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Abstract 

Internal-inertial waves are frequently observed in the upper ocean and below the thermocline. A three-dimen- 
sional general circulation model with turbulence-closure mixed layer is used to study the generation and propagation 
of near-inertial motion below the mixed layer. In particular, the problem of effect of a coastal wall on the wind 
induced inertial-internal wave field is re-examined using a fully nonlinear model. Responding to a wind pulse, a 
sharp wavefront propagates offshore. After the wavefront passage, strong near-inertial internal waves, marked by the 
tilting velocity isolines and the interface oscillations, are generated. The predicted near-inertial motion is consistent 
with the wave dispersion relation. Downward energy propagation occurs after the wavefront passage, and both 
kinetic and potential energy are strongly modified. After several inertial periods, the kinetic energy in the upper 
layer can be completely removed. The theoretical results, which are supported by observations, indicate that 
internal-inertial wave are important for mixing in the upper coastal ocean. 

1. Introduction 

Near inertial motions are frequently observed 

in the upper ocean. They are generated primarily 
by the local wind forcing, and their strong vertical 
shears are a major energy source available for 
vertical mixing (Pollard, 1980; Kunze and San- 
ford, 1984). According to the basic internal-iner- 
tial wave theory, the inertial motions most likely 
will be confined to the mixed layer. However, 
presence of inertial waves below the mixed layer 
has been clearly documented (Leaman, 1976; 
Price, 1983). The deep inertial motion is highly 
intermittent, and is usually characterized by up- 

* Corresponding author. 

ward phase propagation (or downward energy 
propagation); the energy source, however, is diffi- 
cult to identify. 

Strong inertial oscillations also have been ob- 
served near the coast. Millot and Crepon (1981) 
observed inertial oscillations in the Gulf of Lions 
(northwestern Mediterranean). Anderson et al. 
(1983) observed substantial inertial oscillations of 
20 cm/s amplitudes off the Oregon coast. 
Schahinger (1988) found inertial motions at off- 
shore site, but little oscillations at a nearshore 
site off Australia. Salat et al. (1992) also found 
strong inertial oscillations in the upper layer and 
below the thermocline, off the northeast Spanish 
coast. Furthermore, Millot and Crepon (1981) 
found that inertial currents were 180” out of 
phase between the upper and the lower layers. In 
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the upper layer, the current oscillations had fre- 
quencies close to f, while in the lower layer the 
currents showed a broad peak with frequencies 
higher than f. 

The effect of coastline on inertial motions was 
theoretically studied by Klinck et al. (19811, Mil- 
lot and Crepon (1981), Kundu et al. (1983) and 
Kundu (1986). Millot and Crepon (1981), using a 
two layer model of an inviscid ocean, obtained 
analytical solution for the evolution of surface 
and interface elevations generated by a uniform, 
impulsely started cross-shore wind. They showed 
that the coastally generated interface oscillations 
have frequencies higher than f and propagate 
offshore at a speed close to the speed of long 
baroclinic wave, Ci = [g(p, - ~i)hihJ~~H]~/*. 
They also found that, in the limit of ft + 03, the 
horizontal velocities are 180” out of phase be- 
tween upper and lower layers. In other words, 
their study showed that near-inertial baroclinic 
motions are excited by a wave front propagating 
offshore and generated as a result of the flow 
adjustment at the coast. 

Klinck et al. (1981) studied a general case of 
oceanic response to a moving storm. They showed 
that the oceanic response to a moving atmo- 
spheric front is wavelike if the speed of the 
atmospheric forcing U is higher than the internal 
wave speed Ci. Typically, this condition is always 
met, and two sets of internal-inertial waves are 
produced. One set of waves is directly forced by 
the horizontal variation of the Ekman suction 
(due to the curl of wind stress) and travels with 
the storm. The other set of waves arises from the 
reflection at the coastal wall of the directly forced 
waves. The coastally excited internal waves radi- 
ate away with slowly decreasing amplitude and 
with frequencies tending towards the inertial fre- 
quency. Gill (1984) used a similar idea to explain 
the generation of deep inertial waves in the open 
ocean. He suggested that in the wake of a storm, 
a divergent mixed layer will induce vertical mo- 
tion at the base of the mixed layer (inertial pump- 
ing). In that case, the forcing is local, and the 
horizontal scale is determined by the dimension 
of the storm. 

Millot and Crepon (1981) did not consider the 
transient phase of the adjustment process. This 

aspect was examined in Kundu et al. (1983) for a 
continuously stratified ocean using the normal 
mode approach. Similar to Millot and Crepon 
(19811, their results showed that the internal-iner- 
tial motions are excited by the passage of wave 
fronts. Furthermore, they showed that in the deep 
interior there are small inertial motions origi- 
nated from the downward propagation of near- 
surface inertial waves at the coast. Later, using a 
two dimensional numerical model with a turbu- 
lence closure, Kundu (1984) obtained essentially 
the same results as in the analytical model. While 
Kundu et al. (1983) obtained the solution for the 
entire adjustment period, they did not evaluate 
the behavior of internal waves. More recently, 
Kundu (1986) used a linear two-dimensional, con- 
tinuously stratified model to show that the com- 
bined effect of coastline and superposition of 
forcing induced much larger subsurface inertial 
oscillations. However, the deep inertial motion in 
his model was still too small to have impact on 
the overall energy balance. 

Based on these studies, it is clear that internal 
waves of near-inertial frequencies can be gener- 
ated by the coastal divergence or by a travelling 
storm. Since these waves have non-zero vertical 
group velocity, they will propagate away from the 
nearsurface. Conceivably, the internal-inertial 
waves will carry away a significant fraction of the 
surface energy, and can affect the energy ex- 
change between the mixed layer and the interior 
(Gill, 1982). For example, in the classical Rossby 
adjustment problem, two thirds of the potential 
energy released is carried away with the waves. 
Therefore, it is important to understand the role 
of near-inertial motion in the flow adjustment. In 
this study, we re-examine the problem of genera- 
tion of inertial-internal wave by the coastal diver- 
gence, with special emphasis on the transfer of 
energy from the mixed layer to the interior. 

2. Numerical model formulation 

The model used is described in Wang (1985, 
1990). It is a three-dimensional, primitive-equa- 
tion model with an embeded mixed layer of sec- 
ond-order turbulence closure. Since we are mostly 
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interested on the offshore/vertical propagation 
of near-inertial energy, we simplified the physical 
domain by considering a vertical cross-shore sec- 
tion as study area. It is important to note that the 
model is fully non-linear and that the hydrostatic 
approximation is justified since the focus is given 
on waves with frequencies much lower than the 
Brunt-Vaisala frequency. 

2.1. Basic equations 

The governing equations are 

au au au 
-g+U~+wa,-fU 

ap jy+pg=o 
au aw 
z+-g=o 

(1) 

(2) 

(3) 

(4) 

(5) 
where t is time, x, y and z the space coordi- 
nates, u and u the X- and y-components of the 
current velocity (offshore, alongshore), p is den- 
sity, f the Coriolis parameter. 

A detailed description of the model can be 
found in Wang (1982). The numerical technique 
is standard for three-dimensional multi-level 
models. In essence, Eqs. (l)-(5) are written in 
finite-difference form in a staggered grid. The 
scheme is leapfrog in time, centered in space 
(except for the density equation where a flux 
corrected transport scheme is used). It uses 
mode-split in the vertical direction and a semi- 
implicit scheme in the horizontal direction to 
achieve computational efficiency. 

Horizontal eddy coefficients A,,, K, are con- 
stant (10’ cm*/s> while the vertical eddy coeffi- 

cients A,, K, are computed from the mixed 
layer model of Chen and Wang (1990) as: 

(A,&,) =lq(SM+vM,SH+VH) (6) 

The terms involving v account for the back- 
ground viscosity and background diffusion. I is 
the mixing length, q the square root of twice the 
turbulence kinetic energy, and S, and S, are 
functions of the gradient Richardson number 

g aP -- 

Ri = 
P az 

(7) 

When Ri exceeds a critical value (0.231, S, = S, 
= 0, and turbulent mixing is suppressed by the 
density stratification. q is computed from a sta- 
tionary turbulence energy equation and 1 follow- 
ing the vertical distribution of q. Details on the 
mixed-layer formulation can be found in Chen 
and Wang (1990). 

The mixed layer implementation is as follows. 
The vertical eddy coefficients A,, K, are com- 
puted directly from the mixed layer model and 
are then fed back to the GCM. In this approach, 
the turbulent kinetic energy available for mixing 
comes only from the one-dimensional mixed layer 
model. To examine the inviscid limit of the initial 
adjustment, the background viscosity is set to a 
small number (0.1 cm*/s>. 

2.2. Initial and boundary conditions 

Model domain is a cross section from the coast 
to 60 km offshore (20 grid points), flat bottom 
and has 20 vertical layers (3 m each). The model 
latitude is 41” north where the local inertial fre- 
quency is f = 9.5 X lo-’ s-l (period T = 18.29 h). 
Boundary conditions are as follows. At the sea 
surface 2 = 5, 

where rX is the cross-shore component of wind 
stress. At the bottom, z = -H, 
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where the C,, a drag coefficient is 3 X 10P3. At 
the coast, x = 0, the normal flow and the normal 
fluxes of momentum and density vanish. Finally, 
at the open ocean, a radiation condition was 
used. 

The initial density profile is typical of the 
summer condition off the northeast Spanish coast 
(Fig. 1). The phase speeds for the first two baro- 
clinic modes associated with this initial density 
profile are 25 cm/s and 13 cm/s, obtained by 
solving the eigenvalue problem of the normal 
mode equation. The model is run with a 15 m/s 
offshore wind pulse from 0 to 8 h (the drag 
coefficient is 1.67 X 10P3). The wind pulse also is 
typical of the devastating events frequently ob- 
served during the otherwise quiescent summer 
season off northeast Spain. This type of wind 
pulses is associated with the travelling atmo- 
spheric fronts characterized by speeds of about 5 
m/s. Since the speed of the atmospheric forcing 
is higher than the speed of long baroclinic waves, 
a wavelike oceanic response is expected. The 
model results, however, do not depend on the 
nature of wind forcing. 

3. Results 

During the wind pulse, a well defined mixed 
layer of approximately 12 m deep rapidly devel- 
ops, and a strong offshore current driven directly 
by the wind stress is confined to the mixed layer. 
Fig. 2a and b shows the cross-shore velocity at 6 
km and 12 km off the coast. The response is 
essentially uniform in the cross-shore direction; 
in other words, the initial mixed-layer deepening 
is a one-dimensional (vertical) process. The only 
exception is near the coast (e.g. at 6 km offshore, 
Fig. 2a) where the velocity increase is affected by 
the coastal wall which inhibits normal flow. Fig. 
3a and b shows the corresponding density time 
series at 6 km and 12 km offshore. The upwelling 
can be readily seen in Fig. 3a as the thermocline 
rises during the wind pulse. The width of the 
upwelling zone usually is defined by the baro- 
clinic deformation radius (c,/f> which is about 3 
km. The model calculation shows that the up- 
welling influence can be felt to about 10 km 

offshore; the difference is a factor r usually 
dropped out in the scale analysis (Gill, 1982, p. 
155). If the wind forcing would last longer, an 
upwelling front will form which can strongly in- 
teract with the mixed layer. This problem was 
examined by Chen and Wang (1990) for the 
coastal upwelling area off central California 
(CODE study), and will not be addressed here. 

Immediately after the wind pulse, a rapid 
barotropic adjustment associated with the pas- 
sage of the surface gravity wave, establishes a 
homogeneous flow in the lower layer such that 
the total cross-shore transport is essentially zero. 
This response is uniform in the cross-shore direc- 
tion, and is a unique property of the coastal 
response. It should be noted that motion with 
zero-transport does not necessarily mean an in- 
ternal wave. This is quite evident at the offshore 
(12 km) site (Fig. 3b) where the pycnocline shows 
no vertical movement during the first 30 h. 

Fig. 1. Density profile used as initial condition in the numeri- 
cal simulation. This profile corresponds to station 40 of the 
FE87 cruise (June 1987) in the shelf region off the northeast 
Spanish coast. 
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At the nearshore (6 km) site, significant isopy- 
cnal oscillations start to occur at about 20 h (Fig. 
3a). The pycnocline rises by about lo-15 m dur- 
ing the first half inertial period, and large inter- 
face oscillations prevail through the simulation 
period. These large interface oscillations indicate 
the presence of internal waves of near-inertial 
period. The period of these oscillations tends to 
increase with time. For example, the first cycle 
has a rather short period of about 15 h. Based on 
the maximum entropy spectrum analysis of model 
results for the entire simulation period, the pe- 
riod of oscillation is 17.6 h, or about 5% higher 
than the local inertial frequency. Coincidental 
with the presence of large interface oscillations 
the cross-shore velocity profile also shows drastic 
change. At about 20 h, the phase lines start to tilt 
upward (Fig. 2a), and the velocity amplitude in 
the mixed layer starts to decrease. Indeed, the 
maximum amplitude has shifted downward well 

below the mixed layer at the end of simulation 
period. This is clear evidence of the downward 
propagation of inertial energy, characterized by 
the upward phase propagation of inertial-internal 
wave. 

The situation at the 12 km site is strikingly 
different from that at the 6 km site. Before 35 h, 
while large internal waves have already appeared 
nearshore, the offshore site sees no internal wave 
motion. The pycnocline is flat and the mixed-layer 
velocity has a constant amplitude. However, a 
sharp drop of interface occurs at about 40 h, and 
simultaneously, the velocity phase lines start to 
tilt (Fig. 2b). The effect of the coastal wall is felt 
at even later time at the 20 km site. 

For near-inertial waves, the particle trajectory 
is almost circular. Fig. 4 shows the phase (tan 
-‘u/v) time series at the base of the mixed layer 
(depth = 23 m) for three different sites, 6, 12 and 
18 km from the coast. Initially, motions at all 

20. -- 

30. - 

40. -_ 

50. -- 

Fig. 2. (a) Time evolution of the vertical distribution of the cross-shore horizontal velocity at a coastal site located 6 km offshore. 
(b) Time evolution of the vertical distribution of the cross-shore horizontal velocity at 12 km offshore. 
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Fig. 2 (continued). 

three sites are in phase with a linear phase change 
(constant period equal to the local inertial pe- 
riod). At 18 h, significant changes in phase ap- 
pear nearshore, indicating the presence of inter- 
nal waves, This phase modification is more clearly 
seen at the 12 km site where the change occurs at 
38 h, coinciding with the start of the isopycnal 
oscillations (Fig. 3). The sudden phase change is 
associated with the arrival of the wavefront, and 
afterwards, the phase slope increases indicating 
that the frequencies become higher than f. After 
several inertial periods, the phase lines become 
again paralel to the local inertial period. 

To establish the offshore progression of the 
internal waves, Fig. 5 shows the density evolution 
at the depth of the pycnocline (depth = 18 m). 
During the wind pulse, the upwelling zone is 
within the first 10 km. The interface oscillations 
appear at the coast immediately after the wind 
pulse, and the fluctuations gradually spread off- 
shore. The wave front, that is, the first steep 

interface drop, travels at a speed of approxi- 
mately 10 cm/s. Since this is the speed of propa- 
gation of the whole pattern (the group), it is by 
definition the group speed, C,. The phase veloc- 
ity can also be estimated from the slope of the 
lines of constant phase, and it is about 40 cm/s. 
The vertical group velocity can be estimated from 
the downward displacement of the velocity max- 
ima in Fig. 2b, and we obtain C,, = 22 m/day (or 
0.025 cm/s). Also, from the tilting of velocity 
isolines in Fig. 2b, the vertical phase velocity is 
about 90 m/day, or C,, = 0.1 cm/s. 

4. Verification of dispersion relation 

For vertically propagating inertial-internal 
waves, the dispersion relation under hydrostatic 
assumption is 

u2=f2+N2a2 (10) 
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where a constant N2 is assumed, and (Y = k/m, 
the aspect ratio. From the initial density profile, 
we can estimate an averaged Brunt-Vaisala fre- 
quency N2 = 3.5 X 10d4 sW2. Also, since the esti- 
mated horizontal and vertical phase velocities are 
40 cm/s and 0.1 cm/s, we can estimate the 
aspect ratio (Y = k/m = C,,/C,, = 0.002. From 
Eq. (10) we can therefore obtain o = 1.06 x 10v4 
s-l (16.5 h) which implies that the internal wave 
frequency is 11% higher than the local, inertial 
period (w/f= 1.11). The horizontal wavenumber 
K = o/C,, = 2.65 X lop6 cm-’ and the associ- 
ated wavelength A, = 24 km. Similarly, the verti- 
cal wavenumber m = w/C,, = 1.06 X lop3 cm-‘, 
corresponding to a vertical wavelength A, = 59 m. 

For vertically propagating waves, the disper- 

sion relation implies that (Gill, 1982, pp. 260- 
262): 

N2Cf3 
c,z = 

k( f2 + N2~2)“2 
(11) 

N2CY 
c,x = 

m(f2 + N2~2)1’2 
(12) 

Our estimated horizontal and vertical group ve- 
locities are fully consistent with Eqs. (111, (12), if 
N2 is chosen equal to 3.5 X 10e4 sP2 which is a 
reasonable value since it is actually the mean 
value corresponding to the observed density pro- 
file used as initial condition. 

30. 

60. 
a- 

Fig. 3. (a) Time evolution of the vertical distribution of density near the coast, 6 km offshore. (b) Time evolution of the vertical 
distribution of density 12 km offshore. 
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Fig. 3 (continued). 

5. Energy propagation 

We have shown that a transient wind forcing 
in the presence of a coastal boundary induces the 
offshore propagation of a wave front. Once the 
wave front has passed, near-inertial motion ap- 
pears in the lower layer as a result of the down- 
ward propagation of internal-near inertial wave 
energy. We have also shown that the calculated 
internal waves agree well with the elementary 
wave dispersion relation. In this section we study 
in detail the energy transfer between upper and 
lower layer. 

To confirm the relationship between wavefront 
passage and downward energy propagation, we 
computed the kinetic energy of the internal-iner- 
tial waves defined as: 

xE=~((u-(u))2+(u-(u))2) (13) 

where the brackets mean average over one iner- 
tial period. Fig. 6 shows the kinetic.energy (KE) 
at the 12 km site both at the surface and in the 
lower layer (20 m). During the first inertial pe- 
riod, the kinetic energy in the upper layer is 
considerably higher than below with values in the 
range of 700 and 25 erg, respectively. After the 
second inertial period, there is a rapid depletion 
of KE at the surface that coincides with a signifi- 
cant increase of KE below the thermocline. This 
suggests the kinetic energy associated with the 
wavefront is at least partially radiated downward 
from the surface to deeper layers. Also note that 
since the wavefront passage induce significant 
oscillations of the density field, the potential en- 
ergy field is affected. 

According to the linear theory, the PE is much 
smaller than the KE for the near-inertial motion. 
On the other hand, associated with the wavefront 
passage, the computed ratio of KE/PE is approx- 
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imately equal to 10, suggesting therefore that non 
linear density-vertical velocity interactions (in the 
density equation) do play a significant role in the 
energy exchange between the upper layer and the 
thermocline. An important point needs to be 
emphasized since the main difference between 
our work and the linear theory lies in the fully 
non-linear density equation which is used in this 
simulation and which allows for a non linear 
coupling between the density field and the verti- 
cal velocity. In other words, for a linearised den- 
sity equation, the vertical velocity is always out of 
phase with the density fluctuation and conse- 
quently < wp > is always zero. This has impor- 
tant dynamic implications since then the kinetic 
energy cannot be converted into potential energy. 
In our model, due to nonlinear coupling, < wp > 
does not vanish, which therefore might result in 
an increase of potential energy. 

Summarizing, Fig. 6 essentially implies that 
upper-layer kinetic energy moves donward. How- 
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ever, it is important to analyze if this is a local 
process, or if after sometime, the lower layer (in 
all the domain) is affected. In consequence, we 
study the time evolution of KE. Fig. 7a (note 
logarithmic scale) shows that during the first iner- 
tial cycle, the kinetic energy is mostly reduced to 
the upper layer. During the second inertial pe- 
riod, (7b), a significant energy maxima appears 
below the mixed layer at approximately 10 km 
offshore. Five inertial cycles later, a significant 
increase in lower layer energy has taken place in 
almost all the domain (Fig. 7c and d) 

6. Discussion 

Comparison with previous studies indicate that 
the rate of energy transfer between the upper 
and lower layer (as measured by C,,) is in the 
range of values described by Brooks (1983) who 
obtained C,, = 60 m/day or by Kundu et al. 
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Fig. 4. Time serie of the phase below the mixed layer (18 m) and at 6 CO), 12 (+) and 18 (X ) km offshore. 
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Fig. 5. Time evolution of the cross-shore horizontal density distribution at a depth of 18 m (layer 6, pycnocline). 
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Fig. 6. Time serie of the kinetic energy averaged in every 
inertial period at the surface (plain) and at 20 M (dashed) at 
12 km offshore. 

(1983) found C,, = 45 m/day. It is important to 
note that the velocity values we obtained below 
the mixed layer, after the wind pulse agree quite 
well with currentmeter observations off the 
northeast Spanish coast in June 1987 (Salat et al., 
1992) which suggests that we have correctly simu- 
lated the energy exchange between the upper 
layer and the thermocline in the coastal ocean. 

Most previous observations suggested that the 
near-inertial motion on the shelf is a standing 
baroclinic wave. However, Wang and Mooers 
(1977), based on observations from a coastal up- 
welling study off Orgeon found a strong inertial 
beam in the subsurface after a wind event. They 
suggested that the subsurface inertial energy was 
generated earlier in the nearsurface. They esti- 
mated that the horizontal and vertical wave- 
lengths are 15 km and 60 m, and the vertical 
group velocity is 17 m/day. These values com- 
pare well with our theory, supporting the notion 



.I. Tintore’ et al. /Journal of Marine Systems 6 (1995) 301-312 311 

that radiation of inertial-internal waves is effec- ocean shows that responding to a wind pulse, a 
tive in removing the surface inertial energy. It is sharp wavefront propagates offshore and strong 
also important to note that the near-inertial oscil- near-inertial waves are generated. The wavefront 
lations described in our study have significant passage induces modification of kinetic and po- 
effects on the vertical excursion of particles and tential energy therefore modifying the vertical 
as a result, might also modify the depth distribu- distribution of biogeochemical variables. Results 
tion of primary production (Holloway, 1984; Hol- also indicated much more rapid depletion of the 
loway and Denman, 1989). mixed-layer inertial energy near the coast. For 

In summary, our numerical study in the coastal example, at 6 km offshore, the energy decreased 
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Fig. 7. Kinetic energy (natural log units) averaged every 18 h (one inertial period) for the first inertial cycle (a), for the second 
inertial cycle (b), for the third (c) and fifth Cd). 
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by a factor of 7 in 2 inertial periods. As a result 
radiation of inertial-internal waves are effective 
in removing the surface inertial energy. Also im- 
portant is that because of the presence of inter- 
nal-inertial waves, mixing in the coastal ocean 
cannot be treated as a one dimensional problem. 
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