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Propagation of water waves in coastal zones is mainly affected by the influence of currents and bathymetry var-
iations. Models describing wave propagation in coastal zones are often based on the numerical solution of the
Mild Slope equation (Kirby, 1984). In this work, an extension of this equation is derived, taking into account
the linear variation of the current with depth,which results in a constant horizontal vorticity, slowly varying hor-
izontally, within the background current field. The present approach is based on the asymptotic expansion of the
depth-integrated lagrangian, assuming the linear variation of the background current with depth.With the aid of
selected examples the role of this horizontal vorticity, associated with the assumed background current velocity
profile, is then illustrated and emphasized, demonstrating its effect on the propagation of water waves in coastal
areas.
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1. Introduction

In coastal areas, steep bathymetries and strong currents are often
observed. Among several causes, the presence of cliffs, rocky beds, or
human structuresmay cause strong variations of the sea bed,while oce-
anic circulation, tides, wind action or wave breaking can be responsible
for the generation of strong currents. Furthermore, given these genera-
tion processes, the currents are often observed to vary with depth, and
vorticity contained within strong tidal currents (see, e.g., Soulsby, 1990,
Section 3) or inwind driven currents (see, e.g., Jonsson, 1990, Section 6)
could be important and should be taken into account in modelling the
propagation of water waves. This is especially true in applications in
nearshore and coastal regions (see, e.g., Thomas and Klopman, 1997;
Massel, 1993, Ch.8), where additional factors due to bathymetry varia-
tions and flow termination at the shoreline contribute into increasing
complexity of the current flow. In the latter case, wave–seabed, wave–
current and wave–vorticity interactions constitute three kinds of inho-
mogeneities with significant impact on water wave dynamics. As a
first approximation, under the assumption of slow horizontal variations
and waves of small amplitude, the effect of the current vorticity due to
vertical shear could be separated from the one associated with horizon-
tal variation of the mean (depth averaged) current flow.
INSU, IRD,MIO, UM110, 83041

.

For the purpose of modelling wave–bottom interactions, a major
step was due to Berkhoff (1976), who derived a linear, elliptic equation
taking into account the combined effects of reflection, diffraction and
refraction of water waves on varying bathymetries. In his approach, he
used a perturbative development, assuming slowly varying bottoms.
Since these pioneer works, several authors extended this equation to
take steepbathymetry effects into account. Indeed, in this configuration,
local modes are known to play a significant role on the propagation of
water waves (Rey, 1992; Mei, 1994). This role was especially empha-
sized by Kirby and Dalrymple (1983), who explained tunnel effect
through the presence of these modes. In the absence of currents,
Massel (1993), and later on, Chamberlain and Porter (1995) extended
Berkhoff's equation to include the effect of local modes. More recently,
Athanassoulis and Belibassakis (1999) improved the equation by in-
cluding a “bottom mode” in the local mode decomposition.

Modelling the interaction of waves and currents is also of primary
matter to describe efficiently water wave propagation in coastal areas.
The influence of currents on wave dynamics is known to be significant.
For instance, the formation of giant waves in the Agulhas current, which
flows along the south-east coast of Africa, was explained through wave
current interactions (Smith, 1976; Lavrenov and Porubov, 2006). Sever-
al theoretical works initially studied the influence ofwave current inter-
actions (see e.g. Longuet-Higgins and Stewart, 1961), neglecting the
influence of bathymetry in the process. Complete reviews can be
found in Whitham (1974); Peregrine (1976) and Jonsson (1990). In
the framework of coastal wave propagation modelling, Booij (1981)
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and Liu (1983) were the first authors to extend Berkhoff's equation,
allowing to take wave – current interactions into account in the presence
of arbitrary bathymetric variations. In these formulations, the currentwas
assumed to vary horizontally, presenting a uniform vertical structure.
However, both of these equations neglected some terms describing the
horizontal variation of the currents. A full formulation of the problem
was finally introduced by Kirby (1984). Based on a variational approach,
and a linearized description of the lagrangian of the problem, this author
derived an elliptic equation describing water waves interacting with a
slowly varying bottom, and currents vertically uniform, but varying hori-
zontally. This equation is known as the “mild-slope” equation, commonly
used in coastal wave propagationmodels. More recently, the formulation
obtained by Kirby (1984)) was extended to recent versions of Berkhoff's
equation, allowing to model wave interaction with abrupt bathymetries
and varying currents (Belibassakis, 2007).

Another physical process, however, the wave–vorticity interaction,
is known to have a significant influence on water waves dynamics
when vorticity is present in the background field. This is an important
aspect especially in the case of slowly varying environmental currents,
where the vertical structure of the boundary layer in the nearshore
and coastal region could occupy the entire depth, as in the case of
tidal currents; see, e.g., Soulsby (1990) and Thomas and Klopman
(1997). Various studies concerning the vertical structure of current in
the coastal zone including measured data (e.g. Greenwood and
Osborne, 1990; Putrevu and Svendsen, 1993; Haas and Svendsen,
2002) show that the flow is vortical, signifying the importance of
modelling the effects of depth-dependent current on wave propagation
in coastal regions. Furthermore, recent experiments studied the dynam-
ics of water waves propagating in the presence of strongly sheared cur-
rents, and demonstrated the inability of the Mild Slope equation to
represent water waves dynamics in the presence of background vortic-
ity (Rey et al., 2012; Rey et al., 2014). However, few studies investigated
the influence of sheared currents on water waves propagation, and no
model, to our knowledge, allows to represent the dynamics of water
waves in two dimensions of propagation, in the presence of current,
vorticity, and bathymetric variations, all of them presenting slow varia-
tions with respect to the wave scales.

Pioneer works describing the interaction of water waves with verti-
cally sheared currents are due to Dalrymple (1974) and Stewart and Joy
(1974), who considered shearing as a small perturbation of uniform
currents. Several authors succeeded in describing the dispersion rela-
tion of water waves propagating in the presence of various vorticity in
linear (Skop, 1987a, 1987b; Kirby and Chen, 1989) or nonlinear theory
Shrira (1993); Liu et al. (2014). For depth varying currents, however,
the derivation of variational formulations is not straightforward, since
the flow is not irrotational. This explains the lack of models describing
the evolution of water waves propagating in the presence of vorticity.
In the specific case of linearly sheared currents, however, several au-
thors overcame this difficulty. Among them, Jonsson et al. (1978) stud-
ied wave action conservation in the framework of one dimensional
wave propagation over varying bathymetry. Later on, Simmen and
Saffman (1985) and Teles Da Silva and Peregrine (1988) derived a var-
iational formulation of the problem, and used it to obtain an exact
solution for steady water waves numerically. However, all theses cases
are limited to two dimensional flows, which allow to describe water
waves propagating in one dimension.

The purpose of this work is twofold. First, a method is developed in
order to extend the mild-slope equation for the propagation of water
waves over slowly varying bathymetries, in the presence of spatially
varying sheared currents presenting a linear distribution in the vertical
direction. The lagrangian introduced by Simmen (1984) is linearized
following a method similar to the one used by Kirby (1984). Once the
equation derived, we solve numerically both the one and the two di-
mensional versions of this equation. The purpose of this second part is
to emphasize the strong influence of vorticity, slowly varying horizon-
tally, on the waves dynamics.
2. Linear water waves in the presence of constant vorticity

2.1. Description of the current structure, bathymetry and wave fields

We consider the scattering of water waves by slowly variable ba-
thymetry, in the presence of a vertically sheared current, which is slow-
ly varying in the horizontal directions. A Cartesian coordinate system
(x,z) is used with origin at some point on the undisturbed free surface,
and the vertical z-axis pointing upwards. The seabed surface is defined
by z=−h0(δx) and the current is assumed to be of the form

U x; zð Þ ¼ U0 δxð Þ þ S δxð Þz; ð1Þ

where U0=(ux,uy), S=(sx,sy), and where δ is a small parameter. The
vorticity Ω=∇×U contained in the current has components

Ω ¼ −sy; sx;Ωz
� �

; where Ωz ¼ ∂sy
∂x

−
∂sx
∂y

� �
zþ ∂uy

∂x
−

∂ux

∂y

� �
: ð2Þ

On the basis of the assumption (1), the vertical component of the
vorticity is significantly smaller that the horizontal ones, and will be
considered zero in the present work. Thus, the surface current and
shear fields, respectively, satisfy

∇� U0 ¼ 0; ∇� S ¼ 0; and thus Ω ¼ −sy; sx;0
� �

: ð3Þ

When modelling water waves in the presence of vorticity, a major
question concerns the description of the vorticity inherent to the wave
field. The question of irrotationality of the flow due to water waves,
and the subsequent representation by means of potential theory, has
to be considered with caution. In the specific case of constant vorticity,
however, this question might be addressed rigorously. In the present
study, we might follow Simmen (1984) and Simmen and Saffman
(1985), and look for wavy solutions in the form

u x; z; tð Þ−U x; zð Þ ¼ ∇Φ x; z; tð Þ; ð4Þ

where u corresponds to the total flow, andΦ is a potential solution de-
scribing a perturbation of the mean sheared flow U, which satisfies the
Laplace equation. This assumption implies no vorticity within the wave
field, which, by itself, needs a proper justification. Amathematical dem-
onstration of this postulate can be found in Nwogu (2009), where the
vorticity conservation equation of the total velocity field for water
waves propagating on a current varying verticallywith an arbitrary pro-
file is studied. The vorticity of the perturbative field (the wave field),
was found to be transported by the waves, except for a single source-
sink term involving the second derivative with respect to z of the back-
ground sheared current. Thus, water waves initially involving no vortic-
itywill keep propagatingwith an irrotationalmotion of thefluid, as long
as the current variations with depth remain linear. This property of the
motion will be tested by comparisons with experimental results avail-
able in the literature in Section 2.3.

2.2. Integration of Euler equations in the presence of vorticity

If integrating Euler equations in a scalar description is of current
knowledge while considering irrotational flow, it is not straightforward
in the framework of the problem at hand. When considering flow fields
involving two non-zero components of the vorticity, Stepanyants and
Yakubovich (2011) recently introduced amethod allowing to find a sca-
lar description of the field. We follow similar approach in order to inte-
grate Euler equations. The latter, written both for the background
current field and for the total field including the wave disturbance and
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subtracting by parts reduce to the following form

∇
∂Φ
∂t

þ U0 þ Szð Þ � ∇Φþ ∇Φð Þ2
2

þ gz

 !
þΩ� ∇Φ ¼ ∇ −

p
ρ

� �
; ð5Þ

where p stands for the disturbance pressure. For sake of clarity, and
given the specific structure of the flow, we might restrict the operator
∇ to the horizontal components of the gradient, and write ∇=(∇h,∂/
∂z). Thus, the above equation might be rewritten

∇h
∂Φ
∂t

þ U0 þ Szð Þ � ∇hΦþ ∇hΦð Þ2
2

þ 1
2

∂Φ
∂z

� �2

þ gz

 !
þ ∂Φ

∂z
S

¼ ∇h −
p
ρ

� �
;

ð6aÞ

∂
∂z

∂Φ
∂t

þ U0 þ Szð Þ � ∇hΦþ ∇hΦð Þ2
2

þ 1
2

∂Φ
∂z

� �2

þ gz

 !
−S � ∇hΦ

¼ −
1
ρ

∂p
∂z

:

ð6bÞ

The difficulty lies on integrating the last terms of the left hand side of
the above equations. To do so, wemight introduce a vector stream func-
tion, as it was suggested by Toledo and Agnon (2011), and thus

Ψ x; z; tð Þ ¼ Ψ 1ð Þ x; z; tð Þ;Ψ 2ð Þ x; z; tð Þ
� �

¼
Z z

−h
∇hΦdξ: ð7Þ

In this definition, h corresponds to the local water depth, i.e. h=
h0−η0, where h0 is the depth of the bathymetry, and η0 the deviation
of the surface due to the presence of the current. This vector stream
function fulfils the relations

∇h �Ψ ¼ −
∂Φ
∂z

and
∂Ψ
∂z

¼ ∇hΦ: ð8Þ

Thus, the last termof left hand side of Eqs. (6a) and (6b) respectively
rewrites −S(∇h ⋅Ψ) and S ⋅∂Ψ/∂z.

Since S is not a function of z, transformation of the second term is
straightforward, and S ⋅∂Ψ/∂z=∂(S ⋅Ψ)/∂z. Transformation of the first
term, however, needs more algebra. We might take advantage of the
two classical relations of vectorial analysis, expressing and the term
S(∇ ⋅Ψ) in the following form

S ∇ �Ψð Þ ¼ ∇ S �Ψð Þ− S � ∇ð Þ �Ψ− ∇ � Sð ÞΨ− Ψ� ∇ð Þ � S: ð9Þ

If restricted to the two horizontal components, this relation becomes

S ∇h �Ψð Þ ¼ ∇h S �Ψð Þ− S � ∇hð Þ �Ψ− ∇h � Sð ÞΨ− Ψ� ∇hð Þ � S: ð10Þ

Following Stepanyants and Yakubovich (2011), we can write the
equation of conservation of vorticity. Since the vertical component of
the vorticity is nil, its conservation, projected on the z axis, writes here

∇ zð Þ � Sð Þ � ∇½ � ∇ �Ψð Þ ¼ 0: ð11Þ

IfΨ is described as a wavy perturbation of wavenumber k, it results
that ∇ ⋅Ψ= ik ⋅Ψ, and the equality (11) implies that vectors k and S are
necessarily collinear. Thus, water waves propagating in the presence of
constant vorticity have to be two-dimensional, and to propagate
collinearly with vector S. This confirms the result initially derived by
Constantin (2011).
Given the definition of Ψ, we can note that ∂Ψ(1)/∂y=∂Ψ(2)/∂x.
Using these two remarks allows to demonstrate the relation

S � ∇hð Þ �Ψ ¼jSjO δð Þ: ð12Þ

Finally, it comes now clear that

−S ∇h �Ψð Þ ¼ −∇h S �Ψð Þ þ U0j j þ Sj jð ÞO δð Þ; ð13aÞ

and −S � ∂Ψ
∂z

¼ −
∂ S �Ψð Þ

∂z
: ð13bÞ

The Euler Eqs. (6a) and (6b) can now be integrated, and dropping
the OðδÞ terms, we finally obtain the pressure field, given by

−
p
ρ
¼ ∂Φ

∂t
þ Szþ U0ð Þ � ∇Φþ ∇Φð Þ2

2
þ 1

2
∂Φ
∂z

� �2

−S:Ψþ gzþ Sj jO δð Þ:

ð14Þ

In the above equation, and in the following, the subscript of the op-
erator ∇h will be dropped, since no confusion can arise anymore.

2.3. Linear solution of the wave field

As it is classically done (see e.g. Dean and Dalrymple, 1991), we
might introduce non-dimensional variables, based on characteristic
scales related to the waves. Thus, if k denotes the wave vector, k=|k |
the related wavenumber, and a the waves amplitude, we may consider
non dimensional variables x̂ ¼ kx, ẑ ¼ kz, t̂ ¼

ffiffiffiffiffi
gk

p
t. The angular fre-

quency of thewaves is now given by ω̂ ¼ ω=
ffiffiffiffiffi
gk

p
. Given these new var-

iables, the fields describing water waves, namely the elevation η,
velocity potential Φ, stream function Ψ and pressure p, now write

η̂ ¼ η
a
; Φ̂ ¼ k

a
ffiffiffiffiffi
gk

p Φ; Ψ̂ ¼ k

a
ffiffiffiffiffi
gk

p Ψ and p̂ ¼ k
ρg

p: ð15Þ

Furthermore, the current field should also be written in a non di-
mensional form, so that

Û0 ¼
ffiffiffi
k
g

s
U0 and Ŝ ¼ Sffiffiffiffiffi

gk
p : ð16Þ

When written in a non dimensional formulation, the hypothesis of

slow variations of the fields might rewrite j∇ĥ0j ¼ OðδÞ, j∇ � Û0j ¼ OðδÞ
and j∇ � Ŝj ¼ OðδÞ . Then, if introducing this formalism within the
Bernoulli Eq. (14), the latter becomes

−p̂ ¼ ẑþ ε
∂Φ̂
∂t̂

þ Ŝẑþ Û0

� �
� ∇Φ̂−Ŝ � Ψ̂

 !

þ ε2

2
∇Φ̂
� �2

þ ∂Φ
∂z

� �2
 !

þ O δð Þ:
ð17Þ

SinceΦ canbeunderstood as a perturbation of themeanflow,we in-
troduce the perturbative approximation

Φ̂ x; z; tð Þ ¼ ϕ x; z; tð Þ þ O εð Þ;
Ψ x; z; tð Þ ¼ ψ x; z; tð Þ þ O εð Þ;
ηT x; tð Þ ¼ η0 xð Þ þ η x; tð Þ þ O εð Þ;

ð18Þ

where ϕ, ψ, η0 and η are nondimensional quantities of order Oð1Þ. In
Eq. (18), ηT refers to the total deviation of the free surface from its rest
position. Namely, η0 is the deviation due to the presence of the current,
and η refers to the influence of waves. Finally, ε is a small parameter, the
wave steepness, defined as ε=ak, a being the wave amplitude and k=
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|k | the wavenumber of the perturbation. For sake of readability, every
hat will be discarded in the following.

If neglecting completely any horizontal variations, we derived a set
of equations which might be satisfied by water waves in the presence
of constant vorticity. In two horizontal dimensions of propagation, the
system to be satisfied writes

εΔΦ ¼ 0 for−h≤z≤η;

ε
∂Φ
∂t

þ U0 � ∇Φ−S:Ψþ η
� �

þ ε2
∇Φð Þ2
2

þ 1
2

∂Φ
∂z

� �2

þ ηS � ∇Φ
 !

¼ 0

on z ¼ η;

ε
∂η
∂t

þ U0 � ∇η−∂Φ
∂z

� �
þ ε2ηS � ∇η ¼ 0 on z ¼ η;

and ε
∂Φ
∂z

¼ 0 on z ¼ −h:

ð19Þ

Thus, the system (19) can be further linearized with respect to the
wave steepness, and becomes, after dropping every term of order Oðε2Þ,
and coming back to dimensional variables,

Δϕ ¼ 0 for−h≤z≤η;
∂ϕ
∂t

þ U0 � ∇ϕ−S:ψþ gη ¼ 0 on z ¼ η;

∂η
∂t

þ U0 � ∇η ¼ ∂ϕ
∂z

on z ¼ η;

and
∂ϕ
∂z

¼ 0 on z ¼ −h:

ð20Þ

Solutions of this system can be found by searching the velocity po-
tential in the form of a wavy perturbation, ϕ(x,z, t)=ϕ0f(z)ei(k ⋅x−ωt).
From this assumption, it follows that f(z)= cosh(k(z+h))/cosh(kh),
where k=|k |, and we obtain the expressions

ϕ x; z; tð Þ ¼ ϕ0
cosh k zþ hð Þð Þ

cosh khð Þ ei k�x−ωtð Þ

η x; tð Þ ¼ aei k�x−ωtð Þ

ψ x; z; tð Þ ¼ ikϕ0
sinh k zþ hð Þð Þ
k cosh khð Þ ei k�x−ωtð Þ

ð21Þ

Furthermore, the dispersion relation is found to be

ω−k � U0− tanh khð Þ=2kð ÞSð Þð Þ2− k � tanh khð Þ=2kð ÞSð Þ2 ¼ gk tanh khð Þ;
ð22Þ

confirming the pioneer results of Thompson (1949) and Kirby and Chen
(1989). The physical interpretation of this relation, however, is not
straightforward, and deserve further consideration.

In the framework of water waves propagating on a vertically sheared
current, many studies intended to obtain an analogy with the case of
water waves propagating over a vertically uniform current Ueq. Within
this approach, the question of the definition of the equivalent uniform
current arises. The problem is to define a value of this current correctly
chosen to reproduce the dynamics of water waves. Thus, an equivalent
depth demight naturally be introduced. Indeed, this depthwill be defined
as the depth where the sheared current equals the equivalent uniform
current (U0−deS=Ueq). Among others, Stewart and Joy (1974) intro-
duced a value of de equal to λ/4π, λ referring to the local wavelength.

However, the idea of an equivalent uniform current might be
questioned. Indeed, the experimental results obtained by Thomas
(1990), and confirmed later by Swan et al. (2001), shed some light
about the internal flow beneath surfacewaves propagating over a verti-
cally sheared current of arbitrary profile. While considering two dimen-
sional waves propagating over a flat bottom, these authors observed
some local inversions of the orbital velocities. This behaviour can
certainly not be described through the superposition of a constant cur-
rent, whatever its value, and irrotational waves. In the specific case of a
constant vorticity, Wahlen (2009) and Constantin and Varvaruca
(2011) demonstrated theoretically that critical layers, or stagnation
points, might appear for specific values of the mean flow vorticity.

In the latter case, these questions have an echo in the dispersion rela-
tion. Indeed, while considering water waves propagating over linearly
sheared currents, the exact linear dispersion relation is given by relation
(22). Under the hypothesis of weak shearing, namely |(tanh(kh)/k)S |/
|U0|b b1, the second term in the left hand side of this equation vanishes,
which demonstrates the validity of the approach of Stewart and Joy
(1974). Discarding this termwill directly allow to identify the equivalent
depth de= tanh(kh)/2k, and the equivalent current U1=U(z=−de)=
U0−deS. Under this assumption, the frequency, σ2=gktanh(kh), corre-
sponds to the intrinsic frequency σ1 for waves transported at the velocity
U1 (σ1=ω−k⋅U1). It is interesting to notice that this equivalent depth de
admits the asymptotic value λ/4πwhen kh→∞, confirming the results by
Stewart and Joy (1974). However, while considering the shallow water
limit kh→0, the asymptotic value of the equivalent depth becomes h/2,
and U1 is now the mean value of the current. It also has to be mentioned
that this depth corresponds to the “wave depth” introduced by Teles Da
Silva and Peregrine (1988).

In the general case, however, the second term in the left hand side of
Eq. (22) cannot be neglected, and the above approximation does not
hold anymore. This relation might however be rewritten

ω−k � U0−2deSð Þð Þ ω−k � U0ð Þ ¼ gk tanh khð Þ: ð23Þ

Thus, the intrinsic frequency σ2=gktanh(kh) cannot be understood
anymore as simple translation at the velocity U(−de). Indeed, within
this approach, we have to introduce the velocities and the angular fre-
quencies

U0 ¼ U 0ð Þ and σ0 ¼ ω−k:U0;
U1 ¼ U −deð Þ and σ1 ¼ ω−k:U1;
U2 ¼ U −2deð Þ and σ2 ¼ ω−k:U2:

ð24Þ

Thus, the dispersion relation reduces to σ2=σ0σ2, and intrinsic fre-
quencyσhas to be understood as the geometricmeanof the frequencies
σ0 and σ2. In other terms, a single equivalent velocity Ueq cannot be de-
fined, but an intrinsic equivalent frequency can be obtained by consid-
ering the Doppler shift due to the two velocities U0 and U2.

2.4. Velocity profile in the presence of vorticity

As discussed in Section 2.1, the present model is based on the as-
sumption that, for waves propagating in a vertically sheared current
with constant vorticity, the wave field could be approximately treated
as irrotational; see, also Thomas and Klopman (1997), Section 3.1.1).
Secondly, one-way coupling between the current and water waves
has been assumed, and the effect of water waves on the current profile
is neglected. In this section, in order to test the above assumptions, com-
parisons are shown between predictions by present model, experimen-
tal data and results from the model derived by Son and Lynett (2014),
which takes the two-way wave current coupling into account.

The case of opposingwaves on a vertically sheared currentwas stud-
ied experimentally by Swan (1990), where the influence of strong vor-
ticity on the behaviour of water waves, was analyzed experimentally.
Indeed, this author performed a series of measurements describing
two dimensional water waves, in the vertical plane, propagating in op-
posing strongly sheared currents Among other results, in the latter
work, the evolution of horizontal component of thewave velocity is pre-
sented as a function of depth for various conditions. Within the present
approach, if thewave inducedmotion is describedbymeans of potential
theory (see Eq. (21)), the horizontal velocities are easily obtained by
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differentiating with respect to x, and it comes

Uwaves z; tð Þ ¼ agkσ0

σ2

cosh k zþ hð Þð Þ
cosh khð Þ ei kx−ωtð Þ; ð25Þ

where a is the amplitude of the free surface elevation and k is the solu-
tion of the modified dispersion relation in the presence of linearly
sheared current, Eq. (23). We remark here that in constant depth and
horizontally constant surface current U0 and shear S, the above result
is also an exact solution of the extended mild slope equation for surface
waves interactingwith vertically sheared current that will be presented
and discussed in detail in the next section. A comparison between the
experimental data (green circles) and the predictions obtained by
means of linear potential theory is shown in Fig. 1, for various current,
vorticity and wave conditions.

Another basic assumption of the present model concerning the one-
way coupling between the current and water waves could also be
questioned. Indeed, the influence of water waves on the background
current is not considered here. In a recent work by Son and Lynett
(2014), a numerical model based on Boussinesq-type equations is de-
rived, taking into account the full coupling of nonlinear water waves
with a sheared current. Numerical results from the latter work are pre-
sented in Fig. 2 together with the experimental data by Swan (1990).
For sake of comparison, results provided by the present model are also
plotted in thisfigure, showing quite good agreementwith themeasured
data, especially as concerns the horizontal velocities at various depths
below the free surface. This agreement clearly indicates that the two-
way coupling does not have a significant influence on water waves dy-
namics. The largest discrepancies between the linear potential theory
and the experimental results of Swan (1990) appear on Fig. 2(a), and
concern the free surface elevation. In this figure, we clearly observe
the effect of wave nonlinearity, which manifests in the vicinity of the
free surface. However, if considering the orbital velocities, these com-
parisonswith experimental data by Swan (1990) and nonlinear numer-
ical model by Son and Lynett (2014) validate the potential linear
approach, and more specifically the vertical variation of the velocity
Fig. 1. Comparisons of experimental (Swan, 1990, ) and linear potential theory with vorticity
current conditions: (a): U0=0.42m .s−1, S0=1.70s−1, h=0.35m, T=1.418s and a=35.5mm
0.39m .s−1, S0=−1.00s−1, h=0.45m, T=0.998s and a=45.5mm. (d): U0=−0.50m .s−1, S0=
potential as the function f(z)= cosh(k(z+h))/cosh(kh), to be reason-
ably accurate.

3. Derivation of the extended mild slope equation

In this section, we use a variational formulation to derive an evolu-
tion equation for water wave propagation when slow variations of the
bathymetry, surface current and vorticity are considered. The expres-
sion of the lagrangian that should be considered in the framework of
flow with vorticity, however, should be introduced carefully. Indeed,
the conservative lagrangian in vortical flows was initially introduced
by Bateman (1929), using Clebsch's potential formulation. Luke
(1967) extended this result to flows with free surface. Then, Seliger
and Whitham (1968) demonstrated that the term used in Bateman
(1929) and Luke (1967) did correspond to the vertical integration of
the pressure term. Indeed, the quantity ℒ defined by

ℒ¼
Z εη

−h
−pdz: ð26Þ

should be conservative for flows with vorticity, as it was stated by
Longuet-Higgins (1983). Given the assumptions formulated above, the
lagrangianℒ can be rewritten

ℒ ϕ; ηð Þ ¼
Z εη

−h
zþ ε

∂ϕ
∂t

þ Szþ U0ð Þ � ∇ϕ−S � ψ� �	

þ ε2
∇ϕð Þ2
2

þ 1
2

∂ϕ
∂z

� �2
 !)

dzþO δð Þ:
ð27Þ

The above equation can be put in the form

ℒ ϕ; ηð Þ ¼ ℒ1 þ ε2
η2

2
þ η

∂ϕ
∂t

þ U0 � ∇ϕ−S � ψ� �
z¼0

	
1
2

Z 0

−h
∇ϕð Þ2 þ ∂ϕ

∂z

� �2
 !

dz

)
þO ε3; δ

� �
;

ð28Þ
(Eq. (25), )) horizontal component of the velocity induced by wave motion in various
. (b): U0=0.44m .s−1, S0=1.19s−1, h=0.45m, T=0.869s and a=22.5mm. (c): U0=−
−1.67s−1, h=0.35m, T=1.420s and a=61.5mm.
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Fig. 2.Comparisons of the surface elevation (a) andhorizontal component of the velocity induced bywavemotion at various depth ((b): Z=−0.1m, (c): Z=−0.2m and (d): Z=−0.3m)
obtained by linear potential theory with vorticity ( ), numerically (Son and Lynett, 2014, ) and experimentally (Swan, 1990, ) with current conditions: U0=−0.50m .s−1, S0=−
1.67s−1, h=0.35m, T=1.420s and a=61.5mm.
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where ℒ1 is given by

ℒ1 ϕ;ηð Þ ¼ −
h2

2
þ ε
Z 0

−h

∂ϕ
∂t

þ Szþ U0ð Þ � ∇ϕ−S � ψ� �
dz: ð29Þ

Following (Kirby, 1984),wemight evaluate this lagrangian, based on
the hypothesis of slow variations of the wave field. Indeed, keeping the
perturbative approach described by Eq. (18), the velocity potential can
be seek in the form

ϕ x; z; tð Þ ¼ f zð Þφ x; tð Þ ¼ cosh k zþ hð Þð Þ
cosh khð Þ φ x; tð Þ; ð30Þ

relaxing the plane wave hypothesis which was assumed in Eq. (21).
Once the vertical structure of the flow is known, we might perform

the integrationwith respect to z, finding an expression of the lagrangian
explicitly involving φ, η, and ψ0, the value of ψ(x,z=0,t). Thus,

ℒ φ; ηð Þ ¼ ℒ1 þ ε2
η2

2
þ η

∂φ
∂t

þ U0 � ∇φ−S � ψ0

� �
þℒ2

	 

þO ε3

� �
;

ð31Þ

with

ℒ2 ¼ CCg

2
∇φð Þ2 þ σ2−k2CCg

2
φ2

1
2

Z 0

−h

∂ f
∂h

� �2

dz ∇hð Þ2φ2þ
Z 0

−h
f
∂ f
∂h

dz ∇hð Þ φ∇φð Þ
ð32Þ

In this equation, C and Cg correspond respectively to σ/k and ∂σ/∂k,
where σ is defined as σ2=k tanh(h). Assuming the last two terms of
higher order Oðδ2Þ , in conjunction with the additional assumption
that OðδÞ ¼ OðεÞ, these terms will be omitted.

The variational principle associated with the stationarity of Luke's
functional, which is defined by the integration of the lagrangian density
given by Eq. (31), is

ZZ
x;tð Þ

∂ℒ
∂φ

δφ ¼ 0 and
ZZ
x;tð Þ

∂ℒ
∂η

δη ¼ 0: ð33Þ

After substituting the above expressions, calculating the variations
of the various terms, using the usual assumption that δη and δφ vanish
at infinity, and thus, the variation δℒ1=0, we obtain using integration
by parts and applying Leibnitz rule the equation system (33) reduces to

∂η
∂t

þ ∇ � U0ηð Þ þ ∇ � CCg∇φ
� �

− σ2−k2CCg

� �
φ ¼ 0; ð34Þ

and

η ¼ −
∂φ
∂t

þ U0 � ∇φ−S � ψ0

� �
; ð35Þ

where ψ0(x,0) is defined by

ψ0 ¼ ψ x; z ¼ 0; tð Þ ¼ tanh khð Þ
k

∇φ; ð36Þ

ψ being the function defined by Eq. (7), keeping terms up to the first
order.

Returning back to dimensional variables we finally obtain the fol-
lowing system as a first-order approximation with respect to free sur-
face and bottom slope

∂η
∂t

þ ∇ � U0ηð Þ þ ∇ � CCg

g
∇φ

� �
−

σ2−k2CCg

g
φ ¼ 0; ð37Þ

and

η ¼ −
1
g

∂φ
∂t

þ U0 � ∇φ−S � ψ0

� �
; ð38Þ

where C=σ/k, Cg=∂σ/∂k and σ2=gk tanh(kh).
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Keeping in mind the discussion provided in Section 2.3, we intro-
duce two material derivatives D/Dt=∂/∂t+U0 .∇ and ~D=~Dt ¼ ∂=∂t þ
U2:∇ , taking into account the two velocities of transport. Then,
substituting (35) and (36) into Eq. (34) leads to

D
Dt

~Dφ
~Dt

 !
þ ∇ � U0ð Þ

~Dφ
~Dt

−∇ CCg∇φ
� �þ σ2−k2CCg

� �
φ ¼ 0: ð39Þ

This equation provides an extension of the mild-slope equation, as
derived by Kirby (1984), for depth varying currents. Indeed, when the
variations of currents with depth are neglected (S=0), it is straightfor-
ward that Eq. (39) reduces to themild-slope equation in its classic form

D2φ
Dt2

þ ∇ � U0ð ÞDφ
Dt

−∇ CCg∇φ
� �þ σ2−k2CCg

� �
φ ¼ 0: ð40Þ

Furthermore, by assuming no horizontal variations of h, U0, nor S, it
is clear that Eq. (39) reduces to the linear dispersion relation (23).

4. Influence of the vorticity on the wave dynamics

The purpose of this section is to emphasize the influence, potentially
strong, of the vorticityfield and its horizontal variations on the propaga-
tion of water waves. This illustration is based on the numerical solution
of some selected cases. In a first part, the numerical procedure for solv-
ing Eq. (39) is described. Then, results describing particular configura-
tions of wave propagation in one and two dimensional directions are
presented and commented.

4.1. Numerical solution of the extended mild slope equation

As it is classically done, Eq. (39) can be solved in the frequency do-
main, assuming the velocity potential to write φ ¼ φ̂ expð−iωtÞ. Thus,
the elliptic version of the present vertical mild shear model becomes

a∇2φ̂−∇ � U0 U2 � ∇φ̂½ �ð Þ þ b∇φ̂þ cφ̂ ¼ 0; ð41Þ

which is a second order elliptic partial derivative equation with respect
to the complexwave potentialφ̂, andwhere the horizontally varying co-
efficients are defined as follows

a ¼ CCg ; ð42Þ

b ¼ ∇aþ iω U0 þ U2ð Þand ð43Þ

c ¼ ω2−σ2 þ k2CCg þ iω ∇ � U0ð Þ: ð44Þ

The term CCg is given by the relation

CCg ¼ g tanh khð Þ
2k

1þ 2kh
sinh 2khð Þ

� �
ð45Þ

An important point in the case of a spatially varying environment
and inhomogeneous vertical sheared current is how to define the local
wavenumber appearing in the above expression. Following
Belibassakis et al. (2011), in the present work this parameter is defined
through the gradient of the phase

k ¼ ∇Θ; Θ ¼ −i ln φ=jφjð Þ ð46Þ

of the complex wave potential. This choice introduces implicit nonline-
arity to the problem and the above parameter is estimated by iterations
starting from the solution corresponding to propagatingwaves over the
environment without current. The above approach converges when the
current magnitude is small compared to the phase speed of the waves.
In the examples presented in this work, 6–7 iterations are found to be
sufficient to provide convergence with a relative error lower than 10−5.

For the numerical solution of the problem, this equation is
discretized by using a second-order, central finite difference scheme.

Two kinds of boundary conditions are considered in one dimension-
al propagation problems,while three kinds are considered in the twodi-
mensional cases. In both cases, one should consider an input boundary
condition located at x=−L/2, and an output condition located at x=
L/2, L being the length of the numerical domain.

The input condition is obtained by imposing an incident wave po-
tential φin, a priori known, but allowing consideration of reflected
waves φr, as it was suggested by Panchang et al. (1991). Thus, the
boundary condition at the input boundary condition reads

∂φ
∂x

¼ ik φin−φrð Þ

¼ ik 2φin−φð Þ on x ¼ −
L
2
:

ð47Þ

In the meantime, the output boundary condition is designed to cor-
respond to a radiation condition, allowing waves with a wave vector k
presenting an arbitrary, reasonably small, angle with the x axis. We im-
plemented the boundary condition corresponding to the lower parabol-
ic approximation (Radder, 1979; Kirby, 1989), which reads

∂φ
∂x

¼ ik φþ 1

2k2
∂2φ
∂y2

 !
on x ¼ L

2
: ð48Þ

Furthermore in applications to wave propagation problems in two
horizontal dimensions additional conditions are used in order to
model the reflection of waves from the side (lateral) boundaries (∂φ/
∂y=0).

4.2. One dimensional propagation

4.2.1. Wave amplification due to horizontal variations of vorticity
The first case considered here is designed to emphasize the evolu-

tion of water waves in the presence of a slowly varying vorticity field,
in the absence of bathymetric variations. Thus, the numerical domain
considered is one dimensional, and presents a length L. In this case,
water waves of angular frequency ω are propagating in water of con-
stant depth h, in the presence of varying current distributions
U(x,z)=U0(x)+S(x)z.

The spatial distributions of the fields S and U0 are given by the rela-
tions

S xð Þ ¼ S0 exp −10
x−L=2ð Þ2
L=2ð Þ2

 !
: ð49Þ

and

U0 xð Þ ¼ U þ h
2
S xð Þ; ð50Þ

so that the flow rate is kept constant at every location x.
Results of this simulations, for L=20m and depth h=1m, for wave

frequency ω=2π are presented in Fig. 3.
The subplot (a) compares the numerical results obtained by consid-

ering two distinct set of parameters. The blue and yellow lines corre-
spond to water waves propagating in the presence of the current field
obtained with the parameters U=−0.2m . s−1 and S0=0s−1. Given
the definitions of the current (49) and (50), this current is constant, so
that U(x,z)=U. The blue line is the corresponding elevation, while the
yellow one corresponds to the related envelope. As expected, the enve-
lope remains constant all along the numerical tank.
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Fig. 3. (a): Comparison of the spatial evolution of the free surface propagated in the
presence ( ( ) Free Surface, ( ) Envelope) and in the absence of vorticity ( ( ) Free
Surface, ( ) Envelope). (b): Maximum value of the envelope plotted as a function of
themaximum value of the vorticity, for several values of the background current velocity.

Fig. 4. Free surface elevation (real part ( ) and imaginary part ( )) as calculated by the
present model in the case of waves of period T=2.5s propagating over the rippled bed.
(a) no current, (b) homogeneous current U0=0.4m .s−1, (c) vertically sheared current
U0=0.4m .s−1, S=0.2s−1.
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In the meantime, the green and magenta lines correspond to water
waves propagating in the presence of the current field obtained with
the parameters U=−0.2m .s−1 and S0=−0.2s−1. This new parame-
ters provide a spatial distribution of U0(x) and S(x) of Gaussian shape.
Here again, the green line correspond to elevation, while the magenta
corresponds to the related envelope.

It is interesting to notice how the interaction due to the vorticity is
important. Indeed, in the case considered here, the maximum reached
by the envelope is increased by 50% when vorticity is present. At the
end of the numerical tank, the vorticity vanishes, accordingly to the
Gaussian distribution considered in Eq. (49). The amplitude of water
waves decreases, and becomes very similar to its value before encoun-
tering themodified area. Simultaneously, an important phasemodifica-
tion is observed. The phase shift between water waves propagated in
the absence of vorticity, andwaterwaves which encountered variations
of the vorticity is close to 3π/4.

The subplot (b) in Fig. 3 illustrates the influence of vorticity on the
envelope maximum. Indeed, these curves represent the maximum
value of the envelope along the wave tank, Emax, plotted as a function
of the value of vorticity parameter S0 considered. The four curves corre-
spond to four values of the parameterU considered. Thus, this curve can
be interpreted as the normalized amplification of water waves due to
the presence of vorticity. From this figure, it appears that vorticity can
have significant influence, since the water waves amplification can
reach, in some specifice cases, a factor three. Furthermore, it appears
that negative vorticities have a stronger influence on the envelope dy-
namics than positive ones.
4.2.2. Wave scattering by sinusoidal bathymetry in the presence of current
The second case considered here is designed to emphasize the evo-

lution of water waves in the presence of a slowly varying vorticity
field, when bathymetry variations are considered. A classical two di-
mensional case corresponds to the Bragg reflection. Furthermore, in
this subsection, we take advantage of existing experimental results.
Indeed, a case of wave scattering over a sinusoidal bottom in the
presence of following current was investigated by Magne et al. (2005).
Waves were generated in a flumewith and without current and propa-
gated over a patch of four sinusoidal bars before dissipating on a beach.
The mean depth over the sinusoidal patch is h=1.5m and the base
depth 1.9m. The amplitude of the bars is 0.4mwith a horizontal bottom
wavelength of λ0=2.5m. The sinusoidal patch is 10 m long including
four bottom periodic cells, and is extended by 3 m-long adapter ramps
at the beginning and at the end, to allow for a smooth transition. The
above bottom profile is illustrated in Fig. 4, along with the calculated
free-surface elevation corresponding to a harmonic incident waves of
period T=2.5s, as calculated by the present model. In particular three
cases have been examined: (a) waves without current, (b) waves with
a homogeneous following current U0=0.4m .s−1, and (c) same as be-
fore but with a vertically sheared current, where the shear is also hori-
zontally constant S=0.2s−1.

A comparison of the present method results vs. experimental mea-
surements for the reflection coefficient (fromMagne et al., 2005) is pre-
sented in Fig. 5, for waves without current (shown by the blue line) and
with a horizontal current flowing in the positive x-direction with veloc-
ity U0=0.4m .s−1 (shown by the green line) and the shear current

https://www.researchgate.net/publication/233742526_Measurement_of_wave_scattering_by_topography_in_the_presence_of_currents?el=1_x_8&enrichId=rgreq-3b8a46ad1a086d1b3b587fdc2c150ada-XXX&enrichSource=Y292ZXJQYWdlOzMwNTg0NzkyMjtBUzozOTU3MjU0OTkzMjIzNjhAMTQ3MTM1OTcxOTIwMA==
https://www.researchgate.net/publication/233742526_Measurement_of_wave_scattering_by_topography_in_the_presence_of_currents?el=1_x_8&enrichId=rgreq-3b8a46ad1a086d1b3b587fdc2c150ada-XXX&enrichSource=Y292ZXJQYWdlOzMwNTg0NzkyMjtBUzozOTU3MjU0OTkzMjIzNjhAMTQ3MTM1OTcxOTIwMA==


Fig. 5. Reflection coefficient vs. normalized resonant wave number in the case of
sinusoidal bottom profile. Present method results are shown by using thick solid lines
(( )) U0=0m .s−1 & S=0s−1, )) U0=0.4m .s−1 & S=0s−1, ( )) U0=0.4m .s−1 &
S=−0.2s−1, and ( )) U0=0.4m .s−1 & S=0.2s−1). Experimental data from Magne
et al. (2005) are shown using squares ( , U0=0m .s−1) and bullets ( , U0=0.4s−1),
respectively.
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(shown by the yellow and magenta lines). Results are presented as a
function of the normalized resonant wave number 2knc/l0, where l0=
2π/λ0, and where knc is the wave number corresponding to the base
water depth h=1.9m for a gravitywave of angular frequencyωwithout
current, so that ω ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gknc tanhðknchÞ

p
.

When analysing these results, several remarks occur. First, when
considering only numerical results, the influence of vorticity on Bragg
resonance appears. Indeed, the solid blue line corresponds to the results
involving no current, the green line is the case U0=0.4m .s−1 and S=
0s−1, the yellow line corresponds to the case U0=0.4m . s−1 and
S=−0.2s−1, while the magenta line is the case U0=0.4m . s−1 and
S=0.2s−1. The comparison between the blue and green line illustrate
the influence of the current on Bragg reflection coefficient. It is interest-
ing to notice that themaximum value of this coefficient varies from R=
0.3 to R=0.45when strong current is present. This result, however, was
already known. The novelty here comes when considering the vorticity.
The reflection coefficient, in the latter case, may vary between values
ranging from R=0.35 to R=0.5. The maximum location is also found
to be slightly affected.

Considering the comparison of the present results against the exper-
imental data, it is observed that the inclusion of current provides better
agreement of model predictions with measured values of the reflection
coefficient. Moreover, the inclusion of shear in the current has an effect
to further increase the peak value of the reflection coefficient. Future re-
search will focus on the investigation of this finding by experiments in
wave flume with controllable sheared current.
Fig. 6. Distribution of the surface current within the numerical domain.
4.3. Two dimensional propagation

The simulations presented here are designed to emphasize the im-
portance of vorticity on water wave's propagation when two dimen-
sional effects are considered. To do so, we consider the case of waves
scattering over a linear bottom profile, taking into account the effects
of an opposing jet-like flow modelling a rip current. Wave-induced rip
currents are due to the three dimensional circulation induced by wave
forcing. Indeed, the longshore flow fields converge into periodic rips
and form independent circulation cells in the inshore region, which
plays an important role in coastal morphodynamics. These currents, in
conjunction with local amplification of wave energy, are responsible
for many accidents near beaches.

In several works concerning the structure of rip currents, based both
on experimental studies, as e.g., Haller et al. (1997); Haas and Svendsen
(2002), and observations MacMahan et al. (2005), it is reported that
most of the shear in rip currentflows is contained in the crest-trough re-
gion indicating a mostly constant vertical velocity profile, from the bot-
tom up to thewave trough. The treatment of wave scattering by current
profiles characterized by different vertical slopes in various parts neces-
sitates significantmodification, and such an extension is left to be exam-
ined in future work. On the other hand, in the detailed laboratory study
of rip channel flow by Haas and Svendsen (2002) it is clearly shown
that, although there is little variation of the vertical profile inside the
channel, still linear variation is quite evident, especially moving in the
offshore direction, where the current velocity diminishes at the bottom
or even becomes shoreward at some offshore locations; see, e.g., Fig. 12
in Haas and Svendsen (2002). In conclusion, with the exception of the
crest-trough region, rip currents could present a strong depth variation
outside the breakers and little depth variation inside the channel or the
convergence zone, that can bemodelled by considering the present sin-
gle linear model, Eq. (1).

In order to illustrate the combined effects of shear in rip flowand ba-
thymetry into the wave pattern, in this section we examine a beach of
uniform slope 1:50 similar to the one considered by Liu (1983). This ex-
ample has been further studied by many authors (see e.g. Chen et al.,
2005; Liau et al., 2011; Belibassakis et al., 2014). Chen et al. (2005) de-
scribe the structure of the rip current U=(U0,V0) considered in this ex-
ample by means of the relations

U0 ¼ −0:1442sF
s

76:2

� �
F

y
7:62

� �

V0 ¼ −0:5192 2−
s

76:2

� �2� �
F

s
76:2

� � Zy=7:62
0

F τð Þdτ;
ð51Þ

where lengths are inm and velocities inm/s, and where s=x−300m is
the distance from the shore. Furthermore, F refers to the function de-
fined as

F τð Þ ¼ 1ffiffiffiffiffiffi
2π

p exp −
τ2

2

� �
: ð52Þ

In thiswork,we consider two distinct cases. First, the case studied by
these authors is reproduced for sake of validation of the numerical
scheme. The current described by Eq. (51) is considered to be uniform
with depth, and to vary slowly within the numerical domain, as pre-
sented in Fig. 6, and its maximum value is 1.06m/s. Then, a second
case is considered, involving vorticity. Here, the current described by
Eq. (51) is not considered to be uniform anymore, but to vary with
depth. Based on the above remarks, we select as an indicative value of
the shearing coefficient

S x; yð Þ ¼ U x; yð Þ
h x; yð Þ ; for x⩽300m; ð53Þ

i.e. outside and offshore the convergence zone, so that the current
velocity field becomes zero at the bottom in this subregion.
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Furthermore, we select the shear to vanish

S x; yð Þ ¼ 0; for xN300m; ð54Þ

in the convergence zone and moving to the onshore subregion.
In both cases, we consider unit-amplitude harmonic waves of pe-

riod T=8s propagating along the x-axis, normally to the bottom con-
tours. A subdomain of constant depth h=4m has been assumed in
subregion x≤100m in order to specify the incident wave conditions.
Furthermore, a cut-off value of depth equal to h=0.04m has been
used in order to numerically treat the zero-depth singularity at the
shore-line x=300m, and further (x≥300m). Thus, the numerical do-
main considered was 350 m by 350 m, discretised by means of 501
equidistant points along each horizontal direction, which are enough
for numerical convergence. Boundary conditions used here are those
described in Section 4.1.

Results of these simulations are displayed in Figs. 7 and 8. In Fig. 7,
normalized wave amplitude (a) and phase (b) are presented when no
vorticity is involved within the numerical simulation. In the lower part
of this figure, normalized amplitude (c) and phase (d) are also
displayed, but when the vorticity field is considered. Qualitative behav-
iour observed in Belibassakis et al. (2014) is very well reproduced, in-
cluding the wave focusing over the rip current, and the phase shift
induced when approaching the coast line.When vorticity is considered,
the behaviour observed is different. Although the distribution of wave
amplitudes remains similar, the difference concerning the wave phase
is much more striking. Indeed, the phase shift observed around
(x,y)=(250,0) is not present in the latter case.

Focusing on wave amplitude, comparisons are presented in Fig. 8.
More specifically, Fig. 8(a) displays the evolution of the normalized
wave amplitude along the centreline of the numerical domain (y=0),
Fig. 7. (a): Normalizedwave amplitude within the numerical domain in the absence of vorticity
Normalized wave amplitude within the numerical domain in the presence of vorticity. (d): No
and presents the results obtained by several authors in the absence of
vorticity. Results given by Liu (1983) are shown by using magenta dia-
monds, results obtained by Chen et al. (2005) are indicated by yellow
squares, results given by Liau et al. (2011) are displayed by cyan circles,
while results obtained by Belibassakis et al. (2014) correspond to the
green solid line. For sake of comparison, the present results, when no
vorticity is considered, are given by the solid blue line, and present a
very good agreement with former works. In the meantime, the solid
red line corresponds to the results obtained with this method, when
the shear is taken into account. From this figure, a confirmation of the
qualitative behaviour observed in Fig. 7 is found. The wave normalized
amplitude, along the centreline of the numerical domain, is not signifi-
cantly affected by the presence of vorticity. This is probably explained
by the symmetry of the problem at hand.

On the other hand, the phase difference due to the presence of vor-
ticity observed in Fig. 7 must have a significant impact on local proper-
ties of wave amplitudes. These differences can be seen in Fig. 8(b).
Indeed, the normalized wave amplitudes along the shore (x=250m)
are plotted for both cases. The solid blue line corresponds to the solution
obtained in the absence of vorticity, while the the solid red line is the so-
lution when vorticity is present. From this figure, it appears that if the
maximum of the normalized amplitude on the axis are not significantly
changed, they present important differences on both parts of the rip
current. Indeed, calm zones are observed on both sides of the rip current
in the absence of vorticity. These zones are not reproducedwhen vortic-
ity is considered. This observation emphasizes the effect of vorticity dif-
ference on the local wave properties. Indeed, if the global energy
focused on the axis of symmetry remains similar in both cases, its origin
is rather different from one case to another. This observation empha-
sizes the strong role played by vorticty on the local properties of the
wave field in two dimensional cases of propagation.
. (b): Normalizedwave phasewithin the numerical domain in the absence of vorticity. (c):
rmalized wave phase within the numerical domain in the presence of vorticity.
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Fig. 8. (a): Normalized wave amplitude along the centreline (y=0). Former results by Liu (1983) ( ), Chen et al. (2005) ( ), Liau et al. (2011) ( ), Belibassakis et al. (2014) ( ) are
plotted together with the present simulations obtained in the absence of vorticity ( ). Results obtained in the present of vorticity are also displayed, for sake of comparison ( ). (b):
Normalized wave amplitude along the shoreline (x=250m). Results obtained in the absence of vorticity ( ) are plotted together with results obtained when vorticity is considered.
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5. Concluding remarks

A new formulation of themild-slope equation is derived and studied
to describe wave scattering by horizontally slowly varying sheared
currents and bathymetry. In its present form, this equation provides
thedynamics of linearwaterwaves propagating in the presence of inho-
mogeneous currents characterized by linear vertical profile. The vortic-
ity is assumed to be locally constant, possibly strong. On the other hand,
the horizontal variations of the bathymetry, and of the current proper-
ties are assumed to be slow with respect to the wavelength. When no
horizontal variations are considered, this equation reduces to the classi-
cally known free surface equation and dispersion relation. Furthermore,
when no vorticity is considered, this equation reduces to classically
known mild-slope equation. With the aid of selected examples the ef-
fect of shear on the wave pattern and dynamics is illustrated, which
could become quite important in specific cases.

The present equation could be extended to more general cases,
including higher order terms with respect to the bottom slope
(Toledo et al., 2012), or multimodal expansions for the potential
(Belibassakis et al., 2011). Future work will also focus on the investi-
gation of the evolution of wave action and wave energy as predicted
by the present phase-resolving model, in applications to nearshore
and coastal regions. In particular, wave action plays a central role
in the development and validation of phase-averaged wave models,
and its conservation in the presence of vertical currents is subject
to controversy (see e.g. (Bretherton and Garrett, 1969; Voronovich,
1976).
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