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ABSTRACT

A full discrete spectral model for propagation, generation and dissipation of wind waves for arbitrary depth,
current and wind fields is presented (WAVEWATCH ). This model incorporates all relevant wave—-current
interaction mechanisms, including changes of absolute frequencies due to unsteadiness of depth and currents.
The model furthermore explicitly accounts for growth and decay of wave energy and for nonlinear resonant
wave-wave interactions. The numerical schemes for propagation are basically second-order accurate. Effects of
refraction and frequency shifts (due to unsteadiness of depth and current) are calculated on a fixed grid, also
using second-order schemes. This paper focuses on the governing equations and the numerical algorithms.
Furthermore some results for academic and realistic cases are presented to illustrate some features and merits

of the model.

1. Introduction

In the last few decades operational models have been
developed for predicting or hindcasting wind waves
and currents, ignoring interactions between them.
However, effects of currents on waves have long been
recognized by people living near the coast and by sailors
(e.g., the existence of tidal races, i.e., current-induced
severe wave breaking, near inlets and headlands and
on shoals). This close relationship has also been rec-
ognized theoretically. After some pioneering papers by
Unna (1941, 1942, 1947) and Barber (1949), the the-
ory for wave-current interaction was developed by
Longuet-Higgins and Stewart (1960, 1961, 1962), who
introduced the concept of radiation stress, and by
Whitham (1965) and Bretherthon and Garrett (1968),
who introduced the concept of action conservation.
The theory is well established and it is treated in various
textbooks, review papers and reports (e.g., Whitham
1974; Peregrine 1976; Phillips 1977; Mei 1983; Pere-
grine and Jonsson 1983; Jonsson 1990).

Several numerical wave models have been developed
for waves on currents (e.g., Tayfun et al. 1976; Radder
1979; Sakai et al. 1983; Chen and Wang 1983; Ma-
thiesen 1987; Holthuijsen et al. 1989), usually for rel-
atively small scale (coastal) areas. Some models (or
combinations of models) also incorporate the effects
of wind waves on currents (Skovgaard and Jonsson
1976; extended by Christoffersen 1982; Dingemans et
al. 1986). However, these models have been developed
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for (quasi-) stationary depths and currents for which
changes of absolute frequency due to the unsteadiness
of depth and current can be neglected.! Furthermore
source terms for wave generation, dissipation and non-
linear wave-wave interactions are highly parameter-
ized, if considered at all in such models.

The description of wave generation, dissipation and
nonlinear wave-wave interactions is much more de-
veloped in ocean wave models. After the pioneering
work of Gelci et al. (1956, 1957), several such models
have been developed (see e.g., SWAMP Group 1985;
SWIM Group 1985). These models are denoted as first,
second or third generation wave models, depending on
the level of parameterization of generation, dissipation
and nonlinear wave-wave interactions (see e.g.,
WAMDI Group 1988). The highest level of develop-
ment is presently reached in the third-generation WAM
model (WAMDI Group 1988), in which all processes
of wave generation, dissipation and nonlinear wave-
wayve interactions are accounted for explicitly. Wave-
current interactions, however, are not incorporated in
this or any other ocean wave model.

In several situations waves propagate over current
fields with length scales on which generation is impor-
tant (i.e., of the order of 100-1000 km), for instance,
tides in shelf seas or deep-ocean currents like the Gulf
Stream. Furthermore currents on these large scales can
be unsteady. To account for wave-current interactions

! Parallel to the development of WAVEWATCH, Yamaguchi et
al. (1989) and Yamaguchi and Hatada ( 1990 ) developed ray models
for propagation of irregular waves on unsteady and inhomogeneous
currents ( neglecting source terms).
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in such unsteady conditions, the unsteadiness has to
be fully accounted for (e.g., Tolman 1990b). To the
knowledge of the present author, no model for wind
waves on such large scale (potentially unsteady) cur-
rents was available. Such a model (WAVEWATCH)
is presented here.

The present model combines the advanced propa-
gation formulations of coastal wave models (depth and
current refraction, energy exchange with the mean
current), with the source term formulations of ocean
wave models. The numerical techniques (i.e., solution
of an action balance equation on a fixed grid) are
mostly taken from ocean wave models, since the con-
ventional wave ray technique of most coastal models
is inconvenient to compute wave heights and (nonlin-
ear) source terms.

The model has been developed to investigate effects
of tides and surges on wind waves in shelf seas (thesis
of the present author 1990a). The selection of numer-
ical schemes and results of academic test cases are dis-
cussed in detail by Tolman (1989, 1990a). This paper
focuses on the governing equations and the (final)
numerical algorithms. Growth characteristics of
WAVEWATCH will not be discussed here, since the
formulation and treatment of the source terms is es-
sentially identical to those of the WAM model
(WAMDI Group 1988). To illustrate specific features
of the present model, results for three example calcu-
lations are presented. First, results of a refraction test
on a plane beach are presented to illustrate the perfor-
mance of refraction by the second-order scheme and
to discuss relevant aspects of previously published re-
fraction schemes. Second, results of wave propagation
over a Gulf Stream ring are presented to illustrate the
advantages of a grid model (as used here) over a ray
model for waves on currents. This case is treated in
full by Holthuijsen and Tolman (1991). Third, some
results of a hindcast for the North Sea are presented
to illustrate the importance of the effects of unsteadiness
of depth and current and to compare model behavior
with observations. This case is taken from the study,
for which WAVEWATCH has been developed (Tol-
man 1990a, 1991a).

2. Governing equations
a. Introduction

The governing equations for wind wave propagation
and generation are well established, as discussed in the
introduction. Formulations as used in the model de-
scribed here are summarized below for completeness
only. A detailed description of the theory can be found
in the textbooks and review papers mentioned in the
introduction.

Wind waves are usually described with a variance
density F as a function of wave phase parameters such
as the wavenumber k, the intrinsic or relative frequency
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o (as observed in a frame of reference moving with the
mean current U), the absolute frequency w (as ob-
served in a fixed frame) and the direction # (normal
to the wave crest of the component). In the linear the-
ory for (quasi-) uniform surface gravity waves on slowly
varying depths and currents (e.g., Whitham 1974;
Phillips 1977; LeBlond and Mysak 1978), the wave-
number k is related to the frequencies ¢ and w in the
dispersion relation (surface tension neglected):

¢ = Vgk tanhkd = w — k- U,

where g is the acceleration of gravity, d is the water
depth (average over the wave field) and k is the wave-
number vector with magnitude k and direction 6. With
this w — k relation, the spectrum is essentially two-
dimensional. This spectrum is denoted here as F(£),
where £ denotes the two independent spectral variables
(chosen from k, k, 8, w and o). For the moment no
specific choice of independent spectral parameters will
be made. At the scale of wave propagation, the spec-
trum is also a function of location x and time ¢, so that
the spectrum is essentially five-dimensional, i.e. F(¢,
X, t).

If waves propagate over slowly varying depths and
currents, the linear uniform-wave theory remains (lo-
cally) applicable. Changes of the wavenumber k, fre-
quencies ¢ and w and direction 6 during propagation
can be determined from the kinematics of wave trains.
Changes of the spectral density during propagation can
be determined using energy or action conservation
equations. Diffraction will be ignored altogether.

(1)

b. Kinematics

In the linear wave theory the variance (energy) of
wave components travels with the group velocity given
by

ax
K+ 2
o U, (2)
o 1 kd
="y n_5+sinh2kd' 3)

The rates of change of absolute frequency w, wave-
number k, relative frequency ¢ and direction 6 while
moving with this velocity ¢, + U, denoted as dw/dr,
dk/dt, da/dt and db/dt, respectively, are (e.g., Chris-
toffersen 1982; Mei 1983, p. 96):

dw dg 0d Ju

T vl 4)
dk do dd au
7% T e (5)



784

do 3o dd oU

= c,—ad[at+U-de]—cg 2, (6)
do_, _ _iaad | o :
@ " "kodom T X om| 7

in which s is the space coordinate in the direction 6
and m is a coordinate normal to s; V, is the two-di-
mensional differential operator in the x-space and the
operator d/dt is defined as

d 9

ey + [, + U]+ V,.
The quantities ¢ in the above equations will be used
in the following as propagation speeds in the spectral
space. Note that since Eq. (1) provides a local relation
between the wavenumber and the frequencies, only
one of the Egs. (4) through (6) has to be integrated to
obtain w, ¢ and k.

(8)

¢. Dynamics

In cases without currents the change of wave height
during propagation is determined using an energy con-
servation equation (Whitham 1974; Phillips 1977; Mei
1983). In cases with currents, the wave energy is gen-
erally not conserved, since the mean horizontal mo-
mentum transport of the waves (i.e., the radiation
stress) causes an exchange of energy with the mean
current (Longuet-Higgins and Stewart 1961, 1962). In
such conditions, the wave action N = F/ ¢ is conserved
during propagation (e.g., Whitham 1965; Bretherthon
and Garrett 1968). This is the basis for the spectral
action balance equation (e.g., Hasselmann et al. 1973;
Willebrand 1975):

N(2, X, 1) ax
o +V, [a’t N(¢, x, t)]
+ vg-[—‘” N, x, t)] _SEXY )
dt o

where N(Z4, x, t) is the action density spectrum, V, is
the two-dimensional differential operator in the Z-space
and d?/dt is the two-dimensional propagation velocity
in the £Z-space, given by the Egs. (4) through (7); §
represents the conventional source terms for the energy
balance equation. For brevity of notation the depen-
dence of spectra and source terms on x and ¢ is omitted
in the following.

The first term in Eq. (9) describes the local rate of
change of the variance density. The second term de-
scribes propagation in the x-space including bottom-
and current-induced straining (commonly known as
shoaling for bottom-induced straining). The third term
describes the redistribution of energy density over the
spectrum. In the directions space it corresponds to a
change of direction of a spectral component (refrac-
tion). In the w-space it corresponds to a change of ab-
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solute frequency due to the unsteadiness of depth and
current (e.g., Barber 1949). In the wavenumber space
it corresponds to a change of wavenumber due to
straining of the wave field.

A review of source terms as occur on the right hand
side of Eq. (9) is given by e.g., Hasselmann (1968),
Phillips (1977), LeBlond and Mysak (1978) and Sobey
(1986). The source term S(¢) is generally divided in
three separate terms, i.e., wind input S;,(£), nonlinear
wave-wave interactions S,;(£) and dissipation S (¢ ):

S(£) = Si(&) + Su(€) + Sus(£).  (10)

Source terms are conventionally formulated without
considering currents. If (slowly varying) currents are
considered, the conventional formulations are valid in
a frame of reference moving with the current. They
merely need to be transformed to a fixed frame of ref-
erence with some minor adaptations to account for the
wind speed being defined in the moving frame and for
effects of currents on the bottom boundary layer. The
formulation of all source terms used in this study (ex-
cept for part of the dissipation term) are taken directly
from the WAM model (WAMDI Group 1988).

In the WAM model the wind input is modeled solely
with the expression for exponential growth of Snyder
et al. (1981). Rescaled with the wind friction velocity
U* (Charnock 1955) their expression becomes (Ko-
men et al. 1984):

Sin(€) = max[O, (0‘25p,

X (zjz: cos(6 — 6,,) — 1))] aF(£), (11)

U* = Uy, V(0.8 + 0.065U3,)1073,

where p, is the density of air divided by density of water,
6, 1s the wind direction and Uy, is the wind speed in
m s~ at ten meters above the mean sea surface, relative
to the mean current. The theory of linear growth (Phil-
lips 1957) is ignored, since exponential growth domi-
nates rapidly.

In the process of wave generation, nonlinear resonant
wave-wave interactions (Hasselmann 1960; Phillips
1960) are important since they migrate the peak of the
spectrum to lower frequencies. For deep water at least
four wave components (a so-called quadruplet) are
needed to satisfy the resonance conditions

ki+tk—ki=ks

(12)

(13)

where the components 1, 2 and 3 exchange energy with
component 4. The expressions for the corresponding
exchange of energy are rather complex and are not
reproduced here (see e.g., Hasselmann 1968; Sell and
Hasselmann 1972; Hasselmann and Hasselmann

0’|+0'2—0'3=0’4
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1985). For shallow water, the deep water expressions
are simply scaled (see below).

For waves in shelf seas away from the coast, two
mechanisms of wave energy dissipation can be distin-
guished: i.e., whitecapping, (Su.w) and energy dissi-
pation due to wave-bottom interactions (Sy;5)

Sas = Sasw + Sasp- (14)

The expressions for the whitecapping source term
(Sus,w) of Komen et al. (1984), as reformulated by the
WAMDI Group (1988), is used:

sakf a \?
Sa(£) = =236 X 107 = [ — | F(&), (15)
k \ apm

with

a=Pfwama

&= (T70)", k= (1/Vk)2,

where « is an average steepness parameter, apy is the
value of a for a Pierson-Moskowitz (1964) spectrum
(o =3.02 X 107%) and & and k are an average relative
frequency and wavenumber, respectively. The overbar
notation denotes straightforward averaging over the
spectrum, deﬁned for an arbitrary parameter z as

ff z(8)YF(€)de
ffF(Z)dé’

where Z is the average of z.

Dissipation of wave energy due to wave-bottom in-
teractions can be caused by various mechanisms. A
review is given by Shemdin et al. (1978 ), who consider
percolation, bottom motion (soft mud, vegetation ) and
bottom friction. For relatively fine sands as found in
many shelf seas, only bottom friction is important
(Shemdin et al. 1978; Weber 1989). This mechanism
is still poorly understood, in particular for (irregular)
waves on currents. Reanalyzing available observations,
Tolman (1991b) shows that effects of currents on the
(near-bottom) wave boundary layer appear to be small
(i.e., much smaller than the potential effects of the
variable roughness of movable beds, which is discussed
below). Moreover, he shows that such effects cannot
be predicted by available theoretical models. Explicit
effects of currents on the wave boundary layer are
therefore ignored and a no-current formulation is used
here. In WAM a linear expression is used, which has
several disadvantages compared to available nonlinear
expressions (e.g., Cavaleri et al. 1989; Weber 1989).
Instead of the linear WAM expression, the relatively
simple nonlinear expression of Madsen et al. (1988)
is used here. It can be written as

(16)
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Susl®) = = 5 o (n - %) ws, F(2), (17)

a2 1/2
v (2 ]| sraroae)

where f,, is a nondimensional friction factor and u,, is
a representative near-bottom current velocity. The
friction factor f,, is estimated using a slightly modified
formulation of Jonsson (1963, 1966, originally for
monochromatic waves; cf. Madsen et al. 1988):

with

1
+ lo; =m;+ lo 18
4m 810 = \fﬁ r 810 kN (18)
with
1 172
br = (2 ff sinhzde(g)‘M) ’

where a,, is a representative near-bottom excursion
amplitude, ky is a bottom roughness length scale of
bottom and my is a constant (m1,= —0.08 as determined
experimentally for monochromatic waves by Jonsson
and Carlssen 1976). Equation (18) is valid for a,/ky
larger than approximately 1, for which reason f, is
taken constant for small values of a/ kn (i.c., f,, = 0.30
for a,/ky < 1.57, cf. Jonsson 1980).

The major problem in estimating the friction factor
[ 1s the estimation of the bottom roughness k. When
sandy bottoms are considered, ripple formation can
change the bottom roughness dramatically, from sand
grain roughness (with values as low as ky = 200 pm)
to ripple roughness (with values as large as Ay = 0.2
m, e.g., Weber 1989). Grant and Madsen (1982) have
proposed a formulation for the calculation of ripple
geometry and corresponding bottom roughness length
scales ky from sand grain roughness. This formulation
shows a strong discontinuity in bottom roughness when
the first ripples are formed (by monochromatic waves).
This is not realistic in practical conditions because (i)
the grain size is nonuniform, (ii) the depth varies in
the spatial mesh of a numerical model, (iii) the waves
are random, (iv) the information on actual grain sizes
is poor and (Vv) the process of ripple formation under
combined wave—current conditions is still poorly un-
derstood. Therefore the ripple geometry is not calcu-
lated explicitly. Instead the roughness length ky in Eq.
(18) is taken to be constant in space and time. This
constant roughness length is estimated by calibration
(see section 4a).

3. The numerical model

a. Introduction

The choice of the spectral parameters £ in the above
has been deferred to emphasize the generality of the
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spectral action balance equation. The specific choice
for WAVEWATCH is ¢ = (w, #). This implies that in
the action balance equation the change of absolute fre-
quency due to the unsteadiness of depth and current
is described by a separate term. This is convenient since
the study for which the model is developed aims to
investigate the effects of unsteadiness of depth and cur-
rent. By switching the above term on and off'in repeated
calculations for otherwise identical conditions, such
effects are readily investigated. To use the WAM for-
mulations of the source terms in the absolute frequency
space, a Jacobian transformation J is used at the right

- hand side of Eq. (9). The basic equation to be solved
in WAVEWATCH thus becomes

N
%t- + Vi [(c, + U)N]

9 9 S
+ o LN+ laN] = J—,

N=N(w,0,x,1), §=S(,0x,1),

. —1
J= [21r<1 +U e)} i
Ce

and where e, is the unit vector in the direction 4 and
where ¢, and ¢, are given by Eqgs. (4) and (7). To in-
tegrate the five-dimensional action balance Eq. (19)
economically, a fractional step method is used (e.g.,
Yanenko 1971), where propagation and generation are
treated separately. '

(19)

where

(20)

b. Propagation

In the propagation part of WAVEWATCH, the ac-
tion conservation equation, i.e. the action balance Eq.
(19) without source terms, is integrated. It can be writ-
ten as
aN

a a
o a (e, N) — p (ex, V)

i) 3
~ 3% (c.N) — gé(CoN), (21)

where (¢y,, ¢x,) = ¢ + U. The basic numerical scheme
used to integrate (21) in time is an explicit predictor-
corrector scheme (an iterative approximation of the
Crank-Nicholson scheme, e.g., Abbott 1979), denoted
here as the ICN scheme. The main advantages of this
scheme are the lack of numerical diffusion and the
simple way in which it can be used in a multidimen-
sional space. The main disadvantage is the uncondi-
tionally unstable behavior for linear problems, resulting
in solutions with numerical oscillations. These oscil-
lations occur mainly when the action density distri-
bution is badly resolved in the space considered (e.g.,
Van Stijn et al. 1987). The oscillations are strongly
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related to the occurrence of negative action and can
be eliminated with minor adaptations to the basic
scheme (see e.g., Van Stijn et al. 1987).

The predictor for propagation in all four spaces si-
multaneously is written as

n’ n

[lA_t—N_] = Ly + Ly, + L)+ L", (22)
11,02,13,14

where n and n’ are discrete time counters denoting the
old time level and the predictor, respectively and At is
the time increment. The terms on the right-hand side
represent linear operators for propagation in the Xx;,
X,, w and f#-space and i, through i4 are grid counters
in these spaces, respectively. The corrector is identical
to the predictor, replacing n’ with » + 1 and n with n”,
where n” indicates an average of the previously com-
puted acting density and the predictor estimate [i.e.,
N" =0.5(N"+ N™)].

The first term at the right hand side of Eq. (22)
represents the propagation in the x-space, for which
the ICN scheme is

Ln - [cx,N]il—l - [CXIN]iﬁ-l "
M 2Ax1

(23)

i2,i3,14

The ICN scheme is stabilized here by combining it
with a first-order upstream scheme:

i 1
Ly = 5 {0+ a)leg Nl = 2aileq N,

- (1 - al)[cX1N]i|+l }?z,f},iq 3
(24)

where «; is the upstream fraction in the x;-space (0
<|ea,|=< 1, the sign of «; equals the sign of c,,). The
partial upstream character of this scheme is needed to
assure stable behavior of the propagation module in
situations where source terms are dominant. Based on
numerical experiments, the critical upstream fraction
(i.e., the minimum upstream fraction needed to assure
stable behavior) is estimated from the ratio of typical
time scales for propagation and generation (i.e., Ax;/
¢, and F/S;,, respectively), as

Ax,Si(fr, 0)
. F(f,0)

The upstream fraction « is thus dynamically adjusted
to assure that it remains small in cases where propa-
gation is dominant (the propagation module remains
approximately second order accurate in propagation
dominated situation) and to assure that « is large
enough to stabilize the propagation scheme if source
terms dominate (reducing the scheme to first order
accuracy ). Furthermore an overall minimum upstream
fraction an;n is used to assure stability when the reso-

), = min[l, 0.10 + 3.75 } . (25)
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lution is poor (see section 4). The upstream fraction
is thus calculated as

lay| = max|[a;,, Omin].

(26)

The second term at the right-hand side of Eq. (22)
represents the propagation in the x,-space, which is
treated identically to propagation in the x;-space.

At land-sea boundaries in the x-space, an angle de-
rivative upstream scheme is used:

[CxsNTim — [cst]il,iz i

LY+ L7, = =

(27)

i3,i4

where As is the distance between the spatial grid point
and the interpolation point (point 5 in Fig. 1), ¢y is
the propagation velocity in the s direction (cys = (¢,
+ U)- e;) and int is a suffix denoting the interpolation
point. The flux ¢,V at point 5 is determined by linear
interpolation from the fluxes at the adjacent points,
which can either be sea or land points. In land points
the action fluxes are assumed to be zero.

The third term of the right hand side in Eq. (22)
represents the propagation in the frequency space (i.e.,
the change of absolute frequency due to the unsteadi-
ness of depth and current), which is stabilized using a
limited flux approach:

L - [Mimia

) (28)

n
Mi;,i3+l
Aw

i1,i2,i4
where
Aljl—l,jz = 0'5[(ch)Jg + (CwN)jzl’

The flux between grid points | M| is limited by not
allowing it to be larger than (NAw),/At, the suffix u
indicating the “upstream” bin in the w-space. Note

2

grid line

l
\j
o —

—o @ — grid line
| 8 | 4
A prediction point
% interpolation point
@® land or sea point
FI1G. 1. Interpolation point in the angle derivative upstream scheme

for boundary points in the x-space. Waves propagate from interpo-
lation point 5 to prediction point 1.
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that substitution of the above expressions for the fluxes
M in (28) (ignoring the limitation ) reduces this scheme
to the original ICN scheme [as in Eq. (23)].

At the boundaries in the frequency space a zero flux
is assumed. For low frequencies this is allowed since
¢, [Eq. (4)] approaches zero for w approaching zero.
For high frequencies the value of c, is proportional to
w?. Since the high frequency saturation level of the
spectrum is expected to be proportional to w ™ or w™®
(e.g., Phillips 1977, 1985), the flux ¢,N goes to zero
for increasing frequencies. Consequently a zero flux
approximation is also allowed at high frequencies.

The fourth term of the right hand side in Eq. (22)
represents the propagation in the directions space (re-
fraction) and is identical to the original ICN scheme.

Lr= [CGN]i4—l = [cN)iyar [
o 2A0

(29)

i1,02,03

The propagation in the direction space is stabilized us-
ing a conservative elimination algorithm. In this al-
gorithm all negative action for a given frequency w
(and location x) is removed after the propagation
(predictor or corrector), and the action densities for
all directions at a given location and frequency are
multiplied by a constant factor to conserve N(w). Since
the directions space is a closed (circular) space no
boundary points exist and no special boundary treat-
ment is needed.

The predictor and corrector steps are performed as
illustrated in Fig. 2. Note that the conservative elimi-
nation algorithm (which is used to stabilize the prop-
agation in the directions space) removes all negative
action, since it is applied after the actual propagation
at each time step has been performed. Note further-
more that the adaptations to the original ICN scheme
reduce the accuracy of the scheme to first order. How-
ever, this reduction occurs only locally or in cases where
source terms dominate. Thus, the scheme is essentially
second-order accurate when propagation dominates.

c. Source terms

In the source term part of WAVEWATCH the fol-
lowing reduced version of the action balance Eq. (19)
is integrated:

oON S

a* o (30)

Following WAM, source terms are calculated for the
variance density spectrum F(f;, 8). To obtain this
spectrum from the (propagated) action density spec-
trum N(w, 8), a conversion is performed using the Ja-
cobian (20).

The calculation of wind input [Eqs. (11) and (12)]
and dissipation [Egs. (14) through (18)] is straight-
forward algebra. The calculation of the nonlinear in-
teractions is much more complicated and involves in-
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N(o,6,x,t,)

l

calculate predictor (z,.) for

propagation in (®, 0,X)

conservative elimination

determine half time value (z,.)

N(®,9,x,t,.)
N(®,0,x,1,)

calculate corrector (t, ) for
propagation in (w, 6, x)

conservative elimination

/

N(®,9,x,1,,,)
(=N(®,9,x,t,) for the
source term module )

FIG. 2. Flow chart for the wave propagation scheme.

tegration over a five-dimensional continuum of reso-
nant quadruplets. Following the WAM model, this is
reduced to a two-dimensional continuum by consid-
ering a symmetrical pair of quadruplets of the following
form only (A = 0.25):

02 = 0
g3 = (1 + Ao,
ds= (1 —=XN)a,. (31)

An economic integration method for such pairs of
quadruplets in deep water was developed by Hassel-
mann and Hasselmann (1985). For application in
shallow water the expression S,; is scaled with a con-
stant factor for the entire spectrum (WAMDI Group
1988). For expression for the computations of the
nonlinear interactions reference is made to the above
two papers.

For the integration of the source terms, a simple
Euler method is used in which the change of the vari-
ance density spectrum in a single time step is calculated
as

AF(f;, 0) = S(f, 6)At. (32)
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This integration method is much simpler and cheaper
than the semi-implicit method used in the WAM model
(WAMDI Group 1988), and it appears to give similar
results when combined with the stability precautions
as given below (all taken directly from WAM).

Since high-frequency spectral components react
rapidly to changes in wind conditions, an explicit in-
tegration method generally requires relatively small
time steps to assure numerical stability (order of 1
min). Using such time steps, a third-generation model
is not economically feasible. To assure numerical sta-
bility for reasonable time steps, a parametric high-fre-
quency tail of the spectrum (i.e., ¢;~'k™>°, corre-
sponding to f;~* in deep water) is imposed for fre-
quencies beyond the high-frequency limit f;

Jonr = max(4frpm, 2.50), (33)

where f;pu is the Pierson-Moskowitz (1964) frequency
for fully developed spectra and £, is the mean relative
frequency [cf. (16)].

Furthermore, the maximum change of variance for
every single spectral bin in every time step is limited
to 10% of the highest spectral level that can be reached,
which is estimated as the Pierson-Moskowitz equilib-
rium level (cf. the WAM model).

TeEPM

max |AF(f,, 8)] = 0.1 PR
where epy is the nondimensional energy level of the
two-dimensional Pierson-Moskowitz spectrum (epy
= (.01 as in WAM). Note that only a maximum in-
crement is imposed, but not the shape of the spectrum
itself.
The resulting change of variance density AF(f,, 8)
is converted to a change of action density AN(w, 6),
again using the Jacobian (20). The change of action
density is added directly to the propagated action den-
sity. Negative action that may thus arise is simply re-
moved.

(34)

4. Model constants

All numerical constants in WAVEWATCH are
taken from the WAM model, except for the bottom
roughness length ky, which is obtained by calibration.
Furthermore, the effect of the minimum upstream
fraction ap,;, is established here.

a. Bottom roughness

To calibrate the bottom roughness length scale ky
in the dissipation source term for bottom friction [ Egs.
(17)and (18)], a homogeneous situation without cur-
rents is considered with wind speed U;p = 20 m s™!.
For several depths d (7.5 m, 15 m, 30 m, 60 m and
120 m) and roughness scales ky, see Fig. 3, the equi-
librium wave height H,, and wave period T, have been
calculated (the suffix co indicating an “‘infinite” inte-
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FIG. 3. Nondimensional wave height H. and wave period T, as a function of the nondimensional depth d for
several roughness scales. Full curves: WAVEWATCH; Dashed line: Krylov et al. 1976; shaded area: measurements

from Holthuijsen (1980).

gration time). In these calculations spectra have been
discretized using 24 directions (increments of 15°) and
26 frequencies (0.041 Hz — 0.453 Hz, f,; = 1.1f;).
The time step Af = 15 min. for a comparison with
data, the following nondimensional depth, wave height
and period have been defined:

. gd
d=§%—0, (35)
. gHw 4g J‘Zw J‘oo 0.5
A, = ==& F.(w,0)dodd| , (36
U%O U%O[ A o (‘-" ) w ( )
fo=ble_ & (37)

* Uk fooUn

For values of ky =~ 0.05 m the results agree well with
several recent analytical expressions for H,, and T, as
a function of d (e.g., Bretschneider 1973; Krylov 1976;
Groen en Dorrestein 1976). As illustration the relation
of Krylov (1976) is shown in Fig. 3 (dashed line) to-
gether with the observations reviewed by Holthuijsen
(1980) (shaded area).

b. Upstream fraction

To establish the effects of amn, the one-dimensional
propagation along the x-axis of monochromatic uni-
directional waves with an initial Gaussian action dis-
tribution in space is considered (deep water, no cur-
rents, no source terms, |a| = ami,). Considered are
the mean position (x,,) and spread (spr,.) of the action
distribution along the x-axis (i.e., the x;-axis in the
model):

(38)

SPry = 22 _ x,2, (39)
m
where

m, = fff X"N(w, 8, x)dwdfdx.

Both a situation with a relatively poor and a relatively
good resolution are considered (spr, = 2.0Ax and
7.5Ax, respectively).

Results for various upstream fractions « (=am;, ) are
shown in Fig. 4 and Table 1 (Courant number ¢, AT/
Ax = 0.94). The total wave action in the model (i.e.,
integrated over w, 8 and x) is very nearly conserved
(changes less than 0.1%), as long as no action crosses
the boundaries of the numerical model. In Table 1 test
results for integrated parameters other than the total
action are presented. Presented are the mean position
X and the spread, spr,, both in terms of the mesh
size Ax.

Figure 4a and the first columns of Table 1 show that
only a small upstream fraction (e.g., « = 0.1) is needed
to remove the tail of the spatial action distribution,
provided that the mesh size in the model is small
enough to represent the spatial action distribution well.
Errors in X, and spr, as introduced by the upstream
scheme are small. For smaller Courant numbers the
ICN scheme shows similar errors in x,,, and spr,, with
less tail forming (test results not presented here).

In a situation with a poor resolution (Fig. 4b, right-
hand side of Table 1) the ICN scheme with a = 0



790

shows unstable behavior (not shown in the figure). A
small upstream fraction (a = 0.05-0.10) is sufficient
to stabilize the scheme, but will not remove the tail
and negative action. In the case considered here an
upstream fraction « = 0.25 is needed to remove all
negative action, introducing significant diffusion (error
in spread) but no significant error in the mean con-
vection velocity (or in Xx;,).

These results indicate that the smallest value of « as
given by Eq. (26) (i.e., @ = 0.10) suffices to stabilize
the numerical scheme and to remove all negative action
for resolutions where spr, is larger than approximately
5Ax. For poorer resolutions, the minimum upstream
fraction am;, has to be chosen larger (e.g., amin = 0.25
for spr, =~ 2Ax). Note that negative action occurring
due to a (locally) poor resolution will be removed by
the conservative elimination algorithm (see Fig. 2).

5. Example calculations
a. Plane beach refraction

In most papers considering refraction, the numerical
representation of refraction is tested using a plane beach
refraction test (e.g., Golding 1983; Sakai et al. 1983;
Gao 1986). Results of such a test are also presented
here. A one-dimensional beach with slope 1072 is con-
sidered on a regular grid (Ax; = 5 km) in the depth
range from 5 to 50 m. The directional resolution in
the spectra A = 15°, the time step At = 15 min and

@ t=0 t = 60At
PN S
s \ 7N
I/ “\
E I’, “\
1 ‘
l" \‘
/
// \\\\ ‘/- N,
NS e e +—+ 10AXx
X
7\
i
[
i
[R]
E i
[
[
{0\
H '
VRN .
X
x=0
........... a=0.1
————— o= 0.25

FIG. 4. One-dimensional deep-water wave propagation without
currents for various upstream fractions « (Courant number 0.94):
(a) good resolution spr, = 7.5Ax and (b) poor resolution spr,
=2.0Ax.
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TABLE 1. Results of one-dimensional deep-water propagation tests
without currents. Courant number c,At/Ax = 0.94, 60 time steps,
Xmf Ax = 21.00 initially.

Good resolution Poor resolution

o Xmf/ DX Spr,/Ax X Ax Spry/Ax
-) (=) -) ) )

0.00 77.24 7.36 unstable unstable
0.10 77.22 7.73 77.21 312
0.25 77.20 8.31 77.22 4.25
0.50 77.12 8.92 77.22 5.67
1.00 76.90 10.09 77.18 7.71
Exact 77.21 7.50 77.21 2.00

the upstream fraction o = 0.4. This fraction is taken
relatively large to exaggerate errors. To test relatively
coarse and fine directional resolutions, two mono-
chromatic, short-crested cases have been considered
(wave period of 10 s). Case I concerns a small direc-
tional spread (cos'?(# — 8)) and strongly oblique in-
cidence at the deep water boundary (8 = 45°). In case
II a situation is considered with a large directional
spread (cos?(8 — 9)) and near-normal incidence at the
deep water boundary (6 = 15°). The mean direction
6 and the directional spread, spr,, are defined as (Kuik
et al. 1988):

CS
1l

arctan —,
a

[2(1 = Va® + b*)]'72,

(40)

Spr, (41)

where

a= E™! f cosOF (wp, 6)d,

b=E"! fsinBF(wo, 0)ds, E = f F(wo, 6)db

(a and b are the first two Fourier components of the
directional distribution, wq is the frequency of the
monochromatic waves).

For the simple geometry of a plane beach, semi-an-
alytical solutions for the action density distribution as
a function of the local depth d are available. Consid-
ering a situation with a bottom slope in x; direction
only, the angle as a function of depth is calculated using
Snel’s? law:

sinf

T=const, c=-, (42)

Xl Q

2 Willebrordus Snel van Royen lived and worked in the low coun-
tries (1580-1626). In his scientific publications, he used the Latinized
name Snellius. In English literature his name is generally used in the
incorrectly de-latinized form of Snell.
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HG. 5. Depth refraction on a plane beach, mean wave

parameters as a function of the depth. (a) Mean direction

6. (b) Directional spread spry. (c) Total variance E normalized with variance at deep water boundary E,. Dashed lines:

analytical solution; symbols: numerical results.

where the constant is determined from the (deep water)
boundary conditions. When the directional distribution
at the deep-water boundary is known at intervals A¢’
(A@ < A8, grid counter j), the exact solution for the
directional distribution at arbitrary depths is estimated
as:

F(6)) = F(bo,)) o

j+1 T aj—l

2A8 [@00500,,], (43)
¢, cosd;

where the suffix 0 indicates known parameter values

at the deep-water boundary.

Results for both cases are shown in Figs. 5 and 6.
In case I (poor directional resolution) the mean direc-
tion 8 and total energy E (= [[ F(w, §)dwd) as ob-
tained from the numerical model show good agreement
with the semi-analytical solutions (A8 = 1°). The di-
rectional spread spry, however, is represented poorly.
This can be explained by the extremely small direc-

(a)

N/Nmax, b

I 1
90
0 (Degrees)

180

tional spread compared to the directional increment
spry (the spread is even smaller than the directional
increment A#). Case I, with a much better resolution,
shows good agreement between numerical and ana-
Iytical results.

It should be noted that in published models the
propagation in the directional space is usually modeled
with a first-order upstream scheme (e.g., Golding 1983;
Sakai et al. 1983; Gao 1986; WAMDI Group 1988).
Test results presented in several of these papers show
acceptable results for the mean wave direction. How-
ever, these results do not show the weak point of first-
order upstream schemes, being the introduction of nu-
merical diffusion and the corresponding smoothing and
broadening of the directional distribution. Since direc-
tional distributions and/or directional spreads are not
presented in the above papers, effects of numerical dif-
fusion cannot be estimated from the data presented in
the above papers.

(b)

N/Nmax, b

0 (Degrees)

FiG. 6. Depth refraction on a plane beach, directional distribution for d = 10 m. Solid

lines: analytical solution; symbols: numerical
good resolution.

results. (a) Case I: poor resolution. (b) Case II:



792

b. Waves in a Gulf Stream ring

In this section wind wave propagation over the Gulf
Stream ring of Fig. 7a is considered (deep water), to
illustrate advantages of the present grid model over ray
models and to illustrate the effects of the random char-
acter of waves and of source terms. This case is dis-
cussed in detail by Holthuijsen and Tolman (1991).
To illustrate the effects of short-crestedness and of wind,
three cases have been considered. In the first case
monochromatic, long-crested swell with a period of 14
s is propagated over the ring using a conventional ray
technique (Fig. 7b). In the second case swell with a
narrow banded spectrum is propagated over the ring
with the present model neglecting source terms (Fig.
7¢). The mean period at the upwave boundary is 14 s
and the significant wave height H; = 1.99 m.

([ o) ”

(44)
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The spectrum has a Gaussian distribution in_the fre-
quency space (spry = 0.1f) and a cos?°(9 — 8) direc-
tional distribution. In the third case wind waves are
considered with a wind speed of 20 m s™'. At the up-
wind boundary a JONSWAP spectrum ( Hasselmann
et al. 1973) was applied with a significant wave height
H, = 8.1 m and a spectral peak frequency correspond-
ing to a period of 14 s.

In Fig. 7b wave rays for the monochromatic swell
case are presented. Similar figures have been presented
by several authors (e.g., Dobson and Irvine 1983; Mapp
et al. 1985; Mathiesen 1987). Of these authors, only
Mathiesen presents spatial distributions of the wave
height.

In Fig. 7c wave heights and mean wave directions
are presented for the more realistic narrow banded swell
of the second case (obtained from spectra calculated
by the present model). This figure shows significant
current-induced variations of the wave height in lo-
cations where the rays of Fig. 7b cross (increase up to

(a)
,‘/'//:.:_;\.
.I///'..—\\\\
R AV AV .
SRS
.(\\\_,/ ll'
.\\\\...,/;,
.\\\\._._,./,,
AN s .

— 2.00 m/s — 20 km

(b)

|

FIG. 7. Waves propagating over a Gulf Stream ring. (a) Current vectors. (b) Rays for monochromatic, long-crested
swell with 7" = 14 s. (¢) Mean wave directions and isolines of significant wave heights for irregular, short-crested swell
with T, ~ 14 s. (d) Like (c), wind sea with Ui, = 20 m s™', near full development. Vector points in current/mean

wave propagation direction.
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2.7 m) or diverge (decrease down to 1.4 m). Further-
more bimodal spectra are found in several locations
where the rays of Fig. 7b suggest that cross-seas occur
(for figures see Holthuijsen and Tolman 1991).
Whereas Fig. 7b suggests that the effects of the ring
spread over a large area “downwave” of the ring, Fig.
7c¢ indicates that effects of the ring are limited to a
more confined area, and lessen with increasing distance
to the ring. This is probably caused by (a) the short-
crested and random character of the waves and (b) the
divergence of the (refracted) rays behind the ring.

In Fig. 7d wave heights and directions for the wind
sea case are presented. Whereas wave height modula-
tions still are significant, the effects of the ring are lim-
ited to the area of the ring, and there are no lasting
effects downwave of the ring. An intercomparison of
Figs. 7c and 7d clearly shows that the ring has a different
influence on wind seas in active generation conditions
than on swell without wind.

¢. North Sea wind waves

In this section some hindcast results for a series of
moderate southwesterly storms on the southern North
Sea of 1-4 January 1988 are presented. These storms

HENDRIK L. TOLMAN
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are caused by a series of depressions traveling in a NE
direction over Scotland, with wind speeds up to Beau-
fort 7. Since this case is merely meant to illustrate fea-
tures of WAVEWATCH, in particular, effects of depth
and current unsteadiness, the presentation and discus-
sion of results will be limited to a single location (i.e.,
Euro-0, see Fig. 8). A more extensive presentation of
this case is given by Tolman (1991a).

Depth, current and wind data for Euro-0 are gathered
in Fig. 9. The wind fields consist of forecast UK6 wind
fields of the British Meteorological Office. The currents
and water levels have been calculated using a depth-
integrated tide and surge model (DUCHESS, e.g.,
Wang 1989), using both wind forcing and tidal con-
stituents at the open ocean boundaries (typically 6
constituents, taken from Voogt 1985). Water levels
and currents as presented in Fig. 9 are clearly tide
dominated with a negligible effect of storm surges.
Wind wave spectra have been hindcasted using the
spectral discretization as in the calibration of the bot-
tom roughness length scale, spatial resolution Ax;
= AX; = 24 km and a time step A = 15 min.

In Fig. 10 the significant wave height H, [Eq. (44)],
the mean absolute and relative period 7, and 7, and
the mean wave length L are presented.

56°N —

52°N -

Siie 7
Channel __

FRANCE

y Dover Straits

DENMARK

GERMANY

NETHERLANDS

Euro-0

—

FIG. 8. The North Sea, bottom levels and location Euro-0.
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F1G. 9. Water levels n and current velocity components in northern
and eastern directions (Uy and Ug, respectively) for location
Euro-0 on 1-4 Jan 1988. Solid lines with wind forcing, dotted lines
without wind forcing.

T, =22, (45)
w
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The overbar notation denotes an average over F(w, 9)
asin (16). Results are presented as obtained with and
without tides (solid lines and dotted lines, respectively ).
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Effects of the tides (i.c., the difference between the solid
and dotted lines), are small but distinct in all param-
eters of Fig. 10. The mean wave direction (not pre-
sented here), showed negligible tidal effects (tide-in-
duced modulations of less than 1°). Also presented in
Fig. 10 are numerical results as obtained with tides,
but neglecting the specific effects of its unsteadiness
(i.e., with ¢, = 0, dashed lines). The differences between
the dashed and solid lines indicate that the effects of
unsteadiness are important within the wave—current
interactions, in particular for predicted relative periods
and wave lengths.

For the case and location considered here observed
wave data (WAVEC buoy, ¢.g., Van der Vlugt, 1984)
were available. To compare the relatively small effects
of tides on waves with data, such effects have been
isolated. In the hindcast the effects are isolated by con-
sidering the differences between the calculations with
and without tides (i.e., dotted and solid lines of Fig.
10). In the observations, tidal influences are restricted
to certain frequency bands. Modulations within this
frequency band can be isolated from the observations
using filtering techniques, which, however, do not
identify the origin of the modulations. Apart from the
tides, the wind is obviously a potentially important
source of such modulations, in particular since cal-
culated tide-induced modulations are relatively small.
Since sufficiently accurate (high resolution) wind fields
are not available to calculate wind-induced modula-
tions, they can only be estimated as the difference be-
tween the calculated (tide-induced) modulations and
the observed (tide- and wind-induced) modulations.
The apparently wind-induced modulations can in turn
be compared to observed (filtered) wind speed varia-
tions to assess their correlation.

Observed and calculated modulations of the signif-
icant wave height and the absolute period (AH; and
AT,, respectively) are presented in Fig. 11. Modula-

Jan. 1

0 T

Jan. 1 Jan. 2

FIG. 10. Mean wave parameters for Euro-0 on 1 and 2 Jan 1988. Solid lines with tides; dotted
lines without tides; dashed lines with tides, neglecting effects of unsteadiness.
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tions with periods between approximately 9 and 15 h
have been isolated from the observations using running
averages. Figure 11 shows large differences between
observed and calculated wave modulations, in partic-
ular for the modulation of the wave height. Such dif-
ferences may well be caused by the wind (as discussed
above). To investigate whether this is true, the above
differences between observed and calculated modula-
tions of mean wave parameters are compared with fil-
tered wind speeds (same frequency band) in Fig. 12.
To allow for a direct comparison, wind and wave data
in this figure have been normalized with their rms value
for the period considered. The high correlation between
filtered wind speeds and possibly wind-induced mod-
ulations of wave parameters of Fig. 12 indicates that
the differences between observed and calculated mod-
ulations of wave parameters of Fig. 11 are indeed
probably wind-induced, and not caused by model er-
rors.

6. Discussion

The model presented here incorporates all relevant
effects of wave-current interactions for slowly varying
current fields as well as explicit formulations for wave
growth, dissipation and nonlinear wave-wave inter-
actions. The results for the Gulf Stream ring indicate
that it is difficult to assess the effects of a current on
short-crested swell or wind seas from conventional ray
computations. Furthermore, effects of wave generation
and of wave-current interactions might be important
for wind seas propagating over large-scale deep-ocean
current systems such as the Gulf Stream, the Agulhas
Current or the Kuroshio (this will be discussed in detail
by Holthuijsen and Tolman 1991). Up to now, how-
ever, wave—current interactions for large-scale current
fields have been studied by considering conservative

0.5
AH
AH Y
%00 [\‘ i
) /vuvvvvv
-0.5
Jan. 1 Isz.2 IJa.n.3 'Jan.4
0.5

T T T
Jan. 1 Jan. 2 Jan. 3 Jan. 4
FiG. 11. Calculated and observed modulations (solid and dashed
lines, respectively ) of the significant wave height ( AH,) and the mean

absolute period (AT,) for Euro-0 on 1-4 Jan 1988.
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FIG. 12. Normalized wind speed variations (solid lines) and ap-
parently wind induced modulations of mean wave parameters (dashed
lines, difference between observed and calculated modulations) for
Euro-0 on 1-4 Jan 1988. (a) The significant wave height. (b) The
mean absolute wave period.

propagation without source terms only (e.g., Mathiesen
1987; Irvine and Tilley 1988; Liu et al. 1989; Yama-
guchi and Hatada 1990).

The results for the North Sea hindcast presented here
indicate that the unsteadiness has a significant influence
on calculated modulations of mean wave parameters
(in particular the mean wave length). This is in qual-
itative agreement with previous analytical results for
conservative propagation in highly idealized cases
(Tolman 1990b). The comparison of model results
with data in the North Sea case shows promising results;
the model seems to describe current-induced modu-
lations correctly. However, the occurrence of wind-in-
duced modulations with similar magnitude as calcu-
lated current-induced modulations hampers the objec-
tive analysis of the quality of the model results.

With respect to the present model formulation two
remarks have to be made. First, the model presented
here is defined on a plane grid, introducing projection
errors when propagation over a sphere is considered.
This limits the applicability of the model to areas of
1000 to 2000 km in diameter. Such a model size is
sufficient to describe most shelf seas. For application
on the scale of oceans spherical propagation has to be
considered, slightly modifying the rectilinear propa-
gation terms and introducing an additional refraction
term (e.g., WAMDI Group 1988). Since refraction is
already implemented in the model, this represents a
minor adaptation to the model. Second, a model for-
mulated in terms of the spectrum N(k, 6) might be
preferred to a model formulated in terms of N(w, 8)
(as presented here). The former spectrum has better
invariance properties, requires no interpolations be-
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tween the propagation and source terms part of the
model, and results in easier solutions of the dispersion
relation.
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