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Local Balance in the Air-Sea Boundary Processes

I1. Partition of Wind Stress to Waves and Current*

Yoshiaki Topa**

Abstract: In the course of the new treatment of the growth process of wind waves pre-
sented in part I of the present series of the articles, there was a point where the wave
energy and wave momentum were not related correctly. This point has been revised with
critical argument, and at the same time, the form of the ratio 7, between the wind stress
that directly enter the wind waves and the total wind stress, has been derived analytically.
The growth equation, under the condition that the wind stress is constant, is still the same
with that derived in part I, with the exception that the ratio » is given analytically.

A comparison between the ratio » obtained analytically and that estimated empirically
in part 1, raises a problem to be studied about the wave current of the actual wind waves.

1. Introduction

In part I of the present series of the articles,
new treatment on the problem of the air-sea
boundary processes was presented, and especial-
ly, the growth process of wind waves was
discussed. The aim of the present series of
the new treatment is not to see the problem
as of the growth process of wind waves only,
but to grasp the structure of the system as a
whole, in which the momentum of the wind
enters the water to change to the momenta of
wind waves and drift current, and the work
done by the wind stress to the water becomes
mechanical energies of wind waves, turbulence
in water, and drift current.

If we consider the whole system, the budgets
of the momentum and energy should be
balanced locally, and the way of acquisition of
the momentum and energy by wind waves and
current, and the transfer of wave momentum
to the current by the collapse of wind waves,
should be determined by the local conditions
of the wind and wave fields. This was the
concept of local balance.

As long as the wind is blowing, the wind
waves have character of randomness or turbu-
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lence in contrast to inviscid water waves, and
there are skin flows and the breaking of waves.
Consequently, the effect of strong non-linearity
makes rigorous analytical treatment very diffi-
cult. So we proceeded from the standpoint of
seeing the whole structure macroscopically, in
a form which enclosed the non-linear effect,
leaving out for the moment the problems of
the interactions among different spectral com-
ponents of waves, processes of the spectral
formation, the structure and the role of skin
flows, the wind structure above the water sur-
face, and so forth.

In the course of the derivation of the growth
equation of wind waves, however, there was
an incorrect point that the equations were in-
consistent with the relation M=E/C, where
M was the wave momentum, E the wave
energy and C the phase velocity. In the present
article, this point will be discussed more strictly,
and the revisions of part 1 will be presented.
At the same time, the ratio » between the
portion of the wind stress that directly enters
the wind waves, s, and the total wind stress,
It was estimated
only empirically in part I. Thus the growth
equation including the form of » will be derived.
It will be shown, however, that the form of
the growth equation for constant wind stresses
remains the same as that of part I.

7, will be derived analytically.
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2. Rate of work done to wind waves

The same notations for variables are used
as those in part I. In dimensionless forms,
the independent variables are #* and F*, the
parameter giving the external conditions is u4*,
the dependent variables are 7%, H* and r, and
S* (=5%/gp*t) is a parameter constructed by
physical constants. If we put aside the effect
of the surface tension, S* may be disregarded.
In the course of the following treatment, the
number of the dependent variables will be
diminished by the use of relations inherent in
water surface waves, and H* and » will be
expressed by T*.

The total wind stress which acts on water
surface, or the rate of transfer of horizontal
momentum from the air to the water, is 7,
and the wave current, or the average velocity
of horizontal transport of surface water particles
due to the orbital motion of waves, is uo.
Since wind waves are eventually generated by
the wind stress 7, the rate of work done by
the wind stress to wind waves, or the time
rate of increase of the average wave energy
per unit horizontal area should be cuo. In part
I, it was unproperly related by rrug. It should
be noted here that in this expression of tuo,
= includes all the wind stresses exerted on the
water surface irrespective of the mechanism
by which the momentum transfer occurs from
the wind to the water, and in any case uo
indicates the average horizontal velocity which
the wind waves possess at the surface. Since
the momentum is a vector quantity, the wave
current, #p, must be caused by the momentum
transfer, 7w. The wind stress ¢ can do the
work to wind waves by the existence of uq.
The expression of 7wy is thus an abstract
expression.

We approximate wind waves by Stokes wave.
Then the wave has a restriction that the wave
current at the surface has the form of
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and the dimensionless rate of increase of the
wave energy is expressed, using the dimension-
less variables, by

Tuo _ mouyFH*?
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Originally, this rate should be determined by
the only one variable expressing the external
conditions, u,*. This forms the 2nd concept:
The 2nd concept (revised): The rate of work
done by the wind stress to wind waves,
namely, the time rate of increase of the
average wave energy per unit horizontal
area, is proportional to uy*.
The three-second power law for wind waves
of simple spectrum, or

H*=BT*/2 (2.3)

immediately follows. The physical meaning
of the three-second power law is that the
number of the dependent variables has been
diminished by one by the restriction expressed
by Equation {(2.1), which is inherent in water
waves. The value of the 1st universal constant,
B, and three lemmas described in part I are
not affected by this revision.

It should be pointed out that the value of
B was determined by the relation of I and T
expressed by Equation (2.1). Consequently, the
value of ue given by lemma I,

wo=n"Buy (2.4

is that of Stokes wave. It may somewhat be
different from the wvalue for real wind waves,
since the effect of viscosity is neglected. This
point will be discussed in section 6.

3. Partition of wind stress to waves and
current—Analytical form of r
In Stokes wave, the wave momentum, M,
is related to the wave energy, E, by

.

E .

M= o 3.1
where C is the phase velocity. Using this
relation, the number of the dependent variables
may again be decreased by one. Namely, r
will here be given by T*, which will then be
the only one dependent variable.

Equation (3.1) leads to the relation between
the increments of E and M:
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0E=CoM+ MdC 3.2)

We are now concerned with the way of acquisi-
tion of the wave energy and the wave momen-
tum, and we may put aside for the moment
the problem of dissipation of the wave energy,
since the dissipation occurs after they enter the
waves. We consider the changes of E and M
caused by the wind stress. From the consider-
ation of the previous section,

oE

—at—:Z'llo (33)
Then, by the definition,
oM

Equaticn (3.2) then becomes

il
Tuo=70C+ M ¢ (3.5)
dt
and it follows that
poto ot M OC (3.6)

T C C dt

Transforming this into a dimensionless form,
and by the use of Equation (2.4), namely, lemma
I of the three-second power law, we obtain
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In order to obtain another expression for the
second term of the right hand side, we trans-
form the equation

oM S M eC

% -C C e (3.8)
into a dimensionless form to obtain
pye (u**T*z)—i——u* 5 )=
(3.9)

When u,* is constant, it is reduced to

1
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5t*(T )= nBRT* (3.10)
and Equation (3.7) is reduced to
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According to lemma I, w#q is proportional to
u*, and consequently, twp is constant if wuy is
constant. That r is inversely proportional to
T* for constant u.* stems from this. The
zero value of T* forms a singular point, since
there is no wave and no % then. An initial
wavelet should be generated, by some disturb-

ance, for its further growth.

4. Dissipation of wave energy

The dissipation of wave energy was treated
in section 3.3 of part I. However, the same
line of the revision with section 2 should be
applied to it. Consequently, the rate of dis-
sipation of the wave energy should be expressed
by a function of wyL/v, or u,*T*? instead of
rusL/v, or ra*T*2. The energy that remains
the wind waves is then expressed by

dE
_?dt—: Tuo(l —KT*2)

=3 Bpguu,*(1— KT*?) 4.1

The value of the 2nd universal constant, K,
is unaltered. The equation for the growth of
wave momentum will be treated in the nexy
section. The 3rd concept should be described as:
The 3rd concept (revised): The rate of dis-
sipation of the energy of wind waves is pro-
portional to the dimensionless quantity u.L/v
(or us*T*%), and the factor K is a constant.
It is noted here that the revision of the 3rd
concept fully supports the formerly presented
idea by ToBa and KUNISHI (1970) that the
breaking of wind waves is governed by w*L/v.

5. The growth equation of wind waves
In section 3 was treated the relation between
the wave energy and the wave momentum
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in the process of their entering the waves.
In this section, the actual growth process of
wind waves is considered. Consequently, we
now use Equation (4.1) as the time rate of
change in E, instead of Equation (3.3), and
then, basing on Equation (3.1) or (3.2), seck
the expression for the time rate of change in M.

From Equations (3.2) and (4.1), the next
equation follows,

dM
dt

M dC
C dt

S B s AL 3 _uj{m
=+(1-KT )C 8.1

Transforming this into a dimensionless form,
we obtain

.ﬁz_ IS Sy k2
dt*(u* T )‘1'214* ?ZF(Y )
= —g—rRu**(l — KT%*%) 5.2)

In the case that w,* is constant, it is reduced to

d (T*))=rR(1—-KT*?) (9.3)

ﬁ*

Equation (5.2) has a slightly different form
{rom Equation (3.29) of part I, but Equation
(5.3) is exactly the same with Equation (3.30)
of part I. The most noticeable change is that
the form of r is now given by Equation (3.11),
whereas it was only known empirically in part I.

The fetch equations are obtained, just as in
part I, as

d__ * *2 .1__ *® d
ai T e G

=6rrRu*(1-KT*)T* 1 (54)
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and, for constant u,*, as

d
dF*

(T*)=4nrR(I—-KT*)T* L (5.5)
which is the same with Equation (3.34) in part .

6. Comparison with wave data and discussion

In Table 1 is shown a comparison between the
predicted values of T by Equations (3.11) and
(5.5), and the ohserved values in the wind-wave
tunnel shown in part I.
taken at F=6.9m. The agreement is again
fairly good. However, some systematic tendensy
of the deviation seems to exist.

The initial values are

Q.10 T T T T T T T T T T T T T
N r= 0.0032 / (c/U}

— — Empirical estimate
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Fig. 1. Value of r given by Equation (3.11)}, and
empirical estimate of r by the use of Wilson's
1965 empirical wave formula.

Table 1. Comparison between values of wave period, T, observed in a wind-wave
tunnel (TOBA, 1961), and predicted by the Equations (3.11) and (5.5).

Mean values T (sec) B
of ux F=69m F=10.0m F=13.6m
(em/sec) Observed Observed Predicted Observed Predicted

35.4 0.206 0.277 0.283 0.326 0.327
41,2 . 264 .320 . 323 .374 . 364
48,7 .308 .362 .362 .416 .404
57.6 .337 . 386 . 306 .443 .441
67.3 .353 .416 .421 .478 .472
84.3 . 390 . 445 . 468 .518 .b26

101.1 418 .482 . 508 . 540 .572

113.6 . 455 . 496 . 545 . 560 .611
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In Figure 1 is shown Equation (3.11), together
with the value of r estimated in part I by
putting » as the only unknown in Equation
(5.5), and by the use of Wilson's 1965 empirical
wave formula. At the zero value of C/U, the
theoretical value of » has a singular point as
mentioned in section 3. For very small values
of C/U, a region follows where the surface
tension plays a large part. The form of r for
this region should be derived separately. In
the region of C/U of 0.036 through 0.058, in
which the above values in the wind-wave tunnel
fall, the both values of # in Figure 1 coincide
incidentally, In the main region of C/U, say,
from 0.15 to 1.0, the value of # by Equation
(3.11) is smaller than the empirical value by a
factor of three to four. This raises a very
important problem.

In deriving Equation (3.11), we used Equation
(2.4), or lemma [. As already noted in section
2, uy by Equation (2.4) gives the value of Stokes
wave. However, the actual wind waves will
have much larger values by the effect of mole-~
cular viscosity. In Equations (3.3) and (4.1),
we should have used the actual value of the
wave current, g1z (e1>>1).  Also, Equation (3.1)
should have been replaced by

E )
soM = el 6.1

Then, Equation (3.6) should be replaced by

g1 o M oC (62)
and if the third term on the right hand side
is neglected compared to the second term,
Equation (3.11) is replaced by

_(3 & 1\4 ,p 1
r——(z - 2)371'3 T 6.3)

&2

The factor ¢; may also contain an adjustment
of the effect of the fluctuations of = and ..

Namely, in our treatment, we have used the
term 7ip only and neglected the term Tug,
where the bars represent mean values, and the
primes fluctuation.

If the factor (éi—l) in Equation (6.3)
2 e 2

has a value between 3 and 4, that is, if the
factor ei/ez has a value between 2.4 and 3,
the both values of 7 coinside in the main region
of C/U. It is now considered that the points
of principal problem have been focused on the
mass transport of the actual wind waves.

It should be mentioned here that an approxi-
mate expression derived in part I for the
empirical value of r:

r=0.075 exp (—0.012 T*) (6.4)
or
r=0.075exp (—1.9C/U) (6.5)

still has significance from the practical point
of view of wave forecasting.
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