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Measurement and prediction of ultralow frequency ocean
ambient noise off the eastern U.S. coast
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Ultralow frequency~0.02–2 Hz! acoustic ambient noise was monitored from January to April 1991
at six ocean bottom stations off the eastern U.S. coast. The depths of the stations ranged from about
100 m to 2500 m. The measured spectra are in good agreement with predictions made using Cato’s
theory @J. Acoust. Soc. Am.89, 1076–1095~1991!# for noise generation by surface-wave orbital
motion after extending the calculations to incorporate horizontally stratified environments.
Contributions from both the linear, single-frequency~virtual monopole! and the nonlinear,
double-frequency~dipole! mechanisms are clearly recognizable in the data. The predictions make
use of directional wave data obtained from surface buoys deployed during the SWADE experiment
and an ocean bottom model derived from compressional wave speed data measured during the
EDGE deep seismic reflection survey. The results demonstrate conclusively that nonlinear
surface-wave interactions are the dominant mechanism for generating deep-ocean ULF noise in the
band 0.2–0.7 Hz. ©2003 Acoustical Society of America.@DOI: 10.1121/1.1568941#

PACS numbers: 43.30.Nb, 43.30.Lz@DLB#
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I. INTRODUCTION

This paper presents results from ECONOMEX, the E
vironmentally Controlled Ocean-floor NOise Monitorin
EXperiment. The overall purpose of ECONOMEX was
study the variability, both with respect to depth and time,
ULF/VLF ~0.001–10 Hz! ambient noise in a continenta
margin region. Six ONR Ocean Bottom Seismomet
~OBS’s!, equipped with differential pressure gauges~DPG’s!
and three-component seismometers, were deployed f
January to April 1991. The sensors were placed off the V
ginia coastline in water depths ranging from 95 m to 2600

A more specific goal of the experiment was to determ
conclusively whether ULF/VLF noise in the ocean~particu-
larly at deep sites!, and the associated seismic activity know
as microseisms, are generated by nonlinear interaction
ocean surface waves. It has long been understood tha
evanescent pressure wave exists under ocean surface w
having frequency equal to the surface waves. The seis
waves generated by these pressure disturbances are re
to as single-frequency microseisms. Because of its evanes
cent nature, however, the single-frequency mechanism
not be the cause of typical ULF/VLF noise levels observed
deep ocean sites. Recognizing this fact, Longuet-Higg1

proposed one-half century ago that the primary source
ULF/VLF noise in the deep ocean is a nonlinear interact
between opposing surface wavetrains, which produces a
evanescent pressure disturbance in the ocean at a frequ
twice that of the ocean surface waves. The resulting seis
activity is known asdouble-frequency microseisms.

More recently, Cato2,3 developed a comprehensiv
theory, based on Lighthill’s analogy, for ocean noise gene

a!Present address: U.S. Army Cold Regions Research Laboratory, CEE
RC, 72 Lyme Rd., Hanover, NH 03755-1290.

b!Present address: Commander, Submarine Squadron 20, 1050 USS G
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tion by the sea-surface motions. The single-frequency no
field is associated with a time-varying mass flux at the s
face, which radiates sound as a distribution of virtual mon
poles. The double-frequency noise field is associated wi
time-varying momentum flux at the surface, which radia
sound as a distribution of virtual dipoles.

Since the mid-1980s, many authors3–13 have provided
good experimental evidence in support of the Longu
Higgins theory. ~See also the recent review article b
Webb.14! Most of the initial studies~Refs. 4–8! relied on
surface wave spectra estimated from mean wind speed m
surements. Kibblewhite and Ewans,9 however, made simul-
taneous measurements of seismic waves and surface
height spectra in 100 m of water. A study by Cato3 involved
simultaneous measurements of noise and surface w
height spectra in a lake. More recently, Babcocket al.,10 Nye
and Yamamoto,11 Herbers and Guza,12 and Tindle and
Murphy13 performed simultaneous measurements of m
croseisms and surface wave height spectra in the open oc
We note that the work described in Refs. 10–12 was par
the ONR Sources of Ambient Microseismic Ocean No
~SAMSON! experiment, which was conducted in October
November 1990 off the coast of North Carolina.

ECONOMEX, which followed shortly after SAMSON
provided oceanfloor noise measurements in the band 0.0
Hz at a wide range of depths over several months. Excel
supporting environmental data were also available. Surfa
wave directional spectra were recorded concurrently as
of the SWADE ~Surface WAve Dynamics Experimen!
project.15 These data are the essential environmental con
needed to test Cato’s theory. SWADE also provided met
rological data such as wind speed and direction. In addit
to the surface-wave directional spectra, accurate modelin
ULF/VLF noise in the ocean requires profiles of compre
sional and shear wave speeds deep into the Earth’s crus
this regard, ECONOMEX benefitted from the availability
deep seismic profiles determined during the EDGE surve16
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FIG. 1. Approximate locations of the
ECONOMEX and relevant SWADE
instruments. ‘‘* ’’ denotes pitch and
roll buoy location, ‘‘3’’ denotes loca-
tion of one ONR ocean bottom seis
mometer~OBS! and two hydrophone
arrays, and ‘‘s’’ denotes the location
of one ONR OBS.
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Using the EDGE data, we are able to estimate the comp
sional and shear wave speed profiles to depths of 10 km,
then incorporate these profiles into a noise prediction mo

The format of the paper is as follows. In Sec. II, w
discuss the ECONOMEX data set and the environmenta
puts ~the SWADE and EDGE data! used by our noise pre
diction model. Our predictive model for the ULF/VLF spe
tra, which is based on Cato’s theory,2,3 is described in Sec
III. Last, in Sec. IV, seafloor pressure spectra fro
ECONOMEX are compared to the model, with special att
tion given to the relationship between changing wave he
conditions and the double-frequency noise field.
3118 J. Acoust. Soc. Am., Vol. 113, No. 6, June 2003
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II. EXPERIMENT

A. ECONOMEX deployments

ECONOMEX was designed to provide a long-term
high-quality, seismo-acoustic data set that could be coup
to the surface wave and meteorological data of the SWA
experiment. The instrumentation consisted of six Office
Naval Research~ONR! ocean bottom seismometers~OBS’s!
and two~one vertical and one horizontal! 75 m, six-element
hydrophone arrays. The instruments were deployed off
Virginia coast in January 1991, recovered in February 19
for maintenance, and redeployed from February throu
f
FIG. 2. Schematic arrangement o
ECONOMEX and SWADE deploy-

ments.
Wilson et al.: ULF ocean ambient noise
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TABLE I. Locations of the ECONOMEX instruments. Positions and depths listed are for the second leg
experiment; those for the first leg differ only slightly. Also note OBS frames 61 and 62 exchanged pos
between the first and second legs, although the instruments on them were exchanged also such that th
ments remained deployed in the same locations.

Instrument name Lat. Long. Depth~m! Deployment dates~1991!

Vert. array 37° 24.78 N 73° 26.88 W 2573 25 Jan–6 Feb; 22 Feb–5 Apr
Horz. array 37° 24.78 N 73° 26.88 W 2573 25 Jan–6 Feb; 22 Feb–5 Apr
OBS 56 37° 24.78 N 73° 26.88 W 2548 25 Jan–6 Feb; 22 Feb–5 Apr
OBS 58 37° 26.48 N 73° 31.48 W 2417 24 Jan–7 Feb; 22 Feb–5 Apr
OBS 61 37° 23.88 N 73° 24.48 W 2600 25 Jan–6 Feb; 21 Feb–4 Apr
OBS 62 37° 33.28 N 74° 14.18 W 769 11 Jan–6 Feb; 22 Feb–5 Apr
OBS 63 37° 34.18 N 74° 16.58 W 443 10 Jan–6 Feb; 22 Feb–5 Apr
OBS 51 37° 35.98 N 74° 21.38 W 95 10 Jan–6 Feb; 22 Feb–5 Apr
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early April 1991. The instrument locations are shown sc
matically in Figs. 1 and 2. Precise locations and deploym
dates are listed in Table I.

The deployed ONR OBS instruments consisted o
three-component geophone for measuring ground motio
the 0.07 to 80 Hz range, a Cox–Webb differential press
gauge~DPG! for measuring long-period pressure signals
the water column, and in the original deployment, an O
hydrophone.18 In the later deployment, these hydrophon
were removed to improve instrument reliability.

The sensors were connected via preamplifiers to an
quisition package consisting of a prewhitening and antial
ing filter, a gain-ranging amplifier to improve dynamic rang
and an analog-to-digital converter. The combined filter
sponse is shown in Fig. 3. The acquisition package fe
recording unit consisting of a RAM buffer and an optic
disc recording system capable of storing 400 megabyte
data. Most of the OBS’s were programmed for continuou
Hz recording, with the antialiasing filter set to 2 Hz; how
ever, one of the devices~OBS 56! was set to record at 12
Hz with its antialiasing filter set to 40 Hz.

The 75 m horizontal and vertical arrays each consis
of six OAS hydrophones at 15 m separation. The hydroph
signals were preamplified by a low-noise, wide-range p
amplifier and sent to acquisition and recording packa
identical to those of the OBS’s, with 128 Hz sampling a

FIG. 3. Amplitude response of the antialiasing and prewhitening filter u
in the ECONOMEX instruments with an 8 Hz sampling rate. Respo
amplitude in dBre 1 V.
, Vol. 113, No. 6, June 2003
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the antialiasing filter set to 40 Hz. In the second deploym
the bottom three hydrophones of the vertical array were
included due to a cable malfunction. The array cable jac
included loose ended fiber strands to reduce strumm
noise.

B. ECONOMEX DPG time series and processing

The focus of this paper is on the DPG time series. Pow
spectra from these data were computed by partitioning
overall time series into records of 4096 samples, each ha
512 s~8.5 min! duration. The responses of the prewhiteni
and antialiasing filter were then removed from each reco
The results, for the entire second observational period
ECONOMEX, are shown in the upper panels of Figs. 4–
These figures are for OBS 51~95 m depth!, OBS 63~443 m
depth!, OBS 62~769 m depth!, and OBS 61~2600 m depth!,
respectively.~The gaps in these figures are intervals wh
data were not acquired.!

The spectra are observed to have a strong depth de
dence. Sound pressure levels at the shallowest sensor~OBS
51!, in the frequency band 0.06–0.12 Hz, are in the ran
150–170 dBre 1 ~mPa!2/Hz. These are the highest leve
recorded at any of the sensors. In roughly the same band
sound levels recorded by the sensors at the greater de
were all between 70 and 90 dB.

At the next shallowest sensor~OBS 63!, levels in the
range 120–130 dB are evident below 0.06 Hz. Compara
levels are evident at OBS 62, below 0.04 Hz. No such l
frequency energy is evident at the deepest sensor~OBS 61!,
at least for the frequency range displayed on the spec
plots. The spectral energy below about 0.12 Hz can be c
fidently attributed to the single-frequency noise field, f
which the spectral energy decays exponentially with incre
ing depth and frequency. As the sensor depth is increa
higher frequencies are unable to penetrate to the bottom

At the deepest sensor~OBS 61, 2600 m!, most of the
spectral energy lies in the band 0.2–0.5 Hz. The levels
hibit considerable temporal variability, fluctuating betwe
about 110 and 145 dB. As will become evident when
examine the surface-buoy data, the variability in the press
field at OBS 61 strongly parallels variations in wave-heig
power spectrum occurring at one-half the acoustic freque
The spectral energy in this band must therefore be
double-frequency generation mechanism created by non

d
e
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FIG. 4. Differential pressure gauge~DPG! power spectral levels for OBS 51~95 m depth!, second deployment. Upper, measurement. Lower, model predic
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ear interaction of opposing wavetrains, as was first sugge
by Longuet-Higgins.1 The double-frequency noise, includin
as it does a nonevanescent component~i.e., a component tha
does not attenuate with increasing depth!, is strong at the
deepest sensor, whereas the single-frequency noise, whi
evanescent, is not observed there. The nonevanescent n
of the double-frequency noise also explains why it is evid
at the other OBS’s with approximately the same strength
OBS 63 and 62~443 and 769 m!, a spectral gap is eviden
between the single- and double-frequency noise. The ga
not present at OBS 51, since higher frequencies attribut
to single-frequency pressure disturbances are able to
etrate to its relatively shallow depth of 95 m. We will d
velop a quantitative model for these effects in Sec. III.

C. Supporting data

1. SWADE surface wave spectra

The SWADE project was an effort to characterize t
sea surface using a variety of sensors and, at the same
measure other relevant environmental parameters.15 The
project included several pitch and roll surface buoys, sate
radar backscatter measurements, SWATH ship array dep
ments, and aircraft overflights. The long-term deploymen
3120 J. Acoust. Soc. Am., Vol. 113, No. 6, June 2003
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the pitch-and-roll buoys is the element of the experiment
direct use in our effort to predict noise generated by surf
wave motion. In particular, the buoys were used to determ
the surface-wave directional spectra required by our no
prediction model. Collection and processing of the SWAD
data are discussed in this section.

The SWADE instrument locations are shown togeth
with the ECONOMEX instruments in Figs. 1 and 2. Prec
deployment locations of SWADE instruments are listed
Table II. The buoys provided one complete set of measu
ments~including a spectral estimate! each hour, allowing us
to update our estimate of the noise field each hour. T
SWADE buoys that were closest to the ECONOMEX instr
ments were Discus C and Discus E. Figure 8 shows w
speed, time rate-of-change of wind direction, and the w
height power spectrum from Discus E for the duration
ECONOMEX. Periods of elevated activity lasting typical
2–3 days are clearly evident in the spectra. These usu
correspond to mid-latitude cyclonic activity in the atm
sphere~storms!.

The wave-height spectral data from the SWADE buo
were provided for frequencies from 0.03 Hz to 0.34 Hz,
0.01 Hz bins. For predicting the noise at the de
Wilson et al.: ULF ocean ambient noise
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Downloade
FIG. 5. DPG power spectral levels for OBS 63~443 m depth!, second deployment. Upper, measurement. Lower, model prediction.
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ECONOMEX site, the data from Discus E were used, wh
predictions of noise at the three shallowest ECONOM
instruments were based on data from Discus C. SWADE
also deployed a SPAR buoy~which had better angular reso
lution than the Discus buoys! near the shallow ECONOMEX
site, but it sank prior to the ECONOMEX deployments.

As is well known, ocean surface waves are dispers
with the relationship depending on water depth. We sho
therefore consider the possible effect of using a surface b
moored in 95 m of water~Discus C! to predict noise at the
443 m and 769 m OBS’s. First we note from the measu
wave spectra that there is little energy below 0.1 Hz in
wave spectrum. If we calculate tanh(kd) ~the depth-
dependent factor of the surface-wave dispersion relation! for
the worst case of 0.1 Hz withd595 m, we find the disper-
sion factor to be less than 1%. Thus any corrections to
wave spectra measured at Discus C for the 443 m and 76
OBS’s are quite small.

Pitch-and-roll buoys, such as the Discus buoys, can p
vide only an estimate of the surface-wave directional sp
trum. Because our ULF/VLF noise prediction model~Sec.
III ! depends strongly on the directional spectrum, the met
used to estimate the spectrum takes on critical importa
J. Acoust. Soc. Am., Vol. 113, No. 6, June 2003

d 27 Jul 2011 to 134.246.166.168. Redistribution subject to ASA license or
d

,
ld
oy

d
e

e
m

o-
c-

d
e.

The case of particular interest is when the wind direct
changes rapidly in time, creating opposing wavetrains on
sea surface. This situation causes the spreading integra~re-
quired for predictions of the double-frequency noise field! to
be large. Among the many methods available we have c
sidered are empirical estimates, the Longuet-Higginset al.17

method, maximum-likelihood ~MLM ! estimates, and
maximum-entropy~MEM! estimates. The reader is referre
to the Appendix for a more detailed discussion of our pro
dures for making the wave-directional estimates.

The four methods of wave-directional spectral estim
tion are compared in Fig. 9. A simulated bi-directional spe
trum was the input. In Fig. 10 we compare estimates of
directional spectra for an actual datum from SWADE: t
0.16 Hz bin from Discus E at 1200 on 27 January 1991. T
datum was chosen as illustrative because it occurs aft
shift in wind direction, and one would expect the true spe
trum to be bi-directional in this case. One can see from
two figures that MEM is most satisfactory in reproducing
sharply peaked, bi-directional distribution. In fact, a b
directional structure is evident only in the MEM estimate
Fig. 10. Hence we decided to use MEM for our estimates
the wave-directional spectrum.
3121Wilson et al.: ULF ocean ambient noise
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Downloade
FIG. 6. DPG power spectral levels for OBS 62~769 m depth!, second deployment. Upper, measurement. Lower, model prediction.
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2. EDGE profiles

In this section, we discuss our procedure for determin
the vertical profiles of the compressional wave speed, sh
wave speed, compressional and shear attenuations, and
sity, as required for input to our noise propagation mod
Due to the long wavelengths involved at the very low fr
quencies of the predictions, the environmental model ne
to be as accurate as possible deep into the earth’s crust

As described in the next section, the propagation mo
is formulated for a horizontally stratified environment. T
environment is partitioned into several layers, each hav
constant seismic properties. The uppermost layer, actua
semi-infinite half space, is the air layer, represented b
vacuum in our model. The next layer down, the water lay
is assumed to have a constant sound speed of 1500 m/s
constant density of 1000 kg/m3. Approximating the water
column as an isovelocity, isodensity layer is quite reasona
for the very low frequencies relevant to the present stud

Below the water layer are 10 to 12 earth layers. D
from a deep seismic reflection study of the U.S. mid-Atlan
continental margin, called EDGE, were used to help de
mine the seismic profiles. The EDGE experiment16 involved
recording refracted seismic waves of 16 s duration off
3122 J. Acoust. Soc. Am., Vol. 113, No. 6, June 2003
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Virginia coast, in the same region as the ECONOMEX a
SWADE experiments. But because EDGE provided o
compressional wave speed data, we were forced to estim
the shear wave speed, compressional attenuation, shea
tenuation, and density profiles. Hamilton’s19 data and equa-
tions were used for this purpose, and we also benefitted f
discussions with other investigators working in the area
geoacoustic modeling.20,21 The resulting profiles for each o
the four water depths~95, 443, 769, and 2600 m! are plotted
in Fig. 11.

III. THEORY AND CALCULATIONS

Our method for predicting the pressure field genera
by surface wave motion is summarized in this section. Ba
on Cato’s theory,2 it includes contributions from virtua
monopoles and dipoles of all orientations. The surfa
distributed monopoles, which are the source of the sing
frequency noise field, correspond to a time-varying mass
across the mean position of the ocean surface. The dipo
which are the source of the double-frequency noise fie
correspond to a time-varying momentum flux.
Wilson et al.: ULF ocean ambient noise
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Downloade
FIG. 7. DPG power spectral levels for OBS 61~2600 m depth!, second deployment. Upper, measurement. Lower, model prediction.
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Cato’s equation for the double-sided spectral densityPM

from the monopoles is

PM~v!5r2c2E
2`

`

C33~v,k!

3H0~v,k,z!H0* ~v,k,z!
dk

~2p!2 , ~1!

wherev52p f is the angular frequency,c the sound speed in
the water column,k the horizontal wave number of the su
face gravity wave,z the depth, and the superscript aster
denotes the complex conjugate. The quantityC i j is the
cross-spectral density between the velocity component
the surface,ui and uj , with subscripts 1 and 2 indicatin
horizontal axes, and 3 the vertical axis, which originates

TABLE II. Locations of the SWADE Discus buoys.

Instrument
name Lat. Long.

Water depth
~m!

Discus E 37° 20.08 N 73° 23.58 W 2670
Discus C 37° 32.18 N 74° 23.58 W 102
Discus N 38° 22.18 N 73° 38.98 W 115
J. Acoust. Soc. Am., Vol. 113, No. 6, June 2003
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the surface and is oriented downward. The quantityH0 ,
called the monopole coupling factor, includes the effects
interference, source directivity, and spreading. Specifica
for an infinitely deep, cylindrical ocean of radiusR, H0 is
given by @Ref. 2, Eq.~72!#:

H0~v,k,z!5
v

2c E0

R exp~2 ivr /c!

r
J0~kr̂ ! r̂ d r̂, ~2!

where r̂ 25x21y2 is the horizontal displacement, andr 2

5 r̂ 21z2 is the total distance from the source to the receiv
The dipole contributionsPD are given by@Ref. 2, Eq.

~48!; also Ref. 3, Eqs.~1! and ~A7!#

PD,i j ~v!5r2E
2`

`

@F i3 j 3~v,k!1F i33j~v,k!#

3Hi~v,k,z!H j* ~v,k,z!
dk

~2p!2 , ~3!

where

F i j ,m~v,k!5C i ,~v,k!* C jm~v,k!, ~4!
3123Wilson et al.: ULF ocean ambient noise
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Downloade
FIG. 8. Data from SWADE Discus E buoy, during the time period of ECONOMEX second deployment. Upper, wind speed~solid line! and rate-of-change of
wind direction~dashed line!. Lower, wave height power spectrum.
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with the asterisk denoting convolution in both frequency a
wave number.@No sum over repeated indices is implied
Eq. ~3!.# The dipole coupling factors are

H1~v,k,z!52 i ~kc/v!cosaH0~v,k,z!, ~5!

H2~v,k,z!52 i ~kc/v!sinaH0~v,k,z!, ~6!

H3~v,k,z!5
c

v

]

]z
H0~v,k,z!, ~7!

wherek5(kx ,ky)5(k cosa,ksina).
Using the surface-wave dispersion relation, Eq.~3! can

be reduced to3

PD,i j ~v!'pr2F v̂4

k̂

dv̂

dk
V2~v̂ !G

v̂5uv/2u

3I i j ~ uv/2u!Ki j ~ uvu,z!, ~8!

where

I i j ~v!5E
0

2p

G~v,a!G~v,p1a!

3uhi~ k̂~v!,a!uuhj@ k̂~v!,a#uda ~9!

is called the surface-wavespreading integral, V~v! is
the surface-wave-height power spectrum,G(v,a) is the
surface-wave directionality function,k̂(v) is the wave num-
ber satisfying the surface-wave dispersion relationv2
3124 J. Acoust. Soc. Am., Vol. 113, No. 6, June 2003
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d5gk̂tanhk̂h, h1(k,a)5 i cosa coth(kh), h2(k,a)5 i sina
3coth(kh), h3(k,a)51, and

Ki j ~v,z!5E
2`

`

Hi~v,k,z!H j* ~v,k,z!
dk

~2p!2 ~10!

is called thecoupling integral. Working with the definitions
of the dipole coupling factors, Eqs.~5!–~7!, it is not difficult
to show that

K11~v,z!5K22~v,z!

5
c2

2v2 E
0

`

H0~v,k,z!H0* ~v,k,z!
k3 dk

2p
, ~11!

K33~v,z!5E
0

`

H3~v,k,z!H3* ~v,k,z!
k dk

2p
, ~12!

andKi j 50 if iÞ j . Hence only the virtual dipoles havingi
5 j contribute to the pressure field, and the total dipole fi
is given byPD5PD,111PD,221PD,33.

Accurate calculations of the spreading integral, Eq.~9!,
are difficult to achieve in practice. Recall from Sec. II C
that we use a maximum-entropy method~MEM! to attempt
to improve spreading-integral calculations derived fro
pitch-and-roll buoys.

Because the ocean bottom can significantly affect
propagation of sound waves in the water column, even p
ticularly at ULF/VLF frequencies, it is worthwhile to exten
Cato’s analysis to the case of a horizontally stratified oc
and seabed environment. Such an extension is actually q
Wilson et al.: ULF ocean ambient noise
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FIG. 9. Estimates of the directional spectrum ofG(a)5N(cos8(a/2)
1cos10(a/21p/4)), wherea is the azimuthal angle, andN is chosen to
normalize the spectrum. The MEM estimate was made using the Lyg
Krogstad algorithm mentioned in the text. The MLM estimate was m
using an algorithm by Lacoss~Ref. 35!. The LCS estimate refers to th
weighted average of the first five Fourier coefficients suggested by Long
Higginset al. ~Ref. 17!. The empirical estimate was made by estimating
parameters from the first five Fourier coefficients and using the empiric
formula G(a)5N cos2s(a/2).

FIG. 10. Estimated spectra derived from the 0.16 Hz data bin from
Discus E buoy on January 27, 1991 at 1200 hours. The estimates were
using the methods discussed in Fig. 9.
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straightforward when we realize the close relationship
tween Cato’s coupling factors and the depth-depend
Green’s functions often employed in ocean acoustics. F
we make the observation, that, in Eq.~2!, the factor
exp(2ivr/c)/r is simply the free-space Green’s function for
monopole,G0 , which is the solution to

]2G0

]r 2 1~v/c!2G0524pd~r !. ~13!

In fact, for an ocean of infinite radius, Eq.~2! shows that the
monopole coupling factor is proportional to the Hank
transform of the Green’s function. Hence

H0~v,k,z!5
v

2c
g0~v,k,z!, ~14!

where g05*0
`G0(v, r̂ ,z)J0(kr̂) r̂ d r̂ is the depth-dependen

Green’s function. From Eq.~7!, it is evident thatH3 is pro-
portional to the depth-dependent Green’s function for a v
tical dipole,g35]g0 /]z,

H3~v,k,z!5 1
2g3~v,k,z!. ~15!

Equations~1! and ~3! can be interpreted physically a
follows. To find the pressure spectrum in an infinitely de
ocean, one decomposes the Green’s function for the ap
priate source type into its horizontal wave number com
nents by calculating the Hankel transform, takes the squa
magnitude, multiplies by a source power proportional to
wave height power spectrum~or a convolution product! at
each horizontal wave number, and then integrates over
horizontal wave number space. In fact, this procedure
calculating propagation from a surface distribution of no
sources has been given previously forarbitrarily stratified
environments by Kuperman and Ingenito.22 Their Eq. ~20!
becomes, in our notation,

P~v,z!5
v2

c2 E
2`

`

P~k!ug~v,k,z!u2dk, ~16!

–
e

t-

e
ade

FIG. 11. Profiles used in the ULF/VLF noise model calculations.~a! Com-
pressional wave speed.~b! Shear wave speed.~c! Density. Dotted line, 100
m water depth. Dashed line, 443 m water depth. Dashed–dotted line, 7
water depth. Solid line, 2600 m water depth.
3125Wilson et al.: ULF ocean ambient noise
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where P is proportional to the acoustic intensity,P is the
power spectral density of the surface-distributed sources,
g is the depth-dependent Green’s function. By settingP
}C33 for the monopoles, andP}F i3 j 31f i33j for the di-
poles, it is recognized that Cato’s theory provides the sp
tral density function for Kuperman and Ingenito’s gene
equation for noise generated by surface-distributed sou
in a horizontally stratified environment. Alternatively, Cato
expression for the acoustic fields carries over to the cas
arbitrary stratification, so long as the appropriate dep
dependent Green’s function is used. That is, we can cont
to apply Eqs.~1! and ~3! to arbitrarily stratified environ-
ments, while using Eqs.~14! and ~15! to determine the cou
pling factors.23

For the predictions in this paper, the ocean and unde
ing bottom were allowed to have depth-dependent comp
sional wave speed and attenuation, shear wave speed
attenuation, and density. The vertical profiles were piecew
constant. The depth-dependent Green’s functions co
sponding to these profiles were computed using a fast fi
program~FFP! written by Wilson,24 which is based on the
global-matrix algorithm developed by Schmidt an
Tango.25,26 The FFP can also accommodate monopoles
dipoles that are positionedon ~as opposed to just below o
above! the air/sea interface; this capability is required f
predicting the noise from sea-surface motion.

Once the depth-dependent Green’s functions for
monopoles and dipoles have been determined by the
they are multiplied by the appropriate forms of the surfa
wave directional spectrum~Sec. II C 1! in accordance with
Eqs.~1! and~3!. The magnitude squared of the Green’s fun
tion is multiplied by the source strength~surface-wave spec
trum!, and then integrated over the horizontal wave num
space. The final result is pressure as a function of freque
and depth.

IV. ANALYSIS AND DISCUSSION

A. Comparison of the model and measurements

Model predictions, made with the methodology d
scribed in the preceding section, are shown in the lower p
els of Figs. 4–7. The SWADE spectra usually had a lo
frequency cutoff at 0.03 Hz and a high-frequency cutoff
0.34 Hz~cf. Fig. 8!. This limits the predictions for the single
frequency noise field to the frequency range 0.03–0.34
whereas the double-frequency predictions are limited
0.06–0.68 Hz. Furthermore, the SWADE spectra were o
unavailable at frequencies greater than the 0.03 Hz cu
~due to difficulties associated with integrating accelerome
data to obtain wave height!, thus causing a jagged edge o
the low-frequency end of the spectra and further restrict
the frequency range of the predictions.

Agreement between the data and the predictions is
for OBS 61, at 2600 m depth. For the most part, the mag
tude and spectral shape of the experimental data are a
rately predicted. There are cases, however, where the m
predicts higher pressures than were measured~e.g., the
storms occurring on yeardays 60–64!, as well as cases wher
the model predicts lower pressures~e.g., the storms occur
3126 J. Acoust. Soc. Am., Vol. 113, No. 6, June 2003
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ring on yeardays 72–74 and 86–87!. The likely causes are
the low angular resolution of the surface-wave measu
ments, and the assumption of uniformity in the horizon
source distribution.

An interesting discrepancy between the predictions a
the measurements occurs at the two intermediate de
~OBS’s 63 and 62!, in the frequency range of the double
frequency noise field. At these depths the predictions hav
systematic bias not evident at OBS 61, being about 10
higher than the measured levels. This could be caused by
greater bottom slope at the intermediate depths, which m
reflect some of the energy away from the continental slo
region. ~Recall that OBS 61 was located on the continen
rise, whereas the other sensors were deployed on the ste
continental slope.! A more sophisticated propagation mod
incorporating lateral variability might successfully predi
this trend.

The model successfully predicts the spectral gap
tween the single- and double-frequency noise at the inter
diate depths, when SWADE data are available for sufficien
low frequencies. Like the double-frequency noise, the lev
predicted for the single-frequency noise are somewhat h
However, the relative strengths of the single- and doub
frequency noise are well predicted. At the shallowest sen
OBS 51, the model predicts that a double-frequency no
with strong temporal variability should be evident abo
about 0.2 Hz. This is not borne out by the experimental sp
tra, though, which show little temporal variation on tim
scales associated with storm activity. The model also pred
a narrow spectral gap at slightly below 0.2 Hz, although
such gap is actually observed. During certain periods~e.g.,
yeardays 71–83!, the OBS 51 data exhibit harmonics wit
spacing of about 0.1 Hz in the band 0.2–0.6 Hz. Kibblewh
and Wu28 have suggested the existence ofmth-frequency mi-
croseisms (m.2), which, like the double-frequency mi
croseisms, are produced by nonlinear interactions. Altho
Kibblewhite and Wu indicate that themth-frequency mi-
croseisms will generally be negligible, they are perhaps e
dent in our data. Or, as pointed out by reviewers of t
paper, the harmonics could be caused by shear-wave m
in the sediment or by nonlinear instrument response.

B. Effect of changing wave conditions on the double-
frequency noise field

As discussed above, there is good overall agreement
tween the predicted spectral levels at most frequencies in
band of double-frequency microseisms. In this section
perform more detailed comparisons for selected times du
ECONOMEX with differing wind and wave conditions.27,29

Figure 12 shows an example of a case where ther
particularly good agreement between the predictions and
measurements. The data are for OBS 61, the 2600 meter
Figure 13 shows similar results at OBS 63, the 443 me
site. Shown with the spectra are the calculations of both
wave-height power spectrumV~v/2! and the spreading inte
gral I 33 from the appropriate SWADE data. While the pr
dicted and observed levels at a given frequency may di
up to 5 dB, there is generally good correspondence betw
the two. It is interesting that in many of the compariso
Wilson et al.: ULF ocean ambient noise
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small peaks exist in the observed levels which are presen
the predictions at the same frequencies but with differ
magnitudes. One can see from the inputs that the sprea
integral plays a key role in determining the shape and m
nitude of the predicted spectra. These two figures repre
particularly good agreement between predicted and obse
spectra.

More typical of the level of agreement are Figs. 14 a
15, where we can see close agreement at frequencies ar
the spectral peak, but differences away from the peak of
more dB is sometimes evident. In general, the overall sp
tral shape is correctly predicted, but the peak is broade
narrower in the observed spectra, giving rise to large dif
ences in the high-slope region on the low-frequency side
the peak. In the predictions from the shallow site, there

FIG. 12. ~a! Observed~solid line! and predicted~dashed line! spectral levels
for 1/27/91 at 1800 hours, in dBre 1 mPa2/Hz. Observed spectrum is from
the OBS 58 differential pressure gauge~DPG!. Predicted spectrum is base
on data from the Discus E buoy.~b! Wave height power spectrum in dB
10 logV2(v/2), whereV~v/2! has units m2/Hz. ~c! Spreading integral in dB,
10 logI33(v/2).

FIG. 13. ~a! Observed~solid line! and predicted~dashed line! spectral levels
of 2/23/91 at 1400 hours, in dBre 1 mPa2/Hz. Observed spectrum is from
the OBS 63 DPG. Predicted spectrum is based on data from the Disc
buoy.~b! Wave height power spectrum in dB, 10 logV2(v/2), whereV~v/2!
has units m2/Hz. ~c! Spreading integral in dB, 10 logI33(v/2).
J. Acoust. Soc. Am., Vol. 113, No. 6, June 2003
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tendency to predict levels that are too high in the band
Hz to 0.2 Hz. Since this band corresponds to the peak in
bottom response in the shallow case, errors in the bot
model may account for this difference.

The observations show an increase in noise level w
wave height, and good agreement between observations
predictions at moderate~;1 to 3 m! wave heights is eviden
in Figs. 12–15. At very low predicted noise levels, whic
correspond to times of low wave height, there is a dispa
between predictions and observations. An example of thi
the developing wave field of the early hours of January 27
Discus E, as depicted in Fig. 16. As one can see in Figs
and 18, agreement is good at frequencies correspondin
the peak in the predictions as the wave field develops, but
low levels predicted away from the peak are not confirm
by observation. A possible cause of the error in the pred

C

FIG. 14. ~a! Observed~solid line! and predicted~dashed line! spectral levels
for 2/23/91 at 0700 hours, in dBre 1 mPa2/Hz. Observed spectrum is from
the OBS 58 DPG. Predicted spectrum is based on data from the Disc
buoy.~b! Wave height power spectrum in dB, 10 logV2(v/2), whereV~v/2!
has units m2/Hz. ~c! Spreading integral in dB, 10 logI33(v/2).

FIG. 15. ~a! Observed~solid line! and predicted~dashed line! spectral levels
for 2/27/91 at 1500 hours, in dBre 1 mPa2/Hz. Observed spectrum is from
the OBS 63 DPG. Predicted spectrum is based on data from the Disc
buoy.~b! Wave height power spectrum in dB, 10 logV2(v/2), whereV~v/2!
has units m2/Hz. ~c! Spreading integral in dB, 10 logI33(v/2).
3127Wilson et al.: ULF ocean ambient noise

 copyright; see http://asadl.org/journals/doc/ASALIB-home/info/terms.jsp



h a
the
th

us

us E

h a
the
the

Downloade
FIG. 16. Meteorological data as measured at Discus E on 1/27/91.~a! Wind
vector. The direction of the arrow indicates the direction of the wind, wit
downward arrow indicating a wind from the west. The magnitude of
arrow indicates the wind speed with the wind speed scale given on
vertical axis.~b! Wind speed and wave height.

FIG. 17. ~a! Observed~solid line! and predicted~dashed line! spectral levels
for 1/27/91 at 0600 hours, in dBre 1 mPa2/Hz. Observed spectrum is from
the OBS 58 DPG. Predicted spectrum is based on data from the Disc
buoy.~b! Wave height power spectrum in dB, 10 logV2(v/2), whereV~v/2!
has units m2/Hz. ~c! Spreading integral in dB, 10 logI33(v/2).
3128 J. Acoust. Soc. Am., Vol. 113, No. 6, June 2003
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FIG. 18. ~a! Observed~solid line! and predicted~dashed line! spectral levels
for 1/27/91 at 0900 hours, in dBre 1 mPa2/Hz. Observed spectrum is from
the OBS 58 DPG. Predicted spectrum is based on data from the Disc
buoy.~b! Wave height power spectrum in dB, 10 logV2(v/2), whereV~v/2!
has units m2/Hz. ~c! Spreading integral in dB, 10 logI33(v/2).

FIG. 19. Meteorological data as measured at Discus E on 3/04/91.~a! Wind
vector. The direction of the arrow indicates the direction of the wind, wit
downward arrow indicating a wind from the west. The magnitude of
arrow indicates the wind speed with the wind speed scale given on
vertical axis.~b! Wind speed and wave height.
Wilson et al.: ULF ocean ambient noise
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FIG. 20. ~a! Observed~solid line! and predicted~dashed line! spectral levels
for 3/04/91 at 1000 hours, in dBre 1 mPa2/Hz. Observed spectrum is from
the OBS 58 DPG. Predicted spectrum is based on data from the Disc
buoy.~b! Wave height power spectrum in dB, 10 logV2(v/2), whereV~v/2!
has units m2/Hz. ~c! Spreading integral in dB, 10 logI33(v/2).

FIG. 21. Meteorological data as measured at Discus E on 2/22/91–2/2
~a! Wind vector. The direction of the arrow indicates the direction of t
wind, with a downward arrow indicating a wind from the west. The mag
tude of the arrow indicates the wind speed with the wind speed scale g
on the vertical axis.~b! Wind speed and wave height.
J. Acoust. Soc. Am., Vol. 113, No. 6, June 2003
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tions at low wave heights is the assumption of spatial hom
geneity of the source wave field. Under very low local wa
height conditions, it is possible for a much stronger wa
field at some distance to dominate the noise field, thus m
ing the predictions made from the local wave field ve
much in error. Another possible cause of the differences
der low wave height conditions is the existence of an u
known source mechanism generating acoustic energy, wh
noise is normally dominated by that caused by orbital m
tion. Under low source strength conditions for the orbi
motion noise, this presumed source may now dominate,
ing rise to the errors noted above. The predictions in gen
are in reasonably close agreement when measured signifi
wave height is above about 1 meter. For the period of
ECONOMEX data, roughly 77% of the wave height me
surements are above this threshold.

E

1.

-
en

FIG. 22. ~a! Observed~solid line! and predicted~dashed line! spectral levels
for 2/23/91 at 0300 hours, in dBre 1 mPa2/Hz. Observed spectrum is from
the OBS 58 DPG. Predicted spectrum is based on data from the Disc
buoy.~b! Wave height power spectrum in dB, 10 logV2(v/2), whereV~v/2!
has units m2/Hz. ~c! Spreading integral in dB, 10 logI33(v/2).

FIG. 23. ~a! Observed~solid line! and predicted~dashed line! spectral levels
for 2/23/91 at 0400 hours, in dBre 1 mPa2/Hz. Observed spectrum is from
the OBS 58 DPG. Predicted spectrum is based on data from the Disc
buoy.~b! Wave height power spectrum in dB, 10 logV2(v/2), whereV~v/2!
has units m2/Hz. ~c! Spreading integral in dB, 10 logI33(v/2).
3129Wilson et al.: ULF ocean ambient noise

 copyright; see http://asadl.org/journals/doc/ASALIB-home/info/terms.jsp



te
at
n
ns
f
d
re
at
h
a
he
ic
le
at
el

ave

ata
n-
ig.
for

rved
ted
the
t the
s a

b-
as

d in
. 12
ela-
ing
rall

to
ter
and
ate
of

the
ng
n-
sea

he
d

is-
ble-
er-
ce
on

are

al-

igher
ak
idly

ncy
r-

all
the
the
ec-
fre-
th,
ely

th is

us

us

Downloade
We can see from the data of March 4~with meteorologi-
cal conditions shown in Fig. 19 and observed and predic
spectra seen in Fig. 20! that the predictions again deviate
very high wave height conditions corresponding to stro
winds at relatively constant direction, with the predictio
being higher than the observations. The disagreement at
quencies corresponding to the peak is up to 10 dB un
these conditions. There is, however, the same general t
in the observed noise data as exists in the predictions, th
higher levels at higher wave heights and wind speeds. T
would tend to indicate the wave directional spectral estim
provided by the MEM technique is overestimating t
spreading at these high wave heights. Alternative empir
models, which are based on strong, steady winds, predict
spreading under these conditions than do the MEM estim
~Fig. 9!. The observations match the predictions fairly w

FIG. 24. ~a! Observed~solid line! and predicted~dashed line! spectral levels
for 2/23/91 at 0500 hours, in dBre 1 mPa2/Hz. Observed spectrum is from
the OBS 58 DPG. Predicted spectrum is based on data from the Disc
buoy.~b! Wave height power spectrum in dB, 10 logV2(v/2), whereV~v/2!
has units m2/Hz. ~c! Spreading integral in dB, 10 logI33(v/2).

FIG. 25. ~a! Observed~solid line! and predicted~dashed line! spectral levels
for 1/27/91 at 1500 hours, in dBre 1 mPa2/Hz. Observed spectrum is from
the OBS 58 DPG. Predicted spectrum is based on data from the Disc
buoy.~b! Wave height power spectrum in dB, 10 logV2(v/2), whereV~v/2!
has units m2/Hz. ~c! Spreading integral in dB, 10 logI33(v/2).
3130 J. Acoust. Soc. Am., Vol. 113, No. 6, June 2003
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in the region of frequencies above the peak under high w
height conditions.

The predictions agree quite well with the observed d
under conditions of changing wind direction. We can co
sider the wind shift of February 23 at 0200, depicted in F
21, as typical. The observed and predicted noise levels
subsequent times are shown in Figs. 22–24. The obse
noise spectrum changes with time roughly as the predic
spectrum does. Of particular note is the broad peak in
observed spectrum at 0400, and the higher levels seen a
peak from 0300–0500. Again the spreading integral play
major role in determining the spectral shape.

It is also interesting to examine the predictions and o
servations during a time of highly variable conditions such
those of the afternoon of January 27, which were depicte
Fig. 16. Observations and predictions are seen in Figs
and 25, for 1800 and 1500, respectively. Again we see r
tively close agreement, with the increased spreading add
to the noise as the wave height diminishes to keep the ove
noise level fairly constant.

V. CONCLUSIONS

ECONOMEX has provided a unique opportunity
compare ULF noise spectra recorded in different wa
depths over a 10 week period. The experimental results,
the accompanying model predictions, clearly demonstr
that surface-wave orbital motion is the primary cause
noise in the frequency band 0.02–2 Hz. The fact that
model predictions hold well under conditions of changi
wind direction, for which the double-frequency noise is e
hanced, demonstrates that wind turbulence acting on the
surface~which would depend on the wind speed but not t
direction! is not a significant mechanism of ULF/VLF soun
generation.

The surface-wave motion generates noise via two d
tinct mechanisms. These are referred to as single-and dou
frequency noise fields. The former is due to linearly gen
ated pressure fluctuations following a single surfa
wavetrain, while the latter results from nonlinear interacti
between opposing surface wavetrains. Both mechanisms
clearly evident in the ECONOMEX data.

The single-frequency noise field is strongest at the sh
lowest sensor~95 m!. Levels as high 160 dBre 1 mPa2/Hz
were measured, and there appears to be generation of h
harmonics by finite amplitude effects. The intensity and pe
frequency of the single-frequency noise decreases rap
with depth, as would be expected. The single-freque
noise exhibits little temporal variability, relative to the su
face wave spectra.

The double-frequency noise field is observed at
depths and exhibits little depth dependence. Also, unlike
single-frequency counterpart, the temporal variations in
double-frequency noise closely track the surface-wave sp
tra, except at the shallowest sensor. Because the peak
quency of the single-frequency noise diminishes with dep
whereas the peak of the double-frequency noise is relativ
constant, a spectral gap whose width increases with dep
observed.

E

E
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Most features of the data are well predicted by t
theory of Cato,2,3 which we have extended to accommodat
horizontally stratified ocean and seabed. Some of the
crepancies between the data and predictions may be attr
able to lateral variability in the environment, particular
since the experiment was performed in a continental sh
slope region. More sophisticated modeling efforts, accou
ing for lateral variation in the ocean and seabed as well as
source function~i.e., the surface-wave field!, should improve
agreement with the data.

The importance of the wave-directional spectrum in d
termining the overall noise level is apparent from this stu
Any models based on empirical relationships using w
speed as their input would have to also include the gro
and decay of the wave field resulting from changing wi
direction. Models that predict directional wave spectra fro
a knowledge of wind speed alone are doomed to failure
general, due to their assumption of a fully developed wa
field, and to the changing nature of the true wave field.

This work has also demonstrated the key role played
the propagation environment, particularly the geoacou
bottom model, in determining the overall levels and shape
the acoustic noise spectrum at extremely low frequenc
This observation is consistent with the work of Schmidt a
Kuperman.30 Hence it is imperative that the propagation e
vironment be taken into account if one wishes to comp
actual source levels between two different locations. Oth
wise differences in the bottom site characteristics co
cloud important correlations or lead to incorrect conclusio
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APPENDIX: DETERMINATION OF THE SURFACE-
WAVE DIRECTIONAL SPECTRUM

In this Appendix we consider the angular resoluti
available from the SWADE Discus buoys. Longuet-Higgi
et al.17 were the first to investigate the angular response
such pitch and roll buoys. They pointed out that if the wav
lengths of the sea surface motion are large with respect to
buoy diameter, the buoy tends to have the same motion
orientation as the surface. Then, if the vertical displacem
and the two angles of pitch and roll are measured, one
three time series: the vertical displacementz, and its spatial
derivatives]z/]x and]z/]y. We denote these three quan
ties asj1 , j2 , andj3 , respectively, in the following discus
sion.
J. Acoust. Soc. Am., Vol. 113, No. 6, June 2003
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The vertical displacement may be represented using
following stochastic integral:

j15ReE
S

exp@ i ~kxx1kyy2vt !#dS. ~A1!

Then, since (kx ,ky)5(k cosa, ksina), we can write our
other two time series as

j25ReE
S
ik cosa exp@ i ~kxx1kyy2vt !#dS,

~A2!
j35ReE

S
ik sina exp@ i ~kxx1kyy2vt !#dS.

Next we form co-spectraCi j (v) and quadrature spectr
Qi j (v) from the time seriesj i andj j , finding

C11~v!5E
0

2p

F~v,a!da,

C22~v!5E
0

2p

k2 cos2 aF~v,a!da,

C33~v!5E
0

2p

k2 sin2 aF~v,a!da,

~A3!

C23~v!5E
0

2p

k2 cosa sinaF~v,a!da,

Q12~v!5E
0

2p

k cosaF~v,a!da,

Q13~v!5E
0

2p

k sinaF~v,a!da,

whereF(v,a)5V(v)G(v,a) is the frequency-directiona
spectrum of the sea surface elevation. The Fourier coe
cients ofF(v,a) are defined as

an~v!1 ibn~v!5
1

p E
0

2p

einaF~v,a!da, ~A4!

where

F~v,a!5
1

2
a01 (

n51

n5`

@an cos~na!1bn sin~na!#. ~A5!

Now we can see that the right-hand sides of Eq.~A3! are
related to these Fourier coefficients as follows:

a0~v!5
1

p
C11~v!,

a1~v!5
1

pk
Q12~v!, b1~v!5

1

pk
Q13~v!, ~A6!

a2~v!5
1

pk2 @C22~v!2C33~v!#, b2~v!5
2

pk2 C23~v!.

The pitch and roll buoy hence provides the first five coe
cients in the Fourier series describing the directional sp
trum of the sea surface elevation, each coefficient bein
function of frequencyv. We must now use these five Fourie
coefficients to find estimates of the wave-height power sp
trum V~v! and the directionality functionG(v,a).
3131Wilson et al.: ULF ocean ambient noise
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Our estimate of the wave-height power spectrum is
vious from inspection of Eq.~A5! and our definition of the
co-spectra:

V~v!5E
0

2p

F~v,a!da5pa0~v!5C11~v!. ~A7!

The best estimate for the directional spectrum is not
simple. An obvious choice would be to try the truncated s

G~v,a!5
1

2p
1

1

pa0
~a1 cosa1b1 sina1a2 cos 2a

1b2 sin 2a!. ~A8!

This sum is actually a convolution of the true direction
spectrum with a weighting function, and considerab
smoothing results in the estimated spectrum. Unfortunat
calculations of the spreading integral,I 33 @Eq. ~9!#, made
using this type of directional spectrum estimate can
shown to be in error by factors as large as 103.27 Other
weighted averages of the first five Fourier coefficients can
made, but they also produce an unrealistically smooth e
mate.

Several investigators have fit empirical curves to m
sured directional spectra. Longuet-Higginset al. have sug-
gested the wave directional spectra fit the form17

G~v,a!}ucos2s~a/2!u ~A9!

where the spreading parameters is a function of frequency
and wind speed. Kibblewhite and Wu31 used an empirica
relationship to finds based on the wind speed and frequen
and then calculatedI 33 analytically. One could also match th
measured first five Fourier coefficients to the first five Fo
rier coefficients of the empirical spectrum cos2sa/2 to esti-
mate the parameters, as suggested by Longuet-Higgin
et al.,17 and hence calculateI 33. However, the data used t
develop the empirical formula are generally taken under c
ditions of steady wind speed and direction. In our field da
the wind speed and direction can vary significantly, givi
rise to wave fields with different directionality, and in ge
eral a broader directional spectrum than that predicted by
empirical formula. Therefore, we would expect predictio
of I 33 calculated from spectra derived from empirical form
las to be lower than the true value under variable meteo
logical conditions. In particular, if the true directional spe
trum is bi-directional~two peaks corresponding to two wav
fields generated by winds in different directions! there can be
significant energy in opposing wave directions which is n
predicted by the cosine power curve. Donelanet al.32 have
suggested a better fit to the data is found in a sech2 ba dis-
tribution with b being the spreading parameter, but estima
of I 33 based on estimates ofb are also too small.

Another approach would be to use a data adaptive s
tral estimation technique such as the maximum-likeliho
method~MLM !, or the maximum-entropy method~MEM!.
These methods have the common characteristic that the
five Fourier coefficients of the directional spectrum are u
to estimate the remaining ones. The MEM technique
been shown by Lygre and Krogstad33 to give a much more
peaked distribution than the MLM technique, and also
3132 J. Acoust. Soc. Am., Vol. 113, No. 6, June 2003
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solves bi-directional wavefields more satisfactorally.~Ex-
amples were given in Sec. II C 1.! Both of these features o
the MEM technique are important for accurate calculatio
of the spreading integral. Hence MEM should give the b
results in our application.

Our algorithm for producing MEM estimates largely fo
lows Lygre and Krogstad.33 We begin by defining a Fourie
series for the directional spectrumG(a) ~suppressing for
now the dependence onv! on the interval~2p,p! as

G~a!5
1

2p (
n52`

`

cneina, c051, c2n5cn* . ~A10!

The entropy ofG is defined by

H~G!51YE
2p

p

log~G~a!!da. ~A11!

It has been shown by Burg34 that the function maximizing
H(G) subject to the constraint that the coefficientscn equal
some knownck for k<N is

G~a!5
1

2p

ue
2

u12f1e2 ia2¯2fNe2 iNaGu2 , ~A12!

wheref1¯fN and ue
2 are obtained from the Yule–Walke

equations

F 1 c1* ¯ cN21*

c1 � � ]

] � � c1*

cN21 ¯ c1 1

G3F f1

]

]

fN

G5F c1

]

]

cN

G , ~A13!

and

ue
2512f1c1* 2¯2fNcN* . ~A14!

In our case we haveN52 with c15(a12 ib1)/a0 and c2

5(a22 ib2)/a0 . We can now solve this system of equatio
to find fn in terms ofcn ,

f15~c12c2c1* !/~12uc1u2!,
~A15!

f25c22c1f1 .

Finally, we can substitute these into Eq.~A12! to find our
directional spectral estimate

G~a!5
12f1c1* 2f2c2*

2pu12f1e2 ia2f2e2iau2 . ~A16!

We now have an estimate of the angular distribution of
wave energy at each frequency which reproduces the
five Fourier coefficients, and uses these coefficients and
Yule–Walker equations to extrapolate the remaining coe
cients.
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