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ON THE JOINT DISTRIBUTION OF SURFACE ELEVATION AND SLOPES FOR A NONLINEAR RANDOM SEA,
WITH AN APPLICATION TO RADAR ALTIMETRY
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Abstract. The work of Longuet-Higgins (1963),
on the effects of wave nonlinearity on the
statistics of the sea surface, is extended here
to obtaln the joint distribution of surface
elevation and slopes for a nonlinear random sea.
The results are used to examine the effect of
wave nonlinearity on the form of a radar
altimeter pulse which is reflected from the sea
surface. It is shown how wave information may be
derived from the return pulse and how this can be
used to correct errors in the altimeter mean sea
level estimate (a problem known as "sea state
bias™).

1. Introduction

Until fairly recently most measurements of
waves on the sea surface, such as those obtained
from a wave rider buoy, gave a time series of the
surface elevation at a given point. Exceptions
were the studies of Chase et al. [1957] and
Holthui jsen [1983 , who used stereophotography,
and Cox and Munk [1956], who used sun glitter to
obtain spatial information about the wave field
(at a given instant of time). However, such
spatial studies of waves are difficult to carry
out (see above quoted papers) and have not been
very common .

With the advent of satellite and airborne
radar altimetry it has become possible to obtain
spatial information about the sea surface on a
large scale. In order to obtain such information
from the radar return it 1s necessary to make
some assumptions about the statistics of the sea
surface elevation and slopes. In particular,
knowledge of the form of the joint distributiom
of the surface elevation and surface slopes is
necessary [Barrick, 1972; Lipa and Barrick,
1981]. Early studies [Barrick, 1972] of the form
of the radar return from the sea surface assumed
‘Gaussian statistics for the surface elevation and
slopes. More recently attempts have been made to
allow for the nonlinearity of the surface wave
field by using a non-Gaussian theory to obtain
the form of the radar return [Jackson, 1979; Lipa
and Barrick, 1981]. The non-Gaussian theory used
is based on the work of Longuet-Higgins f1963]
who, using a weakly nonlinear dynamical model of
the waves, obtained the distribution of the
surface elevation and also the joint distribution
of surface slopes (measured in two mutually
orthogonal directions).

Jackson [1979] used this theory to obtain the
Joint distribution of the surface elevation and
slope (in one direction). He related the
parameters of the distribution to the wave
spectrum under the assumption that the wave field
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was unidirectional. The theory was then used to
examine the form of the radar return from the sea
surface and the effect of nonlinearity on the
return [Jackson, 1979; Lipa and Barrick, 1981].
Clearly the assumption of unidirectionality is
somewhat restrictive in that generally sea waves
have marked directional spread. Furthermore, for
a complete description of the sea surface the
joint distribution of the elevation and slopes in
two mutually orthogonal directions is required
(rather than the slope in one direction).

In this paper the work of Longuet-Higgins
[1963] and Jackson [1979] will be extended to
obtain the joint distribution of surface
elevation and two slopes. The results obtained
will be applied to the problem of determining the
radar return from the sea surface and used to
illustrate the effects of wave nonlinearity on
the return. The "sea state bias" produced by
nonlinear wave effects on the estimates of the
mean level of the sea surface from the return
will also be discussed.

2. Formulation

Consider the joint distribution p(%, &y,
Cy) of surface elevation ( and slopes Gy,
Cy: This may be expressed as the Fourier

transform of the moment generating function and
thence related to cumulants of the distribution
[see Longuet-Higgins, 1963], 8o that
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The cumulants kjjx are related to the moments
of the distribution pj 4k by
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and may be calculated by equating the
coefficients of combinations of powers of ¢t,

t', t''. The moments Bijk are given by
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where the angle brackets enclose the ensemble
average.
A generalization of the argument given by
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Longuet-Higgins [1963] allows the neglect of
cumulants Ky such that i+j+k>3 and so leads
to the approx mation
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For the Gaussian case, Kijk = 0 for i+jtk »>3.
It is from this approximation that the joint
distribution will be obtained. In order to do
this it is necessary to know the cumulants K{jk

for i1+j+k <3 and these may be obtained from the
moments i i for 1+j+k <3 via equation (2). 1In
the next section we will calculate these moments.

3. Calculation of the moments
From Longuet-Higgins [1963] we note that the

sea surface elevation [ may be written, to second
order, as

C=¢ +¢2 (5)

where 1 = R a cos ¢n (6a)
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Here k, and w, are the wave numbers and

frequency of the nth wave component. The
amplitudes and phases a,, 6, are assumed to
be 1independent random variables, with a,
Rayleigh distributed on [0 = | and 6,

uniformly distributed on [O,an. Note therefore
that the ¢, may be regarded as random
variables distributed uniformly on [0, 2m]. If
the second order term [, is neglected we obtain
the Gaussian representation of the sea surface
[Longuet-Higgins, 1957]. The above results are
basically those given by Longuet-Higgins [1963]
and used by Jackson [1979], but have a correction
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factor of one half in the expression for Co
which was missing from their papers.

In order to calculate the moments we will
substitute the above results into (3) and
evaluate the resulting ensemble averages. To do
this will require the use of results of the
following type, which depend on the properties of
the random variables a,, ¢,:

{ cos ¢n> =
< cos o5 sin ¢j > =

{ cos ¢; cos ¢j > = %'sij

Ca*> - 2¢a?>?
etc. ..

Note that all odd order correlations of this type
vanish. Furthermore if a and B are independent
random variables and f(a), g(B) are functions of
a and B then

Cf(a) g(B) > = <f(a)> <gp)>

Finally note that pp,, may be obtained from
Hmpn by interchanging the x and y coordinates.

It is straightforward, though tedious, to show
that

Booo = 1 (9a)

B100 = Holo = Mool = BloiL = B110 =0 (9b)
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The details of the calculations are omitted but a
sample calculation for p;,, is given in the
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appendix. The results are correct to leading
order; for example pg;, and pgg3 are not strictly
zero but are of higher order in wave slope than

K300 U120 k102> K11l and are therefore

neglected.
From the above and (3) it can be shown that
Kmnp = umnp mintp < 3 (10)

so that the only nonzero cumulants are K200
Ko20» Koo2s Koll» X300> K120> Klp2»> Kj11°+ Thus
the number of parameters the distribution depends
on has been reduced from the original 19
cumulants 13 (0 1+3+k<3) to 8. It is useful
to define normalized cumulants hmnp as

K
A = mn (11)
map P 275

m/ n/
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With these results we are able to
(4) to obtain p(g, L, Cy).

simplify

4. The Joint Distribution of Surface Elevation
and Slopes

By using the results of the previous section,
expanding the integrand in (4) and neglecting
higher order terms [following Longuet-Higgins,
1963] we obtain
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and the following change of variables has been
made:
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The integral may be evaluated to obtain
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where the Hmnp are Hermite

polynomials given by

generalized
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with p = Ay;;. This result may be obtained by a
straightforward generalization of the approach
given by Longuet-Higgins [1963]. For the
purposes of this paper we only require

Hzgp = n° ~ 3n (14a)
Hizo = n (1=p»)~! [(n, - pn )2 (1p%)~t - 1]

(14b)
Hyoz =0 (1-p?)! [(n_ - en )2 (1-p?)7! - 1]
* TP (1l4c)
B = n (1-p?)~! [(n, - pnyd(ng = en,)
(1-%)~! + p] (14d)

Thus (13), together with (l4) and the results of
section 3, gives the joint distribution of
surface elevation and slopes for a weakly
nonlinear random wave field.

From this distribution several results can be
deduced. Firstly, by Integrating out the surface
elevation § it is possible to obtain the joint
distribution of the slopes, which proves to be
This is consistent with the results of
Longuet-Higgins [1963] who showed that, to this
order, the cumulants for the slope distribution
vanish and hence the distribution of slopes is
More generally if the coefficients of
skewness X340, A1205MA102> Ap1)l vanish we obtain
the ‘Gaussian result for the joint distribution of
surface elevation and slopes [Longuet—Higgins,
1957].

Secondly, by integrating out a slope variable
Ly we obtain the joint distribution of surface
elevation and slope, as found previously by
Jackson (1979),

p(&, L) = 1
21/ Hogg Mo2o
1
exp - , (n* * 0 D)}

1 1 2
[1+ % Moo Hjoo +35 Mao n(n,” - D] (15)

Now by integrating out the second slope variable

{x Wwe obtain Longuet-Higgins' [1963] original
result for the distribution of the surface
elevation
2
- 2 1
p(C) = 1 12 (14 % Moo Haoo)
vV 21 U200 (16)

Returning to the joint distribution of surface
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Fig. 1. Contour plot of the distribution

P('ﬂ, Tlx) for )\300 = 0-5, Klzo = 0.2. Contour
interval 0.01592. The region to the left of the
zero contour is negative.

elevation and slopes we note that it depends on
the following eight parameters:

K200 variance of the sea surface
elevation;
Ho20sHgoz variances of the slopes;
Ag11 correlation coefficient between
the two slopes;
A3gg skewness of the sea surface
elevation;

A120sM102sM111  other skewness coefficients.
(The physical significance of the coefficients
A120,> Alo2s Ay is not clear). All these

quantities may be related to the wave number
spectrum E(k) by noting that

L Ca 2/2>= E(R)dk
dk

and using the results of section 3, but this
aspect of the problem will not be pursued here
(see Jackson [1979] for details of how this can
be done in the unidirectional case).

Before applying these results to the problem
of obtaining wave information from an altimeter
return we will attempt to i1llustrate them
graphically and also discuss their relationship
with the work of Huang et al. [1984]. As
P, Tx, Cy) 1s a function of three
variables, it cannot be plotted in a simple
manner; instead we will contour the marginal
distribution of elevation and one slope given in
equation (15). Two examples of the (normalized)
distribution are shown in Figures 1 and 2, for
A300 = 0.5, Ay1p9 = 0.2 and Aggg = 0.2, Ay, = 0.5

respectively. For a Gaussian distribution the
contours would be circles centered on the
origin. Here it can be seen that large values of

Moo 1lead to a greater departure from the
Gaussian distribution than do large values of

Ajgge Furthermore the plots show up a problem
associated with the use of Gram-Charlier series
to represent probability density functions, in
that there is a region where the distribution is
negative (strictly it should be positive
everywhere). However, the bulk of the
distribution is positive so the results are still
useful.

Huang et al. [1984] have recently derived a
joint distribution p({, &y) for the case of
unidirectional, narrow band, nonlinear waves.
Their distribution 1is positive everywhere and
their results are similar to the ones shown in
Figures 1 and 2. Unlike the distribution given
in (15) for elevation and slope, which has two
parameters Azgg, Ajpg to describe nonlinear
effects, the nonlinear effects enter their
distribution through only one parameter, the
significant slope. Unfortunately, their method
of deriving the joint distribution of elevation
and one slope cannot be extended to obtain the
joint distribution of elevation and two slopes as
studied in this paper, their approach being based
on a unidirectional, narrow band representation
of the wave field. 1In practice the waves on the
ocean surface are likely to be both directionally
distributed and broadband and allowance needs to
be made for these effects.

5. Application to Radar Altimetry

Rather than give a detailed discussion of how
the above results might be used in obtaining
information on sea waves from an altimeter radar
return we will concentrate on a particular
problem. This is done for illustrative purposes,
but it also has practical applications,
particularly in terms of determining sea state
bias in mean level measurements due to nonlinear
wave effects (see below, section 6).

-4. -2 0. 2. s,
4. S E—— I— — 4.

n | -
2. 1 +2.

0. @ Lo,
-2, - ‘ +--2.
_4' L i L i L i -4-

-4. -2 0. 2. "7 4.
Fig. 2. Contour plot of the distribution

p(n, ng) for Azgq = 0.2, A9 = 0.5. Contour
interval 0.01592. The region to the left of the
zero contour is negative.
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Lipa and Barrick [1981] give the following
formula for the leading edge of the radar return
for a pulse limited radar:

ot) =K [Z [[T P (E+5 -u) du] p(2) ax

(17)
where
2 2
k=220 [RGO)| 7/ @+ W/a) (18)
Here P( ) 1is the spatial compressed altimeter

power pulse and pg (Z) the joint distribution of
surface elevation and slopes at elevation { and
zero slope. H 1is the altimeter altitude, a the
earth's radius and R(0) the radar Fresnel
reflection coefficient at normal incidence for
the sea surface. This formula is applicable to
the radar return for the altimeters carried by
the satellites GEOS 3 and Seasat and for that to
be carried by the European satellite ERS 1.

From (13), by setting Cx=Cy=O, we obtain

2
p (5) = 1 1 e /2
8 - 3/2 1/2 / 5
(2m) K200 Bo20 Boo2 — Holl
[1+, (oo (¥ = 3n) = 30 1] (19)

where n 1s given by (12) and
2
vy = (A120 + Moz = 2ho11 M11)/(1-Ae11")  (20)

The above represents the distribution of the
elevation of points on the sea surface with zero
slope. Strictly speaking, to make 1t a
probability density function it needs to be
normalized by dividing by

JZ, pg(0) dL = 2m" VCuozo Booz - wo11D)  (21)

in order to make the area under the curve equal
to 1. For future reference we will denote the
normalised form by

(L) = p(8)/ [, p (E)dL (22)

Comparison of the result (19) with that used by
Lipa and Barrick [1981, equation (20)] shows that
both have the same functional form, despite the
inclusion of the extra slope information in our
formulation. The difference 1liles in the
parameter y, which in their case is simply Moo
(A, in their notation). The physical
significance of the parameter y 18 unclear
although its form suggests that it might give
gsome indication of the long/short-crestedness of
the wave field (this is a purely speculative
suggestion and needs to be investigated further).

Lipa and Barrick [1981] analyze the radar
return from the Seasat altimeter using Jackson 's
[1979] result for pg(f) which is a special case
of the one derived here. However, they are
forced to carry out a numerical evaluation of
the integral (17) because the function P( )
representing the compressed altimeter power pulse
cannot be described by a simple analytical form
for the Seasat altimeter [see Lipa and Barrick,

1981, Figure
altimeter, P(

8]. For the
) is given by

planned ERS 1

P(x) = Po exp { - x2/v2} (23)

which is a Gaussian pulse shape. Here v is
related to the half-power width of the signal
pulse. Using this result, together with (19), it
is possible to evaluate the integral (17) to
obtain

_yz
o(t) = %—K P, ®v (Bo20 Moo02 ~ u0112)
[1+ etf(t/tp)
-(t/t )2 t 12
+e {a(x )° +a-3}] (24)
T P
where
7 2
tp =2 vS + 2190¢ /c (25a)
-3/
4 v 2
A= o \ 2 + — 25b
3 Moo [ p200] (25b)
v2 »-1/2
B= (A + 2+ X
(Moo + 1) [ onJ
2 2 =3/
2
300 [ono)[2 ono] (25¢)

(The details of the integration are given in the
appendix.) When Ajq4=y=0 (that is, nonlinear
wave effects are neglected) the above reduces to
the Gaussian result given by Barrick [1972]. 1t
can be seen that the following information about
the sea surface may be estimated from the radar
return o(t):

The first parameter is p,gq, the variance of
the sea surface elevation and hence the
significant wave height Hg = 4 Vliygq-

The second parameter is v(pgog Hoo2 — p0112),
a measure of the mean square surface slope
[Longuet-Higgins, 1957]. In fact, if principal
axes are chosen, pg,; vanishes and this reduces
to Ylg20 Mooz, the geometric mean of the maximum
and minimum slope variances. For an isotroplc
surface this gives the actual mean square slope.
This may be used to estimate the wind speed
[Brown, 1979} or wave period [Challenor &
Srokosz, 1984 |.

The third parameter is Aj,,, the skewness of
the sea surface elevation distribution.
Physically this is related to the peakier crests
and flatter troughs of nonlinear waves and is a
measure of the nonlinearity.

The fourth parameter 1is y (given by (20)), a
skewness coefficient with unknown physical
significance. This parameter is important for
estimating sea state bias (see section 6, below).

In practice these parameters are estimated
from the radar return by fitting the theoretical
form to the actual return (using least squares,
maximum likelihood or some other technique; see
for example Lipa and Barrick [1981]).

In order to illustrate the effects of wave
nonlinearity on the radar return a normalized
form of the result given in (24) is plotted, for
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Fig. 3.
0.3; with (solid curve) y
y = 0.3.

various values of the significant wave height
Hg; and skewness coefficlents Aggq and y, in
Figures 3 to 5. Most radar altimeters normalize
the return pulse via an automatic gain control;
here the normalization used is to make the
maximum value of the return equal to 1. The
value of the other parameter in the equation has
been chosen to correspond to that of the ERS 1
altimeter and is v=0.425 ¢cT/Y2 where the
gltimeter pulse width T is 3 ns. The unit of
time used is the nanosecond. The speed of light
¢ is taken as 3x108m g~1.

Figures 3 and 4 show the form of the radar

] |
10. 20. 30.
TIME (NANO-SECS)

Return pulse o(t) for H; = 2 m and (a) Azgq = O, (b) Aggg = 0.1, (e) Aggq =
= 0, (short-dashed curve) y = 0.1, and (long-dashed curve)

return for values of Hg equal to 2 and 8 m
respectively and for a range of values of Aago
and y. They show the characteristic stretching
of the return pulse with increasing sea state
(that is, increasing Hg) . Varying A3g¢ and vy
produces small changes in the return pulse shape,
but these increase with increasing Hg . Figure
5, for H =8 m, shows the effect of holding vy
fixed and varylng A3pp and may be compared with
Figure 4 where Ajgg is held fixed and y varied.
Again the changes in pulse shape are small.

The range of values for Azgp and y used in
Figures 3 to 5 were chosen to lie in the range of
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LAMBDA = 0.30

-30. -20. -10.

GAMMA = 0.
------ GAMMA = 0.10
—=—==-GAMMA = 0.30

Fig. 3.

values suggested by Lipa and Barrick's [1981]
results from Seasat data. However, independent
measurements of the sea surface would appear to
be necessary to confirm the accuracy of
altimeter-estimated values of Ajggand y, and also
to confirm the validity of the non-Gaussian model
used here.

6. Sea State Bias

Sea state bias is the error induced 1in the
estimate of the mean sea level from the altimeter
return due to nonlinear wave effects. This
problem has been discussed by previous authors
(see, for example, Hayne and Hancock [1982];
Douglas and Agreen [1983]; dnd Lipa and Barrick
[1981]) but some confusion still appears to exist
as to how nonlinear wave effects cause an érror
in the mean level estimate. As accurate
estimates for the mean sea level are important,
if the information is to be used to estimate
geostrophic surface currents, it seems worthwhile
to examine this problem in detail.

The first question to be asked 1is what do
radar altimeters "see"” 1In terms of surface
waves? As the radar works by specular reflection
[Barrick, 1972] 1t senses the elevations of
points with zero slope (at least, this is a good
approximation for the radar return leading edge
response considered 1in the previous section
[Barrick, 1972; Lipa and Barrick, 1981]). It
does not sense the actual surface elevation
directly. In the Gaussian case the distributions
of the surface elevation and of points with zero
slope are i1dentical statistically, but this is
not so in the non-Gaussian case. Some confusion
appears to have arisen in the literature because
the identity of the two distributions in the
‘Gaussian case has been assumed to hold for the
non-Gaussian case as well. A comparison of the
surface elevation distribution p({) (equation
(16)) and the distribution of points of zero

10. 20. 30.
TIME (NANO-SECS)

(continued)

slope (equation (22)) shows that they are
equivalent only if y=0 (in the "Gaussian case
A3g0=0 also), which in general will not be the
case. Because of this difference there is a
difference between the mean level sensed by the
altimeter, given by

Jootaerat = = LTugee ~ =T F B, (26)

and the actual mean level, given by
..
J_.cpg)dg =0

From (26) it can be seen that the mean level
estimate 1is biased downward (if y positive) and
that this bias incresses with increasing Hg.

The above effect has been termed
"electromagnetic bias” and has been explained as
being due to the focusing and scattering of the
radar by the troughs and crests of the waves,
respectively [Douglae and Agreen, 1983]. As
pointed out by Brown and Miller [1977] this is
not a correct explanation of this effect, which
depends on a redistribution of specular points
due to the wave nonlinearity as compared to their
distribution in the ‘Gaussian case. Hayne and
Hancock [1982] note the difference between what
the radar "sees" and the actual sea surface
elevation distribution but appear to use the
latter distribution in their analysis.

A second source of error in the estimation of
the mean level is the determination of the time
taken for the radar pulse to travel from the
altimeter to the sea surface and back again. For
the choice of time origin used here, t=0
corresponds to the position of the mean level of
the points of zero slope on the surface. How is
this point to be estimated from the radar
return? Consider a normalized version of the
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result given in (24) for the radar return, assume
that v2/2p200<<1 and set 1=(t/tp), so0 that

2
e’ Y2 A
=1 22300 (42
o(t) = 5 [1+ erf (v) + = { ) (z* + 1)
- (g0 +v) / V2 }] (27)
approximately. For a Gaussian sea surface,

A300=Y=0, and 1=0 corresponds to the half-power
point of the return ¢=172, Thus by finding the
half-power point of the return the mean sea level
may be estimated. (This is the basis for many

| | | !
10. 20 30.
TIME (NANO-SECS)

Return pulse g(t) for Hy = 8 m and (a) A3gg = O, (b) Azgg = 0.1, (e¢) A300 =
= 0, (short-dashed curve) y

= 0.1, and (long-dashed curve)

"on-board” altimeter algorithms.) However, for a
nonlinear wave field, 1=0 corresponds to

.1 -2 (Mg
o=z [1-v= (_60. +1)]

and using o=1/2 as an estimate of the position
of t=0 will lead to an error. The magnitude of
this effect can be judged from the displacement
of the curves in Figures 3 to 4 for nonzero M300
and y from that for the case Ajjy=y=0. It can be
seen that the displacement in time is of the
order of one nanosecond, which would correspond
to a 1l5-cm error in the mean level estimate. As
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Fig. 4.

the accuracy required for the calculation of
geostrophic surface currents is a few
centimeters, this is a significant error, as is
the other error discussed above.

The correct method of dealing with both errors
is to fit the theoretical form of the radar
return (24) to the altimeter data and to estimate
the parameters from it (including the time origin
ty)- The wave parameters can be wused to
correct for the sea state bias in the mean level
given by (26). The inclusion of the time origin
t, (done by replacing t in (24) by (t-ty))
which is estimated from the return overcomes the
problem of using the half-power point to
determine the mean level and the associated error
in the mean level estimate. It should be noted,
from the results shown in Figures 3 and 4, that
it might in practice be difficult to distinguish
between changes in t, and y, variations in vy
leading primarily to a shift in the position of
the radar return in time. Discussion of the
practical implementation of this approach for the
analysis of altimeter data 1is deferred to a
future paper.

Before concluding this section we note that as
well as the two errors in the mean level estimate
discussed above there is the possibility of a
third error, which is not due to nonlinear wave
effects. This 1is simply due to the incorrect
estimation of the half-power point of the return
(see Lipa and Barrick [1981] for a discussion in
the case of Seasat). We will not consider this
further here, except to note that 1its presence
has led to some confusion in discussions of sea
state bias, as it has no connection with
nonlinear wave effects.

7. Discussion and Conclusions

It has been shown how the non-Gaussian theory
of sea waves, due to Longuet-Higgins [1963], can
be extended to obtain the joint distribution of

30.

10. 20
TIME (NANO-SECS)

(continued)

surface elevation and slopes p(f, L4, Cy) for
a weakly nonlinear wave field. The parameters of
the distribution can be related to the wave
number spectrum E(k) and thus, in principle, can
be derived from measurements. However, the
wave number spectrum E(k) has not been studied
much 1in comparison to the frequency spectrum
S(w). This is primarily due to the difficulty of
obtaining spatial as opposed to temporal
measurements of wave elevation [see Chase et al.,
1957; Holthui jsen, 1983].

Radar altimeters are known to sense the
spatial, rather than the temporal, statistics of
the sea surface, so it has been possible to use
the theory derived herein to study the form of
the radar return from the sea surface. It has
been shown that the form of the radar return
depends not only on the sea state, through B200s
but also on the skewness of the sea surface
elevation Aj(;, @ skewness parameter y (given by
(20)) and a measure of surface slope v (pgag Boo2
- p0112). Thus, as well as the significant wave
height H;, it 1is possible to derive other
information about the sea surface which might be
combined to give 1insight 1into 1large scale
features of the wave field. For example, by
considering simultaneously Hy and A3pg it might
be possible to distinguish areas of the ocean
that are swell dominated (A3g¢ small) from those
where active wave generation 1s occurring (A3p0
and Hg large).

A by-product of the extra wave information
obtainable by using non-Gaussian statistics 1is
the possibility of correcting for sea state bias
in altimeter mean level estimates. Other authors
[Hayne and Hancock, 1982; Douglas and Agreen,
1983] have suggested simple corrections to remove
this bias but the analysis given here shows that
this is inadequate. Corrections need to be made
on the basis of wave parameters estimated in
conjunction with the mean level estimate from the
altimeter data. This 1is necessary if the

1003
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Fig. 5.

10. 20 30.
TIME (NANO-SECS)

Return pulse ¢g(t) for Hg = 8 m and y = 0.1; with (solid curve) Azgp = O,

(short-dashed curve) A3y = 0.1, and (long-dashed curve) Azgy = 0.3.

accuracy of the mean level estimate 1s to be of
the order of 10 cm or better (necessary for some
applications).

It should be noted that, while theoretically
all this 1is possible, comparisons between
altimeter—derived skewness parameters and those
measured at the sea surface need to be made to
verify the results given here (comparisons have
been carried out for the significant wave height
Hg) . This would involve making spatial
measurements of the waves in conjunction with
altimeter measurements, as some of the parameters
(for example, y) cannot be derived from standard
temporal measurements of waves. Two recent
studies of electromagnetic bias [Walsh et al.
1984; Choy et al. 1984] have made some progress
in this direction. Unfortunately neither paper
contains measurements of the parameter y so a
direct check on the theory presented here is not
possible from these studies.

During the course of the review of this paper
it was brought to the author's attention that
Barrick and Lipa [1985] have independently
presented some of the results given in this
paper. In particular, the result for the
distribution of points with zero slope given in
(19) is 1identical to thelir equation (19).
Barrick and Lipa [1985] do not give the more
general results for p(g, U, Cy) given here,
but concentrate 1instead on évaluating the
parameters of the distribution, such as y, by
assuming a JONSWAP form for the wave spectrum.
Thus to some extent thelr results and the ones
given here are complementary.

Appendix

Sample Calculation for the Moment pjog

From equations (3) and (5),
p1ag = €€ Cx2>

= 2 2
Gy > +2 E Cyx Bax? + CE1 857D
ey 82> T 2K, By Ly > K8y 82D

It can easily be seen that)

2 - 2 - =
ey 8y > =<8 8> = K8y 8t > = 0

as all are odd order correlations. Furthermore
< Czcle >is of higher order than the remaining

terms so it can Dbe
approximated by

B120 = 2<8) Spy Cop > + <8y 01,00

neglected and p;,,

Each term will now be calculated separately.
From (6),

(ai a,a, an>

1
—_ E .
2 m,n,i,j J

KBy Gy Box? =
{cos o, (-kxm sin ¢m)

x[ - C,, (k._, cos ¢i sin ¢j + kxi sin ¢i cos ¢j)

13 * %3

+ Sij(kxj sin ¢, cos ¢j +k , cos ¢, sin ¢j)]>

There are three cases to consider for which the
ensemble average will be nonzero: (case 1) i=n,
j=m, i#j; (case 2) i=m, j=n, i#j; and (case 3)
i=m=j=n. For all other combinations of the
subscripts 1, j, m, n the ensemble averages with
respect to ¢, are zero.

Case 1
1 2 2 -
5 iz,:j <ai ><aj > < kxj cos ¢, sin q>j
i#j

[ -C (kXj cos ¢i sin ¢, + kxi sin ¢i cos ¢j)

ij h|
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+ Sij (kkj sin ¢, cos ¢, + kxi cos ¢, sin ¢j)])
1 2 2 2
g 1%y <37 > CagDligy” ¢y - Ky Ky 8yl
1#j
Case 2: similar to case 1, it gives
1 2 2 2
g 18y o 2Cay > [y €4y = Tyl Sy
1#]
Case 3

1 Ve
> § (ai >< k , cos ¢ sin ¢,

[-c,; k

i1 Bxt 2 sin ¢i cos ¢i

2 sin ¢, cos ¢1J>

]
N =
(3]
A
]
e

3
A4
N
=

- 2
(ciJl sﬁ) {sin 2¢i>

(Cyy = 84y)

Thus

=1
By Ty Ex? = 3

2 Fk 2

xj

125 <a12><aj2>

[(k ) C

xi 15 2 513 ket kxj]
In the above we have used various properties of
the random variables a,, ¢, as given in
section 3.

A similar calculation to that above shows that

2y =1 2 2
R e B A R W Rt

and so

=1 2 2
br2o =7 4%5 <a7><a%
2 -

) Ci' k ., k

2
+
[(kxi kx j xi xj

3 53]

The other results for pgp,, (m + n + p <3) given
in section 3 may be derived similarly.

Evaluation of the integral (17)

From (17) - (19),

2,2
s =r I [ 5 S ET g T ]

2
=% /2200

1 3 3
b [1 + 3 )\.300 (§_3 - &_1 )

/
w200 2 #200

Y &
- =, ]
2
B200 /2

dg

where
-1 -1

K'=K PO (27) /2 w200 /2

2 —l/

(ko020 Hoo2 — Pol1 ) 2

1
Let x= &/pogg /2 ,and then ¢(t) may be written as
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1y ® Lo
o(t) =K' pygo' 2 [, J
1 1
[1+§ P00 %’ -, (Azge + 1)x]

exp { - a (x + xo)2 - Byz } dx du

where
1 -1
a =5 (1+2p00/v2) B = (v 2u500)
1/,
y =c¢ct - u and X, = Moo y
2 av2
Hence
1/, o 2
U(t) =K' K200 2 IO e ﬁy J’-—o
1 3 1
[1+ 4 o0 (x=%)7 -5 (Azg0 + V)(xx)]
2
e ¥® dx du

1/

2
2, T ® - 1
=K'uypo Yo [ e PY" (1 - g Moo x>

o [e]

1 1
+ 35 (R300 + v) x - 7, A300 x, ] du
1

© -
=K' pyge” ¥ X ] e [1+ avd - Bv] av
af (~t/¢.) -
tp
1y

where v = - 2y and t;, A and B are given by

(25). Evaluating this final integral leads to
the result given in (24) for o(t).
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