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THE STOCHASTIC CAUSTIC*
B. S. WHITEt

Abstract. The propagation of a high frequency initially plane wave through a homogeneous and
isotropic random medium with small, order O(c), fluctuations in index of refraction is investigated using
geometrical optics. It is shown that caustics occur along every ray in a distance scale of order O(c *a)
where a is the correlation length of the medium. On this scale the ray angle deviations are small, of order
O(a*®), while the ray position deviates O(1) from its deterministic value. Furthermore, it is shown that
ift=y 1735 where s is arclength along a ray,

o 2
y=2 I dr(1 —a—> R(r),

o ror
and R(r) is the correlation function of the medium, then as a function of ¢ the probability density of
distance to first caustic is as o >0 a universal curve, with no free parameters and thus does not depend
on the detailed statistics of the random medium. For small values of ¢ this density is given by the asymptotic
formula f(t)=(a1/t*) exp {~a,/t3}, with a,=1.7399*, a,=.6565". These results parallel results of V.
Kulkarny and.B. S. White for two-dimensional random media, where the analogous small ¢ formula has
been shown to be valid into the initial region of caustic formation, and may thus be used to determine, in
an experimental situation, whether or not caustic formation is likely.

1. Introduction. In [1] the propagation of high frequency waves or weak shocks
in a two-dimensional medium with small statistically homogeneous and isotropic
random inhomogeneities was investigated using geometrical optics. It was shown that
despite the assumed smallness, of order O(c), of the index of refraction fluctuations,
a plane wave propagating long distances, of order 0(0-'2/ *a), where a is the medium
correlation length, will develop singular amplitudes, or caustics. Furthermore the
probability distribution of the distance along a ray to first caustic formation is given,
for small o, by a universal curve; that is, under general hypotheses, the detailed
statistics of the random medium are irrelevant to the form of the caustic probability
curve, contributing only a single scale factor computable from the medium correlation
function.

Recently, the two-dimensional theory has been verified by the Monte-Carlo
simulations of Hesselink [2], who has experimentally reproduced the universal caustic
formation curve with the predicted scale factor.

In this paper, the main results of [1] will be extended to treat the fully three-
dimensional problem. It is assumed that the normalized propagation speed (reciprocal
of the index of refraction) is of the form

(1.1) c(x)=1+0é(x),

where 0 <o « 1, and ¢ is a mean zero homogeneous and isotropic random field, with
correlation function

1.2) R(x))=E[¢(x")é(x"+x)].
Then, if

) 2 1/2
(1.3) yo= (2 L (% a%) R() dr)
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128 B. S. WHITE

and
(1.4) t=(oy2)*"s,

where s is arclength along a ray, then the probability density of distance to first caustic,
written as a function of ¢, is asymptotically as o > 0 a universal curve. For small values
of ¢ this curve takes the simple form

(1.5) £~k exp {—%}

with approximate values of a;, a, given by
(1.6) a,=1.7399", a,=.6565".

The analogous small ¢ expression for the two-dimensional problem has been
shown to be valid into the initial region of caustic formation [1]. It may thus be used
to determine, in an experimental situation, whether or not large amplitudes are likely.

In [1] the two-dimensional formula analogous to (1.5) was also used as part of
an approximation giving f(¢) for all values of t. To accomplish this for the three-
dimensional problem it is necessary to solve numerically a linear parabolic partial
differential equation with singular coefficients, as will be shown here. The numerical
work will be deferred to a future publication.

2. Rays and wavefront curvatures. The phase, ¥, of a wave propagating according
to the laws of geometrical optics satisfies the eiconal equation [3]

(2.1) |V[? =217,

where ¢ =c(x) is the (normalized) propagation speed. The surfaces of constant ¥ are
wavefronts and the curves everywhere orthogonal to the wavefronts are rays. Equations
for the rays can be obtained from (2.1) and this orthogonality condition. We denote
the ray emanating from x, by x(s) where s is arclength along the ray. Then if [ is the
identity matrix, the ray equations take the form

dx d V1 1

T
=V = —(I-VV{)Ve,
Is 1 Is C(I 1V1)Ve

(2.2)
with initial conditions
(2.3) x(0) = xo, V1(0) = U,.

Here V; is the unit tangent to x(s). Let V,, V3 be the unit normal and binormal
respectively. Then the Frenet formulae [4] give equations for V, V,, Vj:

avi_ av, avs
2.4) =kVa ds

where « is the curvature and 7 the torsion of the space curve x(s). Equations
(2.5)—(2.10) are discussed in more detail in the Appendix, § 8. Let

=—KV2+’TV3, =—TV2,

(2.5) ¢;i=Vec -V, cii = V:-TVVCV,-.
Then
C2 Ci13
.6 =—-==
(2.6) K o s
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THE STOCHASTIC CAUSTIC 129

Now a caustic occurs when one of the two principal normal curvatures of the
wavefront becomes infinite. From the Appendix the two principal normal curvatures
of the wavefront at the point x(s) are represented as the eigenvalues of a 2x2
symmetric matrix R, with elements

2.7) Ri(s)=c(x(s) Vi ()VVE(x(5) Vjuals),  6j=1,2.
R satisfies the propagation equation
(2.8) disft = —R*+ r(MR—RM) +%ﬁ+(’).
Here
(2.9) M=[ 0 1], Q=—1[022 "23].
-1 0 CLCy3 C33

In (2.8), (2.9) 7, ¢;, c;; are evaluated along the ray, that is, at x(s).
For a wavefront which is initially plane, we have the initial condition

(2.10) R(0)=0.

It is now assumed that ¢ is of the form (1.1) with o small, and ¢ a mean zero
homogeneous and isotropic random field. We introduce the scaled variables ¢, U, y
defined by

t
(2.11) t=0?%s, Vi=Uy+c*U, x =xo+—373Uo+y.

Thus, for ¢, of order O(1), s will be lélrge. Furthermore, we have anticipated that the
fluctuations in V; are O(o-z/ %), those in x, O(1). Then from (2.2), (1.1) we have

(2.12) 1
== ~UU5IVE+ 0™+ |U)).

Here ¢ is evaluated along the ray, i.e.
o a ¢
(2.13) vé =Vc(xo+07/—3Uo+y).

We have also the initial conditions
(2.14) y(0)=U(0)=0.

Now by definition (2.11), V; = Us+ O (0>"*|U ). We will derive similar approxima-
tions for V,, Vs valid for long distances s = /o> with ¢ of O(1).
Forj=2,3

0=V, V1=V, Up+O0(*|U)),
so that
(2.15) V- Uo=0(*|U|) forj=2,3.
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130 B. S. WHITE

We now work in a fixed Cartesian coordinate system with V1(0)=U,=(1,0, 07,
V2(0)=(0,1,0)", V3(0)=(0,0,1)". Then

Vi=(1,0,0"+0(*?U)),

Vi=0, v, vi?)+0o@™?|lu)), j=2,3.

Note that from (2.5), (2.6), (1.1) the curvature, «, of the ray is small, of order
O(o), while the torsion, 7, is order O(1). We next approximate V,(-Z), V}” forj=2,3.
From (2.4), (2.12) we obtain

dv. T
2.17) E%=7§V3—a
Thus on the distance scale on which ¢ is O(1), V,, V3 undergo rapid random rotations
with angular speed O™ 3). Let the 2 x 2 matrix P be defined as

(2.16)

1/362 d":; T
2y “er3s_ _ V.
b dt P2

V(ZZ) VgZ)
2.18 P= [ ] .
( ) V(23) V(33)
From (2.16), (2.17), (2.18) we have that
(2.19) ‘%= —;;731)1\7[ +0(o|U)), PO)=LIL

Now let E satisfy

dE T

20 oo =1
(2.20) ” angM, E0)=1I.
Clearly

cos§ —sind
(2.21) E= [sin 6 cos 67] ’
where
t/a2/3
(2.22) @)= I 7(h) dh.
0

Since E is a rotation matrix, E” =E™', and |[E|| is bounded. Theretore, from (2.19),
(2.20)

4 onT _

4 PE =0(@lU D,
and hence
(2.23) P(t)=-E()+O(a||U]),

where |U||=|U (t)| +[, |U (k)| dh. Thus V3, V5, V3 are determined approximately from
(2.16), (2.18), (2.23).

We next change basis of the representation of R in such a way as to remove,
approximately, the troublesome torsion terms in (2.8). Thus, let

(2.24) R=ERE".

Clearly the eigenvalues of R are the same as those of R, and therefore are the principal
normal curvatures of the wavefront at x (s). Substitution of (2.24) into (2.8) yields,

da _02/351_3

(2.25) ds dt

= —ﬁ2+-cc—1ﬁ+EQET.
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THE STOCHASTIC CAUSTIC 131

Now let 3/dx; be a derivative in the fixed direction given by V;(0), and let Q(¢) be the
2 X 2 matrix with elements

1 & t
(2.26) Q;(t)y=—= ¢ <x0+0_2/3 U0+)’)-

C 0Xit1 0Xj41

For i,j =1, 2 we have from (2.15), since Q is O(c), that

(2.27) Q= —% k‘lzzz v, axizgx, v +0@*?|U)).
Therefore from (2.18), (2.26), (2.27)

(2.28) Q=PQP" +0(c*"*|UI).
Substitution of (2.23) into (2.28) then yields

(2.29) Q=EQE" +0(c*"*|U|).
Substitution of (2.29) into (2.25) then yields

(2.30) 5’;1‘1 = 0'2/3%ﬁ =R +CC—1f{+ Q+0(*"|U).

The equation (2.30) now has the torsion terms removed, and the matrix Q of
second derivatives of ¢ now has those derivatives, via (2.26) in fixed directions that
do not rotate with V1, V5, V.

Direct approximations to R are not possible since, as will be shown, the eigenvalues
of R become infinite for finite (random) ¢. Small errors in the determination of this
value of ¢ will thus give infinite errors in any approximation to R. To circumvent this
difficulty, the Ricatti equation (2.30) will be reduced to a linear equation by the
inclusion of more variables. Thus, let A be defined by

(2.31) st";:ﬁ‘&’ A0)=1I

Letting B=RA we obtain the linear matrix equations
d - = d = < < =
—~A=B, —B=QA+0(|UA]+o[B).

(2.32) o
Now letting ¢ = o*>s and

(2.33) A=A, B=¢"7%B,

we have that on the ¢-scale

d ~ A
—A=B8,
dt

@3 e s

D Cxpx Cxoxs | 2 A A~
dg—Ta[e= SR+ 00 4o YU A+ B,
o CX2X3 CX3X3
Here
(2.35) ‘—azc‘(x+tU+)
. Cx,-xj—'axi ax,. 0 0_2/3 oTyJ.
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132 B. S. WHITE

Equations (2.34) are now properly scaled for the limit of the next section. We
note here what this scaling implies qualitatively for the actual curvatives, the eigen-
values of R. Note that

(2.36) R=c?*BA".

Now £ =detR, the product of the principal normal curvatures, is the Gaussian
curvature of the wavefront at x(s). With this interpretation, the scaling (2.36) shows
the behavior of £ if well behaved limits for ﬁ, A are obtained. As long as det Ais
bounded away from zero, £ is small, of order O(a*®). However, in the relatively
small distance (when viewed on the ¢ =35 scale) that it takes for det A to pass
through zero ¥ must become infinite. The geometrical picture is then this: the patch
of wavefront traveling with the ray x (s) first propagates substantially as a plane wave,
i.e., its curvature is small; the formation of a caustic appears almost instantaneous on
the ¢ distance scale. If this phenomenon is observed experimentally, it may well be
misinterpreted as implying a strong inhomogeneity in the velocity field in a neighbor-
hood of the caustic. However, this impulsive behavior is predicted by the scaling law
(2.36) when fluctuations in index of refraction are small.

3. The limit equations. We now apply the Papanicolaou-Kohler theorem [5] to
the results of the last section, after dropping the error terms. From (2.12) we have
the two vector equations

0
dy au 1 4.
1 —= — = v |
3.1) a dt o ; 2
with initial conditions
(3.2) y(0)=U(0)=0,
and the two 2 X 2 matrix equations
dA . dB 1 [c c]

3.3 —=B, = __ A22 Aza A,
(3.3) dt B dt a? Craxs Cxaxs

with initial conditions
(3.4) AO)=1, BO)=0.
Here, of course,
da t
éy, =(—3;—ic(x0+;_7-3-U0+y> ,
with a similar expression for .

Note that, from (3.1), u®=y® =0, so that taking x, as the origin and writing
in Cartesian coordinates we have that

1 1 t @
. _ ; ) 3
0_1/3Cxi —0_1/3Cxi(a_2/3,)’ sy )a

with a similar expression for ¢, To apply the limit theorem, we need to assume a
“mixing hypothesis”. This means roughly, that the values of ¢ in sets &, B of physical
space become asymptotically statistically independent as the distance between & and
2B becomes large.
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THE STOCHASTIC CAUSTIC 133

We now apply the Papanicolaou-Kohler theorem, using the easily proven
identities that if R (r) is the correlation function of ¢ [1.2] and if

_ [ (x1+1, X2, x3) 8 (x1, X2, xs)]
qij(r) ‘—E[ 6xi axj ’
3 (x1+1, x2, x3) ¢ (x1, X2 x3)]
3.5 i =E[ 3 2 9 ’ ,
3-5) (") ox; 9%; Xk
E(x1+r, x, x3) 3°E(x1, X2, X3)
qijkl(") =E
0x; 0X; 0Xy 0X;
then
19 . .
qij(r)=—7 5R(r)6,-j forl?ﬁl,];él,
(3.6) Qi(r)=0 fori#1l,j#1,k#1,

19\°
Qi (r) = [(; 5) R(r )] [8:6k1 + 8ubju + 8]

fori#1,j#1,k#1,1#1.

Here &; is the Kronecker delta.

The result of the limit theorem is then that (y, U, A, B) converges weakly as a
stochastic process (on %[0, #] for any t,) to (7, U, A, B), where (7, U) is statistically
independent of A, B (this independence is basically a consequence of g;x =0 in (3.6)).
Then (y, U) satisfy the Ito stochastic differential equations

§P=a®=0,

(3.7) dy®=a® a, dia® =y, dB,
dy®=a®dy,  da®=vy.dB..

Here B,, B3 are independent Brownian motions and

©14R \'?
(3.8) 71—(—2L ;;dr) .

Thus, on this scale the ray deviations, a?,q® are independent Brownian

motions, and the positions 7, 7® are their integrals. This corresponds to a result
of Chernov’s [6], but is here derived by an honest method in the sense of J. B. Keller
[7]. We also see the scale on which this result holds, i.e., propagation distance is of
order O(o~*?), the ray angles are of order O(c*?), but the ray positions have deviated
O(1) in the plane orthogonal to the initial direction of propagation.

We now turn to the limit equations for A, B. Letting, for i, j =1, 2, A;;, B;; be the
elements of A, B we obtain the infinitesimal generator (Kolmogorov backward
operator) in the form

>
4 d d

1
. = — +Bi'_,
(3.9) Z 27 8B;dBu  9A;

where the summation convention is implied. The coefficients a ™' are given by

(3’ 10) a ikt = 'Y% [aimakp + aikamp + aip6mk ]Am]Apla
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134 B. S. WHITE

where
) 1 9 2 1/2
(3.11) ya= (2 L (7 ;) R(r) dr) .
The generator £ corresponds to the Ito stochastic differential equation
(3.12) dA;=Bydt,  dBi=himnAm; B,

where B, are independent Brownian motions. Since

a™ dt = dBi; dBi = himnrhionAmApi dt,
himnr may be determined, via (3.10), by the (nonunique) factorization
(3.13) Himnrhiconr = V3 [8imBip + SitBmp + BipBmc -

Equation (3.13) may be solved by writing the 16 components of A;.,,., as a 4 X4 matrix
3 with components

(3.14) himnr = 2k(i,m),k(n,r)>
with k(1,1)=1,k(2,2)=2,k(1,2)=3, k(2, 1) = 4. The equation for A then becomes

3100
(3.15) r_ 2(1 3 00
2= 01 1)
0 011
with a conveniently chosen factorization
Y2 1.0 0
Y2 -1 0 0
(3.16) =
=720 5 91 of
0O 010
Then Ay, dB.r may be determined from
dBu V2 dB11+dBa
dB2 ‘/Edﬂu—dﬂzz
3.17 3 = ,
( ) dB1s Y2 dB1,
df2 dB1z

so that A;,,., dB, may be written as the matrix of stochastic differentials

2 ‘/Edﬂu"'dﬁzz B2

(3.18) H= .
dB12 ‘/Edﬁu—dﬁzz

Therefore we obtain from the expression (3.12)

(3.19) dAi,' = B,‘,' dt, dBij = (HA),','.
Now the constant y, may be set equal to unity by the rescaling
(3.20) ’=v3",  Bj=v""By
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THE STOCHASTIC CAUSTIC 135

We then obtain universal equations for A, B with no free parameters. We will drop
the primes in (3.20) and write the equations fully. They are

dA=Bdt,

o e} Gy aous ) Jonc)a

A0)=1, B(0)=0.

Thus the random coefficient in (3.21) consists of the sum of three independent white
noises multiplied by three Pauli spin matrices.

We may now transform to find the equation satisfied by R=BA ™. R satisfies
the stochastic Ito—Riccati equation

1
0

01

o 1 o] [
dR Rdt+~/’2'[0 L] dBu+ Lo

_(1)] dﬁzz"’[ ] dBia,

3.22
(3.22) R(0)=0.

4. Evolution of the principal normal curvatures. Now the two principal normal
curvatures of the wavefront are related to the eigenvalues, A1, A, of R by scaling. To
determine the first distance at which a caustic occurs, we look for values of ¢ at which
one of A1, A, becomes infinite. To obtain evolution equations for A ;, A,, we diagonalize

R. Let
cos§ —sinf
“.1) D= [sin 0 cos 6]
be the rotation matrix that puts R in diagonal form, i.e.,
A1 O
4.2 D'RD = [ ! ] .
4.2) 0 A,

Now 8, A1, A are functions of R. d@, dA 1, d\, are therefore stochastic differentials, e.g.,
do=¢odt+¢1dB11+P2dB12+d3dB20,

where ¢; are nonanticipating functionals of B11, B22, B12. To obtain equations for
d6, dA 1, d\,, Ito calculus [8] must be used. Thus, many terms appear in the following
calculations which would not appear in ordinary calculus, e.g.,
—sind —cos @ 1 [—cos 8 sin 0] 2
= += de)”.
“3) b [ cos § —sin 0] dé 2L—sin§ —cos @ (d9)
By proceeding in this way and using (3.22) the following three equations are obtained
from the expression for
A1 O ]
d [ ;
0 A

dXy= =A% dt +V2 dB 1y +cos 26 dB 2, +sin 20 dB1,

(4.4)
+(A2—A1)(d8)*—2sin 20 dB2> d6 +2 cos 20 dB 1> db,
@5) dAy= —A%dt+\/§dﬂu—cos 20 dB2>—sin 26 dB12
' +(A1—A2)(d8)*+2 sin 20 dB2> d6 —2 cos 26 dB 1, db,
(46) 0= (Az"Al) d@ —sin 26 d322+COS 20 dﬁu

—2cos 20 dB2> dg —2 sin 26 dB 1, dé.
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136 B. S. WHITE

Multiplication of (4.6) successively by dB11, dB22, dB12 yields the three equations
4.7 dB11do =0,

(4.8) (A2—A4) d0 dB,>=sin 20 dt,

4.9) (A2—A1) d0 dB12=—cos 26 dt.
Putting (4.8), (4.9) into (4.6) yields

(4.10) (A1—A2) d6 = —sin 20 dB2»+cos 26 dB1».
Squaring (4.10) we obtain

4.11) (A1—12)*(d6)* = dt.

Now substitution of (4.7)-(4.11) into (4.4), (4.5) yields

412)  dr= —(A% + ) dt+V2 dB 1, +c0s 260 dBy+sin 20 dBs,

1
(A2—A1)

(413) dA2=—(A%+ ) dt+\/§ dﬁll“‘COS 20d322—sin 20d[312

1
(A1—A2)

The relevant equations are now (4.10), (4.12), (4.13). These may be simplified
further by defining 81, B2, B3 by

dpi=dB,
(4.14) dpB, = cos 26 df,,+sin 20 dB,,
dﬁ3 = —sin 26 dﬁ22+COS 26 dﬂlz.

Note that dB; dB; = 8; dt. B1, B2, B3 are therefore independent standard Brownian
motions. In terms of them (4.10), (4.12), (4.13) become

1 —_
— 2
(4.15) A= (Al+————(A2_M))dt+~/2dﬂl+d[32,
1 —
= (24— -
(4.16) d\y= (A2+(A1_A2))dt+~/2dﬁl B2,
(4.17) 49=0""30

These equations may now be contrasted with that of the two-dimensional theory,
where the single wavefront curvature Z satisfies [1]

(4.18) dZ =-Z*dt+dp.

(The scaling convention is chosen somewhat differently for this case.) The three-
dimensional theory is thus quite similar to that of (4.18), except that the two curvatures
have correlated noise terms and repel each other inversely as their separation. Because
of the repulsion term, A; and A, cannot coalesce for any ¢ >0, although they may
become arbitrarily close.

Now, for an initially plane wave, A1(0) =A,(0)=0. The eigenvalues separate
instantaneously for ¢ >0, say A; <A,. Then A1 <A, for all ¢. If A satisfies

(4.19) dx =—A"dt +V2 dB,+dBs,
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THE STOCHASTIC CAUSTIC 137

then
dhi+ATdt=dr +A%de + 1 dt <d\ +A\?dt.
[A1—A2]

Therefore

t

d(exp [ i)+ 2261 d5) 1013060 <0,

0
and hence
(4.20) A(®) <A (e).

Since, by the two-dimensional theory, A - —00 for some finite ¢ with probability one,
(4.20) implies the same for A ;. That is, a caustic occurs in finite t-distance with probability
one.

This caustic will be formed by one of the principal normal curvatures becoming
negatively infinite; that is, the ends of the patch of wavefront focusing will be further
advanced along the direction of propagation than will be the middle of the patch. To
rule out positively infinite curvatures, we consider the equations for

(421) f=A1+A2, p=|)\2—'A1|.
For A1 <A, the Ito equations for ¢, p can be computed from (4.15), (4.16). They are

dt =5(&*+p) dt +2v2 dBs,
(4.22)

dp = (%—pf) dt—2 dp,.

We may compare £ to A defined by
di=—-%+2v24dB;,  A(0)=0.

As in the comparison of A; with A, we obtain that £ <A, and hence that £ > —00 for
some finite ¢ with probability one. Furthermore, the probability that £ >+ is zero
since +00 is an entrance boundary for A[1].

Finally, note that (A4, A,) form a diffusion Markov process without the necessity
of including 6 in the state space. The angle § merely performs a one-dimensioal
random walk on a random time scale governed by (A1—A;); the rotation speeds up
when the curvatures are close and slows down when they are far apart.

The forward Kolmogorov (Fokker-Planck) equation for the probability density
P(t, A1, A2) of (A1, A3) at distance ¢ is given, from (4.15), (4.16) as

Spun o )
P‘—zp““+P*“2+2P‘2*2+3A1( Mmalt

v ([3-5= )

For an initially plane wave the initial condition for (4.23) is
(4.24) P(0,A1,42)=8(A1)8(A2).

_Equivalently, we may consider ¢, p defined by (4.21). The probability density
P(t, & p) of & p is given by the solution of

(4.23)

(4.25) B= 4P+ 2B+ (516 +071P) +5%([p§ —f]P) ,
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138 B. S. WHITE

with initial condition for a plane wave
(4.26) P(0,&,p)=06(£)8(p).

5. Small ¢: probability rays in curvature space. We will first investigate the initial
separation of A, A, for very short distances ¢ « 1. For extremely small ¢ £, p are also
small so that we may neglect quadratic terms in (4.22) to get

5.1 d§==2~/§dﬂ1, dp=%dt—2 dp..

Thus, while & p are both still small, they are approximately independent, with ¢
performing a random walk, and p behaving like a Bessel process; that is, the equation
for p is the same as that satisfied by the radial part of a two-dimensional Brownian
motion viewed in polar coordinates. Thus the joint probability density Pt ¢&p)ofép
can be written down easily as

— _ 1 __L 2 2
(5.2) Pt 0)~ =0 exp |-+ 2 )}

The corresponding density for A;, A, is then

[A1—=A,]

(5.3) P(t,A, Ay) =~
1 A2) 16Vt

exp {—1—;7[3)‘% —2A1A2+3A%]}.

Evidently, the probability of caustic formation can be neglected on the scale for
which (5.3) is valid. We shall next obtain an asymptotic expansion valid into the initial
region of caustic formation. Equation (5.3) will be used as a matching condition for
extremely small ¢.

Let 0<e « 1, and define

Wy Ap=e',

(5.4) t'=¢

Thus for & fixed, ¢’ order one, ¢ will be small. We therefore obtain an approximation

for small ¢ if ¢’ is held fixed and € - 0. It is emphasized that & has no physical significance

and is introduced here only for convenience in applying an asymptotic method.
Putting (5.4) into (4.23), and dropping the prime notation, we obtain

3 3
Pt =€(§PA1)‘1+P,\1,\2+§P)‘2,\2)+A%P)‘1+A%P)\2

[Pr,—Py,] 2P
[A1—A2] +[M -Az]z) '

(5.5)

+2()\1+A2)P+€(

We proceed to apply a W.K.B. method developed by Ludwig [9] for parabolic
equations. Thus, let

(5.6) P~e 'y
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to obtain
Ad A3
_i‘u.}. ‘—_( ¢4\1 +¢4\1¢A2+ ¢)‘2) ﬂu_&u
& € &
(5 6) - (3¢4\1u4\1 + u)q¢/\2 + u/\2¢hl + 3¢4\2u1\2) +A %u)q + A %u)sz
' 3
- u(§¢m1 +¢A1A2+¢4\2/\2) ((&\1' ¢'\)2) u+2A1+A)u

3 3 (u)‘ — U\ ) 2u
+el= + += - L2 .
5(2 Ban Tl 2“*2*2) T WP WE
By equating, in (5.6), the coefficients of £ ' we obtain
(5.7 B +30%, +rbr, T 363, — A 1dr, —A3s, = 0.

By equating the coefficient of ¢° we obtain

[r,— D)
[A1—A2]

+ur, (A - 3dr,— dr,) Hun,(A 3- 3¢r,— Pr,).

The method and terminology now mimic that of geometrical optics. Thus (5.7) is an
‘“eiconal equation” for the “phase”, ¢ of the solution given by (5.6). Equation (5.8)
is a “transport equation” for the ‘“amplitude”, u of (5.6). The “eiconal” equation
may be solved by the method of ‘“rays”, which are its characteristics. A matching
condition, for small ¢, is given by considering the “canonical problem” (5.1), which
has solution (5.2). For the remainder of §§ 5 and 6, the geometrical optics terminology
will be used for these ‘‘probability rays in curvature space”, without, it is hoped,
causing confusion with the physical rays of the true eiconal, equation (2.1).
The equations of the rays are

i = 1’ ¢.t = Oa
(5.9) M=-21+3¢s+dr,  A=—A3+3d,+ s
flé)q =2M1da, ¢.A2 =2\2¢,.

The dots in (5.9) represent derivatives along the ray path. From the first of equations
(5.9), these may be identified with z-derivatives. Since the rays emanate from (A, A,) =
(0, 0) at t = 0, we have the initial conditions that

3 3
U= _u(§¢hh+¢h1h2+§¢h2h2_ _2[A1+)‘2])

(5.8)

(5.10) )\1=A2=0, ¢A,=a1, ¢)‘2=a2, for t=0.
Here a1, a, parametrize the ray, and the mapping (a1, @2)=> (A1, A2) gives, for fixed
t, a covering of (A1, A,)-space by rays. To determine ¢ at a point (A, A,) and fixed ¢

we must determine the ray that reaches (A1, A,) at £. ¢ can then be found by integration
along this ray of the equation

(511) ¢.=%¢il+¢)\l¢l\2+%¢i2’
with initial conditions

(5.12) $=0 fort=0.
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Note that once ¢ and its first and second derivatives have been determined, the
transport equation (5.8) can be solved as a linear ordinary differential equation for u
along a ray
(5.13) u= (_%¢A1A1 —¢4\14\2_%¢A2A2+2[)‘1+A2]+[—IE¢AL:'__()‘#2A]21) u.

Here we may think of A;, ¢y, éa,, as functions of ¢ and the ray parameters, e.g.,
A= Ai(t, aq, az), etc.

Since second derivatives of ¢ are needed in (5.13), and these are not obtained
directly from solution of (5.9), we will also need propagation equations for the second
derivatives of ¢ along a ray. For a;, a, fixed let ¢, (£, @1, a3) be the 2 X 2 matrix with
elements ¢y, (¢, a1, az). Then, by the chain rule,

(5.14) O = Prar = Pra(ha)
where
d 0
(Pra)ii = a—‘¢ai(t, ay, az), (Aa)ij =——Ai(t, a1, a2).
o daj

By differentiation of the ray equations (5.9) with respect to «;, we obtain propagation
equations for A,, Pra:

d S o] [3 1]
(5.15) dre e 2[ PN LV B

dt¢Aa(taal,a2) 2[ 0 b, +2 0 A b
(5.16)

ol ol o

Thus, by differentiating (5.14) and using (5.15), (5.16) we obtain a matrix Ricatti
equation for ¢,,

s goumtlty 2Joaly Dousraly Del] Yo

Equivalently, we may obtain from (5.17) a matrix Ricatti equation for the propagation
of ¢xx along a ray
d ,_ 31 _1fA O Ay 07, ) 07,_

oo gt} Yoy [y el JJe
( ) dt¢4\)& 1 3 ¢)&)& 0 Az 0 A2 ¢)&A 2¢/\A 0 ¢A2 ¢4\4\

To complete the specifications, it remains to give initial conditions for u, @, as
t} 0. These quantities are necessarily singular as ¢} 0 since P must reduce to a delta
function at ¢ =0. The correct matching condition can be obtained by use of the

canonical problem (5.1) with solution (5.3). By putting back the scaling (5.4), and
matching amplitude and phase from (5.6), we obtain

(5.18) u ~e‘5/6% ast}0,
ul
(5.19) ¢~1—2;(3A%—2A1A2+3A§) as t 0.
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THE STOCHASTIC CAUSTIC 141

Now in ray coordinates we have from (5.9) that, for very small ¢,
A1=A2~2(dr, — )t ~2(a1 —a)t,
so that (5.18) may be rewritten along a ray as

(5.20) u~essleaad t10.
8Vt
Similarly, differentiation of (5.19) gives that
113 -1
(5.21) ¢)‘)‘~8t [_1 3] as th,

or equivalently,

31
1 3] >0 ast|0.

The equations of this section do not appear solvable in closed form. We shall,
however, use them in § 6 to determine, in closed form, the caustic probability curve.
For this purpose we need two implicit relations, equations (5.27) and (5.30) below,
‘which will now be derived.

From (5.9), ¢, =0, and hence ¢, is constant along a ray. Therefore, from (5.7)
we have that along a fixed ray

(5.22) ot~

(5.23) 363, +drbr, 301, =ATdr, +A3ds, + Ci,
where
(5.24) Cy=3%a? +aja+3a3

is constant along a ray. Putting (5.23) into (5.11) yields

(5.25) ¢t ar, a2)=Cit+ I (Aidr, +A38,)(s, a1, @2) ds.
0

But, since from (5.9) d},\,. =2A,,, We obtain from (5.25) upon integration by parts
and further use of (5.19)

10, .
) =C1t+§j (A1r, +A2¢y,) ds
0
1 1( 2 2
(5.26) = Cit+3(0ibn +habi) jo (A2s, + A2y, ds

EP 3.2
—j (54’,\1 +¢A1¢A2+§¢Az) ds.
0
Now use of (5.25), (5.26) and (5.11) yields, upon rearrangement, the final implicit
formula for ¢,
(5.27) B (t, ar, a2) =3Cat +ai102+3a3) +3(A 1, +A202,).
Next, an implicit relation will be derived for u. From (5.13),

‘(3 3
u(t’ ai, a2) = u(tO’ aq, az) exp {j (_E(ﬁ)q)q _¢/\1A2—§¢A2A2
to

(5.28)

+2[A1+)¢2]+[¢)“;¢'\2]) ds}.

[A1—A2]
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Now from (5.9)

d
—A1—A2)=A3-A% +2(dr, — Pro),

dt
so that
t _ 1 1t
e O (R
Hence
|A1 —A2|1/2

u(t, ay, az)=Cslay, az) p

(5.29) . ,
ex {éj (A2 )ds—J (345 it od —1) s}
p 2 b 1 2 b 2 A1A1 A1Ag 2 A2A2 s
where the 1/s term has been inserted in the exponential to cancel the singularity at

s =0 as determined by (5.22). The integration constant C, may be determined by
matching to (5.20). Then the final implicit result for u is that

e 2a—a) (A=) |2
u(ta ai, a2)~ )
t T
530 5( ‘(3 3 1
* €Xp {5 ,[) (A1 +A2) ds —,[) (§¢,\1)‘1+¢,\1,\2+§¢)‘2,\2_;> ds}-

6. A closed form expression for the initial region of caustic formation. In this
section, we will use the equations of § 5 to derive a simple expression for the caustic
probability curve, valid into the initial region of caustic formation. We first write (5.5)
in the form of a conservation law,

6.1) P.=V-J,

where the probability flux vector is given by

e(éP,q+lP,\2)+(Af— £ )P

6.2) 2 2 [A1—A5]
3 1 2 € ) '
E(ZP"’ 2P"‘) ()‘2 )
Now if T is the (random) distance to the first caustic we have that
o) o0
(63) P{T>t}=J j P(t,A1,A2) dA dAz,
—00 J—c0

since P{T >t} is the probability that A, A, are still finite by distance ¢. If

(6.4) fit)= —%P{T >

is the probability density of the random variable 7, we have from (6.1), (6.3) that

M oM
(6.5) ft)= —Alll_lgo J_M LM (V-T)dridA,.
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THE STOCHASTIC CAUSTIC 143

Let Q) be the square of side 2M centered at (A1, A) = (0, 0). From the divergence
theorem,

66) foy==tim [ -v)ds,

where v is the outward-pointing normal to dQ),. We label the sides of 9{),, by
I',i=1,2,3,4 asin Fig. 1. Let

6.7) Ik(M)=—j (J - v)ds, k=1,2,3,4.
(M)
A
r
(M,m)
l'1 Qu
My
M
(-M,-M)
r4

FIG. 1. Region of integration in the (A, A,)-plane.

Then from (6.2) we have that

6 L=I —jM( [3P +1ip ]+[A2— € ]P)d}\
6:8) S TV b I N N0 A A
I=I,= jM [3P +1ip ]+[A2— £ ]P)dA
(6.9) 1= i _M(E 2 TR T T 1)
Putting the W.K.B. Ansatz (5.6) into (6.8), (6.9) we obtain,
Mo, 3 1 ¢
(610) Il ~—‘J' (A 1 __¢/\1__¢A2) u exp {_—} dAz .
M 2 2 € A =—M
Mo, 3 1 ¢
6.11) L~[ (A3-2¢n-360)u e [~ ar,
-M 2 2 € A2=M

The integrals in (6.10), (6.11) will be evaluated asymptotically as ¢ | 0 by Laplace’s
method; thus only points corresponding to a minimum of ¢ on dQy, will contribute
to the final result. We will show that in fact ¢ - +00 on all of I'; as M -» o0, so that
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the contribution from I, can be neglected altogether. This is to be expected since,
from the results of § 4, {A,~ +co for finite ¢} is an event of zero probability. Further-
more, it will be shown that there is a single minimum of ¢ on I'; which asymptotically
gives the total contribution to ;.

Equation (5.23) may be solved alternately for ¢4, ¢, to obtain

(6.12) 3¢y, +dr,—AT = (580 (Bar + @) V(A3 —¢1,)° +6C1 + 61361, — 963,
(6.13) 3s,+ b, —A3 = (5gn ([Baz+ a1 )V(A3 —4,)° +6C1+6A 1, — 963, .
Comparison of (6.12), (6.13) with (5.9) now shows that

A1>0 for all ¢ if and only if 3a;+a,>0,

(6.14) .
A2>0 for all ¢ if and only if 3a;+a;>0.

We first consider the corner at (M, M). To reach this point along a ray, we must
take a1 = a,, whence A1 =A,, @, =@, for all ¢. Because of (6.14), we must take a1 > 0.
Then, since from (5.9) we have that

t
6.15) Ity a1, @2) = a; exp{ZJ Ails, a1, ) ds}, i=1,2

0
it follows that A, >+00 as M >0 if a; =a, are chosen so that A;(f, a1, a2) =M.
Thus, from (5.27) ¢ -» o also.

Similarly, we may consider the corner at (—M, M). Because A1 <0, A,>0 there
we must have, from (6.14) that 3a; +a, <0, 3a;+a; > 0. But these inequalities imply
that a;<0,a,>0. Using (6.15) again, we have that A, +AxPs,>+00 as
M -»00,A;=—M, A,=+M. So again ¢ > +00 by (5.27).

To complete the analysis of I',, we look for a critical point of ¢, ¢, =0 on I%.
By (6.15) this can be achieved only if a; =0, whence, by (6.14), we must take a;>0
to reach I',. But then again, A,¢,,~> + at this point as A,(t, 0, a;) = M - +0. Hence
by (5.27) ¢ - +00 also.

We next consider Ty, starting with the corner at (—M, —M). The ray reaching
this point at distance ¢ must have a1 =a, <0 for some value of a;. Thus along this
ray A1 =A,, @r,=,,. From (6.12) we have that on this ray

(6.16) 44, —A1 =—VaT+16a7,
and hence, from (5.9),
(6.17) Ar=—VaT+16a3.
We define the function g(x) by

* d
(6.18) g(x)=.[) \/?%
Then the solution of (6.17) may be written implicitly as
(6.19) g(z—%-l—ll) =2V]ir.
Thus the ray parameters of the ray hitting (—M —M) are given by, as M - 0,

k2

(6.20) a1=az=“4—t2,
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where
(6.21) k =g(c0)=1.854".

Then, from (6.16), we have that A1¢,,~> 0 along this ray as M - oo. Hence, from
(5.27), we get

K Kk k*
6.22) "’(”'Z?’"Z?)'EF'

It remains to look for a critical point on I';. Since ¢,, =0 there, we must take
a, =0 because of (6.15). Thus ¢,,=0 all along this ray. Therefore, from (6.13) with
a1 < 0

(6.23) 3¢, —A2=—VAT+9a].
Substitution of (6.23) into (5.9) gives
(6.24) A =-VAT+9q3,

with the implicit solution

|A4| AT
6.25) (——-) =v3|ailt.
( g B |1
AsA=—M > —00, (6.24) yields
k2
(6.26) @1==3.

Now A,¢,, =0 and, as before, we show A 1¢,, >0 as M - 0. Thus, by (5.27),

k* k*
6.27) #(v -3 0) =15
This point is clearly the minimum of ¢. The situation is summarized in Fig. 2.
Thus, for fixed ¢ the probability ray of maximum likelihood of caustic formation
is given by a; =—k?/3t%, a;=0. Evaluation of I; by Laplace’s method gives that
asymptotically

(6.28) £(6)~2 Tim T;~2 ex {——E—}(ﬂs—)m- lim (A%u)
) Moo ! P17 18 Dins Ar= e
2TA2

where starred quantities refer to the maximum likelihood ray.
Now along this ray,

¢ ( k> 0) ex {Zr)t df} 31
S, =32 =a == —3 "
M 3¢° 16XP 0 ! [/\%+\/)t1+9a1]

Therefore as s £, A1 > —%0
5(° |3a1|]5/4
ew {3, vt} ~[38]
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A,

b 1>+ 00

wy Wy

M

MIN:

¢ —**3\

7
K4 (-M,-M)
¢ 213 r4
MIN:
p—s

1813

FI1G. 2. Behavior of ¢ as M - oo,

Since also |A; —A,|"*~|A1]"/* we have, on substituting into (5.29) and letting s > ¢

23/45_1/3k7/2 {— k4 }
16v38 5.0 P 188

5¢(f ‘3 3 1
*+ exp {EL Ay ds _L (Elﬁ)q)q +¢A1A2+§¢A2A2-;) ds} ,

fe)~
(6.29)

where the integrals are along the maximum likelihood ray. These integrals are, in
fact, constants! This fact follows from a scaling law of the ray equations (5.9), namely
that for a; = —k?/3¢%, s ¢

Ai(s’ aq, 0) = \/I_aTIAl(\/msv —19 0),

(6'30) ¢)\~(s, aiq, 0) = Iall‘b)r( Ia Is, _1, 0),

¢)M (s, a1,0)= \/I__I¢ (\/I_—Is’ 1,

(6.30) may be verified by noting that equated quantities satisfy the same differential
equations (5.9), (5.18) and initial conditions. We also obtain from the scaling laws

(6.31) ¢ikzxz=¢xzxz(t,"§;,) 7 ¢m(f -1,0).
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Thus, all quantities in (6.29) can be computed by numerical integration of the single
ray, a; =—1, @, =0. This has been done, and the final answer, obtained after setting
e=1is

(6.32) f(6)~hexp {—%}

where numerical values for a4, a, are

(6.33) a;=1.7399%, a,=.6565".

7. Comparison with Monte Carlo experiments. The limiting equations (3.21) for
the eight entries of the matrices A, B have been simulated digitally using pseudorandom
numbers. Now the first value of ¢ for which det A = 0 corresponds to the first occurrence
of a caustic. For n = 10,000 simulations the histogram of this value has been plotted
as the x in Fig. 3. Plotted also are the small ¢ approximations of (6.32) and (6.33),
and an exponential curve of the form

asz exp {—aat},

with the values a; =1.000, a,=.893.

1.8

1.7)

1.6

15 Al: 1.739940
A2: 0.656503

4 A3: 1.000000

1.3 A4: 0.893000

| t
0.0 05 1.0 15 2.0 25 3.0 35 4.0 45 5.0

F1G. 3. Monte-Carlo simulations, small and large t approximations.

The qualitative form of the curve is quite similar to that of the two-dimensional
theory [2] with the small ¢ approximation valid into the region where the probability
of caustic formation is appreciable.

For large values of ¢, the curve will be approximately a decaying exponential if
it is assumed that the operator on the right-hand side of (4.23) has a discrete spectrum;
the decay rate would then be the lowest eigenvalue of this operator. Although it has
not been shown that the operator in (4.23) does have a discrete spectrum, the
exponential plotted in Fig. 3 appears to fit the data quite well.
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8. Appendix. In this section we derive propagation equations for the principal
normal curvatures of the wavefront.
The eiconal equation is

1
ok
where C is the space-varying propagation speed and ¢ is the phase of the disturbance.
We follow a single ray X (s) parametrized by arclength s and emanating from X, at

s =0. Let Vy(s) be the unit tangent to X (s). Since the rays are orthogonal to surfaces
of constant i,

(8.2) Vi(s) = C(X (s))V¢ (X ().
By differentiating (8.1) we obtain

(8.1) I

. 3 1
(8.3) 1-2_—:1 ¢x;x,'/’x, = —'Cﬁcxi.

Then by differentiating (8.2) and using (8.3), we obtain the ray propagation equations
in the form

d d 1 1
8.4) SX=Vi,  SVi=-ZVC+ (Evc : vl) Vi
Let k(s) be the curvature of the ray, r(s) the torsion, V,(s) the unit normal, and
V3(s) the unit binormal. If P(s) is the 3 X 3 matrix with V; as its ith column, then the

Frenet-Serret formulae [4] give

(8.5) iP(s) =P(s)M(s),
ds

where

0 -« O
(8.6) M@s)=|k 0 -—7|.

0 7 0
Let
(8.7) D(s) =P (s)VV¢ (X (s))P(s).

A propagation equation may be written for D by differentiating (8.7), using (8.5) and
the identity

3 . 9 1
. expeW¥n T WxixWri ) = 7\ 53C5
88) 3 Ui+ tbusthon) = 5= (Z3Cs)
obtained by differentiation of (8.3). D(s) satisfies the matrix Ricatti equation
d 2
(8.9) £D=DM—MD—CD +Q;,
where
3 T T T 1 T
(8.10) 1= E—;(P VC)(P VC) —*CﬁP VVCP.
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Now from (8.4), (8.5), (8.6), we obtain
(8.11) kV,=(VC - Vl)—‘g+ CVVy V.
By taking the dot product of (8.11) with, respectively V3, V5, V3, and recalling the

definition (8.7) we obtain

1 K
(8.12) D11=“E§VC -V, D12=D21=E,
Since D is symmetric, (8.9) contains six scalar equations. By writing these out,
and using the three equations (§.12), we can derive the matrix Ricatti equation (2.8)
for the 2 X 2 symmetric matrix R, where

~ Dy, Dy
8.13 R=C[ ]
®.13) D3, D33

The eigenvalues of R are the two principal normal curvatures of the wavefront at
X (s). The expressions (2.6) are also obtained from this calculation.

D13 =D31 = 0.
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