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Abstract

In this paper, the traditional concept of radiation stress in water waves is extended to its vertical profile in a new technical

way. The definition of and calculation formulae for the vertical profile of radiation stress are advanced. The wave-induced

currents over a slopping bottom are modeled. In the simulated example, the wave set-up and set-down, and the vertical structure

of wave-induced currents inside and outside the surf zone are successfully modeled. The modeled wave set-up and set-down

agree well with the analytical results. The model results reveal also two wave-induced vertical circulations with opposite

directions; and the flow pattern agrees well with the measurement of a laboratory experiment. The application of radiation stress

with vertical variation is expected to play an important role in the studies of near-shore current systems.
D 2004 Elsevier B.V. All rights reserved.
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1. Introduction art, 1964), coastal current (Longuet-Higgins, 1970)
Since the advancement of the concept of radiation

stress in water waves (it is taken as ‘‘radiation stress’’

for abbreviation hereafter in this paper) by Longuet-

Higgins and Stewart (1964), it has played an impor-

tant role in the studies of near-shore current systems.

In theory, this concept has been used in analyses of

wave set-up or set-down (Longuet-Higgins and Stew-
0378-3839/$ - see front matter D 2004 Elsevier B.V. All rights reserved.
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and rip current (Bowen, 1969). This concept has also

been used widely in modeling wave-induced currents

(Dippner, 1987; Larson and Kraus, 1991; Badiei and

Kamphuis, 1995; Li et al., 1997; Bao and Nishimura,

2000) and wave–current coupling (Ismail, 1984; Cao

and Wang, 1993). But the radiation stress defined by

Longuet–Higgins and Stewart is a two-dimensional

horizontal tensor, hence, the near-shore current must

be also regarded as a 2-D plane vector in its calcula-

tion when the radiation stress is taken into consider-

ation; i.e., this current velocity is unchanged in

vertical direction. In reality, the near-shore current is

three-dimensional, and its vertical structure should be

considered. Dyhr-Nielsen and Sorensen (1970) found

that, in the surf zone, the vertical water circulations

exist. The 3-D structure of near-shore current plays an
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important role in near-shore mud and sand movement,

and in the balance of onshore and offshore material

transport. Also, the coupling model of wind, wave and

current is one of the hot problems of oceanographic

study nowadays. If the radiation stress is not taken

into account, the overall wave–current coupling is not

possible. The traditional 2-D radiation stress cannot be

used in 3-D wave–current coupling calculation. In

order to calculate 3-D wave-induced current, the

vertical structure of radiation stress must be given.

Some scientists tried to solve this problem. For

example, Zheng et al. (2000) and Zheng and Yan

(2001) cut the vertical wavy water column into three

parts: below the wave trough, wave trough to mean

water level (MWL, averaged over a wave period) and

above MWL. They calculated the vertical profile of

residual momentum flux according to the linear wave

theory in these three parts respectively. But in their

papers, the definition, the deductive steps and its

adaptability are all open to question. In fact, the

vertical profile of radiation stress, as shown later in

this paper, is the sum of wave residual momentum

flux and hydrodynamic pressure averaged over a wave

period in different depth (see Eq. (6)). In a wave

period, however, the average wave surface is just

MWL. Therefore, the radiation stress should distribute

vertically from bottom only to MWL, but not to the

wave level. This is not correctly done in the works of

Zheng et al. For example, in the study of wave-

induced current, the wave level process should be

considered in neither analytical analysis nor numerical

simulation; but the radiation stress above MWL de-

fined by Zheng et al. is irrational, and cannot be

involved in the wave-induced current models. Sup-

posing that the radiation stress distributes equally in

vertical direction, Xie et al. (2001) used the homoge-

neous values (2-D radiation stress in water waves

divided by water depth) to carry out 3-D wave–

current coupling calculation. But in reality, the radi-

ation stress is induced by the velocity of water mass

and hydrodynamic pressure, and these two compo-

nents attenuate near exponentially with depth. The

radiation stress should not distribute equally in verti-

cal direction. Therefore, that kind of wave–current

coupling could not be accurate.

Considering the importance of the vertical structure

of radiation stress, in the present paper, the concept of

traditional radiation stress is extended to its vertical
profile in a new technical way, its definition and

calculation formulae are advanced; and they can be

used in modeling 3-D wave-induced current.
2. Vertical profile of radiation stress

2.1. Definition

The calculation formulae of traditional radiation

stress are deduced from the theory of small-amplitude

waves. Similarly, the formulae of its vertical profile

are deduced here also from the same theory. Let the x

axis locate in MWL, with its positive direction coin-

ciding with the propagating direction of the wave; z

axis points upward; D expresses the water depth

below MWL (positive value). On the basis of the

small-amplitude wave, we have:

g ¼ acosðkx� xtÞ; ð1Þ

u ¼ ax
coshkðzþ DÞ

sinhkD
cosðkx� xtÞ; ð2Þ

w ¼ ax
sinhkðzþ DÞ

sinhkD
sinðkx� xtÞ; ð3Þ

p ¼ �qgzþ qga
coshkðzþ DÞ

coshkD
cosðkx� xtÞ; ð4Þ

where g denotes the wave level; u and w the velocity

components in x and z directions, respectively; p the

pressure; k = 2p/L the wave number, where L is the

wave length; x = 2p/T the angular frequency, where T

is the period; a the wave amplitude; q the density of

sea water.

The radiation stress defined by Longuet-Higgins

and Stewart (1964) is:

Sxx ¼
1

T

Z T

0

Z g

�D

ðqu2 þ pÞdzdt �
Z 0

�D

ð�qgzÞdz

¼
Z g

�D

ðqu2 þ pÞdz� 1

2
qgD2cE 2n� 1

2

� �
; ð5Þ



Fig. 1. Integration area in Sxx(r) analysis.
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where the overbar is an operator of averaging over a

wave period; the wave energy E is:

E ¼ 1

2
qga2

and n is:

n ¼ 1

2
1� 2kD

sinh2kD

� �
:

It is worth noting that, the ‘‘radiation stress’’ as

defined by Longuet-Higgins and Stewart (1964) is

actually not a ‘‘stress’’ (force per unit area) but a depth

integration of stress.

Based on Eq. (5), we will define the vertical profile

of radiation stress. In the integration term of momen-

tum flux and hydrodynamic pressure of Eq. (5), we

make a variable replacement

r ¼ z� g
Dþ g

in the region [�D, g], then r = 0 at z= g, and r =� 1

at z=�D. Also, we make a similar replacement r = z/

D in the region [�D, 0] for the integration term of

hydrostatic pressure without wave impact. Therefore,

from Eq. (5), the radiation stress can be expressed as

follows:

Sxx ¼
1

T

Z T

0

Z 0

�1

ðqu2 þ pÞðg þ DÞdrdt

þ
Z 0

�1

qgrD2dr

¼ 1

T

Z T

0

Z 0

�1

ðqu2 þ pÞðg=Dþ 1ÞdrDdt

þ
Z 0

�1

qgrDdrD:

Exchanging the integration order yields:

Sxx ¼
Z 0

�1

1

T

Z T

0

ðqu2 þ pÞðg=Dþ 1Þdt þ qgrD

� �
drD:

We take the expression between the square brackets as

Sxx(r):

SxxðrÞ ¼
1

T

Z T

0

½qu2 þ p�ð1þ g=DÞdt þ qgrD: ð6Þ
Then Eq. (6) can be defined as the vertical profile of

radiation stress. The dimension of Sxx(r) is really that

of stress (force per unit area). The physical meaning is

as follows: in waves, the unit-width micro-cell be-

tween two sigma water depths of rk and rk + 1 has an

area of (1 + g/D)DrD and has a period-averaged area

of DrD (shown in Fig. 1); the sum of momentum flux

past through it and dynamic pressure force exerted on

it is:

ðqu2 þ pÞð1þ g=DÞDrD:

Within a wave period, the sum of average momentum

flux and dynamic pressure force is:

1

T

Z T

0

ðqu2 þ pÞð1þ g=DÞDrDdt:

Divided by the area of the micro-cell under MWL,

DrD, the average intensity of momentum flux and

dynamic pressure at arbitrary sigma depth (relative

depth) can thus be given by:

1

T

Z T

0

ðqu2 þ pÞð1þ g=DÞdt:

Eq. (6) expresses physically the sum of momentum

flux and dynamic pressure averaged in a wave period

subtracting the hydrostatic pressure.

Comparison of the expressions of (5) and (6) as

well as their physical meanings shows that Sxx(r) is a
reasonable extension of the tradition radiation stress

Sxx. Obviously, Sxx(r) and Sxx have similar physical

meanings, but their dimensions are different. The

traditional name of Sxx is radiation stress even though

it is not a stress, and the vertical profile Sxx(r) is a

‘‘true’’ radiation stress. Therefore, sometimes in this
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paper, we name both of them ‘‘radiation stress’’; and

one can distinguish them from the context without

difficulty.

2.2. Calculation formulae of the vertical profile of

radiation stress

Let us deduce the calculation formulae of the

vertical profile of radiation stress. Spread Eq. (6)

and denote:

Sð1Þxx ðrÞ ¼ qu2; Sð2Þxx ðrÞ ¼ qu2
g
D
;

Sð3Þxx ðrÞ ¼ p̄; Sð4Þxx ðrÞ ¼ p
g
D
:

Substituting Eq. (2) into Sxx
(1)(r) yields:

Sð1Þxx ðrÞ ¼
qa2x2

sinh2ðkDÞ

� cosh2k ð1þ rÞDþ ð1þ rÞg½ � þ 1

2
cos2ðkx� xtÞ

¼ qa2x2

sinh2ðkDÞ

h
cosh2kð1þ rÞD

� cosh2kð1þ rÞgcos2ðkx� xtÞ=2þ sinh2kð1þ rÞD

� sinh2kð1þ rÞgcos2ðkx� xtÞ=2þ 1=4
i
:

But

cosh2kð1þ rÞgcos2ðkx� xtÞ

¼
X
n¼0

1

ð2nÞ! 2kð1þ rÞa½ �2ncos2nþ2ðkx� xtÞ;

sinh2kð1þ rÞgcos2ðkx� xtÞ

¼
X
n¼1

1

ð2n� 1Þ! 2kð1þ rÞa½ �2n�1

� cos2nþ1ðkx� xtÞ ¼ 0:

In small-amplitude wave, abL. Neglect all terms of

higher order than ka in the above Taylor expansions

(and in the following deductions), then

Sð1Þxx ðrÞ ¼
qa2x2

sinh2ðkDÞ
cosh2kð1þ rÞD=4þ 1=4½ �:
Substituting the dispersion equation x2 = gktanhkD

into the above formula yields:

Sð1Þxx ðrÞ ¼ E
k

sinh2kD
cosh2kð1þ rÞDþ 1½ �: ð7Þ

By the same procedure, we can get:

Sð2Þxx ðrÞ ¼ E
3k2a2

2Dsinh2kD
ð1þ rÞsinh2kð1þ rÞD: ð8Þ

In order to deduce Sxx
(3)(r) and Sxx

(4)(r), expression
for the pressure p must be given. But the pressure

given by Eq. (4) is an approximate expression, which

is not compatible with Eq. (1). In fact, when Eq. (1) is

considered, p(g) = 0 at free surface requires z = g in the

first term and z = 0 in the second term on the right-

hand side of Eq. (4), which is not rational. Based on

the method used by Jiang (1992), we deduce the

substitute form of Eq. (4).

Of course, the wave movement satisfies the general

fluid dynamics equations. It is a potential motion, and

the viscosity can be neglected. In the vertical direc-

tion, the momentum equation is:

q
Bw

Bt
þ q

Buw

Bx
þ q

Bw2

Bz
¼ � Bp

Bz
� qg:

Integrating this equation in [z, g] and applying the

Leibniz equation yield:

pðzÞ ¼ qgðg � zÞ � qw2

þ q
B

Bt

Z g

z

wdzþ q
B

Bx

Z g

z

uwdz

� q w
Bg
Bt

þ u
Bg
Bx

� w

� �� �
z¼g

:

Because at the free surface it satisfies:

wðgÞ ¼ Bg
Bt

þ uðgÞ Bg
Bx

;

we have:

pðzÞ ¼ qgðg � zÞ � qw2

þ q
B

Bt

Z g

z

wdzþ q
B

Bx

Z g

z

uwdz: ð9Þ
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In Eq. (5), the variable replacement for z is just the

sigma transformation in coordinate system (Blumberg

and Mellor, 1987); and the coordinate transformation

from (x, z, t) to (x*, r, t*) is:

x* ¼ x; r ¼ z� g
Dþ g

; t* ¼ t:

Suppose in the course of deduction, the sea bottom

can be thought of as a horizontal and flat one, by the

rule of compound derivation, the derivatives in Car-

tesian coordinates can be expressed in sigma coordi-

nates as follows:

BG

Bx
¼ BG

Bx*
� BG

Br
r

Dþ g
BðDþ gÞ

Bx*
þ 1

Dþ g
Bg
Bx*

� �

¼ BG

Bx*
� BG

Br
1þ r
Dþ g

Bg
Bx*

; ð10Þ

BG

Bt
¼ BG

Bt*
� BG

Br
r

Dþ g
BðDþ gÞ

Bt*
þ 1

Dþ g
Bg
Bt*

� �

¼ BG

Bt*
� BG

Br
1þ r
Dþ g

Bg
Bt*

: ð11Þ

By the above-mentioned rule of compound deriva-

tion, the derivative terms in Eq. (9) can be expressed

as follows:

q
B

Bt

Z g

z

wdz ¼ q
B

Bt*

Z 0

r
wðg þ DÞdr

� q
B

Br

Z 0

r
wðg þ DÞdr r þ 1

Dþ g
Bg
Bt*

¼ q
B

Bt*

Z 0

r
wðg þ DÞdr þ qwðr þ 1Þ

� Bg
Bt*

;

q
B

Bx

Z g

z

uwdz ¼ q
B

Bx*

Z 0

r
uwðg þ DÞdr

� q
B

Br

Z 0

r
uwðg þ DÞdr 1þ r

Dþ g
Bg
Bx*
¼ q
B

Bx*

Z 0

r
uwðg þ DÞdr

þ quwð1þ rÞ Bg
Bx*

:

Then Eq. (9) can be rewritten as:

pðrÞ ¼ �qgrðg þ DÞ � qw2 þ q
B

Bt*

Z 0

r
wðg þ DÞdr

þ qwðr þ 1Þ Bg
Bt*

þ q
B

Bx*

Z 0

r
uwðg þ DÞdr

þ quwð1þ rÞ Bg
Bx*

: ð12Þ

For simplicity, the asterisks will be omitted in the

following deductions. After a series of complex

manipulation each term in Sxx
(3)(r) becomes:

�qgrðg þ DÞ ¼ �qgrD;

�qw2 ¼ �E
k

sinh2kD
cosh2kð1þ rÞD� 1½ �;

q
B

Bt

Z 0

r
wðrÞðg þ DÞdr ¼ 0;

qwðr þ 1Þ Bg
Bt

¼ E
kð1þ rÞsinhkð1þ rÞD

coshkD
;

q
B

Bx

Z 0

r
uwðgþDÞdr ¼ q

B

Bx

Z 0

r
ðuwgþuwDÞdr ¼ 0;

quðrÞwðrÞð1þ rÞ Bg
Bx

¼ �E
kðkaÞ2

2sinh2kD
ð1þ rÞ2

� cosh2kð1þ rÞD:



H. Xia et al. / Coastal Engineering 51 (2004) 309–321314
Then Sxx
(3)(r) can be expressed as:

Sð3Þxx ¼ �qgrD� E
k

sinh2kD
cosh2kð1þ rÞD� 1½ �

þ E
kð1þ rÞsinhkð1þ rÞD

coshkD

�E
kðkaÞ2

2sinh2kD
ð1þ rÞ2cosh2kð1þ rÞD: ð13Þ

Similarly, each term in Sxx
(4)(r) becomes:

�qgrðg þ DÞg=D ¼ �qgra2=ð2DÞ ¼ �Er=D;

�qw2g=D¼�E
ðkaÞ2

2Dsinh2kD
ð1þ rÞsinh2kð1þ rÞD;

q
g
D

B

Bt

Z 0

r
wðg þ DÞdr

¼ q
D

B

Bt
½g
Z 0

r
wðg þ DÞdr� �

Z 0

r

Bg
Bt

wðg þ DÞdr�
	 


¼ � q
D

Z 0

r

Bg
Bt

wðg þ DÞdr;

¼ �E
ðka2Þ

4DcoshkD

Z 0

r
ð1þ rÞcoshkð1þ rÞDdr

� E
k

coshkD

Z 0

r
sinhkð1þ rÞDdr;

¼ �E
ðka2Þ

4DcoshkD

Z 0

r
ð1þ rÞcoshkð1þ rÞDdr

� E

D
1� coshkð1þ rÞD

coshkD

� �
;

q
g
D
wðr þ 1Þ Bg

Bt
¼ E

ðkaÞ2ð1þ rÞ2

4DcoshkD
coshkð1þ rÞD;
qg
D

B

Bx

Z 0

r
uwðg þ DÞdr ¼ q

D

B

Bx

Z 0

r
guwðg þ DÞdr

� q
D

Z 0

r

Bg
Bx

uwðg þ DÞdr

¼ EðkaÞ2

4Dsinh2kD

Z 0

r
sinh2kð1þ rÞDdr

þ Ek3a2

2sinh2kD

Z 0

r
ð1þ rÞcosh2kð1þ rÞDdr

¼ E
k2a2

4Dsinh2kD
sinh2kD� ð1þ rÞ½

� sinh2kð1þ rÞD�;

quwð1þ rÞ g
D

Bg
Bx

¼ �E
ð1þ rÞðkaÞ2

4Dsinh2kD
sinh2kð1þ rÞD:

Then Sxx
(4)(r) can be expressed as:

Sð4Þxx ¼ �Er=D

� E
ðkaÞ2

2Dsinh2kD
ð1þ rÞsinh2kð1þ rÞD

� E
ðkaÞ2

4DcoshkD

Z 0

r
ð1þ rÞcoshkð1þ rÞDdr

� E

D
1� coshkð1þ rÞD

coshkD

� �

þ E
ðkaÞ2ð1þ rÞ2coshkð1þ rÞD

4DcoshkD

þ E
k2a2

4D
1� 2ð1þ rÞsinh2kð1þ rÞD

sinh2kD

� �
:

ð14Þ
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Combining Eqs. (7), (8), (13) and (14) and the

hydrostatic pressure without wave motion, then we

have:

SxxðrÞ ¼ E
k

sinh2kD
cosh2kð1þ rÞDþ 1½ �

þ E
3k2a2ð1þ rÞ
2Dsinh2kD

sinh2kð1þ rÞD

� E
k

sinh2kD
cosh2kð1þ rÞD� 1½ �

þ E
kð1þ rÞsinhkð1þ rÞD

coshkD

� E
kðkaÞ2ð1þ rÞ2

2sinh2kD
cosh2kð1þ rÞD� Er

D

� E
ðkaÞ2ð1þ rÞ
2Dsinh2kD

sinh2kð1þ rÞD

� E
ðkaÞ2

4DcoshkD

Z 0

r
ð1þ rÞcoshkð1þ rÞDdr

� E

D
1� coshkð1þ rÞD

coshkD

� �

þ E
ðkaÞ2ð1þ rÞ2coshkð1þ rÞD

4DcoshkD
þ E

k2a2

4D

� 1� 2ð1þ rÞsinh2kð1þ rÞD
sinh2kD

� �
: ð15aÞ

According to small-amplitude wave theory, those

terms higher than ka in Eq. (15a) are small quantities

and can be neglected. Hence, Eq. (15a) can be

simplified as:

SxxðrÞ ¼ E
2k

sinh2kD
� Er

D

þ E
kð1þ rÞsinhkð1þ rÞD

coshkD

� E

D
1� coshkð1þ rÞD

coshkD

� �
: ð15bÞ

Integrating Sxx(r) in vertical direction yields:

Z 0

�1

SxxðrÞdrD

¼ E
2kD

sinh2kD
þ E

2
þ E 1� sinhkD

kDcoshkD

� �

� E 1� sinhkD

kDcoshkD

� �
¼ E 2n� 1

2

� �
:

It can be seen again that Sxx(r) defined in Eq. (15b)
is the extension of traditional radiation stress.

When there is an angle h between the x axis and the

propagation direction of the wave, the radiation stress

can be written as:

SxxðrÞ ¼ E
k

sinh2kD
cosh2kð1þ rÞDþ 1½ �cos2h

� E
k

sinh2kD
cosh2kð1þ rÞD� 1½ � � Er

D

þ E
kð1þ rÞsinhkð1þ rÞD

coshkD

� E

D
1� coshkð1þ rÞD

coshkD

� �
; ð16Þ

SyyðrÞ ¼ E
k

sinh2kD
cosh2kð1þ rÞDþ 1½ �sin2h

� E
k

sinh2kD
cosh2kð1þ rÞD� 1½ � � Er

D

þ E
kð1þ rÞsinhkð1þ rÞD

coshkD

� E

D
1� coshkð1þ rÞD

coshkD

� �
; ð17Þ

SxyðrÞ ¼ E
k

sinh2kD
cosh2kð1þ rÞDþ 1½ �sinhcosh;

ð18Þ

SyxðrÞ ¼ SxyðrÞ: ð19Þ

And in the Cartesian coordinates, we have:

SxxðzÞ ¼ E
k

sinh2kD
cosh2kðzþ DÞ þ 1½ �cos2h

� E
k

sinh2kD
cosh2kðzþ DÞ � 1½ � � Ez

D2

þ E
kðzþ DÞsinhkðzþ DÞ

DcoshkD

� E

D
1� coshkðzþ DÞ

coshkD

� �
; ð20Þ



Fig. 2. Error estimation in Eq. (15b), based on the linear wave theory.
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SyyðzÞ ¼ E
k

sinh2kD
cosh2kðzþ DÞ þ 1½ �sin2h

� E
k

sinh2kD
cosh2kðzþ DÞ � 1½ � � Ez

D2

þ E
kðzþ DÞsinhkðzþ DÞ

DcoshkD

� E

D
1� coshkðzþ DÞ

coshkD

� �
; ð21Þ

SxyðzÞ ¼ E
k

sinh2kD
cosh2kðzþ DÞ þ 1½ �sinhcosh;

ð22Þ

SyxðzÞ ¼ SxyðzÞ: ð23Þ

2.3. Error estimation in shallow waters

In shallow waters, the wavelength becomes short

and the product of wave number and amplitude, ka,

increases. Eq. (15b) is an equation neglecting terms of

higher order than ka in Eq. (15a); the error induced by

this neglect is not easy to give analytically. Let us take

an example to discuss the errors at breaking point.

Suppose the breaker height is 2 m; the breaking depth

is determined by the criterion for wave breaking

H = rD, where r = 0.83 may be taken as the breaker

height index; the wavelength is derived by the dis-

persion relationship of small-amplitude wave theory.

Define such a relative error in percentage j(Eq.
(15a)�Eq. (15b))/Eq. (15b)j � 100. These errors,

associated with the wave periods of 5, 6 and 7 s, are

shown in Fig. 2. It can be seen that, in the scope of

theory of small-amplitude wave, the errors of Eq.

(15b) are within an allowable range.

In deep waters, the small-amplitude wave can

describe the waves well. But in shallow waters, espe-

cially in the surf zone, the finite-amplitude wave and

Cnoidal wave describe the waves better. Those two

kinds of wave theory ought to be used to estimate the

error for the present form (Eq. (15b)) and even to

deduce the expression of radiation stress in shallow

waters. However, these two kinds of waves have much

more complicated mathematic forms than the small-

amplitude wave. It is difficult to derive the expressions

of radiation stress based on the two kinds of wave

theory, and even to give explicit expressions based on
the Cnoidal wave theory. The relevant researchers will

remain to the future.

In the previous application works on the traditional

radiation stress, some verifications show that the

theoretical and numerical calculations of wave set-

up or set-down and nearshore currents induced by

traditional radiation stress agree with the observations

(Bowen et al., 1968; Larson and Kraus, 1991; Badiei

and Kamphuis, 1995). The analysis of its vertical

profile is just an extension of the traditional concept,

and the present expression of radiation stress might be

an acceptable approximation even in shallow waters.

2.4. Vertical variation in radiation stress

Differentiate radiation stress Sxx(r) in vertical di-

rection, we have:

BSxxðrÞ
Br

¼ E

D
�1þ 2kDsinhkð1þ rÞD

coshkD

�

þ k2D2ð1þ rÞcoshkð1þ rÞD
coshkD

�
:

In the area [� 1, 0], the derivative of Sxx(r) is an
increasing function. And

BSxxð�1Þ
Br

¼ � E

D
; r ¼ �1;

BSxxð0Þ
Br

¼ E

D
�1þ 2kD tanhðkDÞ þ ðkDÞ2
h i

; r ¼ 0:



Fig. 3. Radiation stress varying with depth.
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Let us examine the equation x2 + 2xtanhx� 1 = 0,

whose left-hand side is just the expression between

the square brackets of the above formulae with kD = x.

It has a root of 0.6. Namely, when kD = 0.6, BSxx(0)/

Br = 0. Therefore, when kDV 0.6, Sxx(r) decreases

from the bottom to surface, with the maximum in

bottom and minimum in surface. When kD>0.6, Sxx(r)
has a minimum; from this extreme-value point, Sxx(r)
increases both to the surface and bottom. Fig. 3 shows

the vertical variation in Sxx(r). It shows that when kD

is large the radiation stress reaches its maximum at the

surface and decreases rapidly with depth. It agrees

with the attenuation rule of the deep-water wave

elements of velocity and dynamic pressure. It also

shows that the radiation stress has very small, even

minus value (with opposite direction to the wave

propagation) below half depth.
3. Vertical variation of wave-induced currents

3.1. System of governing equations

In order to model 3-D wave-induced current the

hydrodynamic equations used by Xie et al. (2001) are

adopted, which are based on the equations of fluid

dynamics in sigma coordinates (Blumberg and Mellor,

1987); but the baroclinic pressure terms in the mo-

mentum equations are neglected and the radiation

stress terms are replaced by the present forms. The

governing equations are as follows:

Bf
Bt

þ BuD

Bx
þ BvD

By
þ BwV

Br
¼ 0; ð24Þ
BuD

Bt
þ Bu2D

Bx
þ BuvD

By
þ BuwV

Br
þ gD

Bf
Bx

¼ B

Br
KM

D

Bu

Br

� �
þ B

Bx
2AMD

Bu

Bx

� �

þ B

By
AMD

Bu

By
þ Bv

Bx

� �� �
� 1

q
BDSxxðrÞ

Bx

� 1

q
BDSxyðrÞ

By
; ð25Þ

BvD

Bt
þ BuvD

Bx
þ Bv2D

By
þ BvwV

Br
þ gD

Bf
By

¼ B

Br
KM

D

Bv

Br

� �
þ B

By
2AMD

Bv

By

� �

þ B

Bx
AMD

Bu

By
þ Bv

Bx

� �� �
� 1

q
BDSyyðrÞ

By

� 1

q
BDSyxðrÞ

Bx
; ð26Þ

where f(x, y, t) is the sea surface elevation, which is

equal to MWL; u and v the current speed in x and y

directions, respectively; AM and KM the horizontal and

vertical eddy viscosity, respectively; wV the vertical

speed in sigma coordinates.

The boundary conditions for momentum equations

are as follows: At the free surface

q0

KM

D

Bu

Br
;
Bv

Br

� �
¼ ðsax; sayÞ; r ! 0;

where sa is the surface wind stress. It is taken as zero

in calculation of wave-induced current. At the bottom,

when the wave effect is not taken into account, the

boundary condition is:

KM

D

Bu

Br
;
Bv

Br

� �
¼ czðu2 þ v2Þ1=2ðu; vÞ; r ! �1;

where

cz ¼ max k20=ln
2ðz1=z0Þ; 0:0025

� �
;

k0 = 0.4 is the von Karman constant; z0 the bottom

roughness; z1 the distance between the bottom and the
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center of the lowest grid. In the calculation of wave-

induced current the friction caused by waves should

be added, and the formulae for wave–current friction

coefficient are very complicated (Lou and Ridd,

1996). In the following simulation case, the waves

play a predominant role in the bottom stress. For

simplicity, only the wave friction factor is used

(Swart, 1974):

fw ¼ exp 5:213
ks

Ab

� �0:194

�5:977

" #
; fwmax ¼ 0:3;

where ks is the effective bottom roughness height; Ab

the near-bottom excursion amplitude. Thus, cz is taken

as fw/2. We calculate the bottom friction in the light of

treating the bottom stress for 2-D wave-induced

current. Denote the two horizontal velocity compo-

nents of wave as uw and vw, then the instantaneous

speed of water can be expressed as U = u + uw,

V= v + vw. Then we have:

½sbx; sby� ¼ �qczðU 2 þ V 2Þ1=2ðU ;V Þ; r ! �1;

½s̄bx; s̄by� ¼ �qcz
1

T

Z T

0

ðU 2 þ V 2Þ1=2ðU ;V Þdt;

r ! �1:

Because the distance between the center of the lowest

grid and the bottom is small, in these two formulae,

the horizontal speed of the water mass in a wave at

this mesh center is substituted by the water speed at

bottom. For simplicity, the bottom friction is calcu-

lated by using the absolute average speed of the water

mass in a wave at the bottom:

uwð�1Þ ¼ ax
sinhkD

cosðkx� xtÞcosh;

vwð�1Þ ¼ ax
sinhkD

cosðkx� xtÞsinh;

Auwð�1ÞA ¼ 2

p
ax

sinhkD
cosh;

Avwð�1ÞA ¼ 2

p
ax

sinhkD
sinh:
Denoting:

a ¼ ðuþ AuwAÞ2 þ ðvþ AvwAÞ2;
b ¼ ðu� AuwAÞ2 þ ðv� AvwAÞ2;

we then have:

s̄bx ¼ �qcz
1

T

Z T
2

0

ðuþ AuwAÞ
ffiffiffi
a

p
dt

"

þ
Z T

T
2

ðu� AuwAÞ
ffiffiffi
b

p
dt

#

¼ � qcz
2

½uð
ffiffiffi
a

p
þ

ffiffiffi
b

p
Þ þ AuwAð

ffiffiffi
a

p
�

ffiffiffi
b

p
Þ�;

ð27Þ

s̄by ¼ �qcz
1

T

Z T
2

0

ðvþ AvwAÞ
ffiffiffi
a

p
dt

"

þ
Z T

T
2

ðv� AvwAÞ
ffiffiffi
b

p
dt�

¼ � qcz
2

½vð
ffiffiffi
a

p
þ

ffiffiffi
b

p
Þ þ AvwAð

ffiffiffi
a

p
�

ffiffiffi
b

p
Þ�;

ð28Þ

As for the horizontal eddy viscosity, the method

used by Longuet-Higgins (1970) is adopted; i.e.,

AM ¼ NAxA
ffiffiffiffiffiffi
gD

p
, where N is a non-dimensional

coefficient, with a value of 0–0.016; x the distance

to the coastline.

As for the vertical eddy viscosity, take:

KM ¼ m þ mw; ð29Þ

where m is the common vertical viscosity and mw is the

viscosity caused by wave. The calculation of m follows
Zhu and Fang (1994):

m ¼ m0 þ l2
Bu

Bz

� �2

þ Bm
Bz

� �2
" #1

2

; ð30Þ
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where m0 is the molecular viscosity; l the mixing

length:

l ¼ k0ðzV� z0Þ 1� zV

ð1þ sÞD

� �
;

where s = 0.1 the parameter denoting the surface

roughness; zV = z +D the distance to the bottom.

The calculation of mw follows vahUJpoF (after

Wang, 1984):

mw ¼ bgTHcoshkðzþ DÞ
4pcoshkD

; ð31Þ

where H is the wave height; b = 0.0025 a parameter

from experiment.

The splitting technique used by Xia et al. (1997) is

adopted for the model’s calculation. Because the

Coriolis force is not considered in the wave-induced

current, the predictor–corrector scheme for Coriolis

force term used in the above-mentioned reference is

omitted here.

3.2. An example of wave-induced current calculation

In this paper, only one example of wave-induced

current modeling is given. In this example, simple

bottom topography and normally incident waves are

considered, and the currents are just vertically two-

dimensional. The foregoing 3-D model is of course

competent for this modeling. The reason why we

choose this example is that there exist an analytical

solution describing the wave set-up or set-down and a

laboratory measuring result describing vertical cur-

rents profiles in the similar case, which can be used to

examine the present model.

Longuet-Higgins and Stewart (1964) gave an ana-

lytical solution of wave set-up or set-down on a

straight and gently sloping beach, with the waves

coming into the shore normally. In that paper, assump-

tions are as follows:

dSxx

dx
¼ �qgD

df
dx

; ð32Þ

outside the surf zone dECg/dx = 0, where Cg is group

speed; inside the surf zone the wave height H= rD,

where r = 0.83. Under these assumptions, the wave
sets down outside the surf zone and sets up inside the

surf zone with the function:

f ¼ � H2K

8sinh2kD
ð33Þ

and

f ¼ 1þ 8

3r2

� ��1

ðDB � DÞ þ fB; ð34Þ

respectively, where DB and fB are respectively the

water depth and the value of wave set-down at the

breaking point.

Bijker et al. (1974) measured the mass transport in a

laboratory experiment. They also measured vertical

current profile on a sloping beach. We will simulate

one of their experiments by using the model described

in this sub-section. The modeled wave set-up and set-

down will be compared with the analytical solutions of

Eqs. (33) and (34), while the modeled vertical current

profiles will be compared with Bijker’s observations.

The wave condition follows case ‘‘Wave 5’’ in

Bijker’s experiments. In that run, the beach slope was

1:10; the water depth out of the sloping part was

constant with 0.45 m; the height of incident deep-

water wave 0.181 m; the wave period 1.5 s. At the

bottom, there are artificial symmetrical ripples with

the length of 80 mm and the height of 18 mm. In the

model, the x axis is perpendicular to the shore, with

the origin at the coastline. The model area is 9 m in x

direction; the horizontal grid 0.125 m; the vertical

space step Dr = 0.125; the calculation period 1 h; the

time step 0.002s. The effective bottom roughness

height ks is calculated as follows (van Rijn, 1984):

ks ¼ 1:1Hr 1� exp �25
Hr

Lr

� �� �
;

where Hr is the ripple height and Lr the ripple length.

The modeled results are shown in Figs. 4 and 5.

It can be seen in Fig. 4 that the modeled result

coincides reasonably well with the analytical solution.

The modeling also shows that outside the breaking

point the waves cause MWL to fall with the maximum

set-down at this point; inside the surf zone the waves

cause MWL to increase linearly from the lowest point.



Fig. 4. Wave-induced set-up or set-down.
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The modeled maximum wave set-up and set-down is a

bit smaller than the corresponding analytical solution

respectively, perhaps due to the omission of the

bottom friction in Eq. (32). If bottom shear stress is

induced in Eq. (32),

dSxx

dx
¼ �qgD

df
dx

� sB; ð35Þ

the agreement may be better. In fact, it can be seen in

Fig. 5 that, inside the surf zone, the wave-induced

bottom current is onshore; and the bottom friction

direction is in the opposite direction. If the bottom

friction is omitted, there will be a larger barotropic

gradient to balance the radiation stress gradient.

The vertical sections of modeled current are shown

in Fig. 5. The wave-induced current forms two

vertical circulations with opposite directions, which

are bounded on the breaking point. Outside the surf

zone, the surface water flows onshore, the bottom

water flows offshore, and strong downwelling hap-

pens near the breaking point. Inside the surf zone, the

current speed is smaller than outside, and the flow

pattern is just opposite: The surface water flows
Fig. 5. Wave-induced current insid
offshore, the bottom water flows onshore and strong

downwelling happens also near the breaking point.

These movements are compatible with the surface

slope.

The modeled flow pattern agrees well with

Bijker’s measurement of laboratory experiment,

and the vertical profiles are similar. Outside the

surf zone, the modeled currents have the same order

of magnitude as the measurement. And both model

and observation show that the water flows onshore

in a thinner upper layer and flows offshore in a

thicker bottom layer.

The patterns of wave-induced current in the surf

zone are complex. For example, the reverse flow

pattern in vertical section, so-called undertow in surf

zone was reported (Svendsen et al., 1987) and Dei-

gaard et al. (1991) pointed out that, other than the

radiation stress, there are different factors that can

influence the vertical flow patterns. These different

vertical current patterns in surf zone show that further

studies are needed.
4. Conclusion

In this paper, the concept of the radiation stress in

water waves is extended to its vertical profile. A clear

definition of and the calculation formulae for the

vertical profile of radiation stress are advanced, which

can be well used in 3-D wave–current coupling. In a

case for the sloping beach and normally incident

waves, the vertical 2-D wave-induced currents are

simulated. In this calculated example in vertical sec-

tion inside and outside the surf zone, the modeled
e and outside the surf zone.
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water level agrees well with the analytical result, and

the modeled currents show two vertical circulations,

which agree well with that measured in a laboratory

experiment.

In this paper, only a calculated example of wave-

induced currents over a sloping bottom is given. For

many other topics, such as coastal current, rip current,

wave-induced current over complex topography, as

well as material transport in near-shore waters, etc.,

we hope to carry out more model studies in the

future.
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