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Abstract 

The analysis of a comprehensive data set of fetch limited finite depth directional wave spectra 
is presented. The data show that the spectra are narrowest at the frequency of the spectral peak and 
gradually broaden for frequencies both greater than and less than that of the peak. The directional 
spreading is found to be a function of f/f,, where f is frequency and fP the frequency of the 
spectral peak. In addition, the present data reveal consistently broader spreading than comparable 
deep water data. Hence, it is concluded that finite depth effects lead to an increase in the 
directional spreading of the spectrum. An analysis of the nonlinear coupling of wavenumber 
components within the spectrum indicates that such effects may lead to enhanced directional 
spreading of spectra as the water depth decreases, consistent with the present data set. 

Keywords: Waves; Finite depth; Spectrum; Directional spreading 

1. Introduction 

A comprehensive understanding of the directional properties of wind generated ocean 
waves is important for engineering applications such as the design of offshore structures 
and coastal sediment transport. In particular, transformation processes such as diffrac- 
tion, refraction and reflection are greatly influenced by the directional characteristics of 
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the waves. These requirements necessitate an understanding of the directional spectrum 
in both deep and finite depth water. Although there is a relatively comprehensive data 
base of fetch limited spectra in deep water, a similar situation does not exist in finite 
depth situations. Indeed, no comprehensive data set of fetch limited, finite depth 
directional spectra has, to date, been published. 

This paper presents an extensive data set of directional spectra obtained under fetch 

limited conditions in water of finite depth. The data were collected as part of the Lake 
George finite depth study described by Young and Verhagen (1996a,b). The data were 
obtained with a seven element directional array which provides significantly higher 
directional resolving power than traditional pitch-roll buoys. 

The arrangement of this paper is as follows. In Section 2 a brief review of previous 
measurements of directional spectra is presented followed by a description of the present 

experimental design in Section 3. A full description of the available data and its 
characteristics is presented in Section 4. Previously proposed parametric forms for the 
representation of directional spectra are explored in the context of the present data in 
Section 5. The potential role of nonlinear interactions in explaining differences between 
these finite depth results and previous deep water data is discussed in Section 6. Finally 
the conclusions of the study appear in Section 7. 

2. Directional distribution of wind waves 

Two general methods have been utilized for the measurement of directional wave 
spectra; remote sensing and insitu instruments. Remote sensing techniques include both 
passive photographic techniques in the visual frequency range and a variety of radar 
systems. Directional or two-dimensional wavenumber spectra were first obtained using 
aerial photography by Cote et al. (1960). These data were followed by the first 
three-dimensional spectra (i.e. wavenumber-frequency) obtained by Garrett (1970). 
Numerous other accounts of the measurement of both two and three-dimensional spectra 
followed these pioneering studies (Tyler et al., 1974; Wu, 1977; Schuler, 1978; Fontanel 
and De Staerke, 1980; McLeish et al., 1980; Pawka et al., 1980; Trizna et al., 1980; 
Holthuijsen, 1983; Irani et al., 1981; Young et al., 1985; Banner, 19901. None of these 
studies provides a comprehensive understanding of the directional spreading of wind 
waves. Many of the studies consider only a small number of spectra and span a 
relatively small parameter range. In addition, two-dimensional wavenumber spectra 
include a 180” directional ambiguity. Although this can be resolved with little difficulty 
at low wavenumber, where the spreading is narrow, at high wavenumber the spreading 
can exceed 180” and the ambiguity cannot be removed without prior assumptions. In 
addition, many of the airborne techniques have insufficient resolution to resolve high 
wavenumber components. 

In situ techniques utilize multiple measurements of wave properties such as elevation, 
velocity, acceleration, slope or pressure. Irrespective of the number of quantities 
measured, the problem is invariably underdefined and certain assumptions are necessary 
to determine the directional spectrum consistent with the measured quantities (Young, 
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1994). Despite this shortcoming, insitu instruments can be operated for extended periods 
of time and hence collect extensive data sets. Numerous reports of the measurement of 
directional spectra using such instruments exist (e.g. Forristall et al., 1978; Buchan et al., 
1984; Kobune et al., 1985; Ewing and Laing, 1987). 

Three extensive data sets of fetch limited deep water directional spectra have been 
obtained with insitu instruments (Mitsuyasu et al., 1975; Hasselmann et al., 1980; 

Donelan et al., 1985). 
It is common practice to consider the directional spectrum, F(f,e), where f is 

frequency and 0 the direction of wave propagation, in terms of the one-dimensional 

spectrum, F(f), as (Longuet-Higgins et al., 1963) 

F(fJJ) = F(f)NfJ) 

The directional spreading function, D(f,e) must satisfy the condition 

(1) 

Mitsuyasu et al. (1975) considered data collected with a cloverleaf buoy which 
measured six quantities related to the surface wave field (the vertical acceleration of the 

water surface, q,[. the wave slope, qX, r], and the surface curvature, vXX, nYr, T,,~). 
Their analysis procedure, considered only the surface acceleration and slope informa- 
tion, reducing the data to that which would be collected with a pitch-roll buoy. 
Following Longuet-Higgins et al. (1963) they represented D(f,0> in the form 

o(f,e> = Q(~)c~~~s 
P-~(f)1 

2 

where Q(S) is a normalization factor required to satisfy Eq. (2) and 3 is the mean wave 
direction at frequency f. Based on their data, Mitsuyasu et al. (1975) parameterized s as 

.S= I 
f 5 

SP - i I fP 
f<fp 

f 
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-2.5 
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fP 

frf, 

where sp is the value of s at the frequency of the spectral peak, fp, given by 

u,cl 

i ) 
-2.5 

sP = 11.5 c 
P 

(4) 

Cp = g/w, is the deep water phase speed of components at the spectral peak, wp = 2rfp 
and U,, is the wind speed at a reference height of 10 m. 
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Hasselmann et al. (1980) considered pitch/roll buoy data, also representing their data 
in the form of Eq. (3) but with a different parameterization for s 

4.06 

.f< 1.05 f, 

(6) 
1.05 f, 

where p has a weak dependence on wave age 

/A= -2.33- 1.45 I PI 

The general form for the spreading function described by Eq. (3) has also been 
supported by stereophotographic observations by Holthuijsen (1983). 

Based on data from an array of 14 wave gauges, Donelan et al. (1985) found that the 
form described by Eq. (3) did not adequately represent their data and adopted the 
alternative form 

D(f,O) =0.5Psech2P[f3--8(f)] (8) 

They found that p varied as a function of non-dimensional frequency, f/fp. Their 
data, however, extended only to f/fp = 1.6 and beyond this point they assumed p was 
constant. Banner (1990) reviewed this conclusion in the context of high frequency 
stereophotographic data and concluded that the assumption that p = constant for f/fp > 
1.6 was unreasonable. He proposed a formulation for p beyond 1 .6fp which is 
combined with the Donelan et al. (1985) parameterizations for f < 1.6fp in Eq. (9) 
below 

1.3 

0.56 < f/fp < 0.95 

(9) P= 
2.28 + i I - 1.3 0.95 <f/fp < 1.6 

P 

lo{-0.4+0.8393exp[-0.567ln((f/f$)]) 
f/fp > 1.6 

The directional spreading proposed by these three representations vary significantly, 
particularly near the spectral peak. The result of Donelan et al. (19851, Eq. (91, is 
significantly narrower than the other forms. Donelan et al. (1985) attributed this to the 
poor directional resolving power of the buoy data utilized by both Mitsuyasu et al. 
(1975) and Hasselmann et al. (1980) and the Fourier expansion method adopted in both 
these analyses. Young (1994) has made a detailed comparison of all three proposed 
directional forms as well as the instrumentation and analysis techniques used. The final 



I.R. Young et al./Coastal Engineering 29 (1996) 101-121 105 

conclusion was that the pitch-roll buoy data must yield directional forms which are 
broader than the results from the multiple gauge array of Donelan et al. (1985). 

Both Mitsuyasu et al. (1975) and Hasselmann et al. (1980) proposed a dependence on 
the inverse wave age U,,/C, as well as f/&. Their data, however, span only a 
relatively small range of U,,/C,. In contrast, Donelan et al. (1985) could find no 
systematic dependence on U,,/C, from a data set which spanned a much wider 

parameter range. 

3. Instrument design 

The data described in this paper form part of a larger finite depth, fetch limited 
evolution experiment described in Young and Verhagen (1996a) (henceforth Part I) and 
Young and Verhagen (1996b) (henceforth Part II). The data were obtained with a spatial 
array consisting of seven gauges as shown in Fig. 1. The gauges were arranged in the 
form of a “Mercedes Star” with a central gauge and two rings of three gauges at radii 
of 0.20 m and 0.55 m respectively. The gauges were coincidently sampled at 8 Hz and 
the directional spectrum formed using the Maximum Likelihood Method (MLM) (Isobe 
et al., 1984, Young, 1994). Time series of duration 30 min. were collected from each 
gauge. These time series were sub-divided into 112 blocks, each of 128 points for 
subsequent Fourier transformation as part of the MLM analysis. 

The first step in determining the directional wave spectrum using the MLM from the 

N 

--Al- 5 

5 

Fig. 1. Geometry of the 7 element directional array. Elements 2, 3 and 4 were at a radius of 0.20 m and 
elements 5, 6 and 7 were at a radius of 0.55 m. 
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Fig. 2. The mean relative error E (Eq. (10)) for the directional array as a function of frequency. The frequency 

range of interest is 0.1 Hz < f< 1 Hz for which E is small and hence the array geometry is optimal. 

coincidentally sampled water surface elevation records for each of the gauges is to form 
the cross-spectra between all array elements. For an assumed directional spectral form, 
the cross spectra can be determined numerically. These cross-spectra can then be 
processed by the MLM and the resulting directional spectrum compared with the initial 
input form. In order to assess the directional resolving power of the present array and 
analysis technique, a spreading function of the form described by Eq. (3) was assumed 
with a constant value of s = 10 at all frequencies. A small amount (1% of maximum 
spectral ordinate) of incoherent noise was also added to each spectral ordinate. 

The performance of the instrument and analysis technique can be assessed in terms of 
the mean relative error, e(f) 

(10) 

where F(f,e> is the initial analytical test spectral form and P(f,e> is the form 
recovered by the MLM analysis. 

The values of e(f) are shown as a function of frequency in Fig. 2. Peak spectral 
frequencies for the present data set are typically 0.3 Hz. It is desired to obtain reliable 
directional spectra within the range 0.3 <j/f, < 3 or 0.1 Hz <f < 1 Hz. As can be seen 
in Fig. 2, the array geometry is optimally designed to resolve this frequency range. At 
low frequencies the array performance is limited by the measurement accuracy of the 
array elements, whereas at high frequencies (> 2 Hz) the finite spacing between array 
elements leads to spatial aliasing. As demonstrated by Young (1994), all array geome- 
tries and analysis techniques yield directional spectra [ P(f,O)] broader than the input 

form [F(f,e)l. 
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4. Available data 

Data collection was controlled by a computer located adjacent to the directional 
array. As each 30 min. logging session generated approximately 600 kbytes of data, 
storage was an important consideration. To maximize available storage, logging sessions 

were initiated remotely through a radio modem link. When conditions appeared suitable, 
the radio modem link could be used to remotely switch on the computer and initiate a 
logging session. Data were down loaded on regular maintenance visits to the array (see 

Part I). 
During the measurement period (approximately 18 months), the water depth varied 

between 1.8 m and 2.4 m and data were collected for wind speeds ranging between 3 

m/s and 1.5 m/s. A total of 156 directional spectra were recorded with the array during 
this experimental period. As described in Part I, Lake George is approximately 20 km 
long in the north/south direction by 10 km wide in the east/west direction. The most 
common wind direction was from the west with easterlies being the next most frequent. 
Northerlies and southerlies are quite rare. When wind directions deviated by angles of 
more than * 10” from the line normal to the long east/west shorelines, the resulting 
directional spectra tended to be directionally skewed. The waves tend to propagate more 
in the direction of the long north/south fetch in such situations, rather than in the wind 
direction. This trend was confirmed by visual observations. Similar results were also 
reported by Holthuijsen (1983) and Donelan et al. (1985). Such spectra were excluded 
from further analysis by considering only those cases for which the wind direction was 
within f 10” of shore normal. The resulting data set consisted of 58 directional spectra. 

Parameters defining the data set are summarized in the distribution histograms shown 
in Figs. 3 and 4. Fig. 3 shows the distribution of the inverse wave age, U,,/C, for the 

1 

2.5 3 3.5 4 4.5 

J&p 

Fig. 3. Distribution of the directional data based on recorded values of the inverse wave age, C/,o /Cp. 
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Fig. 4. Distribution of the directional data based on recorded values of the parameter k,d. The two thick 

vertical lines mark the deep (right) and shallow (left) water limits for linear wave theory. 

data set. The large majority of the data are clustered near U,,/C, = 2.3, although the 
data set covers cases from fully developed spectra with U,,/C, = 1 to very young and 
highly forced cases with U,,/C, = 4. This is a significantly broader parameter range 
than that utilized by either Mitsuyasu et al. (1975) or Hasselmann et al. (1980) and is 
similar to the parameter range for the Donelan et al. (1985) data. 

The effects of finite depth can be quantified in terms of the non-dimensional 
parameter k,d, where k, is the wavenumber of the spectral peak and d is the water 
depth. Fig. 4 shows the distribution of k,d values for the data set. The vast majority of 
the data is in the range 1 < k,d < 2. Values of k,d > T are generally considered to 
represent deep water conditions whilst k,d < 0.25 represent shallow water. Hence, the 
entire data set is in transitional water depth. Consequently, the spectra would be 
expected to be influenced by finite depth effects (see Part II). The relatively narrow 
distribution of k,d, however, precludes the possibility of directly investigating the 
evolution of the directional spreading from deep to finite depth water. 

5. Parametric representation of the data 

5.1. Determination of appropriate model 

It is desired to investigate the applicability of the two proposed spreading models 
cos2W/2 and sech*@. A number of different techniques have been reported for the 
fitting of such analytical forms to the data. Mitsuyasu et al. (1975) and Hasselmann et al. 
(1980) analyzed their buoy data using the Fourier Expansion Method (Longuet-Higgins 
et al., 1963; Young, 1994) and determined the value of s from the first 2 components of 
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the Fourier expansion. Donelan et al. (1985) compared this approach with one in which 

the directional form was matched to the half-power points of the measured spreading 
function. It was argued that matching the half-power points was more meaningful since 
interest is concentrated on the energetic region of the directional distribution. This 
technique appeared to reduce the scatter in the data. 

In addition to these techniques, application of a nonlinear least squares fit [Leven- 
berg-Marquardt method, Press et al. (1986)] was also investigated with the present data. 
The least squares approach, which fits the analytical form to the full directional 
distribution obtained from the MLM analysis, consistently yielded results with least 
scatter and has been adopted for subsequent analysis. 

The MLM derived spectra were initially normalized to ensure a maximum ordinate of 

one at each frequency 

(11) 

where F^(f,e) is the directional spectrum derived from the MLM analysis and 
~~:,,,<f,/$,,,) is the maximum ordinate of the directional spectrum, which occurs in 

direction I?&,,, . To the normalized spectra, described by Eq. (1 l), functions of the 

following form were fitted independently for each frequency. 

(12) 

I sech2P(f)[~--@f)] 

In each case, the least squares technique determined two parameters at each fre- 
quency (S and 3 or p and e>. The “goodness of fit” of each of the functions to the data 
was determined through the calculation of the error, E 

(13) 

where 

*(fp’i) =fi(f,ei) -A(f,ei) (14) 
and N is the total number of directional bands in the discrete spectral representation. 

If the value of E exceeded 0.01, it was considered that the fit to the data was poor 
and the resulting values of s or p were discarded. This occasionally occurred at high 
frequencies since the relative noise level in the data increased with frequency. The 
resulting values of s and p are shown as a function of the normalized frequency, f/f 
in Fig. 5. Both formulations of the spreading function yield qualitatively similar results, 
indicating the spectrum is narrowest at the spectral peak frequency and broadens at 
frequencies both larger and smaller than the peak value. Values of s range over a factor 
of 10 whilst /l varies by only a little more than a factor of 2. As a result, the relative 
data scatter is larger for the sech2pe function than the cos2W/2 form. The cos2W/2 
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Fig. 5. (a) Values of the directional exponent s (Eq. (3)) as a function of the normalized frequency, 

the full data set. The solid lines represent a least squares fit to the data with a break point at f/f, = 1. (b) 

Values of the directional parameter p (Eq. (8)) as a function of the normalized frequency, f/jD for the full 

data set. The solid lines represent a least squares fit to the data with a break point at .j’/f, = 1. 

form yields correlation coefficients of 0.89 and - 0.67 for the two sections f/f, < 1 and 
f/fP > 1, respectively. In contrast, the sech*/38 form yields slightly smaller values of 
0.78 and - 0.62, respectively. This is the opposite result, to that obtained for deep water 
conditions by Donelan et al. (1985). As will be shown later, the Donelan et al. (1985) 
results are narrower than those shown in Fig. 5. In addition, the Donelan et al. (1985) 
data were limited to f/fP < 1.6. Unlike, the cos*“0/2 function, sech*P0 is not a circular 
function. Therefore, a discontinuity exists in the sech*P8 directional spreading at 
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Fig. 6. Values of the directional exponent s @q. (3)) as a function of the normalized frequency, f/f,. Values 

have been partitioned based on inverse wave age, LI,, /CP. I < U,,/C, 5 2 - *; 2 < U,,/C, 5 3 - +; 

u,,/c,>3 - 0. 

10 - fl = 7~. For broad directional spreading, the energy in the vicinity of the discontinu- 
ity can be significant. This is one reason for the relatively poorer performance of the 
sech@ spreading when applied to the present data set. For this reason, subsequent 
attention will concentrate on the cos2”0/2 form. 

5.2. Wave age dependence 

Mitsuyasu et al. (1975) and Hasselmann et al. (1980) both reported the deep water 
directional spreading to be a function of the inverse wave age U,,/C,. In contrast, the 
data of Donelan et al. (1985) which spanned a more extensive range of U,,/C, showed 
no dependence on this parameter. In order to investigate whether the directional 
spreading of the present finite depth data set is dependent on wave age, the data set was 
partitioned, based on U,,/C,. Fig. 6 shows s as a function of f/f,, as in Fig. 5a, but 
with the data partitioned into three groups: 1 < I&)/c* S 2, 2 < u,,/c, 53, 3 < 
U,,/C, 5 4. Within the scatter of the data, no dependence on U,,/C, can be seen. This 
result is consistent with the deep water findings of Donelan et al. (1985). Although 
Hasselmamr et al. (1980) report a dependence on U,,/CP for their deep water data, the 
dependence is relatively weak. They conclude that this indicates that nonlinear energy 
transfer dominates over both atmospheric input and dissipation in determining the 
directional spreading. Donelan et al. (1985) caution that these other terms may still play 
an important role. The lack of dependence on wave age is not a conclusive indicator that 
the nonlinear term dominates in determining the spreading. Banner and Young (1994) 
investigated the form of the directional spectrum using a numerical model with a full 
solution to the nonlinear source term. A wide range of forms for both the atmospheric 
input and dissipation were investigated. Even under this wide range of permutations to 
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Fig. 7. Values of the directional exponent s @q. (3)) as a function of the normalized frequency, j/jr,. Values 

have been partitioned based on the relative depth parameter, k,d. 1.0 < k,d < 1.5 - 0; 1.5 < k,d 5 2.0 - 

+; k,d> 2.0 - *. 

the forcing, the directional spreading remained largely constant. Hence the evidence 
tends to support the premise that nonlinear interactions dominate in determining the 
deep water spreading. The present data set extends this result to finite depth conditions. 

5.3. Water depth dependence 

The principal reason for collecting the present data set was to determine whether the 
directional distribution of finite depth waves differs from their deep water counterparts. 
In order to investigate the influence of finite depth, the results shown in Fig. 5a are 
re-plotted in Fig. 7 but with the data partitioned based on k,d. The values of k,d are 
divided into three groups: 1.0 < k,d s 1.5, 1.5 < k,d I 2.0, 2.0 < k,d I 2.5. There is 
no clear variation in the spreading as a function of k,d. This result, however, should not 
be interpreted as clear evidence that depth dependence plays no role in determining the 
directional spreading. The present data set spans a relatively small range of k,d, all 
values being in transitional water depths (see Fig. 4). Hence, it is possible that any 
dependence is masked by the natural scatter of the data. As will be shown later, the 
present data set indicates spreading significantly broader than the deep water data of 
Donelan et al. (1985). 

5.4. Comparison with deep water results 

As indicated in Section 3, the multi-element array utilized here, like all insitu 
instruments, produces spectra broader than actually occur. The extent of the artificial 
broadening varies with the number of sensing elements in the instrument and the 
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Fig. 8. Contours of the exponent s,,.~ derived by the MLM analysis method for the array, as a function of the 

input exponent, S, and frequency. As s,,, is always less that sin. the array artificially broadens the data. 

analysis technique (Young, 1994). As the directional resolving properties of the present 
array and MLM analysis technique are known, it is possible to correct the directional 
spectra for this artificial broadening. A series of directional spectra with cos2”8/2 
directional spreading were generated with values of 1 < s < 20. These were used as 
input to the MLM analysis software, as discussed in Section 3. Values of s for the 
output spectra from the MLM analysis were then determined using the least squares 
technique described in Section 5.1. Fig. 8 shows the derived value of s (s,,,~) as a 
function of the input value of s (sin) and frequency. The dependence on f is weak but 
the artificial broadening is strongly dependent on the width of the input spreading. Broad 
spectra (eg s = 1) are accurately measured by the system. In contrast, narrow input 
spectra are significantly broadened by the analysis (e.g. sin = 16 would be represented 
by the instrumentation as s,,~ = 9). As the results are largely independent of f, they 
were averaged over all frequencies shown in Fig. 8 to yield the relationship shown in 
Fig. 9. This relationship was used to correct all measured values of s. 

Correcting the linear fit to the data shown in Fig. 5a yields the following form for the 
present finite depth data 

2.7 

s= ( 
-2.4 

f<fp 

_f>f, 

(15) 

Eq. (15) has been constrained to yield narrowest spreading at f/fp = 1. The scatter in 
the data is such that the actual point of narrowest spreading cannot be determined with 
great accuracy. It is clearly, however, in the vicinity of the spectral peak frequency. 
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Fig. 9. Average values of sOUt as a function of s,, obtained by integration of the results shown in Fig. 8 with 

respect to frequency. This curve was used to correct the data for artificial broadening. 

Eq. (15) is shown in Fig. 10 together with the deep water results of Mitsuyasu et al. 
(1973, Hasselmann et al. (1980) and Donelan et al. (1985). As the results of Mitsuyasu 
et al. (1975) and HasselmaM et al. (1980) are both wave age dependent, mean values 
typical of their respective data sets have been used to construct Fig. 10 (Mitsuyasu et al., 

/ .I 
10-l 

10-l lo0 10’ 
f/f, 

Fig. 10. The dependence of the directional exponent s for the present finite depth data as a function of f//f, 

(Eq. (15)) (thick solid line). Also shown for comparative purposes are previous deep water data sets: 

Mitsuyasu et al. (1975) (Eq. (15)) - dash dot line; Hasselmann et al. (1980) (Eq. (15)) - dashed line; 
Donelan et al. (1985) - open circles. 
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1975 - U,,/C, = 1.1; Hasselmann et al., 1980 -c’,O/C, = 1.4). As Donelan et al. 
(1985) provide no functional form expressed in terms of s, the result in Fig. 10 was 
obtained from digitizing the result given in their Fig. 30. 

The present results are marginally narrower (higher s) than those of both Mitsuyasu 
et al. (1975) and Hasselmann et al. (19801, they are however significantly broader than 
the high resolution results of Donelan et al. (1985). As explained earlier, the evidence 

suggests (Donelan et al., 1985; Young, 1994) that the results of both Mitsuyasu et al. 
(1975) and Hasselmann et al. (1980) are excessively broad due to the instrumentation 
and analysis technique utilized. The present result (Eq. (15)) has been corrected for 
artificial broadening and should have comparable resolving power to the result of 
Donelan et al. (1985). The inference is that finite depth wind wave spectra are broader 
than their deep water counterparts. Due to the relatively narrow range of k,d spanned 
by the present data set a more emphatic statement cannot be made. At present it is 

necessary to rely on these two independent data sets (Donelan et al., 1985 - deep 
water; Lake George - finite depth). There is always some possibility that, in addition 
to water depth, there are other unknown influences responsible for the different 

spreading. 

6. The role of nonlinear interactions 

The evolution of the directional wave spectrum is commonly written in terms of the 
Radiative Transfer Equation (Gelci et al., 1957; Hasselmann, 1960; Willebrand, 1975) 

DF(fJ) 
Dt 

= si, + S”, + s,, + s, (16) 

where the source terms on the right of the equation represent; atmospheric input from 
the wind, S,,: nonlinear interactions within the spectrum, S,,; dissipation due to 
white-capping, S,, and interactions with the bottom, S,. Knowledge of these source 
terms in deep water is less than complete and in finite depth situations, very limited. It is 
reasonable to assume that since the phase speed of waves in finite depth water is less 
than in deep water, the ratio (/,,,/C will be larger and hence the atmospheric input will 
be larger. Similarly, the wavelength of finite depth waves is less than in deep water and 
hence the wave slope is larger. Thus the dissipation could also be expected to be larger 
than in deep water. The altered magnitude of these source terms, together with bottom 
interactions such as friction all have the potential to alter the source term balance and 
hence the form of the directional spreading. Under deep water conditions it appears that 
the nonlinear term, S,, plays the dominant role in determining the directional spreading 
(Hasselmann et al., 1980; Donelan et al,, 1985; Banner and Young, 1994). It is 
reasonable to assume that S,, plays, at least a significant role, if not a dominant one in 
finite depth conditions. 

In order to determine whether S,, is a possible cause for the broader spreading noted 
in the present finite depth data compared to the Donelan et al. (1985) deep water data, 
the directional coupling inherent in this term was examined. The nonlinear source term 
is most readily expressed in terms of the wavenumber spectrum F(k), where k is the - 
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wavenumber vector. This form can be related to the previously used directional 
frequency spectrum through the identity: jF(k)dk = jF(f,0>dfde. The action density 
can be expressed in terms of the wavenumber spectrum as n(k) = F(_k)/w, where 
w = 2rrf. Hasselmann (1963) determined the evolution of n due to the resonate 

interaction of four wavenumber components as 

ani 
at = lIIG(&,&&&) x a($ +$ -kj -64) X a(~, + 02 - ~3 - WI) 

+v3(~4--2) +n2n4b3 - n,)]d$d&,d~ (17) 

Eq. (17) represents the rate of change of action density 12, = n(_k,) as a result of 
resonant nonlinear interactions with spectral components at wavenumbers 5, k3 and &,. 
The delta functions in Eq. (17) ensure that only components which satisfy the resonance 
conditions 5, + k, = k, + _k4 and w, + w2 = w3 + w4 contribute to the energy exchange. 
The coupling coeffi&t G (Herterich and Hasselmann, 1980) describes the strength of 
the interaction. Rather than evaluate the full integral, which is computationally expen- 
sive, interest here centres on evaluation of the various terms comprising Eq. (17), to 
determine whether nonlinear interactions could be responsible for broader spreading in 
water of finite depth. 

In particular, attention is focused on which spectral components satisfy the resonance 
interactions defined by the delta functions in Eq. (17) and the strength of the interactions 
for these components as specified by the coupling coefficient, G. The number of 
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Fig. Il. Loci of the values of k, which satisfy the resonance conditions in Eq. (17) for f, = 0.3 Hz and 

f3 = 0.6 Hz. Both f, and f; are directed parallel to the x axis. Loc?are shown for a number of water depths, 

as marked. 
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wavenumber components which can satisfy the resonance conditions is enormous, and 
the visualization of these components in multi-dimensional wavenumber space is a 
significant problem. Webb (1978) has shown that for a particular selection of _k, and _k,, 
the loci of the terminating points of the vectors k2 and $ which satisfy the resonance 
conditions will trace out two “egg’‘-shaped loci in wavenumber space. Examples of this 
presentation are given by Resio and Perrie (1991) and Young and Van Vledder (1993). 

Due to the depth dependence of the dispersion relationship, the actual components 
which satisfy the resonance conditions will vary with water depth. Fig. 11 shows the loci 
of the values of 5 as a function of water depth for the case where f, = 0.3 Hz 
(0, = 27rf,) and f3 = 0.6 Hz. Both f, and fs are directed along the x axis of the 
diagram. These values of fi and f2 were chosen since fp = 0.3 Hz is typical of the 
present data set. For this combination of f, and f3, only values of 5 which lie on the 
locus for that depth will satisfy the resonance conditions and interact nonlinearly to 
transfer energy. The loci of $ are not shown here but will be identical in shape to those 
of 5, although displaced along the x axis. 

Since the measured data have been presented in frequency space it was deemed 
appropriate to hold f, and f, constant as the depth varied in Fig. 11 rather than keep kk, 1 
and I&( constant. The resulting loci gradually increase in size as the depth decreases. 
Therefore, wavenumbers more widely separated in both magnitude and direction have 
the potential to interact in shallow water compared to deep. Although only one 
combination of _k,, & is presented here, the same general trend holds for other 
combinations. As the water depth decreases, wavenumber components separated by 
progressively larger angles can satisfy the resonance conditions and potentially interact 
nonlinearly. 

The potential implications of these results for directional spreading are shown in Fig. 

d 04 
Fig. 12. The angle 0 made between the x axis and the component f2 = 0.5 Hz for the values of f, and f, 
used in Fig. 11 as a function of water depth, d. 
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I kl (rad/m) 

Fig. 13. Values of the coupling coefficient, G (Eq. (17)) as a function of Ii2 1 as shown on Fig. 11. Values are 

shown for the same water depths depicted in Fig. Il. 

12. This figure shows the angle relative to the x axis made by the component with 
f2 = 0.5 Hz in Fig. 11 as a function of depth. As the water depth decreases below 
approximately 10 m, the angle increases, indicating spectral components at progressively 
larger angles could interact with components in the mean wind direction. At very small 
depths the directional spread of the coupling again begins to decrease. 

In addition to determining the components which satisfy the resonance conditions and 
thus potentially interact to exchange energy, the strength of the interaction is also 
important. This can be measured by the coupling coefficient G in Eq. (17). Fig. 13 
shows the magnitude of the coupling coefficient, G as a function of Ik,I for each of the 
loci in Fig. 11. The magnitude of the coupling generally increases with-increasing l_k21_ In 
addition, however, G also increases as the water depth decreases. The strength of the 
nonlinear coupling is larger in shallow water than in deep water. 

The more extensive coupling indicated by Figs. 11 and 12, together with the 
increased strength of the coupling (Fig. 13) could be expected to yield spectra which are 
more isotropic with energy spread more evenly in both frequency and direction. Such a 
result is consistent with the broader directional spreading noted in the present finite 
depth data compared to the Donelan et al. (1985) deep water results. Similarly, the 
results of Part II showed that the one dimensional spectra of finite depth waves have a 
more gradual decay with frequency than deep water spectra (i.e. f” compared to f5>. 

7. Conclusions 

The data set presented in this paper represents the first comprehensive study of the 
directional spectra of fetch limited finite depth waves. The data were collected with a 
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high resolution directional array and processed with an MLM analysis. These results 
were then corrected for the artificial broadening which occurs with all insitu directional 
measurement systems. Hence, the resulting spectra have high directional resolution. 

The results are qualitatively consistent with previous deep water studies. Spectra are 

narrowest at the spectral peak frequency and broaden at frequencies both greater than 
and less than the peak. A parametric representation of the general form, cos2%/2 was 
found to adequately approximate the data. The exponent s was found to be a function of 

f/.& (Eq. (15)) with no obvious dependence on inverse wave age, U,,/C,. The 
spreading was found to be significantly broader than the deep water results of Donelan 
et al. (1985). No systematic dependence on the non-dimensional depth parameter k,d 

could be found within the data, although only a very limited range of values of k,d was 

spanned by the data set. 
As nonlinear interactions are believed to play an important role in determining the 

directional spreading of deep water spectra, the potential importance of this term was 
investigated for finite depth situations. An analysis of the nonlinear interaction integral 
showed that the coupling of finite depth waves was more broadly spread across the 
spectrum in both frequency and direction space than in deep water. In addition, the 
strength of the nonlinear coupling increases with decreasing water depth. Hence, it is 
possible that nonlinear interactions would lead to finite depth spectra which are more 
isotropic than their deep water counterparts. The spectra would have broader directional 
spreading and a more gradual decay of energy with frequency. These conclusions are 
consistent with the directional spectra presented in this study as well as the one-dimen- 
sional spectra reported in Part II. 
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