conservation

Geophysical
Fluid Dynamics 1

V Zeitlin - GFD

Reminder :
dynamics and
thermodynamics
of the perfect fluid
Bt
phenomena
Rotating. frame
SPlarca
coordinates.
Approximation of
the tangent plane

Primitive quations
Ocean
Atmosphere
"Pseudo-height"
coordinate
Isentropic/isopycn:
coordonates
Verticallly
integrated models

RSW model
Primitive
equations (PE)
Wit oo [Eo 5y
supposing
hydrostatics
Preliminary
conclusions.



Where the governing equations come from

» Mechanical system = Newton's 2nd law <> momentum
conservation.

» Continuous medium = local mass conservation

» Thermodynamical system = 1st and 2nd laws of
thermodynamics, equation of state

Principal difficulty - nonlinearity
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Mathematical methods and tools e

V Zeitlin - GFD

Related mathematical fields

. Reminder :
» Linear algebra dynamics and

thermodynamics
of the perfect fluid

» Partial differential equations
» Vector and tensor analyses

» Fourier analysis

Toolbox
» Method of small perturbations. Linearisation.
Eigenproblems.
» Method of (time- and space-) averaging

» Asymptotic expansions, multi-scale analysis
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Description in terms of instantaneous positions of fluid
parcels X(X, t), along their trajectories, where X are initial ,

.y . Reminder :
positions (Lagrangian labels). dmomoowl
Newton's 2nd law :

of the perfect fluid

L d?X S
p(X, t)ﬁ = —VP(X,t). (1)

Continuity equation :
pi(x)d3% = p(X, t)d*X, < pi(x) = p(X, )T (2)

where p; is initial distribution of density of the fluide,

J = % is the Jacobi determinant d(Jacobian). Fluid

velocity : (X, t) = % =X.



Fluid dynamics according to Euler : Fluid Dynamics 1

V Zeitlin - GFD
Description in terms of instantaneous values of the velosity,

density and pressure fields at the fixed point of space :

\7()_(), t)7 p()?: t), P()_(7 t) Duallty X < )_( Ee:;lr:tl:lce‘r;nd
Newton's 2nd law : thermodynamics

of the perfect fluid
ov - -
—+4+Vv-Vv|=-VP. 3
p ( v ) 3)
Continuity equation :

dp

StV (o) =o. (4)

Lagrangian derivative :



Proposition

Lagrangian and Eulerian continuity equations are equivalent
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Proposition V Zeitlin - GFD

Lagrangian and Eulerian continuity equations are equivalent

Démonstration.

Reminder :
dynamics and
t ermodynamlcl

d dJ  dp; B of the parfect fluid
a(pj) 7\7+ W P =0, (6)
d7 (X, Y,2) X, Y,Z)+8(X, Y,Z2)
dt— Ax,y,z) | Axy.2) | A(xy,2)
_ [aX,Y.2) (ox oy oz
- <W+~-)J— ((ax+ay+az>j:‘
dp dp B
dt+pV V—0H6—+V (pV) = 0. (7)

O



Closure of the system : equation of state

General equation of state

P= P(p,S), (8)

wher s - entropy per unit mass;

» Barotropic fluid :

P = P(p) <+ s = const, (9)
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Closure of the system : equation of state

General equation of state

P = P(p,s),
wher s - entropy per unit mass;

» Barotropic fluid :

P = P(p) <+ s = const,

» Baroclinic fluid :
P = P(p,s),=

Equation for s neccessary. Perfect fluid :

ds 0s _ o5
E—E—FV-VS—O.

(8)
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Particular case of the barotropic fluid -
incompressible fluid

Volume conservation :

J=1V-V=0=.
pressure is not independente variable.

1. If in addition, p = const :

v (vﬁv) — V2P

(12)

(13)

Geophysical
Fluid Dynamics 1

V Zeitlin - GFD

Reminder :
dynamics and
thermodynamics
of the perfect fluid
Dissipative
phenomena
Rotating. frame
Spherical
coordinates.
Approximation of
the tangent plane

Primitive quations
Ocean
Atmosphere
"Pseudo-height"
coordinate
Isentropic/isopycn:
coordonates
Verticallly
integrated models

RSW model
Primitive
equations (PE)
Wit oo [Eo 5y
supposing
hydrostatics
Preliminary
conclusions.



Particular case of the barotropic fluid -

incompressible fluid

Volume conservation :

J=1V-V=0=.
pressure is not independente variable.

1. If in addition, p = const :

2. Otherwise

et

(12)

(13)

(14)

(15)
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Thermodynamics : reminder

1st principle, "dry" thermodynamics

de = Tés — Pdv, (16)
where € - internal energy per unit mass, v = % - volume per
unit mass.

Enthalpy per unit mass: h=¢€+ Pv :

5h= Tés+ véP. (17)

Energy density of the fluid :

pv2

e = 7 + pe. (18)

Local conservation of energy :

de o e
(%—l-v-[pv(z—i—h)]—o. (19)
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Kelvin theorem

Circulation :

7:/rv-dT:/SF(ﬁAV).c/T,

(21)

where [ - arbitrary contour, Sy - surface with the boundary T.

Kelvin theorem

» Barotropic fluid

(22)
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Kelvin theorem Geophysical

Fluid Dynamics 1

V Zeitlin - GFD
Circulation :

y= / v.dl = / (6m7) dl, 1)
r Sr e

where [ - arbitrary contour, Sy - surface with the boundary T.

Kelvin theorem

» Barotropic fluid

» Baroclinic fluid

dy VP
dt—/rp-dl, (23)
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E . Eemint.:ler 8 1
Xercise tl ::rrr:::l‘y::micl
of the perfect fluid

» Prove energy conservation and Kelvin theorem for the
barotropic fluid

» Same for the baroclinic fluid

» Write down, with demonstration, the Euler equations for
the incompressible fluid in cylindrical coordinates



Dissipative phenomena : molecular fluxes

Effects of dissipation : correction of the macroscopic fluxes

of :
» momentum
> mass
» internal energy (heat)

by the corresponding molecular fluxes, calculated from the
flux - gradient relations :

fa = —kaVA, (24)

A - a thermodynamical variable, f4 - corresponding molecular
flux.
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Viscosity
Tensor notation

X—=x, Vv, V=0, i=123. (25)

Einstein's convention : repeting indices - summation from 1
to 3.

Conservation of the momentum :

Oe(pvi)+0kmik =0,  mi = pvivk+Pdiy, i = diag(1,1,1).

(26)

Viscous tensions - (density of) the molecular flux of the
momentum :

Oik = I/(a,'vk + 8kv,-) = 8t(,0v,-) + 8k(77ik — O';k) = 0, (27)
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V Zeitlin - GFD
Incompressible case : Navier -Stokes (NS) equation

ov n
8 t p Dissipative
phenomena

Reynolds’ number
Dimensionless form of the NS equation :

+V-VVi=—— + V27, (29)

Re = UL/v, U, L -typical velocity- and length-scales.

Remarque : typical Re for synoptic motions — oo



Diffusivity, thermal conductivity

Molecular fluxes of mass and heat :
—DVp,  —kVT (30)

Corrected continuity equation :

% +V - (p¥) = DV?p. (31)
Equation of heat/temperature

T - -
EJH?-VT:XVZT. (32)
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Motion in the rotating frame

Material point in the rotating frame :

m%-l—Zmﬁ/\V-l—mﬁ/\(ﬁ/\?):O, V=

(33)

Euler equations in the rotating frame in the presence of

gravity :

ov . .
Y G NI+ 2XINT— g =
ot p

Effective gravity :

(34)

(35)
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Spherical coordinates

N. Pole

£g uatroy
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v/% + v(/z) N 1
— ——— —2Qcospvy+g* = —-0,P,
P

dvy  vivy — Vpvatang

+2Q(—singvy + cosov,)

dt Rotati fr
1 5 s.fh:J:fl rame
- ,or cosg N7 hemgmmienet
v, Vyvp + V2 tan _
¢ +W—M+2Qsm¢v>\ = ——8¢
dt r pr

dp 1 0(r*v,) 1 O(cos pvy) — Ovy
Eij 2 or r cos ¢ oo} +ﬁ

d 0 Ve
P 8+ v, Or + a+rcos¢8¢

Traditional approx. : green + red — out, r — R = const
Non-traditional approx : green — out.




Tangent plane approximation

v - v P
@+\7-V\7+f2/\\7+§:—v—
ot p
f - plane: f = const; 8 - plane : f = f + By; f - Coriolis

parameter : f = 2Qsin ¢
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Exercise

Deduce Euler and continuity equations in spherical Rotating. frame
. Spl er.ica

coordinates. et

Approximation of
the tangent plane

Determine conditions of validity of the tangent plane
approximation.



Ocean : observations and approximations

Typical density profile :

Increasing Density (g/cm®) —=
1023 1024  1.025 1.026 1.027 1028 10298
a ' | | '

Pycnocline,

p(X,t) = po+ ps(2) + o(x,y,z; t), po>ps>o. (36)
Hydrostatics

gp+0,P=0, = P=Py+ Ps(z) + n(x,y,z;t), (37)
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Equations of motion

V-v=0, vV=vV,+2w
Euler equations :
vy, - Vym

ot

o= p’r—o - geopotential.
Continuity equation :

dep+V-Vp=0.
Boundary conditions : Rigid lid and flat bottom :

W|z:0 = le:H =0

__db

Non-trivial bathymetry : w|,_, = %

+\7-v\7h+f2/\\7h:—7z—6,,¢.
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Atmosphere : pressure coordinatees

Altitude (km)

High

Increasing —————»

om0r

Altitude <> Pressure = vertical coordinate.
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Thermodynamics of the dry atmosphere
Equation of state - ideal gaz :

P=pRT, cpy =T <§_7_>P , = const, ¢, — ¢, = R.
| (42)
Entropy :
s=¢pInT — RIn P + const. (43)

Adiabatic process :

R
dT P P\ <
s = const :cp?—R%zo,: T=Ts <P) . (44)

Potential temperature :

R
P.\ @
0=T <PS> " ls= cpIn 6 4 const. (45)
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Geopotential

d¢ = gdz, ot z = z(p) via hydrostatics,
z - thermodynamical variable.

Hydrostatics

0p = —E(SP =

o¢ _ RT _ 1

op P P

(46)

(47)
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Elimination of p V Zeitlin - GFD

"Triangular" relation :

(2., ().

oP oP 0z oo
DY () (&) =, (Z2) . 49
(5), (%) (7), (&), @
Incompressibility in pressure coordinates fin
Lagrangian volume element in pressure coordinates :
1
pdxdydz = —dedydP (50)

Mass conservation = Volume conservation in P.



Adiabatic equations of motion

) dP
diV(\?) =V Vp+ apw =0, w=

oV

a_:‘i_‘_/"ﬁvh"‘f%/\vh:_ﬁhﬁb-

%_ RT_
op P 3

I.
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"Pseudo-height" coordinate

New vertical coordinate :

Pseudo- density :

r: rdz=pdz = —ldP.
g

)

(57)
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Mass conservation :

dxdydP = —gr(z)dxdydz =

r(ﬁh-\?,,Jra—W)JrW&:o, V= (Vh,w=2).

0z 0z

Approximation z < zj :
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Equations of motion

8t

00

ot

-

-V

0

1L V-VO=0;

W+ 2NV, =

L2

00 0z

6hgba

V-7V =0.

Identical to oceanic equations with o — —6.
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Isentropic coordinates

Montgomery potential

0
v=0- 587> (64)
0

dy = do— ge%di — gdg%f

- 0 0
= Vpo-dxXp+ 0:0dz — —gdz — gzd—
to to

0

= Vpd-dxXy — gzd
to

(65)
Therefore :
(Vav), = (Vao),: G0 = —&2/60 (66)

and Z is a new dependent variable.
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Velocity and continuity equation in isentropic
coordinates

Velocity

do
(9= %) (67)
w = 0 for adiabatic processes
Mass conservation

0z

00
02\ o [(0z_\
Ot (@) + V- <%Vh) =0. (69)

dxdydz = — dxdydf = const — (68)
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Complete equations, adiabatic motions

88‘/: + V- Vth +fZAV,= —V;ﬂﬁ,

gz 9 _

(70)
(71)

(72)
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Rewriting Euler equations in rotating frame in
form of conservation laws and verical integration

Equations of horizontal motion

B (pu) + 0x(pu?) + 8y (pvu) + 9, (pwu) — fpv

Bt(pv) + Ou(puv) +dy (pv®) + 0z (pwv) + f pu

—Oxp, (73)

—O0yp, (74)
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Vertical integration

Integration between two material surfaces z ».
By definition :

dz:
wl, = d_ztl = 0¢zj + uOxzj + vOyz;, i=1,2. (75)

Leibnitz formula :

V) z2
/ dz0,F = 0, / dzF — 0,z F|,, + Oz1 F|,,  (76)
z1 Z1
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w2= dz2/dt ?

wil= dz1/dt ?

/2

\‘\/—/_\/\/

= —

z1

L
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Integrated equations Fluid Dynamics 1

V Zeitlin - GFD

Using (75) and (76) we obtain :

Z> Z> Z>
8t/ dzpu + ax/ dzpu? + ay/ dzpuv
71 z z

1 1

z Z2
— f/ dzpv = —BX/ dzp — Oxz1 p|z1 + Ox2o P|z2 .
z1 z1

z> ) Z>
8t/ dzpv + Oy / dzpuv + 0, / dzpv?
z1 z z

1 1
Verticallly

22 22 integrated models
+ f/ dzpu = —8y/ dzp — Oyz1 pl,, +0y2 pl,, - iniegrated mede
z1 z1



Continuity equation : Geophysica

Fluid Dynamics 1

V Zeitlin - GFD

Z2 Z2 z2
8t/ dzp + (9X/ dZ,OU-I-ay/ dzpv = 0. (77) B
72 2 7 e
Dissipative
phenomena
Rotating. frame
Spherica

Integrated density : ceondinates.

Approximation of
the tangent plane

2 1 Primiive auati
p= / dzp=——(pl;, = Pl,,) (78)
2 g
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Equations for the averages :

O ((u))

9 (1(v))

T O () + By (i) — Fulv) =

z2
_ 8x/ dzp — 8X21 p|21 + 8XZ2 P|22 ) (80)
Z1

+ O (u(uv)) + 9y ({v?) + Fru(u) =

Z2
— ay/ dzp — Oyz1 pl,, +0y22 pl,,, (81)
Z1

O+ Ox (1{u)) + 8y (u{v)) = 0.

(82)
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Mean-field approximation :

Expression for the pressure

Pressure inside the layer (z1, z2) in terms of pressure at the
lower surface and vertical position :

P(xoy,2,t) = —g / dZ'p(x,y.2 t) + pl, . (83)
z1

Closure hypothesis :

Weak variations in the vertical, correlations decoupled :

(uv) = (u)(v), (u?)

%
—
<
~
—
<
~
—
<

N
~
%
—
<
~
—
<
~
—~
(o]
=
N
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Approximate equations

Mean density :
Mean density p :

_ 1 “ —
p= m/ dzp, p=p(z2—z).
7

Pressure in terms of j :

p(X,y,Z, t) ~ _gﬁ(z - Z]_) + p|21 :

Hypothesis : p = const in what follows.

(85)

(86)
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Omitting the brackets we obtain for the averages from (80),
(81), (84), (86), with the help of (82), (85) :

p(z2 — 21)(Oevh + Vi - Vipvp + FZ A vp) =

_\2 — Z 2
=V (—gp(221) + (22 — z1) P|zl>

—Vizy p‘zl + V2o p|Zz . (87)

Any variable in this equation is a fonction only of horizontal
coordinates and time. Alternative v : Vj, = vy,.

Verticallly
integrated models



Rotating shallow water (RSW), 2 layers

2- layer configuration, rigid lid

Application of general equations (87) to the fluid between the
bottom z; = 0 and the top z3 = H planes. Choose a material
surface z = z(x,y, t) = h(x, y, t) in the fluid interior,

Vi — ﬁ, Vi, — v. Vertical boundaries - material surfaces.
Generalisation to non-trivial topography : z; = b(x, y).

vz

v
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Equations of motion
V1(2), P1(2) - Velocity and density in the inferior (superior)
layer.

1
3tvz+V2-VV2+f2/\V2:—FV Ply (88)
2

1 e
Ovi +vi1-Vvi+FfZAv) = —ﬁ—V p|H—gp1ﬁ pZVh, (89)
1 1

Beh+V - (vih) =0, (90)
Oe(H — h) +V - (va(H — h)) = 0, (91)
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Re-interpretation of the equations

2-dimensional Euler equations in each layer with dynamical
boundary condition at the interface :

p1 = (p1— p2)gh+ p2, (92)

Reduced gravity

Remark : g enter equations uniquely in combination g”:l b2 _
reduced gravity

Exercise
Deduce the equations (88) - (91).
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1-layer rotating shallow water model
(Saint-Venant)
In the limit po — 0 :
ov+v-Vv+rfzAv+gVh=0, (93)
Oeh+V - (vh) =0, (94)

In the presence of non-trivial topography h — h — b(x, y) in
the second equation.
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Conservation laws, RSW model

Energy

By construction, equations (93), (94) express the local
conservation of the horizontal momentum and mass. Energy

density :
v2 h?
=pl 4L
e=hy +&5

obeys the conservation equation :

2
oe+ V- (vh <V2 —|—gh>) =0,

and total energy, E = [ dxdy e, is constant for an
system.

(95)

(96)

isolated
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Potential vorticity, RSW model
Specific Lagrangian conservation law : potential vorticity q
(PV), constructed from the relative vorticity (vertical

component) { = vy — uy, Coriolis le parametre f, and fluid
depth h.
CHf
=

here ¢ + f -absolute vorticity , f - planetary vorticity.

(97)
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Lagrangian conservation :

is obtained by combining equations of vorticity :

d(¢+ 1)

S TNV v =0, (99)

and continuity

dh

+hV-v=0: (100)

d(+f

dt
d¢+f i <;+fd

1
g h = haC T T g =0

(101)
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Eulerian expression :

Conservation of PV leads to independence of time of any
integral :

/ dxdy hF(q), (102)
over the whole flow, with F - arbitrary function.

Qualitative image of the RSW dynamics :

Two-dimensional motion of the fluid columns of variable
depth, each preserving its potential vorticity.
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Spectrum of the small perturbations - RSW model

Linearised equations :

Perturbations about state of rest : v =0, h = Hy = const.
Linéarised equations in the approximation f = fy = const :

ur—fv+gne = 0,
ve+fu+gn, = 0, (103)
Nt + Ho(ux+ Vy) 0,

where u, v - 2 components of the velocity perturbation, 7 -
perturbation of the interface.
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Method of Fourier

Solutions - harmonic waves :
(u, v,n) = (uo, vo, 10)e %), (104)

where w and k are frequency and wavenumber, respectively.
Algebraic system for (ug, vo,0) :

iw —f —igky g
f iw —igk, w | =0, (105)
—iH()kX —iHoky iw o
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Dispersion equation

Condition of solvability :

iw —f —igky
det f iw —igk, | =0,
—iHokX —fHoky iw
which gives :

w (w? — gHok? — £2) = 0.

(106)

(107)
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Physical meaning of solutions

3 roots of the equation correspond to
» Stationary solutions w =0

» Propagative waves with the dispersion relation :
w? — gHok? — 2 =0 (108)

inertia-gravity waves.

Geophysical
Fluid Dynamics 1

V Zeitlin - GFD

Reminder :
dynamics and
thermodynamics
of the perfect fluid
Dissipative
phenomena
Rotating. frame
Spherical
coordinates.
Approximation of
the tangent plane

Primitive quations
Ocean
Atmosphere

"Pseudo-height"
coordinate
Isentropic/isopycn:
coordonates

Verticallly
integrated models

Properties of the
models : waves
and vortices
RSW model
Primitive
equations (PE)
What we lose by
supposing
hydrostatics

Preliminary
conclusions.



Geophysical

Dispersion relation Fluid Dynamies 1
V Zeitlin - GFD

Reminder :
dynamics and
thermodynamics
of the perfect fluid
Dissipative
phenomena
Rotating. frame
Spherical
coordinates.
Approximation of
the tangent plane

Primitive quations
Ocean
Atmosphere
"Pseudo-height"
coordinate
Isentropic/isopycn:
coordonates

Verticallly
integrated models

Properties of the
Dispersion relation for inertia-gravity waves. ¢ = /gHy = 1, T vt
f =1, the part with w < 0 is not presented. Row mod!
RSN
e

Preliminary
conclusions.



Exercise

1. Demonstrate (99),

2. Obtain the polarisation relations, i.e. the relations
between wug, vg, 7o for inertia - gravity waves,

3. Calculate phase and group velocity of inertia - gravity

waves,

4. Demonstrate that inertia-gravity waves bear no PV

anomaly (PV anomaly : g — f/Hp),

5. Determine the spectrum of small perturbations in the
2-layer RSW model,

6. Demonstrate that PV of each layer in multi-layer RSW is

qi

Gt
==

)

i=1,2,

diq;

—/ =0.

dt

(109)

Geophysical
Fluid Dynamics 1

V Zeitlin - GFD

Properties of the

models : waves

and vortices
RSW model



Primitive equations, ocean

oy . =_ A o
—h-l—v-Vvh-l—fz/\vh:—

0

t

g

\/%s -
~hZ —thb,

Owo + V- Vo +wpl(z) =0.

g

po

929,

6h-\7'h-|-azW:0,

(110)

(111)
(112)
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Conservation of potential vorticity - PE model

Absolute vorticity - PE model

G=(+ 2’[’
with relative vorticity :

(= —0,v& + 0,uy + (dyv — By u)2

Application of VA to PE + "hydrodynamic identity" :

<

<
|

<i

A(V AV)

(113)

(114)

(115)

(116)
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Conservation of potential vorticity

dq

dt

0, g=¢C - Vp,

Démonstration.

p=potps(z)+o.  (117)
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VA (VAB)=-V-(VArE), (119) | gt
 Rencrne
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- - 5 o o - Ay
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Spectrum of small perturbations - PE model

Linearised equations :

Perturbations about the state of rest : ¥ = 0 with constant
stratification on the f- plane. Linearised equations :

ug — fv + ¢X = 07
vi+fu+¢, = 0, (121)
¢Z+£O’:0, Jt+wp’5 = 0,
o
uc+vy+w, = 0, (122)

where u, v w - three components of velocity perturbation, ¢
- geopotential perturbation, o - perturbation of the profile of
background density ps, with p, = const.
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Elimination of o and w :

Elimination of o :
bzt + wN? =0, (123)
where N? = —gp—’f - Brunt - Viisila frequency

Elimination of w :

ug — fv + d)x = Oa
vi+fu+¢, = 0, (124)
U+ vy — N3¢, = 0, (125)
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Method of Fourier

Solutions - harmonic waves :
(u, v, 6) = (ug, vo, o)’ =), (126)

where w et k = (ky, ky, k;) are frequency and wevenumber,
respectively.
Algebraic system for (ug, vo, ¢0) :

iw —f  —iky Ug
f iw  —ik, w | =0, (127)
—ike —iky iﬁzkf )
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Dispersion equation

Condition of solvability :

jw —f
det f iw

—ike —ik, it
which gives :
kZ + k2
wlw?— [N

k2

z

ik,
— ik,
nzkZ

Y £

0,

0.

(128)

(129)
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Geophysical

Physical meaning of solutions Fluid Dynamics 1

V Zeitlin - GFD

Three roots of this equation correspond to
» Stationary solutions w =0

» Propagative waves with dispersion relation :

k2 + k2
w? = N2Ty + 2 (130)

Internal inertia-gravity waves : IGW.
Remark : at each fixed k, - dispersion relation of RSW
with ¢ — %
= Properties of the
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Exercise

1. Demonstrate (116)

2. Demonstrate that PV in the PE in isopycnal

coordinates :
g— Oxv —0oyu+f

e (131)

: . dg _
is conserved : & = 0.

3. Demonstrate the Eulerian conservation of energy in the
PE, with energy density defined as :

u2+v2

5 trez, (132)

€= po

where p = ps + o, z - (Lagrangian) position of the
elementary volumeof fluid.

4. Establish polarisation relations and calculate phase and
groupe velocities of the IGW.
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Euler equations for an incompressible fluid in the
rotating frame without hydrostatic hypothesis :

OV +vV-Vi+faAv=-=VP V. V=0
Linearisation (pg = 1) :

Ut—fV+PX
vi + fu+ P,
we + P, =0, ux+v,+w,

o

0 (134)

Solution :
relation :

inertial (gyroscopiques) waves with dispersion

2
2 2 kz

w:f@+@+@

(135)

— sub-inertial.
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Full non-hydrostatic equations

P dw £
€= —¢z = te — 2. (136)

Elimination of b and w :

b=—¢,—we, — (O + N?) (ux+ vy)+dzze = 0= (137)

ur—fv = —ox, (138)
vitfu = —¢y, (139)
(att + N2) (ux + Vy) — ¢zt = 0, (140)

Dispersion relation :

k24 12 m?
2 2 2 —
w[w (N k2—|—/2+m2+fk2+/2—|—m2>]

(141)

Typically in the atmosphere and ocean

N2> 2= 2 <w? < N2 (142)
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Geophysical
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V Zeitlin - GFD

Two dynamical entities : waves and vortices

Vortices : slow motions related to Lagrangian
conservation of PV ; zero frequency in linear
approximation.

Waves : fast motions

Frequencies of wave and vortices are separated by a
spectral gap in hydrostatic approximation.

Preliminary
conclusions.



GFD : vortices, waves, and topography
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