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ABSTRACT

During the TOGA COARE rich horizontal temperature and salinity variability of the near-surface layer of
the ocean in the western Pacific warm pool was observed. High-resolution measurements were made by probes
mounted on the bow of the vessel in an undisturbed region at ;1.7-m depth during four COARE cruises of the
R/V Moana Wave. The authors observed several tens of cases of periodic sharp frontal interfaces of width 1–
100 m and separation 0.2–60 km. The sharp frontal interfaces were often found in frontal regions and on the
periphery of freshwater puddles. Maneuvers of the ship were conducted to determine the spatial orientation of
a sharp frontal interface. The interfaces revealed anisotropy with respect to the wind direction. They were most
sharp when the wind stress had a component along the buoyant spreading of the front. A possible origin of the
sharp frontal interfaces is discussed. These interfaces may develop by nonlinear evolution of long-wave dis-
turbances on the near-surface pycnocline that is often observed in the warm pool area. A shallow-water model
may describe some features of the observations. A dimensionless number of the Reynolds type is a criterion of
transition from wave train solution to dissipative shock-wave structure. The model predicts spatial anisotropy
depending on the relative angle between the wind stress and horizontal density gradient.

1. Introduction

Understanding of the dynamics of the near-surface
layer of the ocean in the western equatorial Pacific warm
pool is crucial for good simulation of certain important
features of the ENSO (Lukas and Lindstrom 1991; Web-
ster and Lukas 1992). The warm pool area is charac-
terized by considerable thermohaline stratification of the
near-surface layer of the ocean. Deep well-mixed pro-
files are rare and seem to be observed only following
westerly wind bursts. The so-called barrier layer is often
observed in the warm pool between the base of the
shallow mixed layer and the top of the relatively deep
thermocline (Lukas and Lindstrom 1991). Figure 1
shows profiles of the multilayer structure of the upper
ocean in the warm pool area. The barrier layer is ob-
served within the pressure (depth) range from 15 to 130
dbar. Note the near-surface pycnocline is within the
range 15–35 dbar.

Anderson et al. (1996) demonstrated that the barrier
layer might be maintained by rain-caused freshwater
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influx and prevailing relatively calm weather conditions
in the warm pool area. Rainfall forms a shallow, fresh,
stable layer that damps turbulent mixing in the surface
layer of the ocean. The initial freshness of the layer
makes it so buoyant that nighttime surface cooling and
accompanying convection are not able to initiate its mix-
ing with the water below. On successive days the shal-
low surface layer traps daytime heating, additionally
increasing its stability.

Far less is known about the spatial structure of the
near-surface layer of the ocean in the warm pool area.
The 1-km resolution dataset of Huyer et al. (1996)
shows that the thermohaline fields in the warm pool
area are heterogeneous and nonstationary to a surprising
degree. There are numerous instances of mesoscale and
submesoscale fronts in the surface layer of the warm
pool area (Shinoda et al. 1995). Numerical simulations
of the tropical Pacific Ocean show the importance of
the oceanic fronts in forming the barrier layer (Shinoda
and Lukas 1995; Ando and McPhaden 1995; Vialard
and Delecluse 1996, manuscript submitted to J. Phys.
Oceanogr., hereafter VD97).

The high-resolution measurements during the TOGA
COARE (Soloviev et al. 1995) revealed a pronounced
horizontal thermohaline variability in the near-surface
layer of the ocean associated with the presence of the
near-surface stratification. An interesting feature of the
horizontal structure is an occasional series of sharp fron-
tal interfaces of width 1–100 m and separation 0.2–60
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FIG. 1. An example of the vertical structure of the upper ocean in the warm pool area. (a) CTD
profiles of temperature T, salinity S, and density st in the upper layer of the ocean in the warm
pool area (Shinoda et al. 1995); (b) T, S, and st in the upper 25 m of the ocean obtained by a
free-rising profiler (FRP) (Soloviev et al. 1995). Wind speed 7.6–8.8 m s21.

km between adjacent interfaces. Figure 2 shows an ex-
ample of such a structure. During the TOGA COARE
we observed several tens of such structures. They are
different from the so-called ramplike structures (Thorpe
1985; Soloviev 1990) but have some similarity with the
internal surge or internal bore structures previously ob-
served in long stably stratified lakes (Thorpe 1971;
Thorpe et al. 1972; Hunkins and Fliegel 1973; Farmer
1978).

Several factors limit observation of the sharp frontal
interfaces. The sharp frontal interfaces are very local-
ized in space and the moments of their intersection are
unknown in advance. For their study, a high-resolution
measurement over a relatively long time period is there-
fore necessary. There are no conventional techniques
for such measurements. Moreover, the magnitude of the
cross-frontal difference in temperature (T) and salinity
(S) is typically only of the order of several hundredths
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FIG. 2. Example of repeating asymmetrical structure in the near-surface layer of the ocean in the western equatorial Pacific
warm pool. This is a 13-h record obtained by bow sensors from 78049310S, 1648219140E to 58009070S, 1638129100E (ship
direction ;3308). Sharp frontal interfaces detected on st by the algorithm described in appendix A are marked by asterisks.
Detailed plots of the marked areas are given in Fig. 3.

of a degree or psu. Such frontal interfaces are strongly
masked by the diurnal warming or precipitation effects
in the near-surface layer of the ocean. In measurements
by anchored sensors, the sharp frontal interfaces can be
detected only for extreme situations; the frequency
range of the signal from the sharp frontal interfaces is
substantially overlapped by the frequency range of the
diurnal warming/precipitation variability. The towed
measurements, however, do reveal the sharp frontal in-
terfaces because of the horizontal scale separation.

Previously, Zenk and Katz (1975) reported obser-
vations of a sharp frontal interface in the Sargasso Sea.
A 26-m depth tow segment revealed the temperature
interface with a gradient of 6.88C km21. This frontal
feature extended up to the ocean surface where its in-
tersection was registered by the ship’s hull sensor. Ob-
servations from the Space Shuttle Atlantis using a tel-
ephoto lens (Yoder et al. 1994) reveal narrow frontal
lines on the ocean surface in the equatorial Pacific. So-
loviev and Zatsepin (1992) observed the sharp frontal
interfaces in the equatorial Atlantic and in the Azores

Front, using bow sensors similar to those we used for
the TOGA COARE.

The purpose of this paper is to describe the sharp
frontal interfaces observed in the western equatorial Pa-
cific warm pool during the TOGA COARE and to ex-
plain their connection with the dynamics of the near-
surface layer of the ocean. The paper is organized as
follows. Section 2 gives a brief information about the
instrumentation and techniques. Section 3 describes ob-
servations of the sharp frontal interfaces in the western
Pacific warm pool. Section 4 gives examples of vertical
structure near the frontal interfaces. In section 5, physics
of the observed frontal structures is considered, includ-
ing comparison with laboratory experiments and a the-
oretical model. In section 6, observations and theory
are discussed, and the last section (section 7) contains
conclusions.

2. Apparatus and techniques
High-resolution probes were mounted on the bow

of the R/V Moana Wave (University of Hawaii at
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TABLE 1. Main technical characteristics of the ECTP probe during cruises on R/V Moana Wave.

Parameter

COARE IOP-3
and EQ-2

(ECTP #A283)
COARE transit

(ECTP #1)
COARE EQ-3

(ECTP #1)

Temperature
Range (8C)
Accuracy (8C)
Stability during 8 h (8C)
Digital resolution (8C)
Response time of primary sensor (ms)

22–35
0.1

,0.01
0.003

35

14–34
0.1

,0.01
0.005

35

14–34
0.1

,0.01
0.005

35

Fluctuation temperature
Range (8C)
Noise level (8C)
Digital resolution (8C)
Frequency range (Hz)

62.5
0.001
0.0012
0.012–50

61.0
0.001
0.0005
0.012–50

61.0 (62.0 from 11 Apr 94)
0.001
0.0005 (0.001 from 11 Apr 94)
0.012–50

Conductivity
Range (S/m)
Accuracy (S/m)
Stability during 8 h (S m21)
Digital resolution (S m21)
Space resolution (m)

1.5–7.0
0.01

,0.001
0.00056
0.1

3.1–6.1
0.01

,0.001
0.0012
0.1

3.1–6.1
0.01

,0.001
0.0012
0.1

Fluctuation conductivity
Range (S m21)
Digital resolution (S m21)
Noise level of output voltage (S m21)
Frequency range (Hz)

60.25
0.00012
0.0001
0.012–50

60.1
0.00005
0.0001
0.012–50

60.1 (60.2 from 11 Apr 94)
0.00005 (0.0001 from 11 Apr 94)
0.0001
0.012–50

Pressure
Range (dbar)
Accuracy (dbar)
Digital resolution (dbar)

0–25
0.1*
0.01

0–25
0.1*
0.01

0–25
0.1*
0.01

*After correction of temperature dependence.

Manoa) at ;1.7-m depth using a special frame (Vol-
kov et al. 1988; Soloviev 1990; Soloviev et al. 1995).
When the ship moved forward through the water fast-
er than 2 m s21, the probes were in an undisturbed
region. The instrument package installed on the bow
of the R/V Moana Wave included an electrical con-
ductivity–temperature–pressure probe (ECTP) and an
electromagnetic velocity and acceleration probe
(EMVA). The ECTP probe contained a copper-wire
temperature sensor, an inductive conductivity cell,
and a pressure sensor of the strain-gauge type. Table
1 gives the main technical characteristics of the ECTP
probes used during COARE (the EMVA data are not
used in this paper).

Temperature–salinity measurements were made si-
multaneously by the thermosalinograph system (Sea-
Bird Electronics CTD SBE-21) of the R/V Moana Wave
(Shinoda et al. 1995), pumping water from the bow
intake at 3-m depth. During travel via the thermosali-
nograph system pipeline, the water temperature changed
slightly (;0.028C). To control this heating process, an
additional thermistor was installed at the bow intake at
;3 m depth. For the Moana Wave COARE EQ-3 cruise
(30 days), the bow sensor temperature and salinity with-
in the pressure range of 2.8–3.2 dbar were averaged
over 10-min time intervals and compared with the cor-
responding 10-min averages of the thermosalinograph

temperature and salinity. The results of this intercom-
parison are the following. An rms difference of 0.014
psu and a slow mean difference drift from 20.013 to
0.001 psu between the bow and thermosalinograph sa-
linity were seen during the EQ-3 cruise. The salinity
difference drift can be partially explained by a drift of
the ECTP temperature sensor. During EQ-3, the mean
temperature difference between the bow probe and ther-
mosalinograph thermistor at the 3-m intake drifted from
0.0348 to 0.0578C. The corresponding rms difference
between the bow temperature probe and the thermosal-
inograph thermistor at the 3-m intake was equal to
0.0128C.

For the data acquisition, we used two sampling rates:
40 and 400 Hz. Surfacing of the probes and bubble
patches disturb the measurement of conductivity. Bub-
bles may also disturb the temperature measurements
(Farmer and Gemmrich 1996). An algorithm has been
developed that automatically detects and removes sur-
facing and air bubble areas from the signals. To match
the phase shift and response time of the temperature and
conductivity sensors at calculation of salinity, we used
techniques of Fozdar et al. (1985). Finally, the dataset
was filtered and decimated to 8-Hz sampling rate. More
details about the apparatus, techniques, and software can
be found in Soloviev et al. (1995).
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3. Horizontal structure

Measurements were made in February 1993 (COARE
IOP-3 cruise of R/V Moana Wave), in March 1993
(COARE EQ-2 cruise of R/V Moana Wave), and in
March–May 1994 (COARE Transit and EQ-3 cruises of
Moana Wave). An example of the vertical thermohaline
structure of the surface layer of the ocean in the western
Pacific warm pool when the sharp frontal interfaces were
observed is shown in Fig. 1. During the measurements
we intersected many frontal interfaces. Figure 2 shows
a record during 13 hours of steaming the ship. The
temperature (T), salinity (S), and density (st) series re-
veal a quasiperiodical structure of about 10–60-km
wavelength. A feature of this structure is its strong
asymmetry. A gradual rise of density is followed by its
abrupt decrease. This quasiperiodical structure is ob-
served on the background of the mean horizontal density
gradient of about 0.001 kg m23 km21.

Some of the frontal interfaces are very localized in
space. To detect such structures, we employed a special
algorithm described in appendix A. During Moana Wave
EQ-3 cruise (30 days), 132 sharp frontal interfaces are
detected by this algorithm on a st dataset from the bow
sensors. For the record shown in Fig. 2, the algorithm
applied to the st signal detected 17 sharp frontal inter-
faces. They are marked by asterisks. Figure 3 shows
these sharp frontal interfaces in more detail. They are
narrow—sometimes only a few meters. In the scaling
used in Fig. 3, some of them look like a discontinuity
or ‘‘wall.’’ A corresponding record of temperature and
salinity from the thermosalinograph, which measured
water drawn from 3-m depth, is also shown in Fig. 3.
The thermosalinograph reveals the same frontal inter-
faces both in temperature and salinity, but delayed and
smoothed within an approximately 100-m length scale
because of the slower response of the thermosalinograph
system.

The detailed picture (Fig. 4) of the narrowest interface
from this section shows that the real width of this in-
terface is only ;1.5 m. The absolute values of the hor-
izontal temperature, salinity, and density gradients with-
in this interface are 137.88C km21, 125.8 psu km21, and
47.96 kg m23 km21.

A special experiment in which the ship moved on
a ‘‘snake’’ trajectory was performed to determine the
orientation of such structures to the wind direction
(Fig. 5). The sharp frontal interface was oriented ap-
proximately 458–808 to the wind direction. A recip-
rocal course was run at slower ship speed in order to
obtain data at higher resolution while crossing the
front. The actual record of P, T, S, and st and ship
speed measurements during the maneuver plotted in
Fig. 5 is shown in Fig. 6. The T and S records during
the fifth intersection of the frontal interface (Fig. 6)
were smoother because the ship moved almost along
the front (see Fig. 5). Figure 7 shows the intersections
of the frontal interface on a detailed distance scale.

Intersections 2, 4, and 6 are plotted in the inverse
direction because of the reciprocal course of the ship
at these intersections. For intersections 5, 6, and 7 the
horizontal scale is multiplied by 0.15, 0.5, and 0.5
respectively to correct for an oblique angle of inter-
section with the frontal interface. A feature of this
interface is that it is seen on the st record only at
intersections 1, 2, and 3. For the intersections 4, 5,
6, and 7 the frontal interface is almost compensated
in the density field but is still seen on the T and S
records. The interfaces shown in Fig. 7 are of about
one order of value thicker than those shown in Fig.
3. We ascribe this difference to the wind stress di-
rection opposing the buoyant spreading of the front
in the former case (Fig. 7). The sharp frontal inter-
faces presented in Fig. 3 were recorded when the wind
stress had a component in the same direction as the
buoyant spreading of the front (first seven segments)
or was very small (last five segments).

Orientation of the sharp frontal interfaces relative to
the wind direction has been analyzed for all 30 days of
observations in the EQ-3 cruise. In Fig. 8a, the density
difference across the sharp frontal interface Dst is plot-
ted as a function of the ship-to-wind direction Q. At
the intersection of the sharp frontal interface we do not
know the intersection angle. The measured maximum
density gradient within the frontal interface is propor-
tional to cosa, where a is the relative angle between
the ship’s direction and a normal line to the front (2908
, a , 908). This is because the apparent width of the
frontal interface is equal to l 5 l0/cosa, where l0 is the
actual width of the interface. The probability density of
the frontal interface detection by the algorithm described
in appendix A is therefore proportional to cosa, being
maximum at a 5 08. For the detected interfaces, the
intersection angle a is thus randomly scattered near a
5 08 with a mathematical expectation ^a& 5 08, where
angle brackets denote the averaging operator. Averaging
over a large number of cases will result in the following
relation, ^Q& ø ^a&.

Corresponding values of the density difference,
^Dst&, averaged on Q within 6308 are given in Fig.
8b. This plot shows a spatial anisotropy of the sharp
frontal interfaces with respect to the wind direction.
According to Fig. 8a, most of the sharp frontal in-
terfaces were detected on st in cases when the wind
speed was along the direction of buoyant spreading
of the front (see examples in Fig. 3). When the wind
stress was in the opposite direction relative to the
buoyant spreading, the observed sharp frontal inter-
faces were mainly compensated in the density field
(see examples in Fig. 7).

The density difference across the sharp frontal inter-
face Dst is plotted in Fig. 8c as function of the wind
speed magnitude. The averaged plot (Fig. 8d) does not
reveal statistically significant wind magnitude depen-
dence. Note that the algorithm described in appendix A
is aimed for detection of the sharpest frontal interfaces.
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FIG. 3. Ten-minute segments of pressure, temperature, salinity, and density showing intersections with the sharp frontal interfaces. Cor-
responding records of temperature (bow thermistor at 3-m intake) and salinity from the thermosalinograph system are shown by smooth
bold lines. Position of the segments with respect to the graphs shown in Fig. 2 can be identified using the distance scale. Title of each
10-min segment plot contains the file name, latitude, longitude, ship speed, ship direction, wind speed, wind direction, and relative angle of
the ship to wind direction. The file name consists of Julian day and the UTC time of the file beginning.

The wind magnitude dependence would presumably be-
come appreciable for smoother interfaces.

4. Vertical structure

Soloviev and Zatsepin (1992) reported a connection
of the sharp frontal interfaces with the presence of near-
surface thermohaline anomalies within the upper-ocean
mixed layer. In the western Pacific warm pool, the upper
layer of the ocean is typically weakly stratified (Fig. 1).
During our observations in the Moana Wave COARE
EQ-3 cruise, systematic measurements of the vertical
structure near the sharp frontal interfaces were not per-
formed. The frontal interfaces were localized in space
and the moments of their intersection were unknown in
advance. Sudden changes of the ship’s schedule to mea-
sure the vertical profiles across the frontal interfaces
would have substantially interfered with other projects.

Bow measurements were also performed from the
R/V Wecoma (Paulson and Largerloef 1993) simulta-
neously with the SEASOAR surveys (O’Malley et al.
1994) during the TOGA COARE. Figure 9 gives an
example of the sharp frontal interface and of the spatial
structure of the surface layer of the ocean near this
interface as observed in Wecoma COARE IOP-2 leg.
The Wecoma data suggest that the appearance of the
sharp frontal interfaces is connected to the thermohaline
anomalies in the upper mixed layer. In Fig. 9, the sharp
frontal interface at 45.6 km corresponds to the right edge
of the near-surface density depression anomaly. The
core of this density anomaly is located in the upper 5–
15-m layer of the ocean and is formed by a series of
strong rain events. On the contour plot in Fig. 9, the
near-surface density structure has some similarity to the
gravity current spreading from the left to the right part
of this figure.
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FIG. 3. (Continued)

5. Physical considerations

a. Possible generation mechanisms

The present attempt to explain the occurrence of the
sharp frontal interfaces in the near-surface layer of the
ocean is based on the available data, which were mainly
obtained during the TOGA COARE field study. The
experimental facts can be briefly summarized as follows.
The observations reveal repeating frontal interfaces of
width 1–100 m, which are apparently connected to the
thermohaline anomalies within the upper mixed layer.
The sharp frontal interfaces demonstrate a spatial an-
isotropy with respect to the wind direction. A strong
asymmetry of 0.2–60-km scale horizontal structures as-
sociated with the appearance of these interfaces suggests
that this is some kind of nonlinear process similar to
that forming the internal surge or bore.

Relatively small depth of the near-surface anomalies
is favorable for development of nonlinear internal
waves. To explain the observations we will therefore
follow a hypothesis that the sharp frontal interfaces in

the warm pool area may occur as a result of nonlinear
buoyant adjustment of the stably stratified near-surface
layer of the ocean to external forcing. The external forc-
ing may include the variable buoyancy flux and wind
stress at the ocean–air interface, tidal motions, and so
forth. This is a nonlinear problem and its faithful so-
lution in the framework of the hydrodynamics equations
is not feasible now. An analysis described below is
based on results of the laboratory studies of the buoy-
ancy-driven currents and on a shallow-water approxi-
mation of the problem.

According to Simpson (1987), any density depression
anomaly in the upper water layer tends to spread in the
horizontal direction. The leading edge of a gravity cur-
rent typically forms a sharp dividing line. A character-
istic ‘head’ that is deeper than the following flow is
usually formed near the front. A passage of a gravity
current along a boundary through a uniformly stratified
medium can generate several different modes of the
internal waves. According to the laboratory observation
(see Simpson 1987), ‘‘. . . These waves affected the
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FIG. 3. (Continued)

FIG. 4. Structure of the frontal interface at 91.6 km (see section
shown in Figs. 2 and 3) in more detail. Horizontal scale is in meters.

form of the gravity current behind the head in a rhyth-
mical manner. The fluid in the original head was cut off
from the flow, which formed a second head. The process
was repeated and later a third new front appeared . . . .’’
However, the striking effects could be observed only
when the Froude number,

U 1
Fr 5 , , (1)

NH p

(where U is the speed of the gravity current and N is
the Brunt-Väisälä frequency of stratified surroundings)
and the fractional depth of the gravity current was less
than 0.2 of the total depth H. In the equatorial region,
the maximum spatial scale of the buoyancy-driven
anomalies is restricted by the baroclinic equatorial Ross-
by radius (Moore and Philander 1977). The baroclinic
equatorial Rossby radius for internal perturbations

1/2c
R 5 ,b 1 22b
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FIG. 5. ‘‘Snake’’ trajectory of the ship and places of intersection
of a sharp frontal interface. Trajectory of the ship is shown by points;
the time interval between the points is equal to 1 min. The frontal
interface being determined by the points of its intersection by the
ship (circles numbered from 1 through 7) is shown by a solid line.
Appropriate values of the wind vectors from the ship’s measurements
are also shown.

FIG. 6. Records of pressure, temperature, salinity, density, and ship speed during the ‘‘snake’’ trajectory
of the ship shown in Fig. 5. Intersections with the frontal interface are shown by crossed circles below the
temperature record, the intersections are numbered 1–7.

where b 5 (]f/]y)f 5 0 5 2.3 3 10211 m21 s21, f is the
Coriolis parameter, and c is the phase speed of internal
perturbations. At c 5 0.1–0.4 m s21 (typical for the near-
surface stratification above the barrier layer), Rb ø 50–
100 km, which corresponds to the maximum horizontal
distance between the sharp frontal interfaces that we
observed in the equatorial warm pool.

In Fig. 9, the sharp frontal interface observed at 45.6
km may be associated with the leading edge of the den-
sity-driven current. The form of the st 5 21.6 kg m23

isopycnic surface between 25 and 50 km looks like a
contour of the head of the gravity current. However, the
ADCP data (available only for depths .20 m) indicate
that this feature had a cyclonic vorticity and might be
caused by an inertial spindown of the eastward equa-
torial jet (Lukas and Hacker 1995) rather than by the
buoyancy force by itself.

Figure 10 shows the same east to west Wecoma sec-
tion being repeated in about 32 hours. The bow sensors
data indicated that the sharp frontal interface moved to
the east ;9 km, which corresponded to a speed U ; 8
cm s21. This is, however, a crude estimate because the
‘‘background’’ current speed in the upper 20 m of the
ocean is unknown. Lateral variability might therefore
have a role to play in creating the differences between
the contour plots shown in Figs. 9 and 10. A consid-
erable difference in the volume of water contained above
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FIG. 7. Microstructure of the sharp frontal interface shown on Fig.
5. Blank spaces on S and st profiles correspond to surfacing of the
probes due to ship pitching.

the st 5 21.6 kg m23 surface between the plots shown
in Figs. 9 and 10 is mainly because of a 5-m offset of
the SEASOAR pressure sensor that occurred in the latter
section because of technical problems.

The density contour plot in Fig. 10 shows that the
original head of the gravity current could be cut off
from the flow (see the near-surface feature between 40
and 50 km). This is in accord with the laboratory studies
discussed above. The fractional depth of the rain-formed
density depression (compared to mixed layer depth H
5 80 m) is ;0.06 , 0.2. An estimate of the Froude
number Fr ; 0.3 corresponds to criteria (1) (background
buoyancy frequency N ø 3.3 3 1023 s21).

b. Internal bore model

The structural form of the sharp frontal interfaces
observed in the warm pool area has some similarity with
that of the internal surge or internal bore previously
observed in long stably stratified lakes (Thorpe 1971;
Thorpe et al. 1972; Hunkins and Fliegel 1973; Farmer
1978). A common feature is that the gradual rise of the
density is followed by the abrupt decrease in the rela-
tively narrow frontal region. The surgelike and borelike
structures are also often observed in straits (Ziegenbein
1969; Kinder 1984) and in shallow coastal waters (Hal-
pern 1971; Lee and Beardsley 1974; Winant 1974; Hau-
ry et al. 1979; Osborne and Burch 1980; Alpers and
Salusti 1983; Apel et al. 1985), associated with topo-
graphic wave generating regions. The principal differ-
ence in our observations of such structures is that they
relate to the deep water region with depths exceeding
2000 m.

The dynamics of the near-surface stratified layer of
the ocean can be explored using the shallow water ap-
proximation (Long 1972; Whitham 1974; Farmer 1978;
Barenblatt and Shapiro 1984). Evolution of an initially
smooth perturbation into an asymmetrical structure is
described in the framework of shallow-water theory
similar to the analysis of Farmer (1978) for long stably
stratified lakes. The generation of the borelike structure
can be explored using a model based on the equation
of Korteweg–de Vries–Burgers type including both dis-
sipation and dispersion (appendix B). The model pre-
dicts evolution of an initially smooth disturbance of the
near-surface pycnocline into a shock-wave structure. A
Reynolds-type number is the criterion of transition from
wave train solution to dissipative shock-wave structure
(Barenblatt and Shapiro 1984)

1/2h(g9h)
Re 5 . (2)* ne

For Re* . Recr the solution is expected to be of a
wavelike nature (and finally evolve into a series of so-
litons) and of turbulent nature (and finally evolve into
a dissipative shock-wave structure) for Re* , Recr,
where Recr ø 2.74 (see appendix B).

The numerator in (2) represents the phase speed of

the internal perturbation times the depth of the stratified
layer. It decreases when stratification is relatively weak-
er and the layer depth is smaller. For a given value of
the effective viscosity ne for a strong and deep ther-
mocline (e.g., the seasonal thermocline) a soliton-type
response to external forcing is expected to be more typ-
ical. On the other hand, the response of the upper ocean
to external forcing in the form of a turbulent internal
bore (Re* , Recr) is more probable for a weakly strat-
ified mixed layer.

The internal bore model described in appendix B re-
quires an initial long-wave disturbance of the near-sur-
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FIG. 8. (a) Dependence of the density difference Dst across the sharp frontal interfaces (detected
in the EQ-3 cruise using the algorithm described in appendix A) on relative ship-to-wind angle
Q. (b) Same as graph (a) but averaged on Q within 6308 interval. (c) Dependence of Dst on
wind speed magnitude Ua. (d) Same as graph (c) but averaged on Ua within 62 m s21 interval.
The vertical bars represent one standard error confidence limits.

face pycnocline. The variable buoyancy and momentum
flux at the air–sea interface and the inertial or tidal mo-
tions could be sources of long-wave perturbations for
the weakly stratified mixed layer. Picaut et al. (1995)
found strong surface-to-bottom internal tides, mostly
semidiurnal in the TOGA COARE domain. The inten-
sity of the tidal waves depended on the bottom topog-
raphy. They appeared most energetic in the thermocline.
Pinkel et al. (1994) observed a large amplitude soliton
in the thermocline in the TOGA COARE domain, as-
sociated with large baroclinic tides. It is, however, not
clear at this point how the weakly stratified mixed layer
responds to the tidal forcing.

One of the problems of the analysis based on Whit-
ham’s (1974) model is that the effective viscosity, which
can be obtained by parameterizing it via the mean shear
flow, is about 10 times smaller than necessary to achieve
the critical value of Re*. However, taking into account
additional convective instability at the frontal interface
resulting from its interaction with the wind stress re-
solves the problem. Further analysis (section 5c) will
show that for a shallow pycnocline the direction of wind
stress relative to the frontal interface is important.

c. Wind stress effects

An important aspect of the buoyancy-driven currents
is that they are very sensitive to any opposing or fol-

lowing flow in the environment (Simpson 1987). The
wind stress may therefore substantially control the ad-
vance of the buoyancy current advancing along the
ocean surface; the direction of the wind stress with re-
spect to evolution of the frontal interface is therefore
important. Figure 11 illustrates the two situations in the
near-surface layer reconstructed on the basis of labo-
ratory modeling of the gravity currents (Simpson 1987):
the wind stress is directed against the direction of prop-
agation of the frontal interface (a) and with it (b).

When the surface stress has a component in the di-
rection of the gravity current propagation (Fig. 11b),
the front has the same structure of the ambient flow as
in an arrested wedge (Simpson 1987), and entrainment
ceases. This corresponds to our observations of the
sharp frontal interfaces when the wind stress was along
the direction of the buoyant spreading of the front (i.e.,
when u . 908 or u , 2908, where u is the wind direction
with respect to the direction of buoyant spreading of the
front). Examples can be seen in Figs. 3 and 4.

In the opposite case (Fig. 11a), when the surface wind
stress has a component against the direction of the gravity
current (for the frontal interface this occurs at angles 2908
. u . 908), the entrainment flux may substantially in-
crease. Most of this entrainment occurs at the tail part of
the gravity current head destabilized by Kelvin–Helmholz-
type instability. A so-called nose (foremost point of gravity
current) is formed near the ocean surface above which
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FIG. 9. Intersection of sharp frontal interface in Wecoma COARE IOP-2 cruise during the
east–west section on 6 January 1993 (ship direction 908). Wind speed at 45.6 km (intersection
of sharp frontal interface) is 0.8 m s21, wind direction 878. Horizontal distance is calculated
with respect to the point with coordinates 18509S, 1568069E. Three upper subplots (a–c) are
from Paulson’s (see Paulson and Largerloef 1993) bow sensors mounted at 2-m depth; (d) density
contour plot is calculated from SEASOAR survey. For contour plot, step in density is 0.1 kg
m23 for 21.10 kg m23 , st , 21.8. kg m23 and 0.02 kg m23 for st . 21.8 kg m23.

ambient, more dense water penetrates into the gravity cur-
rent. The more dense water flowing above the nose of the
head results in convective overturning. The flux of the
more dense water between the surface and the nose is,
however, only O(1021) of the light water mixing rate at
the tail part of the head of the gravity current (Simpson
and Britter 1979). The convectively enhanced mixing pro-
vides conditions for development of the turbulent bore.
When the turbulent bore develops, the energy for the tur-

bulent entrainment via the frontal interface is, however,
mainly extracted from the gravity current. The gravity
current is driven by the horizontal buoyancy gradient and
has a much larger mechanical energy compared to the
energy of the convective overturning within the frontal
interface. The entrainment flux at the tail part of the gravity
current head can achieve a relatively large value, estimated
by Simpson (1987) to be equal to 0.15 times the mass
flux of the gravity current itself.



JUNE 1997 1011S O L O V I E V A N D L U K A S

FIG. 10. Same as in Fig. 9 but for an east–west Wecoma section on 7 January 1993. Wind
speed at 54.95 km (intersection of sharp frontal interface) is 1.5 m s21, wind direction 2008. On
contour plot (d), a several-meter thickness blank space near the ocean surface mainly results
from a 5-m offset of the pressure sensor during this section, which occurred because of technical
problems (see O’Malley et al. 1994).

Some evidence of enhanced vertical mixing during
periods of strong winds was found by Samelson and
Paulson (1988) in the eastern North Pacific subtropical
frontal zone. Their analysis, however, resolved only
scales no less than 100 m and therefore did not include
the most sharp frontal interfaces.

For the case schematically shown in Fig. 11a, the
front cannot exist for a long time because the increased
entrainment rate results in relatively fast erosion of the
density anomaly associated with the sharp frontal in-
terface. A dynamically inactive interface (in which sa-

linity compensates temperature in the density field) can,
however, exist for a long time even with an opposing
wind because no additional convective mixing occurs.
This explains why, under an opposing wind, we mainly
find inactive sharp frontal interfaces in the near-surface
layer of the ocean (see example in Fig. 7).

We can parameterize the effective viscosity within
the frontal interface in the following way:

ne ø ns 1 nc. (3)

The shear-induced turbulent viscosity
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FIG. 11. Two different cases of interaction of frontal interfaces with
wind stress, one with wind in opposite direction (a) and one with
wind in the same direction (b): U1 is the velocity of the buoyancy-
driven current, O is its foremost point, and Ua is the velocity of the
ambient (wind drift) current. The shaded fluid passes above the head.

ns 5 ku*h, (4)

where u* 5 (t/r)1/2, t is the momentum flux at the
ocean–air interface, r is the water density, the von Kár-
mán’s constant k 5 0.4, and h is the depth of the mixed
layer. The convectively induced viscosity nc 5 w*h,
where w* is the convective velocity scale. The convec-
tive term, nc, is a nonzero value only in case (a). Fol-
lowing Priestly (1959) we can specify the convective
velocity scale with B0 denoting the vertical buoyancy
flux by the formula,

w* 5 (hB0)1/3. (5)

A simple estimation of B0 can be obtained by vertical
integration of the advective near-surface flow of more
dense water via the front. Dense water flux between the
surface and the nose is directed inside the front (see
diagram in Fig. 11a). In the coordinate system connected
with the moving front,

hn1
B ø g9U(z)dz, (6)0 EL 0

where hn is the depth of the foremost point—the nose—
and L is the width of the front. According to laboratory
experiments of Simpson and Britter (1979) the height

of the nose is about 1/8 the height of the gravity current
head.

The depth of the nose is assumed to depend on the
frictional velocity u* and on the reduced gravity g9: hn

5 function (u*, g9). Standard dimensional analysis re-
sults in the following formula:

2u*h ø a , (7)n g9

where a is the dimensionless coefficient. We have de-
rived from Figs. 5, 7, and 9 of the Simpson and Britter
(1979) laboratory experiment (at h4/h1 ø 0.05 and at
the Reynolds number of the gravity current head Reh .
103) that

2U1h ø 0.5 ,n g9

where U1 is the velocity of the gravity current head.
The friction velocity in the Simpson and Britter (1979)
laboratory gravity current can be calculated using the
bulk formula, 5 C0 , where the drag coefficient2 2u U1*
estimate is C0 ø 2 3 1023 (Csanady 1978). Ultimately,
an estimate a ø 0.5 can be obtained by comparison21C0

(7) with the laboratory simulation of gravity currents
by Simpson and Britter (1979).

Dependence (7) can be extended for the cases when
the wind direction is not perpendicular to the buoyant
spreading of the front by substituting dimensionless co-
efficient a by au;

cosu 1 zcosuz
a ø a , (8)u 2

where u is the wind direction relative to the direction
of buoyant spreading of the front. According to (8) at
u . 908 or u , 2908 hn [ 0 (because no convective
instability occurs when the wind direction has no com-
ponent against the buoyant spreading of the front).

Assuming that in the coordinate system moving with
the nose, the current velocity profile above the nose is

4z
U(z) ø 2U 1 201 2hn

(Simpson and Britter 1979) and U0 ø 1.2 (g9h)1/2, Eqs.
(5), (6), and (8) reduce to the following form:

1/32u* 1/2w 5 0.24a (g9h) . (9)u* 1 2g9L

Combining (3), (4), and (9) we obtain

1/32u* 1/2n ø ku h 1 0.24a h(g9h) 5 ku hf , (10)e u* 1 2 *g9L

where

1/32 1/2u (g9h)*f 5 1 1 0.24a (11)u1 2g9L ku*
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FIG. 12. Amplification factor f of effective viscosity due to con-
vective mixing across sharp frontal interface, calculated at different
values of the Richardson-type number, Ri

*
5 g9h/ . Theta is the2u

*wind direction relative to the direction of buoyant spreading of the
front.

FIG. 14. Dependence of Reynolds-type number Re
*

on frictional
velocity u

*
at different width L of frontal interface. Dashed line

represents critical value of the Reynolds-type number, Recr 5 2.74.

FIG. 13. Dependence of Reynolds-type number Re
*

on wind di-
rection relative to the direction of buoyant spreading of the front u,
being calculated at values of friction velocity u

*
from 0.001 to 0.01

m s21 in steps of 0.001 m s21. The upper and lower curves appropriate
correspondingly. Dashed line represents critical value of the Reyn-
olds-type number.

is the ‘‘amplification factor’’ describing the increase of
the effective viscosity in the near-surface layer of the
ocean due to convective mixing associated with wind-
driven horizontal advection of more dense water.

Criterion (2) can be rewritten now in the following
way:

1/2Ri*Re 5 , (12)* k f

where Ri* 5 g9h/ is a Richardson-type number, and2u*
the amplification factor can be expressed as

1/3a hu 1/6f 5 1 1 0.24 Ri . (13)
3 *1 2k L

Figure 12 shows dependences (13) for the amplification
factor f for the typical values h 5 10 m and L 5 20 m,
at several values of Ri* number within the range 30 ,
Ri* , 3030. The amplification factor f achieves sub-
stantial value at large Ri* and u 5 0.

Figure 13 demonstrates dependence (12) for h 5 10
m, L 5 20 m, and Dst 5 0.05 kg m23 for the friction
velocities within the range 0.001 m s21 , u* , 0.01 m
s21. A solution of Eq. (B4) (see appendix B) in the form
of the turbulent bore occurs when Re* , Recr ø 2.74.
According to Fig. 13, the turbulent bore is possible when
the wind opposes the buoyant spreading of the front.
Under low wind speed conditions or in the case when
the wind speed is directed along the direction of buoyant
spreading of the front, Re* . Recr and the solution of
Eq. (B4) is of the wave train type.

For the observations of the sharp frontal interface
shown in Figs. 9 and 10, Reynolds number Re* is equal
to 60 and 130 correspondingly. In both cases Re* k Recr

and no turbulent bore is predicted; this corresponds to
favorable conditions for the appearance of sharp frontal
interfaces. Dependence of the Reynolds-type number Re*
on frictional velocity u* at different widths of the frontal
region is shown in Fig. 14 for h 5 10 m and Dst 5 0.05
kg m23. Increase of the frontal width results in an increase
of the critical friction velocity at which the wavelike
solution of (B4) transits into a borelike type.
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6. Discussion

a. Comparison of model and experimental data

The most important results of the observations de-
scribed in section 3 are the following:

1) Horizontal profiles of T, S, and st in the warm pool
area sometimes reveal strongly asymmetrical distur-
bances on scales of 0.2–60 km; gradual rise of the
density is followed by its abrupt decrease (or vice
versa depending on the ship direction). The width
of the sharp frontal interface is sometimes only ;1.5
m.

2) Occurrence of the sharp frontal interface depends on
its orientation relative to the wind direction rather
than on the wind speed magnitude (Fig. 8). The sharp
frontal interfaces in density are mainly observed
when the wind stress is along the buoyant spreading
direction. When the wind stress is in an opposite
direction relative to the buoyant spreading of the
front, the observed sharp frontal interfaces are usu-
ally compensated in density.

These experimental facts are consistent with the mod-
el considered in section 5. The observed asymmetrical
structures in the near-surface layer of the ocean may be
explained by an internal bore developing on the near-
surface density anomaly. This anomaly is formed be-
cause of precipitation effects, solar warming, and so
forth. The shallow-water model describes the evolution
of an initially smooth disturbance into a borelike struc-
ture. Except for conditions of very low wind speed or
large density difference across the sharp frontal inter-
face, this model predicts spatial anisotropy of the wind
mixing efficiency in the frontal region relative to the
wind direction (Fig. 13). This corresponds to the ob-
servations of the sharp frontal interfaces in the COARE
EQ-3 cruise showing the spatial anisotropy relative to
the wind direction.

Dewar (1991, 1992), Marshall and Nurser (1991), and
Nurser (1995) developed a so-called shock front model.
A shock front may form where the convergence is a
consequence of some property gradient. With time, the
property gradient sharpens itself into a discontinuity,
and a shock front develops. This is the same idea as in
our model but applied for the ‘‘planetary geostrophic’’
equations, that is, when both b and f baroclinic Rossby
numbers are small. The model yields climatic fronts like
the subtropical front on the southern flank of the sub-
tropical gyre. Our model of the sharp frontal interfaces
is the ‘‘buoyant’’ asymptotics of the problem, neglecting
the rotational effects. This corresponds to the large b
and f baroclinic Rossby numbers, with

1/2c c
L K and L K ,1 22b f

where b 5 (]f/]y) f 5 0 5 2.3 3 10211 m21 s21, f is the
Coriolis parameter, and c is the phase speed of internal

perturbations in the near-surface layer of the ocean. For
the length scale of the observed asymmetrical structures
L ø 0.2–60 km, both the b and f baroclinic Rossby
numbers are typically large but may sometimes reduce
to the order of unity. A considerable vorticity of the
density feature associated with the sharp frontal inter-
face (Figs. 9 and 10) also suggests possible importance
of rotational effects. The more complete model of the
sharp frontal interfaces should therefore include both
buoyant and rotational effects.

The Chen and Young (1995) statistical model incor-
porating nonlinear mixing predicts the density-compen-
sated temperature and salinity gradients as dominating
in mixed layer fronts. The model, however, does not
include wind stress effects, which are important in case
of the sharp frontal interfaces.

b. Estimate of entrainment rates

The appearance of sharp frontal interfaces is an in-
dication of an active detrainment and water subduction
within the mixed layer. The subduction is an important
process in forming the barrier layer in the warm pool
area (Shinoda and Lukas 1995; VD97). According to
our model, favorable conditions for the subduction are
the case when no turbulent bore occurs, that is, when
the wind is either weak or directed along the buoyant
spreading of the front.

In the opposite case, the turbulent entrainment via the
sharp frontal interface may be substantial. We have al-
ready mentioned in section 5c that the entrainment flux
can achieve 0.15 times the mass flux of the buoyancy-
driven current itself (Simpson 1987). The entrainment
density flux associated with the wind opposing a series
of the buoyancy spreading fronts is equal to

h h
1/2D ø 0.15DrU 5 0.15Dr(g9h) ,h L L0 0

while the vertical entrainment flux is Dv ø Drwe. Here
L0 is the distance between the sharp frontal interfaces
and we is the entrainment velocity that can be para-
meterized for the shear flow over the range 30 , Ri*
, 300 (Kato and Phillips 1969): we 5 2.5u* , where21Ri*
Ri* 5 g9h/ . The ratio of horizontal to vertical en-2u*
trainment flux is the following:

B hh 3/2ø 0.072Ri . (14)*B Ln 0

According to (14), for Bh 5 Bv, h 5 10 m, g9 5 0.001
m s22, and u* 5 0.01 m s21: Ri* 5 100 and L0 ø 0.72
km. The same estimation under low wind speed con-
ditions at u* 5 0.0025 m s21 results in L0 ø 46 km,
which is close to the equatorial Rossby radius for the
near-surface pycnocline, Rb ø 50 km. This means that
under low wind speed conditions turbulent entrainment
via the sharp frontal interfaces may be an appreciable
factor in the heat and mass exchange within the upper
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layer of the ocean if the internal bore develops. On the
other hand, when the wind is weak, the internal bore
can develop only on the interfaces with sufficiently
small density differences (Fig. 13).

7. Conclusions

High-resolution measurements in the equatorial west-
ern Pacific warm pool have revealed numerous cases of
periodic sharp frontal interfaces in the near-surface layer
of the ocean. The sharp frontal interfaces have been
observed in frontal regions and on the periphery of the
freshwater puddles. The structural form of these inter-
faces has some similarity to that of the internal surge
or the internal bore previously observed in long stably
stratified lakes, in straits, and in shallow coastal waters.
We have found an anisotropy of the interfaces with re-
spect to the wind direction and confirmed it by a sta-
tistically representative dataset, which included 30 days
of almost continuous recording by the bow sensors and
a thermosalinograph.

To explain the observations, we have followed a hy-
pothesis that the sharp frontal interfaces in the warm
pool area may appear as a result of nonlinear buoyant
adjustment of near-surface stably stratified layers of the
ocean to the external forcing. The latter may include
the variable buoyancy flux and wind stress at the ocean–
air interface, tidal motions, and so forth. The horizontal
scale of the observed asymmetrical structures (0.2–60
km) does not exceed either the b or f baroclinic Rossby
radius estimated for the near-surface pycnocline in the
equatorial warm pool. We therefore explore a buoyant
asymptotics of the problem, neglecting the influence of
rotational effects. Comparison with laboratory studies
of the gravity currents may explain the observed an-
isotropy of the sharp frontal interfaces with respect to
the wind direction. When the wind stress has a com-
ponent along the buoyant spreading direction of the
front, the latter has some analogy to an arrested wedge.
When the wind opposes the buoyant spreading of the
front, the frontal region is intensively mixed and with
time the interface either achieves a density compensated
state or degrades.

The generation of asymmetrical structures has been
explored using a shallow-water model including both
dissipation and dispersion. The model predicts evolution
of an initially smooth disturbance of the near-surface
pycnocline into a shock-wave structure. A Reynolds-
type number is the criterion of transition from wave
train solution to dissipative shock-wave structure. The
model also predicts a spatial anisotropy of the frontal
interfaces with respect to the wind direction that is in
agreement with the field data.
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APPENDIX A

Algorithm for Detection of Sharp Frontal
Interfaces

The algorithm is applied to an 8-Hz decimated record
of density from the bow sensors. At first, the algorithm
reduces noises by applying a median third-order filter
and a linear fifth-order filter with Hamming window.
Then, it looks for the areas where the absolute value of
the density gradient,

ds dst t. n·std ,) ) 1 2dl dl

where l is the horizontal distance and std is the standard
deviation determined on a 10-min segment. Coefficient
n is an adjustable parameter. We used values of n as
large as 4 to detect only the most sharp frontal inter-
faces.

Strong variability of the density signal may be caused
also by the near-surface vertical stratification on account
of depth variation of the bow sensors. To distinguish
horizontal features from the vertical ones, the algorithm
determines mean level of density and standard deviation
of density fluctuations 12.5 s before and 12.5 s after the
area with anomalous density gradient. The sharp frontal
interface is detected if the empirical criteria

(std (ds /dl) 1 std (ds /dl))1 t 2 tDs . (n 1 1)t 2

is performed, where Dst is the density difference across
the frontal interface, std1 and std2 are the standard de-
viations on 12.5-s segments correspondingly before and
after the area with anomalous density gradient.

APPENDIX B

Evolution of a Long-Wave Disturbance on an
Intermediate Pycnocline

We consider a shallow water approximation (Long
1972; Whitham 1974; Farmer 1978; Barenblatt and Sha-
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FIG. B1. Solution of Eq. (B5) at different values of parameter m.

piro 1984). Evolution of perturbations with wavelengths
L k h, where h is the depth of an intermediate pyc-
nocline can be described in the framework of shallow-
water theory similar to the analysis of Farmer (1978)
for long stably stratified lakes. Following Farmer (1978)
we use dimensionless wave and time coordinates, y 5
(x 2 ct)/L, and t 5 ct/L, where x,t, and c are the hor-
izontal coordinates in the direction of propagation of
the internal perturbation, t is time, c is the phase speed,
and L is a horizontal length scale for the perturbation.
The nonlinear evolution of the internal disturbance can
be described by the Korteweg–deVries equation (Farmer
1978)

ht 2 phhy 1 qhyyy 5 0, (B1)

where p and q are constants. For a two-layer Boussinesq
system with mean shear, Farmer (1978) obtained the
following expressions:

3 (H 2 h) 1 Hh
p 5 , q 5 ,

22 Hh 6 L

where H is the thickness of the lower layer and h is the
thickness of the upper layer. In the early stages of evo-
lution the dispersive term may be dropped (Long 1972)
and (B1) reduces to

ht 2 phhy 5 0. (B2)

Equation (B2) is a well-known nonlinear equation. Ac-
cording to it, an initially symmetrical perturbation will
evolve into strongly asymmetrical structure (see Long
1972; Farmer 1978).

At the stage of development of the perturbation when
one of its slopes becomes very steep, the dispersive term
in (B1) will start to interact with the nonlinear term.
Further evolution of the system will also depend on
dissipation effects that are not described by Eq. (B1).
Whitham (1974) and Barenblatt and Shapiro (1984)
used an equation of the Korteweg–deVries–Burgers type
to understand the role of dispersion and dissipation in
such a nonlinear system;

3 h 1
2h 1 c 1 1 h 1 c h h 5 n h , (B3)t 0 x 0 xxx e xx1 22 h 6

where t is the time, x is the horizontal coordinate, and
h is the undisturbed depth of near-surface pycnocline
(for simplicity, here it is assumed that h K H), c0 5
(g9h)1/2, g’ is the reduced gravity, and ne, is the effective
(turbulent) viscosity.

Steady propagating solutions of (B3) are being found
in the form h 5 hz(X), X 5 x 2 Ut, where U is the
propagation speed of the disturbance. Integration of the
appropriate differential equation for z at z → 0 as X →
` results in (Whitham 1974)

1 n 3 Ue2 2h z 2 z 1 z 2 2 1 z 5 0, (B4)XX X 1 26 c 4 c0 0

which can be normalized in the following way:

zjj 2 mzj 1 z2 2 z 5 0, (B5)

where

X 3 U
1/2j 5 {6(F 2 1)} , z 5 z, F 5 ,

h 4(F 2 1) c0 0

1/26
21m 5 Re , (B6)*1 2F 2 1

and
1/2h(g9h)

Re 5 . (B7)* ne

Here Re* is a dimensionless number of the Reynolds
type proposed for analysis of a nonlinear system (B3)
by Barenblatt and Shapiro (1984).

Figure B1 shows solutions of nonlinear Eq. (B5) for
different values of parameter m obtained by using the
Matlab Simulink. At m , 2 the solution is oscillatory
and at m . 2 it is not oscillatory. The solution for the
critical value m 5 2 is shown by a heavy line.

According to (B6)–(B7), the critical value of m 5 2
at Whitham’s (1974) critical Froude number of F 5 1.2
corresponds to the following criteria for the Reynolds
type number Re* 5 Recr ø 2.74. So, according to (B6)
for Re* . 2.74, the solution of (B4) is expected to be
of a wavelike nature (and finally evolve into a series of
solitons) and of a turbulent nature (and finally evolve
into a dissipative shock-wave structure) for Re* , 2.74.
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