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The relationships between the moments of wave spectra and Stokes drift velocity are calculated for
empirical spectral shapes and a third-generation wave model. From an assumed spectral shape and only
an estimate of wave period and significant wave height, one may determine: the leading-order Stokes
drift, other wave period estimates, and all spectral moments. The conversion factors are tabulated for
quick reference for the common empirical spectral shapes. The different spectral shapes considered are
shown to exhibit similar spectral moment relationships. Using these relationships, uncertainty in Stokes
drift may be decomposed into the uncertainty in spectral shape and a much greater uncertainty due to
significant wave height and wave period discrepancies among ERA40/WAM, satellite altimetry, and
CORE2 reanalysis-forced WAVEWATCH III simulations. Furthermore, using ERA40 or CORE2 winds and
assuming fully-developed waves results in discrepancies that are unable to explain the discrepancies
in modeled Stokes drift; the assumption of fully-developed waves is likely the culprit.

� 2011 Elsevier Ltd. All rights reserved.
1. Introduction

In situ observations, third-generation wave models, and satel-
lites have begun to provide global estimates of the surface gravity
wave field (e.g., Gulev et al., 2003; Caires et al., 2004; Ardhuin et al.,
2009a,b; Collard et al., 2009; Hemer et al., 2010; Hanley et al.,
2010). The Stokes drift velocity – the mean temporal and spatial
difference between the Eulerian and Lagrangian velocities (hereaf-
ter Stokes drift) – is useful in calculating the transport of tracers
(e.g., McWilliams and Restrepo, 1999) as well as the forcing of
surface turbulence (e.g., Craik and Leibovich, 1976; Kantha and
Clayson, 2004). However, accuracy and data coverage remain
challenges in estimating wave properties, such as Stokes drift,
globally. Indeed, McWilliams and Restrepo (1999) chose not to
use ocean data in their pioneering global estimation of Stokes drift.
At that time, using atmospheric data and the assumption of fully-
developed waves (Pierson and Moskowitz, 1964) seemed more
reliable than interpolations of buoy and ship data. However, recent
climatologies of wave age reveal that assuming equilibration is not
trustworthy (Hanley et al., 2010), as often wave state is dominated
by developing or remotely-generated swell conditions.

This paper focuses on relationships useful for estimating Stokes
drift from diverse ocean wave data sources, so comparisons may
ll rights reserved.
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reveal persisting errors in data collection and modeling. The chal-
lenge in this endeavor is that data storage limitations, for example
on buoys or in archived models, often result in loss of complete
wave spectral information. Time series of just a few averaged quan-
tities are typically retained, such as mean wave period and signifi-
cant wave height. In addition, over the past few decades, the wave
community has transitioned from an early preference for mean
wave period (based on the first moment of frequency) to the
zero-crossing wave period (based on the second moment), which
provides improved statistical robustness (e.g., Gommenginger
et al., 2003). To recover a simplified Stokes drift from these archived
records and compare them, the connection between these different
mean variables and Stokes drift needs specification.

For deep-water waves of limited steepness, the leading order
Stokes drift for monochromatic waves at a specified depth depends
inversely on the third power of wave period times the significant
wave height squared (e.g., Phillips, 1966). Similarly, for unidirec-
tional (but polychromatic) wave spectra at a specified depth, the
Stokes drift depends on the improper integral of the power spectral
density divided by the third power of wave period (Kenyon, 1969;
McWilliams and Restrepo, 1999).

Dimensional analysis alone may provide a useful scaling for
recovering Stokes drift for polychromatic waves with limited data.
However, the precise relationship including numerical coefficients
depends on the wave period estimate used, which is one indicator
of the shape of the wave spectrum. It will be shown that based on
knowledge of only a pair of spectral moments and an assumed
spectral shape, the Stokes drift and other moments are readily
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estimated and these results are tabulated here. This procedure
resembles finding relationships between the mean, variance, skew-
ness, and kurtosis of standard probability distributions. For the
wave problem, a spectral shape must be assumed to find these
relationships; here well-known empirical spectra and one third-
generation model simulation with arbitrary spectral shape (up to
limited model resolution) are analyzed. The same calculations
can be easily made for other spectra (e.g., Banner, 1990; Alves
et al., 2003; Harcourt and D’Asaro, 2008), but are left to the reader
or future investigator.

In this paper all Stokes drift approximations use the unidirec-
tional wave assumption, common to other Stokes drift literature
(Kenyon, 1969; McWilliams and Restrepo, 1999, etc.).1 However
in our third-generation model, it was found this assumption typi-
cally overestimates the leading order Stokes drift (with no wave field
assumptions) by about 33% and is briefly addressed in Appendix A.4.
Improving estimates of Stokes drift with multi-directional waves is
an interesting geometrical problem from our perspective, as wave
moments are typically based on scalar quantities, such as surface
height variance, while the Stokes drift is a vector quantity. Numeri-
cal models easily handle this distinction, but the analysis here does
not easily generalize. However, the goal here is an assessment of
how well Stokes-related quantities are known and compare among
data and models. For this purpose the unidirectional assumption
gives a standard, physical, Stokes-related quantity that can be easily
compared with limited data.

First this paper reminds the reader of spectral moment defini-
tions and Stokes drift formulae, and then proceeds to evaluate rela-
tionships among these properties for different spectral shapes. The
notation and conventions of McWilliams and Restrepo (1999) or
Bouws (1998) are followed if possible, and other notation and a de-
tailed presentation of Stokes drift is given in the Appendix. Finally,
the uncertainty inherent in these approximations is compared to
the discrepancies between different ocean wave data products. A
forthcoming companion paper (Webb et al., in preparation) de-
scribes the climatology of Stokes drift and its relation to surface
stress (i.e., the turbulent Langmuir number) over the eight-year
window examined here, and the impact of regional variations in
this climatology for surface mixing.

2. Spectral moments and observational definitions

It is common to summarize unidirectional or one-dimensional
wave spectra at a point by their moments. The moments are de-
fined by Bouws (1998) as

mn ¼
Z 1

0
f nSf ðf Þdf ; ð1Þ

where the (wave) frequency spectral density,2 Sf , is normalized to
capture the variance of the surface height displacement, g, for some
time scale T such that3

lim
T!1
hgðtÞ2iT ¼

Z 1

0
Sf ðf Þdf : ð2Þ

Similarly, multidirectional or two-dimensional wave spectra can be
summarized as
1 The unidirectional assumption supposes that there is a single wave direction for
waves of all frequencies, so that wave direction can be neglected when calculations
involving integration over frequency are performed. This assumption is stronger than
the assumption of a typical wave direction with a spreading function about it (e.g., as
in Donelan et al. (1985)). It will be required to go from (10) and (11).

2 f is ordinary (not angular) wave frequency.
3 Angle brackets denote spatial or temporal averaging as indicated by the

subscripts.
cmn ¼
Z 1

0

Z p

�p
f nSfhðf ; hÞdhdf ; ð3Þ

where the directional-frequency spectral density, Sfh, is normalized as

lim
T;L!1

hgðxh; tÞ2iT;Lh
¼
Z 1

0

Z p

�p
Sfhðf ; hÞdhdf ; ð4Þ

for some horizontal length scale Lh = (L,L).4 By definition,Z p

�p
Sfhðf ; hÞdh � Sf ðf Þ: ð5Þ

In practice, wave spectra usually are calculated statistically using
expected values for a particular frequency or deterministically as
the limit of a finite sum over a limited area, such as a model grid
point, as shown in Appendix A.2.2. Since wave amplitude decays
exponentially with depth, we expect the 1D and 2D wave moments
to decay in z as

lim
T;L!1

hg�zðxh; tÞ2iT;Lh
¼ lim

T;L!1

1
TL2

Z tþT=2

t�T=2

Z xhþLh=2

xh�Lh=2
g�zðx0; t0Þ

2dx0dt0 ð6Þ

¼
Z 1

0

Z p

�p
Sfhðf ; hÞe

8p2 f 2
g zdhdf ð7Þ

¼
Z 1

0
Sf ðf Þe

8p2 f 2
g zdf : ð8Þ

The decay with depth depends on wavenumber k or real frequency
f, here related by the dispersion relation for linear deep-water
waves (4p2f2 = gk), where g is the gravitational acceleration.

1D spectral moments are used to define traditional measures of
wave properties clearly. The spectral significant wave height, Hm0, is
a commonly used measure of wave height and is similar in magni-
tude to the observed significant wave height, H1=3.5 It is defined as
Hm0 ¼ 4

ffiffiffiffiffiffiffi
m0
p

and typically ranges from 1:015H1=3 to 1:08H1=3 in wave
observations (Ochi, 1998). Likewise, the ratios of moments, Tn, with
dimensions in time given below, can be used to approximate the
mean wave period Tm and zero-crossing wave period Tz (see Gommen-
ginger et al., 2003)

Tn ¼
m0

mn

� �1
n

; Tm �
m0

m1
; Tz �

m0

m2

� �1
2

: ð9Þ

NOAA WAVEWATCH III (abbreviated here as WW3) commonly
saves T�1 (Tolman, 2009, p. 38). In calculating the surface Stokes
drift, T3 is ideal (see (13)). Often the spectrum is sharply peaked
at a particular wave period, this period is known as the (spectral)
peak wave period.

Significant wave height and one or more mean period estimates
are often the only spectral data retained due to limited memory or
estimated empirically (e.g., Gommenginger et al., 2003). Similar
conventions apply to mean wavelength, where moments of the
spectral distribution as a function of wavenumber are used.

With only limited spectral information, it may still be possible
to estimate the Stokes drift accurately. The leading-order expres-
sion for the full Stokes drift, uS, from an arbitrary spectral shape is
derived in the Appendix and given as

uS ¼ 16p3

g

Z 1

0

Z p

�p
ðcos h; sin h;0Þf 3Sfhðf ; hÞe

8p2 f 2
g zdhdf : ð10Þ

Notice that the horizontally-two-dimensional (henceforth 2Dh)
Stokes drift is a vector quantity whose magnitude depends both
on the directional components of the wave field and the directional
spread of wave energy (based on Sfh) for each component. This can
be quite complicated to estimate; however, a simpler unidirectional
4 The h subscript denotes horizontal components.
5 Hereafter, the significant wave height will refer to the spectral significant wave

height, Hm0, unless otherwise specified.



6 Of course, the spectral shape was found also by arguments and observations
related to fully-developed seas.
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or horizontally-one-dimensional (henceforth 1Dh) form of Stokes
drift and its surface value (us and Us, respectively) result if the wave
spectra are assumed to be separable into wave direction and fre-
quency components and the waves are unidirectional (see Kenyon,
1969; McWilliams and Restrepo, 1999, and the Appendix):

us ¼ êw 16p3

g

Z 1

0
f 3Sf ðf Þe

8p2 f 2
g z df ; ð11Þ

Us � usjz¼0 ¼ êw 16p3

g

Z 1

0
f 3Sf ðf Þdf ð12Þ

¼ êw 16p3m3

g
: ð13Þ

In this common simplification the assumed wave direction is given
by êw.

Thus, only the third moment of the 1D wave spectrum, m3, is re-
quired to estimate the 1Dh surface Stokes drift, and the third mo-
ment is usually related to available data. For example, given only
T3 and Hm0, and the definitions above,

Us ¼ êw p3ð16m0Þ
gðm0=m3Þ

¼ êw p3H2
m0

gT3
3

: ð14Þ

If T3 was routinely saved in data, it would be straightforward to
estimate the 1Dh surface Stokes drift. However, T3 is uncommon
in archived data, in comparison to T1 and T2, so conversions among
these 1D moments are valuable. In the following section, relation-
ships between these mean periods are found in prototypical 1D
wave spectra and WW3 simulations. In later sections, it also will
be shown that the 1Dh depth-dependent Stokes drift, us, may be
estimated at depths other than the surface, and again spectral shape
information is needed in addition to a pair of spectral moments.

3. Comparing empirical and model-generated wave spectra

3.1. Monochromatic waves

The simplest spectrum is a monochromatic one: composed of a
single frequency and wavenumber, e.g., g = a cos(kx �xt). The
only wave frequency is the peak wave frequency, given by
2pfp ¼

ffiffiffiffiffi
gk

p
. All energy in the spectrum is concentrated at this fre-

quency, so Sf ;dðf Þ ¼ a2

2 dðf � fpÞ. The moments and mean periods are

mn;d ¼
Z 1

0
f nSf ;dðf Þdf ¼

Z 1

0
f n a2

2
d f � fp
� �

df ¼ a2

2
f n
p ; ð15Þ

Tn;d ¼
m0;d

mn;d

� �ð1=nÞ

¼ 1=fp: ð16Þ

The 1Dh Stokes drift, from (11), is

us
dðzÞ ¼ êw 16p3

g

Z 1

0
f 3Sf ;dðf Þe

8p2 f 2
g z df ð17Þ

¼ êw 16p3

g

Z 1

0
f 3 a2

2
dðf � fpÞe

8p2 f 2
g z df ð18Þ

¼ êw 8p3a2f 3
p

g
e

8p2 f 2
p

g z ð19Þ

¼ êwa2
ffiffiffiffiffiffiffiffi
gk3

q
e2kz: ð20Þ

The result in (20) is the standard result for linear deep-water (e.g.,
Phillips, 1966; Kundu, 1990).

3.2. Pierson and Moskowitz spectrum

Pierson and Moskowitz (1964, PM hereafter) proposed the fol-
lowing fit of wave spectra for fully developed seas, following the
ideas of Phillips (1958):
Sf ðf Þ ¼ Sf ;PMðf Þ ¼
aPMg2

ð2pÞ4f 5
exp �5

4
fp

f

� �4
" #

: ð21Þ

This spectrum has the moments

mn;PM ¼
aPMg2 5

4

� �n
4C 1� n

4

� �
80p4f 4�n

p
; for � 1 6 n 6 3; ð22Þ

and thus the mean periods

Tn;PM ¼ f�1
p

4
5

� �1
4

C 1� n
4

� �1
n
; for � 1 6 n 6 3: ð23Þ

Numerical results for the spectral moments and mean periods for
the PM spectrum are found in Tables 1 and 2. Along with (13),
the 1Dh Stokes drift can be calculated from these tables. The surface
magnitude is

Us
PM ¼

C 5
4

� �
p 5

4

� �1
4

gaPM

fp
¼ ð0:273 . . .Þ gaPM

fp
: ð24Þ

Tables 1 and 2 show that, as dimensional analysis would predict,
the ratio of the moments and wave period estimates of the PM spec-
trum depend on the same power of peak frequency as the mono-
chromatic spectrum. However, these moment ratios differ by a
numerical factor, which ranges from 0.86 to 4.3 times the mono-
chromatic ratios. These numerical factors reflect the energy in the
PM spectrum at periods other than the peak wave period.

For fully-developed wave conditions the remaining parameters
in the PM spectrum are estimated empirically (Bouws, 1998),
although the calculations above do not rely on these approxima-
tions. That is, only the spectral shape of the PM theory is kept,
not the assumption of fully-developed waves.6 Typical values for

fully-developed waves are aPM ¼ 8:1� 10�3; f p ¼ 5
4b

� �1=4
g

2pU19:5
with

b = 0.74, where U19.5 is the wind speed at 19.5 m above the sea sur-
face. The magnitude of the 1Dh surface Stokes drift velocity is
Us

PM ¼ 0:0158U19:5. Assuming a neutrally stable atmospheric bound-
ary layer and a drag coefficient of 1.3 � 10�3, then U19.5 � 1.026U10

(wind speed at 10 m above the sea surface) (Stewart, 2008) and

Us
PM � 0:0162U10: ð25Þ
3.3. JONSWAP spectrum

A primary result of the Joint North Sea Wave Observation Pro-
ject (JONSWAP: Hasselmann and Olbers, 1973; Hasselmann et al.,
1976) is the effect of a finite fetch, F, to represent incomplete wave
development. Introducing this development changes the PM spec-
trum to have the potential for a sharper spectral peak near the peak
frequency, and an evolving amplitude:

Sf ðf Þ ¼ Sf ;Jðf Þ ¼
aJg2

ð2pÞ4f 5
exp �5

4
fp

f

� �4
" #

ðcJÞ
CJ ; ð26Þ

CJ ¼ exp �ðf � fpÞ2

2r2
J f 2

p

" #
: ð27Þ

The empirical parameters that are required for the calculations
here are rJ and the peak enhancement factor cJ, which are used to
numerically integrate over the spectral shape:

cJ ¼ 3:3; ð28Þ



Table 2
Period ratios for different spectra.

T3 T�1/T3 T1/T3 T2/T3 T�1/T2 T1/T2 T�1/T1

Mono f�1
p 1 1 1 1 1 1

JONSWAP 0:680f�1
p 1.33 1.23 1.14 1.16 1.07 1.08

PM 5
4

� ��1
4C 1

4

� ��1
3f�1

p ¼ ð0:6156 . . .Þf�1
p

1
4 C 1

4

� �4
3 ¼ 1:392 . . . 1ffiffi

2
p

p
C 1

4

� �4
3 ¼ 1:254:: p�1

4C 1
4

� �1
3 ¼ 1:154 . . .

1
4 p1

4C 1
4

� �
¼ 1:207 . . . 1ffiffi

2
p

p
3
4
C 1

4

� �
¼ 1:086 . . . 2�

3
2p ¼ 1:111 . . .

hWW3iG,T 5.58 s 1.63 1.37 1.21 1.34 1.13 1.18

Table 1
Moment ratios for different spectra.

m0 ¼ H2
m0=16 m�1/m0 m1/m0 m2 /m0 m3/m0

Mono a2/2 f�1
p fp f 2

p f 3
p

JONSWAP 0.31g2aJ(2pfp)�4 0:90f�1
p 1.2fp 1:7f 2

p 3:2f 3
p

PM 1
5 g2aPMð2pfpÞ�4 ¼ ð0:200 . . .Þg2aPMð2pfpÞ�4

C 5
4

� �
4
5

� �1
4f�1

p ¼ ð0:8572 . . .Þf�1
p C 3

4

� �
5
4

� �1
4fp ¼ ð1:296 . . .Þfp

ffiffiffiffiffiffiffiffiffiffiffiffi
5p=4

p
f 2
p ¼ ð1:982 . . .Þf 2

p C 1
4

� �
5
4

� �3
4f 3

p ¼ ð4:289 . . .Þf 3
p

hWW3iG,T 0.658 m2 = (3.24 m)2/16 8.97 s = (0.111 s�1)�1 0.137 s�1 0.0257 s�2 =
(0.160 s�1)2

0.00800 s�3 = (0.200 s�1)3
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rJ ¼
0:07; f 6 fp;

0:09; f > fp:

	
ð29Þ

Analytic integration is not as easy in the JONSWAP spectrum as for

the PM spectrum, due to the cJ

� �CJ
term. However, the moments

and periods can be evaluated numerically – without specifying
additional parameters – by utilizing a change of variables and
removing fp from the integrand prior to integration (Tables 1 and
2). The resulting 1Dh surface Stokes drift magnitude is

Us
J � 0:316

gaJ

fp
; ð30Þ

which is 16% higher than the PM spectrum with matching Phillips
constant (i.e., aPM = aJ) and peak frequency. However, a more apt
comparison is found by matching significant wave height and peak
frequency, in which case aJ = 0.65aPM (Table 1), and the 1Dh surface
Stokes drift from the JONSWAP spectrum is then only 75% that of
the PM spectrum.

The spectral peak frequency, fp, and other constants are empir-
ically determined to be (Stewart, 2008):

fp ¼ 22
g2

U10F

� �1=3

; aJ ¼ 0:076
U2

10

F g

 !0:22

: ð31Þ

F is the fetch, the distance over which wind blows with a constant
velocity. For reference, the relationship between the JONSWAP 1Dh

surface Stokes drift magnitude and U10 velocity is

Us
J ¼ 1:60� 10�5 F17=150U58=75

10 : ð32Þ
7 This quantity is called wave age, as young waves tend to form with U10 > cp, that
is, with the component of wave phase speed in the wind direction lagging behind the
wind. As the waves age, longer, faster wavelengths are energized so that the wave
speed rivals the wind speed.
3.4. Donelan et al. (1985) spectrum

Donelan et al. (1985) propose an alternative to the basic spec-
tral form used by PM and JONSWAP. It is

Sf ðf Þ ¼ Sf ;DHHðf Þ ¼
aDHHg2

ð2pÞ4f 4fp

exp � fp

f

� �4
" #

ðcDHHÞ
CDHH : ð33Þ

This spectrum will be called the DHH spectrum below. The crucial dif-
ference of the DHH spectrum from the JONSWAP spectrum is the f�4

tail at high frequencies instead of the f�5 tail used by the preceding
spectra. This scaling has strong observational (see Banner, 1990;
Alves et al., 2003, for lists) and theoretical support (Kitaigorodskii,
1983), and a related wavenumber spectrum is proposed by Banner
(1990).
The DHH spectrum parameters differ slightly from JONSWAP as
well:

cDHH ¼
1:7; 0:83 < U10

cp
< 1;

1:7þ 6:0 log10
U10
cp

� �
; 1 < U10

cp
< 5;

8<: ð34Þ
CDHH ¼ exp � ðf � fpÞ2

2r2
DHHf 2

p

" #
; ð35Þ

rDHH ¼ 0:08 1þ 4
U10

cp

� ��3
" #

: ð36Þ

The peak enhancement factor is now a function of inverse wave age
(U10/cp).7 Since we will have to numerically integrate over the peak
enhancement, this means that multiple results for different wave
ages will be tabulated. Following Donelan et al. (1985), fetch-limited
(U10/cp = 4, cDHH = 5.3) and fully-developed (U10/cp = 0.83, cDHH = 1.7)
cases will be used.

The difficulty with this spectrum in the present development is
that the surface Stokes drift and third moment do not converge as f
approaches infinity, as the integral in (11) is unbounded. In reality,
Stokes drift convergence may result from different spectral behav-
ior for the shortest waves (Banner, 1990, notes a number of obser-
vational studies where the spectrum far above the peak frequency
varies widely). Or, perhaps the approximation for Stokes drift (11)
breaks down as k increases, for example as viscosity becomes
important (e.g., Komen, 1987). In either case, Section 5 demon-
strates that these convergence issues do not arise for subsurface
Stokes drift, where the decay of short waves with depth makes
longer waves increasingly dominant. Indeed, at only one percent
of the e-folding depth of the peak wave, the Stokes drift from the
DHH spectrum is easily calculated (Tables 4 and 5). At half the peak
wave e-folding depth and deeper, the fetch-limited version of the
DHH spectrum is very close to JONSWAP and the fully-developed
DHH spectrum is very close to PM, so the spectral tail is indeed
inconsequential for wave spectra at moderate and greater depths.
However, the surface values of Stokes drift and third moment differ
substantially, and thus the Donelan et al. (1985) surface spectrum
will not be presented.



Table 3
Proposed coefficient for the monochromatic surface Stokes drift form using different
mean periods.

a�1 = Us/D�1 a1 = Us/D1 a2 = Us/D2 a3 = Us/D3

Mono 1 1 1 1
JONSWAP 2.34 1.84 1.49 1
PM 2.700. . . 1.970. . . 1.537. . . 1
hWW3iG,T 3.34 2.31 1.69 1
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3.5. Model-generated wave spectrum

WW3 is an operational third-generation wave model that calcu-
lates and uses 2D wave spectra to forecast the ocean wave state.
Here, version 2.22 of the model with corresponding operational
settings was used to generate output every 6 h for the period
1994–2001. Some of the operational settings include 25 frequency
and 24 directional bins (with an initial and cutoff frequency of
0.0418 and 0.411, respectively), f�5 tail, 3rd order propagation
scheme, and Tolman and Chalikov source terms (for full details,
see http://polar.ncep.noaa.gov/waves/implementations.shtml).
This WW3 simulation was forced with CORE2 (Large and Yeager,
2008) winds8 with appropriate sea surface temperatures (Hadley
SST: Rayner et al., 2006) and sea ice concentrations (Bootstrap Sea
Ice Concentrations from Nimbus-7 SMMR and DMSP SSM/I: v2
(Comiso, 1999)) on a 1� � 1.25� latitude-longitude grid of
(�78:78) � (0:358.75), respectively. A 50% sea ice threshold for grid
point inclusion was used for all temporal means (temporal means ta-
ken over eight years total, denoted h�iT) and an area-weighted global
mean (denoted h�iG) accounts for changing meridians with latitude.

In Tables 1–3, calculations using wave spectra from this WW3
simulation are compared with the analytic results based on the
PM and JONSWAP spectral shapes. Typically, the values used in
the tables (with the exception of Table 3)9 are spatial and temporal
means over the eight years of six-hourly snapshots.
4. Example comparisons of data and models

4.1. Different 1Dh spectra

The different 1D spectra in Tables 1–3, PM, JONSWAP and
WW3, are designed to have a roughly similar shape. All feature a
similar rolloff at high frequencies, for example, while the DHH
spectrum has a less steep rolloff slope. However, the detailed dif-
ferences between the spectra result in different moments and
1Dh Stokes drift for the same peak frequency and significant wave
height.10

Table 1 compares the moments of the different spectra. Higher
moments emphasize the energy at higher frequencies, and lower
moments emphasize lower frequencies. The results in Table 1 indi-
cate that both PM and JONSWAP are skewed toward higher fre-
quency energy when compared to a monochromatic spectrum of
the same peak frequency. The PM spectrum has less energy near
the peak frequency than JONSWAP and therefore has larger higher
moments for the same significant wave height. The WW3 mo-
ments are skewed toward higher frequencies at higher moments
as well, which is indicated by the increasing numerical frequency
with increasing n of the moment in the bottom row of the table.
The analytic spectra have the same proportionality to peak wave
period as the monochromatic spectrum, but it would be very
8 Available from http://data1.gfdl.noaa.gov/nomads/forms/mom4/COREv2.html.
9 See Section 4.2.

10 While the numerical model frequency bins are of limited resolution, experimen-
tation with reducing the high frequency cutoff by up to 28% changed estimates of
Stokes drift by less than 10%.
misleading to assume that the surface spectral moments of the
wave spectra are equal to the monochromatic moments. Indeed,
the m3/m0 ratio differs by more than a factor of three from the
monochromatic estimate.

Table 2 compares the mean period estimates Tn of the spectra
based on different moments from (9). As higher moments are
skewed toward higher frequencies (and thus lower periods), the
period estimates based on higher moments tend to be shorter than
those based on lower moments. The scalings are similar between
the three spectra, but WW3 is farthest from the monochromatic re-
sult and JONSWAP is nearest, consistent with its peaked shape near
the peak frequency.

4.2. Revisiting the 1Dh surface Stokes drift of monochromatic waves

The simplest spectrum is a monochromatic one. In this case,
there is only one wave period, the peak period, and all Tn yield
the same answer. Then (20) at the surface yields the relation

Us
d ¼ êwa2

ffiffiffiffiffiffiffiffi
gk3

q
¼ êw p3ð16a2=2Þ

g=f 3
p

¼ êw p3H2
m0

gT3
n

: ð37Þ

Note that the power law dependence on period Tn and signifi-
cant wave height of this simple formula can be reused as an
approximation, because it is exactly the same as that found with
T3 and Hm0 in (14) for a generic 1D wave spectrum. For notational
simplicity, let Dn denote the monochromatic form for the 1Dh sur-
face Stokes drift velocity, based on the nth period estimate from an
observed wave spectrum:

Dn ¼
p3H2

m0

gT3
n

: ð38Þ

For a given spectral shape, the moments and period estimates
are known (Tables 1 and 2). Using a given spectral shape, it is clear
that we can choose an such that

Us � anDn: ð39Þ

The approximation for the polychromatic spectra will be
Us � êwanDn, where an is a dimensionless constant based on the as-
sumed 1D spectral shape. It is clear from Table 2 that using the
monochromatic wave Stokes drift will only agree with (i.e., an = 1)
for real wave spectra if n = 3. Then, the 1Dh surface Stokes drift mag-
nitude is Us = D3 from (14). If a different period estimate is used, it
will be based on different moments other than the 3rd moment, and
an – 1.

Best estimates for an are given in Table 3. The values for WW3
were determined using a linear weighted least squares fit to min-
imize the global-mean-square error. Noticeably, the different spec-
tral shapes produce different values. Indeed, the reason why
multiple 1D spectra are used here is to exemplify a realistic range
of values. The estimate a�1D�1 is not reliable for Us, as it depends
sensitively on wave spectrum shape (>40%). However, for n = 1,
the estimates differ by about 23%, for n = 2 by less than 13%. While
this uncertainty is not negligible, it will be shown in Section 6 that
it is modest when compared to the present discrepancy in Stokes
drift estimates between different data sources. All of the empirical
spectra have more Stokes drift than a monochromatic spectrum
with the same peak frequency and significant wave height, because
Stokes drift tends to be larger for higher frequencies in (11) and
these empirical spectra have power at higher frequencies. Since
PM is less peaked than JONSWAP, it has larger an values. Appar-
ently WW3 has even more relative high-frequency energy, as it
has the highest values of an.

It is perhaps more direct to describe this monochromatic
approximation as a process to determine the peak frequency and
amplitude required to find the Stokes drift in (30) and (24) from

https://domicile.ifremer.fr/waves/,DanaInfo=polar.ncep.noaa.gov+implementations.shtml
https://domicile.ifremer.fr/nomads/forms/mom4/,DanaInfo=data1.gfdl.noaa.gov+COREv2.html
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the observed spectral moments. The amplitude naturally is found
from the significant wave height or zeroth moment, and then dif-
ferent period estimates are used to estimate the peak frequency.
In addition to estimating Stokes drift, if one assumes a spectral
shape (PM or JONSWAP), then using Tables 1, 2 and Hm0 or m0

and any other moment or period estimate, the remaining moments,
period estimates, and spectral parameters can be calculated. All
that is required is (1) determination of aJ or aPM as a function of
fp from the first column of Table 2, and (2) determination of fp from
the relevant columns of Table 2 if a period estimate is provided or
column of Table 1 if a spectral moment is provided.

5. 1Dh subsurface Stokes drift

The preceding discussion has focused on estimating the 1Dh

surface Stokes drift. However, it is often the case that the value
of the Stokes drift at depth is needed (e.g., Harcourt and D’Asaro,
2008). Here the behavior at the nth e-folding depth of the peak fre-

quency wave is chosen for illustration zn ¼ �ngð = 8p3f 2
p

� ��
. At this

depth the Stokes drift and moments at each frequency are attenu-

ated by exp �nf 2
=f 2

p

h i
.

While a monochromatic algebraic form is useful for estimating
the surface Stokes drift in (14), this estimation does not imply that
the monochromatic spectrum is a good estimate of other wave
characteristics. In particular, the subsurface Stokes drift of realistic
spectra decays much more quickly with depth than the Stokes drift
of a monochromatic spectrum with the same surface moments. Ta-
ble 4 compares the 1Dh Stokes drift magnitudes at depth depend-
ing on the surface spectrum,

jusðzÞj � bnðzÞDnðz0Þ: ð40Þ

The superexponential decay of the overall Stokes drift (i.e.,
bn(zn)� exp[�n]) in the realistic spectra results from the faster
exponential decay of waves with shorter period than T3. Indeed,
the bn(z0) values are all greater than one, but the bn values drop
off more quickly than e�n with increasing depth. Thus, the Dn(z0)
need strengthening over a monochromatic spectrum to arrive at
the surface Stokes drift, but by half an e-folding depth, the
Dn(z1/2) need weakening to arrive at the subsurface Stokes drift
(Tables 4 and 5). So, the Stokes drift of the monochromatic
Table 4
Subsurface Stokes drift coefficients with surface moments at Stokes drift e-folding depths

b�1(z) = jus(z)j/D�1(z0) b1(z) = ju

PM (z0) 2.700. . . 1.970. . .

PM (z0.01) 2.20e�0.01 1.61e�0.0

PM (z1/2) (0.791. . .)e�1/2 (0.578. . .

PM (z1) (0.562. . .)e�1 (0.410. . .

PM (z2) (0.420. . .)e�2 (0.306. . .

PM (z3) (0.394. . .)e�3 (0.288. . .

JONSWAP (z0) 2.34 1.84
JONSWAP (z0.01) 1.96e�0.01 1.54e�0.0

JONSWAP (z1/2) 0.868e�1/2 0.683e�1

JONSWAP (z1) 0.685e�1 0.540e�1

JONSWAP (z2) 0.569e�2 0.448e�2

JONSWAP (z3) 0.546e�3 0.431e�3

DHH (U10/cp = 0.83,z0.01) 2.85e�0.01 1.89 e�0.

DHH (U10/cp = 4,z0.01) 2.95e�0.01 2.03 e�0.

DHH (U10/cp = 0.83,z1/2) 0.683e�1/2 0.453 e�

DHH (U10/cp = 4,z1/2) 0.772e�1/2 0.529 e�

DHH (U10/cp = 0.83,z1) 0.457e�1 0.303e�1

DHH (U10/cp = 4,z1) 0.586e�1 0.402e�1

DHH (U10/cp = 0.83,z2) 0.315e�2 0.209e�2

DHH (U10/cp = 4,z2) 0.478e�2 0.328e�2

DHH (U10/cp = 0.83,z3) 0.279e�3 0.185e�3

DHH (U10/cp = 4,z3) 0.453e�3 0.311e�3

Mono (zn) e�n e�n
spectrum (Eqs. (17)–(20)), which decays only exponentially, overes-
timates the Stokes drift of the realistic spectra at depth. Note that
the Stokes drift of the DHH spectrum, which has the largest concen-
tration of energy at high frequency of the spectra considered,
decreases most quickly with depth.

If one happened to have observational data containing the mo-
ments or wave period estimates at depth, then similar formulae to
the ones for surface Stokes drift may be used. For example, while
the spectrum at depth Sf ðf ; zÞ differs from the surface spectrum
Sf ðf Þ, similar relationships to (14) hold among the subsurface
properties

Sf ðf ; zÞ ¼ Sf ðf Þe
8p2 f 2

g z; ð41Þ

mnðzÞ ¼
Z 1

0
f nSf ðf ; zÞdf ; ð42Þ

usðzÞ ¼ êw 16p3

g

Z 1

0
f 3Sf ðf ; zÞdf ð43Þ

¼ êw p3ð16m0ðzÞÞ
gðm0ðzÞ=m3ðzÞÞ

¼ êw p3½Hm0ðzÞ�2

g½T3ðzÞ�3
: ð44Þ

Interestingly, as the higher-frequency modes decay with depth, the
spectrum becomes more peaked near the peak frequency and thus
the monochromatic form based on moments at depth becomes more
accurate (Table 5):

DnðzÞ ¼
p3½Hm0ðzÞ�2

g½TnðzÞ�3
; ð45Þ

jusðzÞj � anðzÞDnðzÞ: ð46Þ

The crucial distinction between the an(z) (Table 5) and bn(z) (Table
4) is that having data at depth captures the superexponential decay
of the realistic wave spectra.

Fig. 1 illustrates the converging spectral shapes with depth. It is
clear that the DHH spectrum with inverse wave age of 4 closely
resembles the JONSWAP spectrum, while the DHH spectrum with
inverse wave age of 0.83 closely resembles the PM spectrum. The
biggest differences are in the high frequency spectral tails in the
near-surface spectra (Fig. 1a). These tails are shallower for the
DHH spectra (nearly proportional to (f/fp)�4) than for the JONSWAP
and PM spectra (nearly proportional to (f/fp)�5). At a slightly great-
er depth (z1/2), these spectral tails have been strongly attenuated
of the spectral peak wave zn ¼ �ng
� 


8p2f 2
p

� ��
.

s(z)j/D1(z0) b2(z) = jus(z) j/D2(z0) b3(z) = jus(z)j/D3(z0)

1.537. . . 1
1 1.25e�0.01 0.82e�0.01

) e�1/2 (0.450. . .)e�1/2 (0.293. . .)e�1/2

)e�1 (0.320. . .)e�1 (0.208. . .)e�1

)e�2 (0.239. . .)e�2 (0.155. . .)e�2

)e�3 (0.224. . .)e�3 (0.146. . .)e�3

1.49 1
1 1.25e�0.01 0.837e�0.01

/2 0.553e�1/2 0.371e�1/2

0.437e�1 0.293e�1

0.363e�2 0.243e�2

0.348e�3 0.234e�3

01 1.21e�0.01 n/a
01 1.27e�0.01 n/a
1/2 0.290e�1/2 n/a
1/2 0.331e�1/2 n/a

0.194e�1 n/a
0.252e�1 n/a
0.133e�2 n/a
0.205e�2 n/a
0.118e�3 n/a
0.194e�3 n/a
e�n e�n



Table 5
Subsurface Stokes drift coefficients with known moments at e-folding depths of the spectral peak wave zn ¼ �ng

� 

8p2f 2

p

� ��
.

a�1(z) = jus(z)j/D�1(z) a1(z) = j us(z)j/D1(z) a2(z) = jus(z)j/D2(z) a3(z) = jus(z)j/D3(z)

WW3 (z0) 3.34 2.31 1.69 1
PM (z0) 2.700. . . 1.970. . . 1.537. . . 1
PM (z0.01) 2.25 1.67 1.35 1
PM (z1/2) 1.39 1.20 1.10 1
PM (z1) 1.28 1.14 1.07 1
PM (z2) 1.19 1.10 1.05 1
PM (z3) 1.15 1.08 1.04 1
JONSWAP (z0) 2.34 1.84 1.49 1
JONSWAP (z0.01) 1.99 1.59 1.32 1
JONSWAP (z1/2) 1.26 1.14 1.07 1
JONSWAP (z1) 1.17 1.09 1.05 1
JONSWAP (z2) 1.12 1.06 1.03 1
JONSWAP (z3) 1.11 1.05 1.03 1
DHH (U10/cp = 0.83,z0.01) 2.96 2.06 1.54 1
DHH (U10/cp = 4,z0.01) 3.04 2.19 1.60 1
DHH (U10/cp = 0.83,z1/2) 1.40 1.20 1.10 1
DHH (U10/cp = 4,z1/2) 1.28 1.16 1.08 1
DHH (U10/cp = 0.83,z1) 1.28 1.14 1.07 1
DHH (U10/cp = 4,z1) 1.16 1.09 1.05 1
DHH (U10/cp = 0.83,z2) 1.20 1.10 1.05 1
DHH (U10/cp = 4,z2) 1.10 1.05 1.02 1
DHH (U10/cp = 0.83,z3) 1.16 1.08 1.04 1
DHH (U10/cp = 4,z3) 1.08 1.04 1.02 1
Mono (z0,z1,z2,z3) 1 1 1 1

Fig. 1. (a) PM (gray dashed), JONSWAP (gray solid), and DHH spectrum with same peak frequency and significant wave height evaluated near the surface (z0.01). The DHH
spectrum with wave age 0.83 (black dashed) is rounded, and the DHH spectrum with wave age 4 (black solid) is sharply peaked. (b) Same as (a), but at z1/2. Lines proportional
to (f/fp)�4 and (f/fp)�5 are also shown (dotted with slope numbers).
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by the exponential decay with depth of the higher frequency
waves, and thus the spectral shapes are more similar at depth.
Because the high-frequency waves decay fastest with depth, it is
increasingly inconsequential to the spectrum at depth what spec-
tral slope the high-frequency waves had at the surface.

While the Donelan et al. (1985) DHH spectrum cannot be inte-
grated for Stokes drift at the surface, its Stokes drift behavior at
depth is easily integrated and is revealing. In Table 5 for z1/2 and
deeper, the fully-developed wave age version (U10/cp = 0.83) of
the DHH spectrum is nearly identical to the PM spectrum, and
the fetch-limited version (U10/cp = 4) is nearly identical to the JON-
SWAP spectrum. That is, at a moderate depth the shallower tail of
the DHH spectrum is no longer affecting the relationships between
the moments. However, the z0.01 values in Table 5 are quite a bit
larger than the PM and JONSWAP spectra, indicating that the shal-
lower tail does play a role near-surface. Consistently, Table 4
shows that the decay with depth of the Stokes drift versus surface
moments is substantially faster in the DHH spectrum than in either
the PM or JONSWAP cases. Furthermore, all of the realistic spectra
tend to approach a monochromatic spectrum with depth, as the
higher frequency components of the spectra decay away leaving
the waves near the peak frequency.

Note that the b2 values in Table 4 are particularly useful for the
DHH spectrum. They allow estimation of the Stokes drift at depth
even though the Stokes drift and third moment at the surface are not
calculable. This estimation is possible even without additional
assumptions, such as truncating the moment estimation or f�4 tail
of the spectrum at some potentially inaccurate high wavenumber.

If only surface data is available, the most robust approach to
reconstructing the subsurface Stokes drift seems to be reconstruct-
ing the spectrum parameters a and fp based on periods (Table 2) or
moments (Table 1), and then integrating the spectrum at the
appropriate depth. Comparing the JONSWAP results versus the
PM in Table 4 gives an indication of how robust these subsurface
estimates are likely to be (8–38% subsurface discrepancy shown).
Even the DHH spectrum can be used in this manner, although
the surface matching must rely on the second moment instead of
the indeterminate third moment. Assuming a monochromatic
spectrum for the purposes of estimating subsurface Stokes drift
is not recommended (factors of 4–7 discrepancy are common).

Harcourt and D’Asaro (2008) argue that, insofar as Langmuir or
wave-driven turbulent mixing strength is concerned, that the cru-
cial value is the Stokes drift averaged over the upper 20% of the
mixed layer thickness HML. The rapid decay of empirical spectra by
z1/2 to very similar moment relationships at depth (Table 5), and thus
very similar spectral shapes leads us to consider the nondimensional
grouping at z1/2, which is 0:8HMLp2f 2

p =g. If this grouping is substan-
tially greater than one, then the effects from the tail of the empirical
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spectra will be small, but if this grouping is less than one the tail ef-
fects will be important for the strength of Langmuir mixing.
6. Error analysis

The methods above for estimating the Stokes drift magnitude
based on different moments of the wave spectrum do not agree
wholly between different wave spectral shapes. It is important to
consider whether the inaccuracy inherent in using an approxima-
tion of the spectral shape is likely to be a larger or smaller error
than the known instrumental, modeling, and sampling errors. For
this purpose, three datasets are compared, and the discrepancy be-
tween them is taken as a measure of uncertainty of Stokes drift
measurements generally.
6.1. Description of ERA40 and TOPEX data sets

The WW3 simulation has already been described, and the
empirical relationship between a2D2 and surface Stokes drift D3

are shown in Table 3. The uncertainty in this empirical relationship
(e.g., a2 varies among the spectra by 1.49 to 1.69, or by 12%) is com-
pared to the discrepancy between different wave estimates for the
same time period (1994–2001, Tables 7 and 8). When direct Stokes
drift data is unavailable, the a2D2 estimate is used as it is the most
accurate (Table 6).

The ERA40 reanalysis (Uppala et al., 2005) is a wave and weath-
er data-assimilation using a model that couples an atmospheric
model to a wave model (Janssen et al., 2002). This model assimi-
lates the ERS altimeter, including significant wave height, during
the time period analyzed, but wave period estimates are con-
strained only by the wave model physics and wave buoy observa-
tions (Caires et al., 2005) which are not common globally. Like
WW3, the version of WAM used for ERA40 is a third-generation
wave model – both models have similar frequency resolution but
ERA40 WAM uses 12 directional bins versus the 24 used for
Table 6
Root-global-mean-square discrepancies using the proposed coefficients for the
monochromatic 1Dh surface Stokes drift approximations to the best estimate
Us = D3,WW3. The bottom row is normalized by

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hðUsÞ2iG;T

q
¼ 0:182 m=s.ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

hða�1D�1 � UsÞ2iG;T
q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

hða1D1 � UsÞ2iG;T
q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

hða2D2 � UsÞ2iG;T
q

0.0522 m/s 0.0342 m/s 0.0196 m/s
0.287 0.188 0.108

Fig. 2. (a) Comparison of the zonal and temporal mean (1994–2001) of 10-meter wind s
data (blue }). The shaded interval indicates two-thirds of the distribution centered abo
temporal means using the value 7.71 m/s (the CORE2 temporal and global mean) as refer
referred to the web version of this article.)
WW3 here. These models differ somewhat in physical parameter-
izations as well (Ardhuin et al., 2009b).

The TOPEX/POSEIDON altimeter data is also used to construct a
1Dh Stokes drift estimate independent of a physical wave model for
this same period. The significant wave height data is calculated
from the standard (Fu et al., 1994) and validated (e.g., Cotton and
Carter, 1994; Gower, 1996) method. The Gommenginger et al.
(2003) empirical method is used for T2 wave period and the
Gourrion et al. (2002) method for is used for wind speed. Note that
this data was not assimilated in ERA40.

One potential difference between these wave products is the
wind forcing. Fig. 2a compares the zonal means of the 10-meter
wind speeds of the CORE2 wind data used to force the WW3 sim-
ulation, the ERA40 reanalysis data, and TOPEX. Although similar,
the global wind speeds of the two latter data sets are 6.7–10% low-
er than the global CORE2 wind speed. The (temporal mean) relative
difference between the ERA40 reanalysis and CORE2 data (with re-
spect to CORE2) is shown in Fig. 2b to be as high as 20% in isolated
areas. If the interest here were purely a comparison of wave mod-
els, then it would be important to use identical winds. However,
here an overall uncertainty in Stokes drift is sought, which also de-
pends on the well-known uncertainty in the wind (e.g., Townsend
et al., 2000). Since one does not choose the winds for TOPEX, it also
has a different forcing than ERA40 and WW3.

Thus, two independent models (with two different wind fields),
one data-assimilating and one not, and an empirical altimeter esti-
mate for wave information are available during this period. Using
Table 3, all three can be used to generate independent estimates
of D2 (Table 7) and the 1Dh surface Stokes drift magnitude (Table
8). The value a2 = 1.69 is used for the comparison.
6.2. Comparison and analysis

Fig. 3 compares the mean of the WW3 1Dh surface Stokes drift
magnitude over the aforementioned period (Fig. 3a) to the a2D2

estimate (Fig. 3b). The difference between these fields is modest
(Fig. 3c), leading to relatively few areas of percent error greater
than 10% (Fig. 3d) and a global mean error under 11% (Table 6).
There is structure in the error pattern, as the spectral shape in
WW3 differs regionally. For example, some regions may be domi-
nated by simple fully-developed waves where the PM spectrum
applies, while other regions may routinely experience superposi-
tions of swell from multiple remote sources leading to a complex
spectral shape. The error is largest in the Eastern Pacific, Atlantic,
and Indian Oceans – especially in the Southern Hemisphere –
peed (U10) from ERA40 (red h) and CORE2 (black 	) reanalyses, and TOPEX satellite
ut the mean. (b) Relative difference between the ERA40 reanalysis and CORE2 U10

ence. (For interpretation of the references to color in this figure legend, the reader is



Table 7
Root-global-mean-square discrepancies between the different data sources of D2 on the reduced ERA40 grid. The bottom row is

normalized by
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hðD2;WW3Þ2iG;T

q
¼ 0:107 m=s.

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hðD2;WW3 � D2;ERAÞ2iG;T

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hðD2;WW3 � D2;TOPÞ2iG;T

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hðD2;ERA � D2;TOPÞ2iG;T

q
0.0495 m/s 0.0498 m/s 0.0343 m/s
0.463 0.465 0.321

Table 8
Root-global-mean-square discrepancies between the different data sources on the reduced ERA40 grid using the proposed a2

coefficient for the monochromatic 1Dh surface Stokes drift approximation. The bottom row is normalized byffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hðD3;WW3Þ2iG;T

q
¼ 0:182 m=s.

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hðD3;WW3 � a2D2;ERAÞ2iG;T

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hðD3;WW3 � a2D2;TOPÞ2iG;T

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hða2D2;ERA � a2D2;TOPÞ2iG;T

q
0.0897 m/s 0.0806 m/s 0.0580 m/s
0.493 0.443 0.319

Fig. 3. Eight year mean (1994–2001) of the 1Dh surface Stokes drift magnitude (D3) compared with the proposed corrected D2 monochromatic approximation.
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which are regions of exceptional wave age (Hanley et al., 2010). In
other words, these regions have fewer signatures of fully-devel-
oped waves than other regions, which may be due to dominance
of swell conditions and variable winds. Thus, it is no surprise that
the wave spectrum has a rare shape in these regions.

Fig. 4 makes similar comparisons of Stokes drift magnitude,
although this time between ERA40 and WW3 and TOPEX estimates
and WW3. Since full spectral information for ERA40 and TOPEX
were not available, the a2D2 approximations were used for those
datasets, with the value of a2 determined from WW3. A full spec-
tral estimate of Stokes drift was used for WW3 D3. It is apparent
that the mean and relative mean differences are much larger be-
tween the different datasets in Fig. 4 than between the a2D2 esti-
mate and D3. Regional variations are above 80% where the
colorbar is saturated in Fig. 4d and f.

The other estimates for a2 in Table 3 are smaller than the value
of 1.69 used for Fig. 4. However, using a different a2 estimate is not
of much use in reducing the differences in Fig. 4. The ERA40 and
TOPEX Stokes drift velocities are generally smaller than WW3, so
using the (smaller) values of a2 found for PM or JONSWAP will only
increase these discrepancies. It is, of course, possible to assume a
shallower spectral shape for these data products (similar to the
DHH spectrum, for example) to increase agreement, but doing so
seems arbitrary and likely to result in error cancellations rather
than improved accuracy.

Tables 6 and 7 demonstrate that the rgms (root global mean
square) discrepancy between Us and a2D2,WW3 (Table 6) is 3–4
times smaller than the rgms discrepancies between the different
data products (Table 7). Likewise, the same rgms discrepancy (Ta-
ble 6) is 4–5 times smaller than the discrepancies in Stokes drift
between Us and a2D2 for ERA40 and TOPEX (Table 8). It is unlikely
these large discrepancies (Tables 7 and 8) are due entirely to the
differences in wind products alone.

To examine further, consider the derivative (i.e., infinitesimal
change in value: @) and a finite change in value (D) of the natural
log of D2:



Fig. 4. D2 Comparison of ERA40 reanalysis and TOPEX satellite data with WW3 using eight year means (1994–2001).
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@½lnðD2Þ� ¼
@½D2�

D2
¼ 2

@½Hm0�
Hm0

� 3
@½T2�

T2
; ð47Þ

DD2

D2
� 2

DHm0

Hm0
� 3

DT2

T2
: ð48Þ

This relationship is useful for propagating the relative changes in
Hm0 and T2 due to different data to a relative change in D2. With
(48), the D2 squared difference of WW3 and ERA40 can be approx-
imated as

ðD2;WW3 � D2;ERAÞ2

� D2;WW3 2
ðHm0;WW3 � Hm0;ERAÞ

Hm0;WW3
� 3
ðT2;WW3 � T2;ERAÞ

T2;WW3

� �	 2

;

� D2
2;WW3 4

DHm0

Hm0

� �2

þ 9
DT2

T2

� �2

� 12
DHm0DT2

Hm0T2

" #
:

ð49Þ

The global mean of (49) yields

hðD2;WW3 � D2;ERAÞ2iG;T
hD2

2;WW3iG;T
¼ 0:248þ 0:194þ 0:026 ¼ 0:47; ð50Þ

where the cross term is the last value in the sum. This approxi-
mation is smaller than the actual discrepancy, but it allows a
comparison of the factors that contribute. The cross term is small
(i.e., the discrepancies are uncorrelated), so the squared discrep-
ancy in D2 is just

ðD2;WW3 � D2;ERAÞ2
D E

G;T
� D2

2;WW3
2DHm0

Hm0

� �2
* +

G;T

þ D2
2;WW3

3DT2

T2

� �2
* +

G;T

ð51Þ

The values in (50) indicate that the contributions from the signifi-
cant wave height and wave period are of similar magnitude.

D2
2;WW3

2DHm0

Hm0

� �2
* +

G;T


 D2
2;WW3

3DT2

T2

� �2
* +

G;T

ð52Þ

Similarly, the uncertainty in a2 can be incorporated by begin-
ning with the Stokes drift approximation a2D2.

@½lnða2D2Þ� ¼
@½a2D2�
a2D2

� DD2

D2
þ Da2

a2
: ð53Þ

From Tables 6 and 7 (and that a2D2 is an approximation), we expect
the square relative discrepancy between D3,WW3 and a2D2,ERA to be
larger than between D2,WW3 and D2,ERA, such that
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ðD3;WW3 � a2D2;ERAÞ2

’ D3;WW3 2
ðHm0;WW3 � Hm0;ERAÞ

Hm0;WW3
� 3
ðT2;WW3 � T2;ERAÞ

T2;WW3
þ Da2

a2

� �	 2

:

ð54Þ

In addition, under the assumption that errors in a2 and D2 are
uncorrelated, it follows that the global mean can be bounded as

hðD3;WW3 � a2D2;ERAÞ2iG;T
hD2

3;WW3iG;T
’ 0:245þ 0:218þ Da2

a2

� �2
* +

þ hc:t:i: ð55Þ

Suppose the spectral shape is assumed to be the primary cause of
the error in the Stokes drift approximation. Then the 12% spread
of a2 among the different spectral shapes in Table 3 is a good
approximation of Da2/a2 in (55). Inserting, we find that

hðD3;WW3 � a2D2;ERAÞ2iG;T ’ 0:245þ 0:218þ 0:014þ hc:t:i; ð56Þ

which implies Da2/a2� DD2/D2.
A similar approach can be used to analyze the discrepancies due

to the differences in wind products. Modifying (25), the PM 1Dh

surface Stokes drift can be rewritten to account for non-fully-
developed wave conditions. Let Us

PM0 � lcUs
PM0 , where lc is some

unknown non-zero function providing the change to Stokes drift
due to a lack of full development. For example, the JONSWAP spec-
trum has a combination of fetch and windspeed playing a similar
role to lc in (32). Then the approximation of the derivative of the
natural log of Us

PM0 yields

DUs
PM0

Us
PM0
¼ DUs

PM

Us
PM

þ Dlc

lc
¼ DU10

U10
þ Dlc

lc
: ð57Þ

Assuming DU10 and Dlc are uncorrelated, the first order, relative
U10 gms difference between WW3 and ERA40 yields

Us
PM;ERA � Us

PM;WW3

� �2
� �

Us
PM;WW3

� �2
� � ¼ hðU10;ERA � U10;WW3Þ2i

hðU10;WW3Þ2i
¼ 0:047: ð58Þ

Since (58) accounts for only one fifth of the square of the ERA40 to
WW3 discrepancy found in Table 8, the different winds being used
is not enough to explain the difference in Stokes drift. Similarly, the
difference in ERA40 and TOPEX winds is not enough to explain the
difference in Stokes drift.

In summary, estimates of Stokes drift from different data prod-
ucts disagree by 30–50%, which is roughly equally divided between
discrepancies in significant wave height and wave period. The error
in approximating the 1Dh Stokes drift as a2D2 can be approximated
to be 12% from the range of a2 values from all the spectral shapes
examined here. Another estimate of 11% from directly comparing
a2D2 and D3 in WW3 is smaller. These errors would need to be four
times larger to rival the contributions from the significant wave
height and period discrepancies. Furthermore, the traditional
assumption that Stokes drift can be approximated by assuming
fully-developed waves as in (25), (32), and McWilliams and Restre-
po (1999), underestimates the Stokes drift discrepancies found
here by 40–125%. We hypothesize that the reason is the lack of full
development globally (Hanley et al., 2010).

7. Summary and conclusion

By comparing the integrals of spectra from WW3, JONSWAP,
DHH, and PM, relationships between different moments of the
spectra, period estimates, and Stokes drift have been found and
tabulated. The reliability of these relationships may be judged both
by comparison between the spectral shapes and by comparison to
the discrepancies between available wave data products.

It is found that the most reliable estimator of Stokes drift is
found from the third moment of the wave spectrum, but an esti-
mate based on the second moment is usually quite accurate away
from coastal areas. At depth, all wave spectra can have their first
through third moments estimated, and the relationship between
these moments becomes increasingly consistent between the dif-
ferent spectra. Estimating subsurface Stokes drift by this method
requires care, but is feasible. The third moment is not calculable
for some empirical spectral shapes at the surface without addi-
tional assumptions, so being able to use the second or lower mo-
ments at the surface to determine Stokes drift at depth is quite
useful.

Based on the arguments presented up to this point, an accurate
and full reconstruction of wave spectrum is required to fully diag-
nose Stokes drift. This is possible at some buoy locations, but not
globally and care is needed (see Appendix A.5). The ERA40 dataset
assimilates some data, but is lacking in resolution and some
parameterizations required for accurate modeling of Stokes drift
(Ardhuin et al., 2009b). The altimeter dataset used here is a mea-
surement of sort, but relies heavily on empirical relationships that
are as likely to fail as the theoretical spectral results presented
here. The approach taken by McWilliams and Restrepo (1999) is
also shown here to be unreliable, as the assumption of fully-devel-
oped waves is estimated to cause nearly as much bias as any of the
other estimates. In summary, there is presently no well-accepted
way to determine the global Stokes drift and it is the intention of
the authors that the results of this paper may help to compare
and refine present data sources until a reliable global dataset is
produced.

The wave models used here are driven with different wind
products, to allow for variations in common wind products to play
a role in the Stokes drift estimates. If the goal here were to contrast
the Stokes drift from two different wave models, the same winds
would be used to force both. However, a detailed model bias com-
parison was not the goal here, and these comparisons can be found
elsewhere (e.g., Hanson et al., 2009). It was the goal here to use
three substantially different estimates of Stokes drift, from satel-
lites, a data-assimilating model, and a forward model, to see how
reasonable estimates of Stokes drift differ.

As collection and analysis of wave data becomes more sophisti-
cated, it is increasingly important to compare different datasets.
The tables and analysis presented here are intended to aid in this
process and to guide the collection of data as well. For example,
retaining the third moment of the wave spectrum in addition to
significant wave height and mean or zero-crossing wave period
in data would greatly increase the accuracy of our determination
of the global climatology and variability of Stokes drift.
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Appendix A. Derivation of a wave-averaged Stokes drift velocity

A.1. Stokes drift velocity

The Stokes drift velocity (throughout as Stokes drift) may be de-
fined in a number of ways. Generally, the Stokes drift is the mean
difference between the Lagrangian velocity uL (the velocity
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following the motion of a fluid parcel) and the Eulerian velocity uE.
We will define the Stokes drift as a time and spatial average over a
period T – 0 (since the instantaneous value of these velocities is
identical at a given location) and a horizontal length scale
Xh = (Xh,Yh) (to remove high frequency variations). Let the position
of a fluid parcel at time t be given by xp(t). Here the interest is esti-
mating the basic wave-averaged dynamics as set out by Craik and
Leibovich (1976) and McWilliams and Restrepo (1999), without
higher-order effects. Then the Lagrangian and Eulerian velocities
and fluid parcel displacements can be related through the same
Taylor-series expansions:

uLðxpðt0Þ; tÞ ¼ uEðxpðtÞ; tÞ; ðA:1Þ

uLðxpðt0Þ; tÞ ¼ uEðxpðt0Þ; tÞ þ ðxpðtÞ � xpðt0ÞÞ
� ruEðxpðtÞ; tÞjxpðt0Þ þ � � � ; ðA:2Þ

xpðtÞ � xpðt0Þ ¼
Z t

t0

uLðxpðt0Þ; s0Þds0

¼
Z t

t0

ðuEðxpðt0Þ; s0Þ þ � � �Þds0: ðA:3Þ

As previously mentioned, we will formally define the Stokes drift as

uSðx;t;Xh;TÞ� huLðx;tÞ�uEðx;tÞiXh ;T
ðA:4Þ

�1
T

Z tþT=2

t�T=2
huLðx;sÞ�uEðx;sÞiXh

ds ðA:5Þ

� 1
XhYh

Z xhþXh=2

xh�Xh=2
uL x0h;z;s
� �

�uE x0h;z;s
� �� �

T dx0h; ðA:6Þ

where angle brackets denote time or spatial averaging and are de-
fined throughout as in (A.5) and (A.6). Substitutions then yield the
lowest-order estimate:

huLðxpðt0Þ; t0Þ � uEðxpðt0Þ; t0ÞiT

� 1
T

Z t0þT=2

t0�T=2
ðxpðtÞ � xpðt0ÞÞ � ruEðxpðtÞ; tÞ

����
xpðt0Þ

dt ðA:7Þ

� 1
T

Z t0þT=2

t0�T=2

Z t

t0

uEðxpðt0Þ; s0Þds0
� �

� ruEðxpðtÞ; tÞ
����

xpðt0Þ
dt; ðA:8Þ

uSðx; t; Xh; TÞ �
1
T

Z tþT=2

t�T=2

Z s

t
uwðx; s0Þds0

� �
� ruwðx; sÞds

* +
Xh

: ðA:9Þ

It should be emphasized that the interval T is sufficient to average
over relevant wave displacements by the fast wave velocity uw,
but not so long that Stokes drift is not a function of time, for exam-
ple due to wind variability. Similarly, the horizontal length scale Xh

is sufficient to remove high frequency fluctuations but not long en-
ough to smooth the frequencies of interest. This smoothing is essen-
tial for Stokes drift since it removes possible spatially-oscillatory
waves that are independent of time (see Appendix A.5 for an
example).

Stokes drift, as defined, appears often in the wave-averaged
dynamics, e.g., in transporting tracers, and is closely related to the
vortex force related to Langmuir turbulence (Craik and Leibovich,
1976; McWilliams et al., 1997), the mass transport by waves, the
wave-related pressure, and the wave surface stress correction
(McWilliams and Restrepo, 1999). Any one of these quantities
may be of interest for inclusion in large-scale ocean modeling.

A.2. Derivation of Stokes drift in wave spectral density form

Previous derivations of the full (three dimensional) Stokes drift
in wave spectral density form can be found in Kenyon (1969) and
McWilliams and Restrepo (1999). To further illustrate, a spectral
density estimate for use in a wave model is presented.

A.2.1. Wave field decomposition for model inclusion
To illustrate concretely, consider a spectral linear wave model

with an arbitrary domain Lh consisting of grid cells L � L in size.
Furthermore, assume that the wave dynamics being modeled are
separable into fast and slow scales, such that the fast dynamics
can be represented within each grid cell by a periodic, statistically
homogeneous and stationary wave field. Then the slower dynamics
can be represented by mean properties of each cell that vary slowly
from neighbor to neighbor. For purposes of this derivation, a series
approximation will be used to represent the fast dynamics while
cell grid averages will serve to model the slower ones.

Now within each grid cell, let an arbitrary wave field with a sur-
face displacement g be approximated by a superposition of solu-
tions to the linear water wave equation. Since wave velocities are
irrotational to leading order, they may be expressed by a velocity
potential u and the classical solutions are readily derived:

uw ¼ uw
h ;w

w� �
¼ �ruw; ðA:10Þ

uw
k ¼ �

ekz

k
@gw

k ðxh; tÞ
@t

; ðA:11Þ

gw
k ¼ ak cos k � xh �xþk t þ sk

� �
: ðA:12Þ

Here, gw
k , for a given horizontal wavevector k (and wavenumber

k = jkj), has amplitude ak (slowly varying in space and time),
phase shift sk, and positive frequency xþk ¼ xþk ¼

ffiffiffiffiffi
gk

p
. These

solutions and dispersion relation are appropriate if small wave
slope ( kak� 1) and deep water ( kD� 1) are assumed. If in
addition, the linear solutions are periodic at the boundary, gw

k

has discrete wavevectors (k ¼ km;n ¼ ðkxm ; kyn
Þ ¼ 2p

L ðm; nÞ, for
m,n = 0,±1,±2, . . .) and can be reformulated as

gw
kmn
¼ ckmn ei½kmn �xh�xkmn t� þ c�kmn

e�i½kmn �xh�xkmn t�; ðA:13Þ

where ckmn corresponds to 1
2 akmn eiskmn . For further simplicity, assume

that the grid cell is centered at the origin and g; @
@t g are known at

time t = 0. Also let all m,n subscripts be implied. Then the approxi-
mated surface displacement gw may be rewritten as a finite super-
position of linear solutions (discretized in the wavevector domain)
with readily determined Fourier coefficients:

g � gwðxh; tÞ ¼
XN

m;n¼�N

ckei½k�xh�xkt� þ c�ke�i½k�xh�xkt�; ðA:14Þ

Rfckg ¼
1
2

ck þ c�k
� �

¼ 1
2L2

Z Lh=2

�Lh=2
gðxh;0Þe�i½k�xh � dxh; ðA:15Þ

Ifckg ¼
1
2i

ck � c�k
� �

¼ 1
2L2

Z Lh=2

�Lh=2

1
xk

@gðxh;0Þ
@t

e�i½k�xh � dxh: ðA:16Þ

It then follows that ak = 2jckj, sk = arg(ck), and hgwðxh; tÞiLh
¼ 0

(since gw
k is horizontally harmonic). It should be noted though that

the surface displacement is not a Fourier series in time due to the
dispersion relation and in general, hgwðx0h

; tÞiT –0 for any fixed
point x0h

and arbitrary T since

hgwðx0h
; tÞiT ¼

1
T

Z tþT=2

t�T=2
gwðx0h

; sÞdt ðA:17Þ

¼ 1
T

Z tþT=2

t�T=2

XN

m;n¼�N

ckei½k�x0h
�xks� þ c:c:

� �( )
ds ðA:18Þ

¼
XN

m;n¼�N

2RfdkðtÞg
sinðTxk=2Þ

Txk=2
; ðA:19Þ

where dkðtÞ ¼ ckei½k�x0h
�xkt� and c.c. denotes the complex conjugate.

Although gw is defined deterministically, it can be thought of as a



A. Webb, B. Fox-Kemper / Ocean Modelling 40 (2011) 273–288 285
statistically stationary process (in the wide-sense) since the ex-
pected (the large limit) mean (for time) is constant (E{gw} = 0)
and the autocorrelation function (for time) is only dependent on
one variable (R(t1, t2) = R(t) for t = t1 � t2). To minimize error in this
first order approximation, it will be assumed T �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2L=pg

p
throughout.

Lastly, to sufficiently model wind and swell conditions (for
Stokes drift), L needs to be on the order of 1 km or greater. On a
typical 1� � 1.25� latitude-longitude grid, the dimensions of the
grid range approximately from 110 � 140 km (at the equator) to
110 � 35 km (75� latitude). Capillary waves can be excluded in
the summation by ensuring the smallest wavelength is approxi-
mately 10 cm, equivalent to N = O(104L) (per km).
A.2.2. Wave spectral density estimates
For statistically homogeneous and stationary waves, there is a

direct relationship between the expected wave variance (the
height deviation squared) and the Fourier transform of the height
deviation, magnitude squared, in the frequency and wavevector
domain. This latter part is often referred to as the spectral density
and can be derived using a modified form of Plancherel’s theorem.
For simplification, consider the 1D time–frequency relationship for
some point x0h

where the surface displacement is ignored outside
an interval of length T. Let

gTðtÞ ¼
gðx0h

; tÞ; jtj 6 T;

0; jtj > T;

	
ðA:20Þ

F½gT �ðxÞ ¼
1ffiffiffiffiffiffiffi
2p
p

Z 1

�1
gTðtÞe�ixtdt: ðA:21Þ

Then Plancherel’s theorem can be used for piecewise continuous g-
whether or not it is absolutely and quadratically integrable11-to
establish a relationship between the variance of (A.20) and the mag-
nitude square of (A.21). Taking limits, a general spectral density S
can be defined as

lim
T!1

1
T

Z 1

�1
jgTðsÞj

2ds ¼ lim
T!1

1
T

Z 1

�1
jF½gT �ðxÞj

2dx

¼
Z 1

�1
SðxÞdx: ðA:22Þ

If g is statistically stationary (as previously defined), it can be
shown that

lim
T!1

1
T
jF ½gT �ðxÞj

2 ¼ SðxÞ; ðA:23Þ

and a discrete frequency form of (A.22) follows

lim
Dx!0

X1
j¼�1

lim
T!1

jF j½gw
T �j

2

T

 !
Dxj ¼ lim

Dx!0

X1
j¼�1

Sw
j Dxj; ðA:24Þ

where F j denotes the Fourier transform for a discrete frequency xj

of gw
T .

Similarly, a relationship can be derived for the entire domain
utilizing the deep–water dispersion relation (and noting g is real):

lim
T;L!1

hgðxh; tÞ2iT;Lh
�
Z Z 1

�1
Gðk;xÞdkdx �

Z 1

�1
SkðkÞdk; ðA:25Þ

where11

SkðkÞ ¼ 2
Z 1

0
dðx�

ffiffiffiffiffi
gk

p
ÞGðk;xÞdx: ðA:26Þ
11 The use of gT ensures the Fourier transform exists and (A.20) and (A.21) are
quadratically integrable.
Using (A.25), a spectral density estimate now can be defined in the
large T and L approach. First note thatZ Lh=2

�Lh=2
gwðxh; sÞ2dx

¼
Z Lh=2

�Lh=2
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� �

; ðA:29Þ

and

1
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¼
XN

m;n¼�N
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Txk
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ðA:30Þ

¼
XN

m;n¼�N

2ckc�k 1þ sinðTxkÞ
Txk

cosð2xktÞ
� �

: ðA:31Þ

It then follows for T sufficiently large, the spectral density of the
surface displacement g can be approximated as a sum of Fourier
coefficients of a linear approximation, orZ 1

�1
SkðkÞdk � lim

T;L!1
hgwðxh; tÞ2iT;Lh

�
XN

m;n¼�N

2ckc�k: ðA:32Þ
A.2.3. The Stokes drift cell-average estimate
With g in series form, the other series for wave variables and

desired forms formally follow:

uwðx; tÞ ¼
XN

m;n¼�N

ickxk

k
ekzþi½k�xh�xkt� þ c:c:; ðA:33Þ

uwðx; tÞ ¼
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ðkx; ky;�ikÞ ckxk

k
ekzþi½k�xh�xkt� þ c:c:; ðA:34Þ

ruwðx; tÞ ¼
XN
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� ckxk

k
ekzþi½k�xh�xkt� þ c:c:; ðA:35Þ
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ðikx; iky; kÞ
ck

k
ekzþi½k�xh �ðe�ixks � e�ixktÞ þ c:c::

ðA:36Þ

Here, the outer product emphasizes the tensor rank ofruw(x, t). It
then follows that the difference between the Eulerian and Lagrang-
ian velocities at time s for some fixed initial t is
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The spatial average of the difference over the periodic domain gives

1
L2

Z Lh=2

�Lh=2

Z s

t
uwðx; s0Þds0

� �
� ruwðx; sÞ

� �
dxh
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XN
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ðkx; ky; ikÞ2ckc�kxke2kzðe�i½xkðtþsÞ� � e�i2xksÞ
�

þðkx; ky;�ikÞ2c�kckxke2kzð1� ei½xkðt�sÞ�Þ
�
þ c:c:: ðA:39Þ

Similarly, integrating in time over the interval [t � T/2, t + T/2], we
find

1
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�
XN

m;n¼�N

ðkx; ky;0Þ4ckc�kxke2kz; ðA:41Þ

for T sufficiently large ðT �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2L=pg

p
Þ. Then the cell-averaged Stokes

drift centered at the origin for an arbitrary t yields

uSð0;0; z; t; Lh; TÞ �
XN

m;n¼�N

4ckc�kxkke2kz: ðA:42Þ

Now let xg represent the center of any grid cell (with dimension Lh)
but with an arbitrary depth z. Then (A.42) can be generalized as

uSðxg ; t; Lh; TÞ �
XN

m;n¼�N

4ckc�k
ffiffiffiffiffi
gk

p
ke2kz: ðA:43Þ
A.2.4. The Stokes drift spectral density estimate
The spectral density can be reformulated in cylindrical coordi-

nates asZ 1

�1
SkðkÞdk ¼

Z 1

0

Z p

�p
Skhðk; hÞdhdk

¼
Z 1

0

Z p

�p
Sf hðf ; hÞdhdf : ðA:44Þ

These spectral definitions imply relationships according to the Jaco-
bian for a change of independent variables, e.g.,
Sfhðf ; hÞ ¼
8p2f

g
Skhðk ¼ ð2pf Þ2=g; hÞ; ðA:45Þ

Skhðk; hÞ ¼ kSkðkx ¼ k cos h; ky ¼ k sin hÞ: ðA:46Þ

Using (A.23), it follows that the cell-averaged Stokes drift from
(A.43) can be rewritten in spectral density form (for
L > 1 km; T �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2L=pg

p
) as

uSðxg ; t; Lh; TÞ �
Z 1

�1
2

ffiffiffiffiffi
gk

p
kSkðkÞdk ðA:47Þ

¼ 16p3

g

Z 1

0

Z p

�p
ðcos h; sin h;0Þf 3Sfhðf ; hÞe

8p2 f 2
g zdhdf : ðA:48Þ
A.3. Wave spectral separability and simplification

By definition,Z p

�p
Sfhðf ; hÞdh � Sf ðf Þ: ðA:49Þ

However, often the wave spectra is split such thatZ 1

0

Z p

�p
Sfhðf ; hÞdhdf ¼

Z 1

0

Z p

�p
/f ðf ; hÞSf ðf Þdhdf ; ðA:50Þ

¼
Z 1

0
Sf ðf Þdf ; ðA:51Þ

where the wave directional distribution, /f, satisfiesZ p

�p
/f ðf ; hÞdh ¼ 1: ðA:52Þ

For spectra as in (A.50), it follows that the full Stokes drift from
(A.48) becomes

uSðxg ; t; Lh; TÞ

� 16p3

g

Z 1

0

Z p

�p
ðcos h; sin h;0Þ/f ðf ; hÞdh
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8p2 f 2
g zdf ðA:53Þ

¼ 16p3

g

Z 1

0
Hðf Þ f 3Sf ðf Þe

8p2 f 2
g zdf : ðA:54Þ

Here, H represents the Stokes drift loss due to wave energy being
directed along other directions than the dominant direction, given
by

Hðf Þ ¼
Z p

�p
ðcos h; sin h;0Þ/f ðf ; hÞdh: ðA:55Þ

This will be called the directional spread loss here. If in addition, the
wave spectrum is separable, then /f is frequency independent (i.e.,
/f = /(h)), and (A.54) simplifies to

uSðxg ; t; Lh; TÞ �
16p3

g
Hêw

Z 1

0
f 3Sf ðf Þe

8p2 f 2
g zdf ; ðA:56Þ

with H and êw, the magnitude and dominant direction of the direc-
tional spread loss. Furthermore, if the wave field in question is uni-
directional, i.e., /f(f,h) = d(h � hf) for some wave direction hf, then
H = 1 and gives the (1Dh) approximation

usðxg ; t; Lh; TÞ �
16p3

g
êw
Z 1

0
f 3Sf ðf Þe

8p2 f 2
g zdf : ðA:57Þ

It should be pointed out that unidirectionality is a strong assump-
tion and is common in literature (Kenyon, 1969; McWilliams and
Restrepo, 1999, etc.). In the third-generation wave model (WW3)
used for this study, the weaker assumption of separability provides
a reduction by H, or spread loss of roughly 75% (global mean). For the
Donelan spectrum, jH(f)j is typically larger and ranges from 0.75 to
0.95 (See Appendix A.4).



Fig. 5. Directional spread decay H1 using the Donelan spread function /f with
�hðf Þ ¼ 0.

A. Webb, B. Fox-Kemper / Ocean Modelling 40 (2011) 273–288 287
A.4. Case example: spread loss and Donelan spreading

As stated in Appendix A.3, spreading plays a large role in deter-
mining the magnitude of the Stokes drift, even for separable spec-
tra. To illustrate, consider the following hypothetical wave spectra
with the same Gaussian distribution across all frequencies,

Sfhðf ; hÞ ¼
ffiffiffiffi
2
p

r
e�2h2

Sf ðf Þ: ðA:58Þ

Then êw ¼ ê1 and H = 0.882.
As another example, consider the normalized, empirically-

determined frequency-dependent Donelan spread function
(Donelan et al., 1985),

/f ðf ; hÞ ¼
bðf=fpÞ

2 tanhðbðf=fpÞpÞ
sech2ðbðf=fpÞðh� �hðf ÞÞÞ; ðA:59Þ

where fp is the peak frequency and �h is the mean direction for a par-
ticular f, and b is given by

bðf Þ ¼
2:61f 1:3 0:56 < f 6 0:95;
2:28f�1:3 0:95 < f < 1:6;
1:24 otherwise:

8><>: ðA:60Þ

Setting �hðf Þ ¼ 0, it follows from (A.55) that H = (H1,0,0) and is
bounded by 0.777 6 H1 6 0.934 (see Fig. 5).

A.5. Case example: necessity of spatial averaging

As stated in Appendix A.2.2, there is a direct relationship be-
tween the spatial and temporal average of the wave variance and
its Fourier transform, magnitude squared, in the frequency and
wavevector domain for statistically homogeneous and stationary
waves. Thus, spatial averaging is necessary in our derivation of
Stokes drift. To illustrate, a simple example is examined. Consider
two monochromatic waves traveling in orthogonal directions but
with the same wave number magnitude (jk1j = jk2j = k) and initial
conditions ðsk1 ¼ sk2 ¼ 0Þ, given by

gw
k1
¼ ak1

cosðkx�xktÞ and gw
k2
¼ ak2

cosðky�xktÞ: ðA:61Þ

Notice that without spatial averaging, the large T limit of (A.9)
yields oscillatory solutions in xh:

lim
T!1

1
T

Z tþT=2

t�T=2

Z s

t
uwðx; s0Þds0

� �
� ruwðx; sÞds

" #

¼ a2
1 þ

a1a2

2
cos kðx� yÞ; a2

2 þ
a1a2

2
cos kðx� yÞ;0

� � ffiffiffiffiffiffiffiffi
gk3

q
e2kz:

ðA:62Þ

Contrast with (A.43) which has no spatial oscillatory solutions,
usðxg ; t; Lh; TÞ ¼ a2
1; a

2
2;0

� � ffiffiffiffiffiffiffiffi
gk3

q
e2kz: ðA:63Þ

The required size of spatial averaging may be gauged by wave-
length, as is clear from (A.63).
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