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Abstract

Based on the second-order random wave solutions of water wave equations in finite water depth, a statistical distribution of

the wave-surface elevation is derived by using the characteristic function expansion method. It is found that the distribution,

after normalization of the wave-surface elevation, depends only on two parameters. One parameter describes the small mean

bias of the surface produced by the second-order wave-wave interactions. Another one is approximately proportional to the

skewness of the distribution. Both of these two parameters can be determined by the water depth and the wave-number

spectrum of ocean waves. As an illustrative example, we consider a fully developed wind-generated sea and the parameters are

calculated for various wind speeds and water depths by using Donelan and Pierson spectrum. It is also found that, for deep

water, the dimensionless distribution reduces to the third-order Gram–Charlier series obtained by Longuet-Higgins [J. Fluid

Mech. 17 (1963) 459]. The newly proposed distribution is compared with the data of Bitner [Appl. Ocean Res. 2 (1980) 63],

Gaussian distribution and the fourth-order Gram–Charlier series, and found our distribution gives a more reasonable fit to the

data. D 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

The non-Gaussian behaviour of sea surface eleva-

tion distribution has well been recognized in many

field measurements in deep to shallow water, as

described in many handbooks and textbooks in phys-

ical oceanography and coastal engineering (e.g., Her-

bich, 1990; Goda, 2000). The distribution of measured

sea surface elevations can differ noticeably from the

Gaussian distribution, especially when the measure-

ments are taken in shallow water (Bitner, 1980;

Thompson, 1980) or when the measurements repre-

sent steep waves in relatively deep water (Longuet-

Higgins, 1963; Hudspeth and Chen, 1979; Huang and

Long, 1980). Shallow water waves and steep deep

water waves tend to have high narrow crests and

broad flat troughs, that lead to non-Gaussian sea

surface elevation distributions.

The nonlinear behaviour of sea surface elevation

distribution has a potentially important application in

0378-3839/02/$ - see front matter D 2002 Elsevier Science B.V. All rights reserved.

PII: S0378 -3839 (02 )00055 -8

* Corresponding author. Tel.: +86-532-2898506; fax: +86-532-

2898519.

E-mail address: songjb@ms.qdio.ac.an (J.-B. Song).

www.elsevier.com/locate/coastaleng

Coastal Engineering 46 (2002) 51–60



coastal and ocean engineering. For example, better

predictions of wave force on circular pilings have

been obtained with statistics based on nonlinear waves

with non-Gaussian distribution than with statistics

based on linear waves with Gaussian distribution

law (Hudspeth and Chen, 1979; Song et al., 2000).

The effect of nonlinear wave shapes on wave crest

statistics and its implications for design of offshore

structures have been examined by Jahns and Wheeler

(1973).

To describe the nonlinear characteristics, a great

deal of work has been carried out to develop proper

expression for this non-Gaussian statistical distribu-

tion of wave-surface elevation. However, most of the

studies are limited to deep water case (Longuet-

Higgins, 1963; Huang and Long, 1980; Sun and Ding,

1994; Srokosz, 1998) due to the complication of

bottom effects, although most of the practical appli-

cations of the wave statistical properties are related to

engineering activities which are invariantly located in

water of finite depth. Bitner (1980) first extended the

analysis of Longuet-Higgins (1963) for deep water to

water of finite depth, but no attempt was made to

parameterize the skewness or the kurtosis in terms of

the spectrum in finite depth. A straightforward Gram–

Charlier expansion has been used by Bitner (1980).

The skewness and the kurtosis appeared in the dis-

tribution were determined from observations. Later,

Huang et al. (1983) proposed a distribution by using

third-order expansion of Stokes waves in water of

finite depth. Unfortunately, their results are only

applicable to the narrowband unidirectional case and

cannot be generalized to the broadband mutidirec-

tional wave field case, which is more commonly

found in nature.

Although previous works have led to a better

understanding on the statistical distribution of wave

surface elevation, there does not exist an analytical

model and a simple method for the determination of

the parameters involved in the distribution in term of

the spectrum of ocean waves for random directional

sea in finite water depth. Further work is thus needed

to develop a theoretical distribution with parameters,

which can be easily determined. In this paper, we use

the second-order random wave theory in finite water

depth and the characteristic function expansion

method to derive a new expression for the statistical

distribution of the wave-surface elevation. It will be

shown that the distribution of the dimensionless wave-

surface elevation derived in this paper depends only

on two parameters, which can be subsequently deter-

mined by the wave-number spectrum of ocean waves

and the water depth.

2. Second-order random wave model in finite

water depth and calculations of moments

Consider the three-dimensional flow of water in

ocean with finite uniform depth. Assuming that the

flow is inviscid, incompressible, irrotational and the

pressure is constant at the free surface, the governing

equations in the Cartesian coordinates are

D2u
Dx2

þ D2u
Dy2

þ D2u
Dz2

¼ 0 � hVzVgðx,y,tÞ, ð1Þ

Du
Dz

¼ Dg
Dt

þ Dg
Dx

Du
Dx

þ Dg
Dy

Du
Dy

z ¼ gðx,y,tÞ, ð2Þ

gg þ Du
Dt

þ 1

2
ðu2 þ v2 þ w2Þ ¼ 0 z ¼ gðx,y,tÞ, ð3Þ

Du
Dz

¼ 0 z ¼ �h, ð4Þ

where the horizontal coordinate axes are fixed on the

still water level, the z-axis is along the vertical

direction with positive direction upwards, u and g
are three-dimensional velocity potential and surface

elevation, u, v and w are the velocity components,

respectively, in the x, y and z directions, h is the water

depth, and g is the gravitational acceleration. Using

the perturbation technique, the second-order random

wave solutions of Eqs. (1)–(4) can be derived. For

directional finite-depth waves, the wave-surface ele-

vation is given by (see Sharma and Dean, 1993, which

is a re-introduction of the previous work of Sharma

and Dean, 1979)

g ¼ gðx,tÞ ¼ g1 þ g2, ð5Þ
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with

g1 ¼
Xl
i¼1

aicoswi, ð6Þ

g2 ¼
1

4

Xl
i, j¼1

aiaj
D�

ij � ðki � kj þ RiRjÞffiffiffiffiffiffiffiffiffi
RiRj

p
"(

þ ðRi þ RjÞ
#
cosðwi � wjÞ

þ
Dþ

ij � ðki � kj � RiRjÞffiffiffiffiffiffiffiffiffi
RiRj

p þ ðRi þ RjÞ
" #

� cosðwi þ wjÞ
)
, ð7Þ

where x is the position vector at the still water level, t

denotes the time, g1 and g2 are, respectively, the first

and second order solutions of the water wave equa-

tions, Ri = ki tanh kih, kij
F =AkiF kjA, wi = ki�x �

xit +ei, ai denotes the amplitude of the ith wave

component, xi is the angular frequency in rad/s, ki
and kj are the horizontal wavenumber vectors with the

moduli ki and kj, respectively, ei denotes the inde-

pendent random phase uniformly distributed over the

interval (0,2p) and

D�
ij ¼

� ffiffiffi
Ri

p
�
ffiffiffi
Rj

p 	
 ffiffiffi
Rj

p �
k2i �R2

i

	
�
ffiffiffi
Ri

p �
k2j �R2

j

	�� ffiffiffi
Ri

p
�
ffiffiffi
Rj

p 	2
�k�

ij
tanhk�

ij
h

þ 2
� ffiffiffi

Ri

p
�
ffiffiffi
Rj

p 	2�
ki�kjþRiRj

	� ffiffiffi
Ri

p
�
ffiffiffi
Rj

p 	2
�k�

ij
tanhk�

ij
h

ði pjÞ,

0 ði ¼ jÞ

8>>>>>><
>>>>>>:

ð8Þ

Dþ
ij ¼

ð
ffiffiffiffiffi
Ri

p
þ

ffiffiffiffiffi
Rj

p
Þ

 ffiffiffiffiffi

Rj

p
ðk2i � R2

i Þ þ
ffiffiffiffiffi
Ri

p
ðk2j � R2

j Þ
�

ð
ffiffiffiffiffi
Ri

p
þ

ffiffiffiffiffi
Rj

p
Þ2 � kþij tanhk

þ
ij h

þ
2ð

ffiffiffiffiffi
Ri

p
þ

ffiffiffiffiffi
Rj

p
Þ2ðki � kj � RiRjÞ

ð
ffiffiffiffiffi
Ri

p
þ

ffiffiffiffiffi
Rj

p
Þ2 � kþij tanhk

þ
ij h

: ð9Þ

As Forristall (2000) has pointed out, the positive

interaction terms given by Eq. (9) occur at the sum of

the frequencies of the interacting wave components.

They produce the sharpening of the crests and flat-

tening of the troughs that we associate with the

second-order Stokes waves. The negative interaction

terms given by Eq. (8) occur at the difference of the

frequencies of the first-order wave components. These

interactions give the setdown of the water level under

wave groups. Thus, the above second-order expansion

of the sea surface can capture the effects of wave

steepness, water depth, and directional spreading with

no approximations other than the truncation of the

expansion at the second order.

From Eq. (7), we have

g2 ¼
1

4

Xl
i, j¼1

aiaj
D�

ij þ Dþ
ij � 2ki � kjffiffiffiffiffiffiffiffiffi
RiRj

p
"(

þ 2ðRi þ RjÞ
#
coswicoswj

þ
D�

ij � Dþ
ij � 2Ri � Rjffiffiffiffiffiffiffiffiffi
RiRj

p
" #

sinwisinwj

)

¼ g21 þ g22, ð10Þ

with

g21 ¼
Xl
i, j¼1

aiajaijcoswicoswj, ð11Þ

g22 ¼
Xl
i, j¼1

aiajbijsinwisinwj, ð12Þ

aij ¼
D�

ij þ Dþ
ij � 2ki � kj

4
ffiffiffiffiffiffiffiffiffi
RiRj

p þ 1

2
ðRi þ RjÞ, ð13Þ

bij ¼
D�

ij � Dþ
ij � 2Ri � Rj

4
ffiffiffiffiffiffiffiffiffi
RiRj

p : ð14Þ

From Eqs. (13), (14), (8) and (9), we obtain

aii þ bii ¼ Ri �
k2i þ R2

i

2Ri

¼ 1

2Ri

ðR2
i � k2i Þ: ð15Þ
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For deep-water waves (h!�l), aij and bij become

(Hu and Zhao, 1993)

aij ¼
1

2

B�
ij þ Bþ

ij � ki � kjffiffiffiffiffiffiffi
kikj

p þ ki þ kj

" #
, ð16Þ

bij ¼
1

2

B�
ij � Bþ

ij � kikjffiffiffiffiffiffiffi
kikj

p , ð17Þ

where

B�
ij ¼

ð
ffiffiffiffi
ki

p
�

ffiffiffiffi
kj

p
Þ2ðki � kj þ kikjÞ

ð
ffiffiffiffi
ki

p
�

ffiffiffiffi
kj

p
Þ2 � Aki � kjA

, ð18Þ

Bþ
ij ¼

ð
ffiffiffiffi
ki

p
þ

ffiffiffiffi
kj

p
Þ2ðki � kj � kikjÞ

ð
ffiffiffiffi
ki

p
þ

ffiffiffiffi
kj

p
Þ2 � Aki þ kjA

: ð19Þ

Noting that tanh kihc 1, Eq. (15) becomes

aii þ bii ¼ 0: ð20Þ

Suppose g1 is of the order of d, where d represents

a small quantity, then g21, g22 and g2 are of the order

of d2. Following the analysis by Sun and Ding (1994),

the nth power of g = g1 + g2 must be evaluated cor-

rectly at least to the order of dn + 1, as the wave surface

elevation is to be approximated accurately to the

second order. Thus, we have

gn ¼ gn1 þ ngn�1
1 g2 ¼ gn1 þ ngn�1

1 ðg21 þ g22Þ: ð21Þ

The time average of the terms on the right hand side

of Eq. (21) can be calculated directly as follows

g2Nþ1
1 ¼ 0, g2N�1

1 g2 ¼ 0, g2N1

¼ EN ð2N � 1Þ!!, ð22Þ

g2N1 g21 ¼ Aþ A12

2

E

� �
N

� �
EN ð2N � 1Þ!!, ð23Þ

g2N1 g22 ¼ BEN ð2N � 1Þ!!, ð24Þ

where the over-bar denotes average with respect to

time, N is a natural number, the double exclamation

mark represents the double factorial operator and

E ¼ 1

2

Xl
i¼1

a2i ¼
Z

WðkÞdk, ð25Þ

A ¼ 1

2

Xl
i¼1

aiia
2
i ¼

Z
aðk,kÞWðkÞdk, ð26Þ

B ¼ 1

2

Xl
i¼1

biia
2
i ¼

Z
bðk,kÞWðkÞdk, ð27Þ

A12 ¼
1

4

Xl
i, j¼1

aija
2
i a

2
j

¼
Z Z

aðk,kVÞWðkÞWðkVÞdkdkV, ð28Þ

in which W(k) is the wave-number spectrum of sea

waves corresponding to the first order (linear) approx-

imation. From Eqs. (21)–(24), we have

g2Nþ1 ¼ g2Nþ1
1 þ ð2N þ 1Þg2N1 ðg21 þ g22Þ

¼ ð2N þ 1Þ!
N !

E

2

� �N

� Aþ A12

2

E

� �
N þ B

� �
, ð29Þ

g2N ¼ g2N1 þ 2Ng2N�1
1 g2 ¼

ð2NÞ!
N !

E

2

� �N

: ð30Þ

It is noted that the surface elevation given by Eq. (5)

has a mean bias

ḡ ¼ Aþ B, ð31Þ

which is produced by the second-order correction to

the Gaussian sea. Although this bias is negligible for

infinite water depth as shown below, it is a small

negative number for shallow water and intermediate

water depth as shown in the examples of Section 4.

The negative mean bias describes the setdown of the
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mean water level caused by second-order wave–wave

interactions. The variance r2 of g is

r2 ¼ g2 � g2 ¼ E � ðAþ BÞ2: ð32Þ

3. Statistical distribution of wave surface elevation

Let f(g) denote the probability density of g, then
the characteristic function of g is

uðitÞ ¼
Z þl

�l
f ðgÞexpðigtÞdt ¼

Xl
n¼0

ðitÞn

n!
hgni,

ð33Þ

where the angled brackets h�i represents the expect-

ation operator. Assuming that the process of sea

waves is ergodic, one has

hgni ¼ gn: ð34Þ

Substituting Eqs. (34), (29) and (30) into Eq. (33), we

obtain an explicit form of the characteristic function

u(it), namely

uðitÞ ¼ exp � E

2
t2

� ��
1þ ðAþ BÞðitÞ

þ A12ðitÞ3
�
: ð35Þ

From Eqs. (33) and (35), the probability density of

g can be obtained through an inverse Fourier trans-

formation, namely

f ðgÞ ¼ 1

2p

Z þl

�l
uðitÞexpð�igtÞdt

¼ 1ffiffiffiffiffiffiffiffiffi
2pE

p 1� ðAþ BÞ D
Dg

� A12

D
Dg3

� �

�exp � 1

2E
g2

� �

¼ 1ffiffiffiffiffiffiffiffiffi
2pE

p 1þ ðAþ BÞ g
E
þ A12

g3

E3
� 3g

E2

� �� �

�exp � 1

2E
g2

� �
: ð36Þ

To compare with the Gaussian distribution and

some of the existent non-Gaussian distributions, the

above distribution f(g) is normalized by introducing

the dimensionless wave-surface elevation n=(g� ḡ)/r
as follows

PðnÞ ¼ rf
�
rn þ Aþ B

�
¼ 1ffiffiffiffiffiffi

2p
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� C2

p

� 1þ C
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� C2
p

n þ C
�n

þ D
�� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� C2
p

n þ C
�3

� 3
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� C2
p

n þ C
���

� exp � 1

2

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� C2

p
n þ C

�2� �
, ð37Þ

where

C ¼ Aþ Bffiffiffiffi
E

p ; D ¼ A12

E3=2
: ð38Þ

Generally, distribution (37) will not be Gaussian.

These discrepancies are usually expressed in terms

of the skewness k3 ¼ n3 and the kurtosis k4 ¼ n4 � 3.

The skewness is a statistical measure of the vertical

asymmetry of the sea surface exemplified by the sharp

crests and rounded troughs of gravity waves. The

kurtosis represents a degree of peakness of the dis-

tribution when the normal distribution is taken as a

reference. From Eqs. (29)–(32) and the relation nn ¼
1
rn ðg � ḡÞn, we found that the normalized distribution

P(n) has the mean equal to 0, the standard deviation

equal to 1, and the skewness k3 and kurtosis k4 of the
following values

k3 ¼ ð1� C2Þ�3=2ð6Dþ 2C3Þ;
k4 ¼ �6Cð1� C2Þ�2ð4Dþ C3Þ: ð39Þ

Thus, the distribution of the dimensionless wave-sur-

face elevation under the second-order approximation

has a nonzero skewness and nonzero kurtosis. Distri-

bution (37) depends only on two parameters, C and D.

Generally, the parameter C is a small negative number

as shown in the examples of following section, which

describes the setdown of the mean water level caused

by second wave–wave interactions. The parameter D
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is approximately proportional to the skewness of the

distribution. The distribution becomes increasingly

skewed as the parameter D increases. The influence

of the parameter D on distribution (37) with C = 0 is

shown in Fig. 1.

From Eqs. (38), (25), (26), (27) and (28), we know

that the parameters C and D can be determined by the

wavenumber spectrum W(k) and the water depth h.

For deep water (h!�l), from Eqs. (38), (39), (20),

(26) and (27), we have

C ¼ 0; k4 ¼ 0; D ¼ 1

6
k3: ð40Þ

Thus, the probability density of the dimensionless

wave-surface elevation in deep water reduces to

PðnÞ ¼ 1ffiffiffiffiffiffi
2p

p 1þ 1

6
k3ðn3 � 3nÞ

� �
exp � 1

2
n2

� �
,

ð41Þ

which is exactly the Gram–Charlier series obtained

by Longuet-Higgins (1963) and Huang and Long

(1980) truncated at the third-order cumulants and

depends only on the parameter k3 or D. These show

that the skewness of the dimensionless distribution of

wave-surface elevation in deep water is obviously

affected by second-order wave–wave interactions

and kurtosis depends the third or higher order

wave–wave interactions.

4. Determination of the distribution parameters C

and D

To determine the parameters C and D involved in

the distribution, we need to know the two-dimensional

wavenumber spectrum W(k) of ocean waves corre-

sponding to the first order (linear) approximation.

Cieslikiewicz and Gudmestad (1993) have shown that

W(k) can be approximated by the observed spectrum.

For a fully developed wind-generated sea, if we

consider only waves with low wavenumber up to 10

times the spectral peak, we can use the low-wave

number part of the wavenumber spectrum proposed

by Donelan and Pierson (1987), thus

WðkÞ ¼ Wðk,#Þ ¼ 0:00162� U10

k3:5g0:5

� exp � g2

k2ð1:2U10Þ4

 !
� 1:7C � l k

kp

� �

� sech2 l
k

kp

� �
#

� �
, ð42Þ

where W(k)dk = kW(k,#)dkd# (0 < k <l,� p <# < p),
U10 is the effective natural wind speed at 10 m above

the still water level, # is the wave direction relative to

the wind (the direction of wind is assumed to be along

the x-axis) and

C ¼ exp �1:22
1:2U10k

0:5

g0:5
� 1

� �2( )
, ð43Þ

l
k

kp

� �
¼

1:24 0 < k=kp < 0:31

2:61ðk=kpÞ0:65 0:31 < k=kp < 0:9:

2:28ðkp=kÞ0:65 0:9 < k=kp < 10

8>>>><
>>>>:

ð44Þ
Fig. 1. The influence of the parameter D on distribution (37) with

C= 0.

J.-B. Song et al. / Coastal Engineering 46 (2002) 51–6056



The peak of the spectrum is given by

kp ¼
g

ð1:2U10Þ2
: ð45Þ

Using Eqs. (13), (15), (25), (26), (27), (28) and (38), we

have

E ¼
Z Z

kWðk,#Þdkd#, ð46Þ

C ¼ 1

2
ffiffiffiffi
E

p

�
Z Z

tanhkh� 1

tanhkh

� �
k2Wðk,#Þdkd#,

ð47Þ

D ¼ 1

E3=2

Z Z Z Z
Fðk,kV,#,#VÞkkV

� Wðk,#ÞWðkV,#VÞdkdkVd#d#V, ð48Þ

where

Fðk,kV,#,#VÞ

¼ ð
ffiffiffi
R

p
�

ffiffiffiffiffiffi
RV

p
ÞD� þ ð

ffiffiffi
R

p
þ

ffiffiffiffiffiffi
RV

p
ÞDþ � 2k � kV

4
ffiffiffiffiffiffiffiffiffi
RRV

p

þ 1

2
ðRþ RVÞ, ð49Þ

in which

D�ðk,kV,hÞ ¼ ½
ffiffiffiffiffiffi
RV

p
ðk2 � R2Þ �

ffiffiffi
R

p
ðkV2 � RV2Þ

þ 2ð
ffiffiffi
R

p
�

ffiffiffiffiffiffi
RV

p
Þðk � kVþ RRVÞ


=½ð
ffiffiffi
R

p
�

ffiffiffiffiffiffi
RV

p
Þ2 � Ak � kVAtanh

Ak � kVAh
, ð50Þ

Dþðk,kV,hÞ ¼ ½
ffiffiffi
R

p
ðkV2 � RV2Þ þ

ffiffiffiffiffiffi
RV

p
ðk2 � R2Þ

þ 2ð
ffiffiffi
R

p
þ

ffiffiffiffiffiffi
RV

p
Þðk � kV� RRVÞ


=½ð
ffiffiffi
R

p
þ

ffiffiffiffiffiffi
RV

p
Þ2 � Ak þ kVAtanh

Ak þ kVAh
, ð51Þ

R ¼ ktanhkh, RV¼ kVtanhkVh,

k ¼ ðkcos#,ksin#Þ,
kV¼ ðkVcos#V,kVsin#VÞ: ð52Þ

The integrals in Eqs. (46)– (48) can then be

determined by using Eq. (42) and the Gaussian

quadrature for multiple integrals. Considering the

expansion (5) only valid for weakly nonlinear cases,

the calculations are performed for various wind

speeds U10V 10 m/s and water depths hz 5 m. The

numerical results shown that E (directly proportional

to the total energy of ocean waves) increases with the

wind speed U10. The values of E are 0.033, 0.127 and

0.529 m2 for wind speeds U10 = 5, 7 and 10 m/s,

respectively. For U10 = 10 m/s, the corresponding

significant wave height Hsc4
ffiffiffiffi
E

p
c2:9 m, and the

waves have already been subjected to the depth-

limited breaking process when h = 5 m. Thus, our

calculations only limited to h = 5 m. The calculated

values of parameter C are small negative numbers.

Their absolute values increase with the wind speed

and decrease with the increase of the water depth and

tend to be zero as the water depth h become very

large. The smaller the wind speed U10, the faster C

tends to 0. The values of parameter D also increase

with the wind speed and decrease with the increase

of the water depth. The values of C and D for U10 =

5, 7 and 10 m/s are given, respectively, in Tables 1

and 2.

It can be noted that the parameter D tends to be a

constant which almost does not increase with the wind

speed anymore for large water depth. One possible

explanation to account for this unexpected trend is

due to the wavenumber spectrum used in our calcu-

lations. But, the parameter D is generally not equal to

zero even in deep water. This shows that the effect of

nonlinearity on the distribution of wave-surface ele-

vation cannot be neglected, especially when the water

depth is small and the wind speed is high. To clearly

illustrate the effect of nonlinearity and water depth on

the distribution of the dimensionless wave-surface

Table 1

The values of C for various wind speeds U10 and water depths h

h (m) U10 = 5 m/s U10 = 7 m/s U10 = 10 m/s

5 � 0.004351 � 0.018972 � 0.057413

7 � 0.001622 � 0.009737 � 0.035474

10 � 0.000442 � 0.004124 � 0.019676

20 � 0.000013 � 0.000407 � 0.004351

50 0.0 � 0.000002 � 0.000166

100 0.0 0.0 � 0.000003
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elevation, the distributions for U10 = 10 m/s, h = 5, 7,

10 and 50 m are graphed in Fig. 2.

From Tables 1 and 2, the corresponding values of

skewness k3 and kurtosis k4 can be easily obtained by

Eq. (39). As an example, we present the results of k3
and k4 in Table 3 for U10 = 10 m/s. The values of k3
shown in Table 3 approximately agree with the results

of the field measurements listed in Herbich’s (1990)

Handbook. However, the values of k4 in Table 3 are

much smaller than that obtained by the measurements

as listed in the Herbich’s Handbook. For example,

k3 = 0.74 and k4 = 0.105 for U10 = 10 m/s (the corre-

sponding significant wave height Hs = 2.9 m) at

h = 7.0 m as shown in Table 3, and measured skew-

ness and kurtosis are 0.81 and 0.63, respectively, as

listed in Herbich’s (1990) Handbook for the signifi-

cant wave height Hs = 2.71 m at h = 7.0 m. The main

reason for the small kurtosis values calculated by Eq.

(39) are possibly caused by the order of approxima-

tion in the wave profile used in Eq. (5). A more

reasonable kurtosis can be obtained by considering the

higher-order wave–wave interactions.

5. Comparisons with data and previous estimates

Figs. 3 and 4 compared our distributions with the

field observations reported by Bitner (1980) for two

cases that have the most prominent deviation from

Gaussian. In these two figures, we also plotted Gaus-

sian distribution and normalized fourth-order Gram–

Charlier approximations based on the parameters

reported by Bitner (1980). Distribution (37) plotted

in the figures have the form (41) with k3 given by

Bitner (1980) since C = 0 for these two cases. The

Fig. 2. The probability density function of dimensionless wave-

surface elevation for various values of water depth h and U10 = 10

m/s.

Table 3

The values of k3 and k4 for wind speed U10 = 10 m/s and various

water depths h

h= 5 m h= 7 m h= 10 m h= 20 m h= 50 m

k3 1.6443 0.7403 0.3620 0.17468 0.1514

k4 0.3783 0.1051 0.0285 0.0030 0.0001

Fig. 3. Comparison of normalized distribution of surface elevation

with observation by Bitner (1980) for shallow water experiment:

sample 177, post 2, h= 2.2 m, Oct. 15, 1974, 7:00 p.m. Circled

points are the experimental data from Bitner (1980). Solid curve is

distribution (37) with C= 0, D= k3/6 and k3 = 0.500. Dotted curve is
the fourth-order Gram–Charlier approximation (53) with k3 = 0.500
and k4 = 6.443. Dashed curve is Gaussian distribution.

Table 2

The values of D for various wind speeds U10 and water depths h

h (m) U10 = 5 m/s U10 = 7 m/s U10 = 10 m/s

5 0.029113 0.058268 0.272760

7 0.026284 0.037089 0.123158

10 0.025383 0.028845 0.060298

20 0.025181 0.025361 0.029113

50 0.025180 0.025183 0.025229

100 0.025180 0.025183 0.025183

J.-B. Song et al. / Coastal Engineering 46 (2002) 51–6058



normalized fourth-order Gram–Charlier approxima-

tions plotted in the figures are

PGCðnÞ ¼
1ffiffiffiffiffiffi
2p

p 1þ 1

6
k3ðn3 � 3nÞ

�

þ 1

24
k4ðn4 � 6n2 þ 3Þ

�
exp � 1

2
n2

� �
,ð53Þ

where n ¼ ðg � ḡÞ = r , k3 ¼ n̄3 and k4 ¼ n4 � 3 .

Skewness k3 and kurtosis k4, which appeared in Eq.

(53), have the same value as reported by Bitner

(1980). The values k3 and k4 are, respectively, 0.500

and 6.443 for the case of Fig. 3 (see Fig. 5 of Bitner,

1980; the corresponding significant wave height

H s = 0.74 m and h = 2.2 m) and k3 = 1.500,

k4 = 2.814 for the case of Fig. 4 (see Fig. 7 of Bitner,

1980; the corresponding significant wave height

Hsc 1.19 m and h= 4.0 m). Hence, the values of

skewness do not necessarily increase as the wave train

approaches a shore and it depends on the stage of

wave transformation process.

Although the data collected for these two cases were

very close to the plunging breaker line (see Bitner’s

paper) where the second-order expansion (Eq. (5)) may

not be a good model, the comparison still appears quite

favourable. The highest point in Fig. 3 seems quite

anomalous. (This is probably caused by the use of too

many classes. By combining the frequencies of two

adjacent classes, a much smooth frequency distribution

is obtained). This point contributes to setting of the

fourth-order Gram–Charlier approximation by Bitner

at artificially higher positions, while leaving many data

points below the density curve. The curve predicted by

Eq. (37), however, passes through the data cluster. As

the depth increases, the present theoretical result shows

definitely better agreement in Fig. 4. Huang and Long

(1980) also compared their proposed distributions with

the data of Bitner (1980) for the above two cases. Their

results of the comparisons are much similar to ours

although our distributions are different from that pro-

posed by Huang and Long (1980). It should also be

emphasised that the fourth-order Gram–Charlier

approximation (Eq. (53)) will become not real on the

two ends as for the above two cases that have a large k4
(see Figs. 3 and 4). From Figs. 3 and 4, it is noted that

our distribution (37) gives a more reasonable fit to the

data than the results by using Gaussian distribution or

the fourth-order Gram–Charlier approximation.

Comparisons made by Srokosz (1998) between the

third-order Gram–Charlier series and the wave data

measured on a reservoir show a reasonable fit of the

third-order Gram–Charlier approximation for deep

water waves. This also affirms our results since dis-

tribution (37) reduces to the third-order Gram–Charlier

series for very large water depth h as stated in the

Section 3.

6. Conclusions

The theoretical nonlinear distribution of the wave-

surface elevation has been derived based on the sec-

ond-order random wave model in finite water depth.

The dimensionless form of the distribution depends on

two parameters C and D as stated in the text. Both the

parameter C and the parameterD can be determined by

the wavenumber spectrum and the water depth. As an

illustrative example, we consider a fully developed

wind-generated sea and the two parameters are calcu-

lated by using Donelan and Pierson spectrum for

different wind speeds and different water depths. From

the results obtained, it is noted that:

(1) The values of parameter C are small negative

numbers. Their absolute values increase with the wind

Fig. 4. As in Fig. 3, but for the experimental data of Bitner: sample

226, post 5, h= 4.0 m, Oct. 27, 1974, 7:00 p.m. with k3 = 1.500 and

k4 = 2.814. Note that the negative values of the fourth-order Gram–

Charlier series have been taken as 0.
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speed and decrease with the increase of the water depth

and tend to be zero as the water depth h becomes very

large. The smaller the wind speed U10, the faster C

tends to 0. The values of parameterD also increase with

the wind speed and decrease with the increase of the

water depth. However, the parameterD is generally not

equal to zero even in deep water. So, the effect of

nonlinearity on the distribution of the wave-surface

elevation must be considered, especially when the

water depth is small and the wind speed is high.

(2) For deep water, the distribution of the dimen-

sionless wave-surface elevation reduces to the third-

order Gram–Charlier series obtained by Longuet-

Higgins (1963) and it depends only on the parameter

D or the skewness k3.
We also compared our results with the data of

Bitner (1980), the Gaussian distribution and the

fourth-order Gram–Charlier series, and found that

our distribution gives a more reasonable fit to the data.
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