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Abstract A study of wave radiation by a piston bottom displacement, in a compressible ocean of constant depth, is
carried out within the framework of a two-dimensional linear theory. Simple analytic expressions for the flow field, at
a large distance from the disturbance, are derived. A realistic numerical example indicates that the Acoustic-Gravity
waves, which significantly precede the tsunami, are expected to leave a significant signature on bottom-pressure
records that should be considered for early detection of tsunamis.
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1 Introduction

The 2004 Indian Ocean earthquake was an undersea earthquake that occurred at 00:58:53 UTC December 26, 2004,
with an epicenter off the west coast of Sumatra, Indonesia. The earthquake triggered a series of devastating tsunamis
along the coasts of most landmasses bordering the Indian Ocean, killing more than 225,000 people in 11 countries,
and inundating coastal communities with waves up to 30 m. It was one of the deadliest natural disasters in history.
Indonesia, Sri Lanka, India, and Thailand were hardest hit.

The plight of the many affected people and countries prompted a widespread humanitarian response. In all, the
world-wide community donated more than $7 billion in humanitarian aid.

This tsunami, like all others, behaved very differently in deep water than in shallow water. In deep ocean water,
tsunami waves form only a small hump, barely noticeable and harmless, which generally travels at a very high
speed of 500–1,000 km/h. In shallow water near coastlines, a tsunami slows down to only tens of kilometers an
hour, but in doing so, forms large destructive waves. Scientists investigating the damage in Aceh found evidence
that the wave reached a height of 24 m when coming ashore along large stretches of the coastline, rising to 30 m in
some areas when traveling inland.

Radar satellites recorded the heights of tsunami waves in deep water: at 2 h after the earthquake, the maximum
height was 60 cm. These are the first such observations ever made. However, these observations could not have
been used to provide a warning, because the satellites were not intended for that purpose and the data took hours
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to analyze. Due to the distances involved, the tsunami took anywhere from 15 min to 7 h (for Somalia) to reach the
various coastlines. The tsunami was observed as far as Struisbaai in South Africa, a distance of 8,500 km, where a
1.5 m high wave surged on shore about 16 h after the earthquake had occurred. Despite a lag of up to several hours
between the earthquake and the impact of the tsunami, nearly all of the victims were taken completely by surprise.
There were no tsunami warning systems in the Indian Ocean to detect tsunamis or to warn the population living
around the ocean vicinity. Tsunami detection is difficult: as a tsunami occurs in deep water, it has little height, and
a network of sensors is needed to detect it. Setting up the communications infrastructure to issue timely warnings
is another big problem, particularly in a relatively deprived part of the world.

Ever since this catastrophic event, I have asked myself if there is anything that the science of water waves can
contribute to enable more accurate, and in particular, significantly earlier tsunami warnings. The current article is
a first outcome of this quest.

In a series of recent studies, the Russian group lead by Prof. M.A. Nosov, has demonstrated the importance of the
small compressibility of the ocean in the process of tsunami generation [1–5]. These studies follow the foundation
laid in earlier attempts by Miyoshi [6], Sells [7], and Yamamoto [8]; see also [9].

The overwhelming majority of ocean-wave studies ignore the minute compressibility of the water, which is
expected to have, and in most cases has, only a negligible effect on the main physical processes. However, a rather
straightforward analysis of the linearized problem in water of constant depth reveals that for any wave period (T )
smaller than four times the water depth (h) to the speed of sound (c) ratio (i.e., T < 4h/c); two or more propagating
modes are possible.

This state-of-affairs is rather different from the situation in an incompressible ocean, for which only one prop-
agating mode exists. In the balance of this paper, we shall refer to these modes by their wave-numbers: ko >

2π/cT > k1 > k2 > · · · > kN ; where ko represents the mode which also exists in an incompressible ocean,
and will be called the tsunami mode, whereas k1, k2, . . . , kN , represent the additional propagating modes, which
result from taking the compressibility of the water into account, and will be called the Acoustic-Gravity1 modes.
A disturbance at the ocean floor, such as caused by a submarine earthquake, produces many different modes. Most
of these modes (kN+1, kN+2. . .) are non-propagating (evanescent), and of local importance only. However, the
tsunami (ko), and the leading Acoustic-Gravity mode k1 (and of less importance also k2, . . . , kN ), propagate away
from the earthquake site, and travel to a great distance. The Acoustic-Gravity wave travels significantly faster than
the tsunami, and thus, is a possible candidate for an early warning about the approach of the latter.

The main results of this article are: (i) providing an analytical solution for the Acoustic-Gravity modes at large
distance from the disturbance (i.e., from the earthquake epicenter); and (ii) providing numerical values for the
free-surface elevation and for the dynamic bottom pressure, generated by the Acoustic-Gravity waves, in order to
enable an assessment of their experimental detectability.

The present study is limited to a two-dimensional configuration, to constant water-depth, and neglects dissipation;
these constraints must be relaxed in future investigations. The mathematical problem is formulated in Sect. 2, and
solved in Sect. 3. Asymptotic results for large distance are given in Sect. 4; and an illustrative numerical example
is provided in Sect. 5. Concluding remarks are drawn in Sect. 6.

2 Formulation

Let us consider a layer of an ideal compressible homogeneous fluid of constant depth h in the field of gravity, and
assume that it is unbounded in the horizontal x-direction. The origin of the Cartesian coordinate system oxy is at
the unperturbed bottom, and the y-axis is oriented upwards. In order to find the wave disturbance y = h + η (x, t)
that is excited at the fluid surface by a bottom motion y = ζ (x, t), it is necessary to solve for the flow velocity
potential ϕ (x, y, t) which is governed by the wave-equation

1 Some authors refer to these waves as hydro-acoustic waves and classify them as part of the T -phase phenomenon.
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Fig. 1 a Flow domain, b bottom motion

ϕxx + ϕyy = 1

c2 ϕt t , 0 ≤ y ≤ h (2.1)

and the linearized free-surface and bottom boundary conditions:

ϕt t + gϕy = 0, y = h, (2.2)

ϕy = ζt , y = 0, (2.3)

where c is the speed of sound in the water, and g is the acceleration due to gravity. Note that besides the motion ζ

the bottom is assumed to be rigid.
The free-surface elevation and the dynamic bottom pressure are given, respectively, by:

η = − 1

g
ϕt , y = h (2.4)

and

pb = −ρϕt , y = 0, (2.5)

where ρ is the water density.
The chosen disturbance of the bottom is described in Fig. 1 and by

ζt (x, t) = ζ̃o

τ
H

(
b2 − x2

)
H (t (τ − t)) , (2.6)

where H is the Heaviside function; ζ̃o, b are the geometrical characteristics of the earthquake and τ is its duration.

3 Solution

The t → ω Fourier transform of the velocity potential is defined by

f (x, y, ω) = 1√
2π

∞∫

−∞
ϕ (x, y, t) e−iωt dt (3.1)

Substituting (2.6) in (2.3) and taking the Fourier transform of (2.1), (2.2) and (2.3) yields

fxx + fyy = −ω2

c2 f, 0 ≤ y ≤ h, (3.2)

fy − ω2

g
f = 0, y = h, (3.3)

fy = ζo (ω) H
(

b2 − x2
)

, y = 0, (3.4a)
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where

ζo (ω) = iζ̃o√
2π

(
e−iωτ − 1

)

ωτ
. (3.4b)

Yamamoto [8] has studied a related problem in which the disturbed bottom-block, x ∈ (−b, b), oscillates periodi-
cally with frequency ω. Yamamoto has reached the same mathematical problem as our (3.2), (3.3) and (3.4), which
he solved by applying a Fourier-transform over the horizontal axis x .

From the results of Yamamoto, the solution of (3.2)–(3.4) is obtained as

f (x, y, ω) = 4ζo (ω)

{
c
[
cos

(
ω (y − h) /c

) + (ωc/g) · sin (ω (y − h) /c)
]

4ω [sin (ωh/c) + (ωc/g) cos (ωh/c)]

−µoe−isign(ω)kob cosh (µo y) cos (kox)

k2
o [2µoh + sinh (2µoh)]

−
N∑

n=1

µne−isign(ω)knb cos (µn y) cos (kn x)

k2
n [2µnh + sin (2µnh)]

+
∞∑

n=N+1

µne−λnb cos (µn y) cosh (λn x)

λ2
n [2µnh + sin (2µnh)]

}
, for |x | < b, (3.5a)

f (x, y, ω) = 4ζo (ω)

{
iµo sin

[
sign (ω) kob

]
cosh (µo y) e−isign(ω)ko|x |

k2
o [2µoh + sinh (2µoh)]

+
N∑

n=1

{
iµn sin

[
sign (ω) knb

]
cos (µn y) e−isign(ω)kn |x |

k2
n [2µnh + sin (2µnh)]

−
∞∑

n=N+1

µn sinh (λnb) cos (µn y) e−λn |x |

λ2
n [2µnh + sin (2µnh)]

}
, for |x | > b. (3.5b)

Here, µo, µn (real and positive) are the solutions of

ω2 = gµo tanh (µoh) ; ω2 = −gµn tan (µnh) , n = 1, 2, . . . ; (3.6a,b)

see the solid curves in Fig. 2.
ko, kn, λn (real and positive) are given by

ko =
(
µ2

o + k2
s

)1/2
, (3.7a)

kn =
(

k2
s − µ2

n

)1/2
, n = 1, 2, . . . , N ; ks > µN , (3.7b)

λn =
(
µ2

n − k2
s

)1/2
, n = N + 1, . . . ; ks < µN+1 (3.7c)

Fig. 2 Solutions of
Eq. 3.6a,b ——. Plot of
Eq. 3.8 for h=4000 m, and
c=1500 m/s - - - - -.
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and

ks = ω/c. (3.8)

The inverse Fourier transform is given by

ϕ (x, y, t) = 1√
2π

∞∫

−∞
f (x, y, ω) eiωt dω. (3.9)

Substituting (3.5) and (3.4b) in (3.9) gives

ϕ (x, y, t) = 8ζ̃o

πτ

⎧⎨
⎩

∞∫

o

c · sin (ωτ/2) [cos (ω (y − h) /c) + (ωc/g) sin (ω (y − h) /c)]

4ω2 [sin (ωh/c) + (ωc/g) cos (ωh/c)]
cos

(
ωt − ωτ

2

)
dω

−
∞∫

o

µo sin (ωτ/2) cosh (µo y) cos (kox)

ωk2
o [2µoh + sinh (2µoh)]

cos
(

kob − ωt + ωτ

2

)
dω

−
∞∑

n=1

∞∫

ωsn

µn sin (ωτ/2) cos (µn y) cos (kn x)

ωk2
n [2µnh + sin (2µnh)]

cos
(

knb − ωt + ωτ

2

)
dω

+
∞∑

n=1

ωsn∫

o

µn sin (ωτ/2) e−λnb cos (µn y) cosh (λn x)

ωλ2
n [2µnh + sin (2µnh)]

cos
(
ωt − ωτ

2

)
dω

⎫⎬
⎭, for |x | < b

(3.10a)

ϕ (x, y, t) = 8ζ̃o

πτ

⎧⎨
⎩

∞∫

o

µo sin (ωτ/2) sin (kob) cosh (µo y)

ωk2
o [2µoh + sinh (2µoh)]

sin
(

ko |x | − ωt + ωτ

2

)
dω

+
∞∑

n=1

∞∫

ωsn

µn sin (ωτ/2) sin (knb) cos (µn y)

ωk2
n [2µnh + sin (2µnh)]

sin
(

kn |x | − ωt + ωτ

2

)
dω

+
∞∑

n=1

ωsn∫

o

µn sin (ωτ/2) sinh (λnb) cos (µn y) e−λn |x |

ωλ2
n [2µnh + sin (2µnh)]

cos
(
ωt − ωτ

2

)
dω

⎫
⎬
⎭ , for |x | > b,

(3.10b)

where ωsn is given by the root of

µn (ωsn) = ωsn/c, n = 1, 2, . . . ; (3.11)

see the small circles in Fig. 2.
A good approximate solution to (3.11) and (3.6b) is

ωsn = αnc/h, αn = (2n − 1)
π

2
; n = 1, 2, . . . . (3.12)

From (3.10b) and (2.4), the free surface elevation for x > b is:

η (x, t) = 8ζ̃o

πgτ

⎧⎨
⎩

∞∫

o

µo sin (ωτ/2) sin (kob) cosh (µoh)

k2
o [2µoh + sinh (2µoh)]

cos
(

kox − ωt + ωτ

2

)
dω

+
∞∑

n=1

∞∫

ωsn

µn sin (ωτ/2) sin (knb) cos (µnh)

k2
n [2µnh + sin (2µnh)]

cos
(

kn x − ωt + ωτ

2

)
dω
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−
∞∑

n=1

ωsn∫

o

µn sin (ωτ/2) sin (λnb) cos (µnh)

λ2
n [2µnh + sin (2µnh)]

e−λn x sin
(
ωt − ωτ

2

)
dω

⎫
⎬
⎭ . (3.13)

From (3.10b) and (2.5) the dynamic bottom pressure for x > b is

Pb (x, t) = 8ρζ̃o

πτ

⎧⎨
⎩

∞∫

o

µo sin (ωτ/2) sin (kob)

k2
o [2µoh + sinh (2µoh)]

cos
(

kox − ωt + ωτ

2

)
dω

+
∞∑

n=1

∞∫

ωsn

µn sin (ωτ/2) sin (knb)

k2
n [2µnh + sin (2µnh)]

cos
(

kn x − ωt + ωτ

2

)
dω

−
∞∑

n=1

ωsn∫

o

µn sin (ωτ/2) sin (λnb)

λ2
n [2µnh + sin (2µnh)]

e−λn x sin
(
ωt − ωτ

2

)
dω

⎫⎬
⎭ . (3.14)

4 Approximation for large x

For x/h >> 1, the contribution of the evanescent modes, given in the third line of (3.13), is negligible. When the
method of stationary phase to the propagating modes is applied, the first and second lines in (3.13) give for the free
surface:

η̂ =
27/4 sin

[√
2τ̂

(
t̂/x̂−1

)1/2
/2

]
sin

[√
2b̂

(
t̂/x̂−1

)1/2
]

cosh
[√

2
(
t̂/x̂−1

)1/2
]

√
πτ̂ x̂1/2

(
t̂/x̂−1

)3/4
{

23/2
(
t̂/x̂−1

)1/2 + sinh
[
23/2

(
t̂/x̂−1

)1/2
]} cos

[√
2x̂

(
t̂/x̂−1

)3/2 −π

4

]

+
∞∑

n=1

(−1)25/2 t̂1/2

√
πα

5/2
n ĉ1/2τ̂ x̂

[
1 − (

x̂/ĉt̂
)2

]5/4
sin

⎡
⎣ αnĉτ̂ /2√

1 − (
x̂/ĉt̂

)2

⎤
⎦ sin

⎡
⎣ αnb̂x̂/

(
ĉt̂

)
√

1 − (
x̂/ĉt̂

)2

⎤
⎦

× cos

[
αn

(
ĉ2 t̂2 − x̂2

)1/2 + π

4

]
. (4.1)

The first line in (4.1) represents the tsunami, and is valid2 for 1.2x̂ > t̂ > x̂ . The terms under the sum repre-
sent acoustic-gravity modes, and become valid (see footnote 2) for any t̂ ≥ x̂/ĉ. All variables in (4.1) are made
dimensionless, according to:

η̂ = η/ζ̃o, x̂ = x/h, b̂ = b/h, t̂ = t̃ − 0.5τ̂ , t̃ = t
√

g/h, τ̂ = τ
√

g/h, ĉ = c/
√

gh.

Similarly, (3.14) gives for the bottom pressure:

P̂b ≡ Pb

ρgζ̃o
=

27/4 sin
[√

2τ̂
(
t̂/x̂ − 1

)1/2
/2

]
sin

[√
2b̂

(
t̂/x̂ − 1

)1/2
]

cos
[√

2x̂
(
t̂/x̂ − 1

)3/2 − π
4

]

√
πτ̂ x̂1/2

(
t̂/x̂ − 1

)3/4
{

23/2
(
t̂/x̂ − 1

)1/2 + sinh
[
23/2

(
t̂/x̂ − 1

)1/2
]}

+
∞∑

n=1

25/2 t̂1/2ĉ3/2

√
πα

3/2
n τ̂ x̂

[
1 − (

x̂/ĉt̂
)2

]1/4
sin

⎡
⎣ αnĉτ̂ /2√

1 − (
x̂/ĉt̂

)2

⎤
⎦ sin

⎡
⎣ αnb̂x̂/

(
ĉt̂

)
√

1 − (
x̂/ĉt̂

)2

⎤
⎦

× cos

[
αn

(
ĉ2 t̂2 − x̂2

)1/2 + π

4

]
(4.2)

2 These constraints result from the limitations of the method of stationary phase and from the approximations made in calculating the
stationary points.
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Fig. 3 Temporal evolution
of the free-surface at
x̂ = 250, and n = 10.
a Arrival of
Acoustic-Gravity waves,
b Acoustic-Gravity waves
for t ∈ (5200 s, 6000 s),
c Acoustic-Gravity wave
together with tsunami for
t ∈ (5200 s, 6000 s)

40 50 60 70 80
0.10

0.05

0.00

0.05

0.10

260 270 280 290 300
0.10

0.05

0.00

0.05

0.10

260 270 280 290 300
0.10

0.05

0.00

0.05

0.10

(a)

η̂

η̂

η̂

(b)

(c)

t̂

t̂

t̂

Note that the frequencies (i.e., the stationary points) and wave-numbers of the tsunami and of the acoustic-gravity
waves are approximately

ω̂o = ωoh1/2/g1/2 = √
2

(
t̂/x̂ − 1

)1/2
, k̂o = hko = ω̂o, (4.3a,b)

and

ω̂n = ωnh1/2/g1/2 = αnĉ√
1 − (

x̂/ĉt̂
)2

, k̂n = hkn = αn
(
x̂/ĉt̂

)
√

1 − (
x̂/ĉt̂

)2
, n = 1, 2, . . . . (4.4a,b)

The leading-order approximations for the group velocities of the tsunami and the acoustic-gravity waves are:

ĉgo = cgo/h1/2g1/2 = 1, for 1.2x̂ > t̂ > x̂, (4.5a)

ĉgn = cgn /h1/2g1/2 = x̂/t̂, for any t̂ ≥ x̂/ĉ. (4.5b)
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5 Example

In order to assess the physical magnitude of the Acoustic-Gravity wave phenomenon, the following example is
chosen:

gravity g = 10 m/s2

speed of sound c = 1500 m/s, ĉ = 7.5
water depth h = 4000 m
lateral extent of bottom motion b = 40000 m, b̂ = 10
vertical extent of bottom motion ζ̃o = 1 m
duration of bottom motion τ = 10 s, τ̂ = 0.5
distance of observation point x =1,000,000 m, x̂ = 250.

For this example, the Acoustic-Gravity waves arrive at the observation point at ta.g ≈ 667 s, whereas the tsunami
reaches this point at tts ≈ 5000 s, leaving an option for an advance warning of more than an hour.

The variations of the free-surface elevation, and of the dynamic bottom pressure, as functions of time, are given
in Figs. 3 and 4, respectively, for two time intervals: t ∈ (800 s, 1600 s), and t ∈ (5200 s, 6000 s); corresponding
toτ̂ ∈ (40, 80), and τ̂ ∈ (260, 300), respectively.

From Fig. 3, one can see that the amplitude and period of the Acoustic-Gravity wave are about 0.01 m and
10 s, respectively. These waves have a wave-length of about 40 km. The feasibility to distinguish these waves from
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Fig. 4 Temporal evolution of the dynamic bottom pressure at x̂ = 250; for two different time intervals and three different numbers
of Acoustic-Gravity modes. a t ∈ (800 s, 1600 s), n = 1. a1 t ∈ (800 s, 1600 s), n = 10. a2 t ∈ (800 s, 1600 s), n = 100. b t ∈ (5200 s,
6000 s), n = 1. b1 t ∈ (5200 s, 6000 s), n = 10. c t ∈ (5200 s, 6000 s), tsunami only
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Fig. 5 Spatial evolution for
t̂ = 100 (t = 2000 s), for
x ∈ (320,000 m, 106 m),
n = 10. a Free-surface
elevation, acoustic waves
only, b free-surface
elevation, tsunami together
with acoustic-gravity waves,
c bottom pressure; solid line
acoustic-gravity waves only;
dashed line tsunami only
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prevailing wind-waves using surface measurements, is rather doubtful. However, from Fig. 4 one can see that these
Acoustic-Gravity waves cause significant fluctuations in the bottom-pressure, with the same period of 10 s and
amplitude of one tenth of an atmosphere. Thus, the bottom pressure seems to be a much better ‘candidate’ for field
measurements, and early warning against the tsunami.

Figure 3c gives the Acoustic-Gravity waves superposed on the tsunami. In our example, the amplitude and period
of the tsunami are about 0.1 m and 200 s, respectively. The wave-length is of the order of 40 km.

From Fig. 4c one can see the minute effect of the tsunami on the bottom pressure, in particular in comparison to
that of the Acoustic-Gravity waves. Comparing Fig. 4a, 4a1, and 4a2 demonstrates that a reasonable choice for the
number of terms in the series of Eqs.4.1 and 4.2 is n = 10 or so.

The spatial variation of the free-surface and the bottom pressure are given in Fig. 5 for t = 2000 s, and x > 320 km.
Note that gaps were left in Fig. 5b and c for x̂ ∈ (98, 101). These gaps result from the fact that the method of
stationary phase fails at the front of the tsunami; see [10].
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6 Concluding remarks

The aim of this paper has been to bring forward the possibility to utilize measurements of Acoustic-Gravity waves
as precursors to tsunamis. To accomplish such a task one would have to solve an inverse problem. This seems to be
an achievable task when analytical solutions like the one presented in this paper are available.

Note that the first few acoustic-gravity modes have wave lengths that significantly exceed the width of the under-
water sound channel (SOFAR), [11,12], and consequently cannot be trapped in it. For them, the whole depth of the
ocean serves as a waveguide.

In conclusion, it is important to mention that the effects of energy dissipation by bottom friction, and of energy
scattering by bottom irregularities, have been neglected in this study. Moreover, more realistic estimates require
bottom elasticity to be taken into account. These, as well as three-dimensional effects, may act to reduce the chances
to detect acoustic-gravity waves far from the epicenter.

A study which applies the method of separation of variables to the wave equation and the linearized free-surface
boundary conditions in elliptic cylindrical coordinates is currently being carried out. This study is expected to
provide analytic solutions in terms of series of Mathieu functions for the three-dimensional problem.
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