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ABSTRACT
"Long" ocean waves, with frequencies between 0.2 and 10 cycles per hour (cph), have

been recorded simultaneously at La Jolla on the California coast and at San Clemente Island,
about 100 km seaward. The spectral power is greatest at the lowest frequencies but remains
fairly uniform (about 5 x 10-. cm./cph) between 0.7 and 10 cph. Comparison of the Island
and shore records shows that at the lowest frequencies (below 0.7 cph) the two records are
consistently in phase and are highly coherent, as might be expected; above 0.7 cph they
are out of phase, and the coherence is low. The phase reversaI is fairly abrupt and suggests
standing wave patterns, with the implication that the coast must be a good reflector. The
failure of the coherence to recover after phase reversaI suggests multiple modes, with an
appreciable fraction of energy associated with in-phase modes even after most of the energy
is out of phase. It is inferred that the observed waves are not only ones that cross the shelf
from the deep sea but that comparable energy is present in "trapped" waves that have

somehow been excited upon the shelf.

1. Introduction. For some time we have studied the low-frequency spectrum
of ocean waves at coastal stations. These observations have focused our at-
tention on the problem of whether the low-frequency wave energy is prin-
cipally in the form of edge waves (or "trapped" modes or "discrete" modes)
or whether the energy leaks in From the open sea and is part of the continuous
spectrum. Wave observations at a single isolated station cannot provide a def-
¡/Iite choice between these alternatives. One obvious experiment is comparison

(iii the frequency domain) of simultaneous recordings at two different stations.
The present paper discusses su ch an experiment.

2. The Experimental Site. The continental borderland off southern Cali-
fornia is shown in Fig. I. Wave observations were made near the shore at La
J olla and at a point near San Clemente Island which is sorne 100 km from

1 This work has bccn sponsored by the National Science Foundation under grant-in-aid No. G 10186.

3



'1

1.

i

il

1

1

~

Ii

4 Journal of Marine Research 1962 J Snodgrass, Munk and Miller: Background Spectra 5
( 20,1

the shore. Atlelliioii was paid to waves with frequencics ii the range 0.2 to
10 cph.

Ali Iil1dlil:iriiig shelf, occasionally a kilometer iii depth, extends about
2S0 kii scawanJ From La Jolla and then drops quickly away into deep water.
ScciiollS aloiig the two lines marked A and B are showii iii Fig. 5. Thc border-
laiid is less wide toward the north. The Mexicali tCl'l'ilol'Y 10 the south is not
weil surveyed.
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3. Instrumentation. The wave press\li:s al ea('h of ihe two stations were
detected by a Vibrotron pressurc gaiigc wliii'll Iias Iicell described previously

(Snodgrass, et al., 1958); in outliiie, 1111' WHII'" pn:ssul'e changes the tension

ofa taut wire and so changes iis ii:iliind I¡'I'C¡II\'IICY, The wire is maintained in
oscillation by a constant voliagi' ""pplli'd (1,11111 oiisliore, and the oscilation
frequency is detected as a Il 11('11111 lÍoll ¡ IL ilil' 1'!cCll'ic current. ln the present
experiments it was necessai'y 10 lillI'IIIIU1i' rlic pressure changes due to the
obvious short-pcriod oe(':iii WI1I'''". WIIII'II' ¡'1'l'll'lclicies are typically 300 cph and
upwards. Each Viliror 1'011 \\11" 1 1i.'1 1'/01'1' i:i,closed in a hydraulic filter that
attenuatcd su ch Slioil pl'ilod Il III 1 ~I1 lÍoli" hy a £'lctor of 105 or more; this
filter has bec ii dc'sl'i1IIli1 hi, SIlIIlIIVII~'1 (1f)61).
Each iIlSf!'IiI1I1'llr \\IIM 1,1it1 Iii Id'''1I1 30 iii of watcr and buried about one meter

dccp iii th(' Si 'ii 111'11111'1 III 1""1'.'1 ii (1'1l1l temperature fluctuations. The time
occiipii.d h)' 1111"." 1I1,lii"li_ "f t11l Vilirotron (about six seconds) was measured
¡II iiiil'llllll'I Iil1d~ iiiid "'1 ,,,dl'd i1igirally 011 punched paper tape. These measure-
iii. 1i1~ Wl'Il ",1111. 1'1 11111'11,111" 0" 30 seconds, and the observations extended
"\'('1 Itlii.1i1 110 Ili,mM 'l'lill~ 1111' data consisted of about II,000 pressure mea-
"1iInllnll. III "Ill Ii Ml,ill\lii,

'l'w,, Mlltli 1\1"IIIIII'IiI~ wi're Il;~dc. Run A extended between 1200 on
1 1 (li 1"111'1 1111111 1" CI) if) "II 17 October. Run B extended between 0745
"ii 17 (lil,ib"i III 'iiin 1111 ~.+ October.
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1 IIII/IIIII/riii.d Nil/i" 'l'i; waves that are being studied arc of such very
~llIlIlIl1ll1pllllitll "''11 ii i~ III''cssary to make some commcnts on the obscrved
"lIlli..." 1,1",1 ,,, 1/111 illiilillili:litS. Thus, the spectrallcvcl in Fig.2 averages
"ill)' O,('~ 1111111 pl,. Iii iii(' raiige From 0.2 to 8 cpks so that the total power
i ii ihi" Iiii 1it1 1. 1I1i1)'

(H - 0.2) 0.5 "' 0.4 cm' .

'J'11i11 ¡Il, 1111, 1111. \\111'1' Iill1plitiidc is only about 0.6 Cll.

A Vllil"II0111 iii_iiiii/ii'iir was capped to exclude ail pressurc variations, and
a rCClld /~,,"~ ihi. iiipi,,'d iiistrument was madc Iil1dcr conditions identical to
thosc; iii ih.. llIlii'iI l''HI~. The series consisted or 3000 iiumbers, and these
dilliill¡~llId illil,,,lhl,, Ir\liii 5,397,394 to 5,397,285, with only the last digit
(ihi; "IC.'IIHI 1''~"1'') l'iiiyiiig erratically by a unit vaiiie; for example, the last
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two digits of die /ir$t 11'11 iiliiiilH'l~ 1111' ()'h II.h IJ.h IJ.'" 93, 9+, 9'h 94, 93, 94-.
Oiily iii Iwo iIISl:IIICI:" did ih.. In~i diKii l'ury iiy ? iii two siicccssive numbers,
and iiever hy 3- 'J'III' driii wll" Il'IIIOI'I'd hy 1iic'aliS or a high-pass filtcr; the
resiiltiiig specii'iiiii WLL~ 1IC""I)' wliiie, wiili a 11l1'ali si/,iare vaiiie of 0.2 (least
collllt)i, correspiilldilil4 to Il 1'1\~ 1'111111' Il,. aliiilli O.S !cast coiints. The result
iiidicatcs dm! 1i1':lily idl 01 1111 iIlNII'III1IC:1I1111 iioise levd is associatcd with a
raiidoiii variaiioii ¡II ilii' Il'IISt 1'011111 (1 part ¡II 5x'o(,); thcdriftcontaminates
frcqlii:iicIl:s Iiiwi'r t111111 ilio~l' 01' illli'ri:si iii this iiivestigation. ln the actual test
the seiisiiivity 0" ilil' i'iipiwd Villl'oirolis was 0.0087 cm per least count. The
tot:il iiist niiiii'iiiiil lioiNI' .'llCrgy is t heii G.+ xi 0-5 cmZ. The analysis extended
(roii 0 10 ,1.17 i'lk~, Kiviiig a Iil1ise dciisity of about 1.5 x 10-5 cmz/cpks. This
lies:i ihlllllliiiid iiiiii'" Iwlow ilie ri:conled levcl. Wc conclude that the instru-
Ileiil is IlliI~'elly ciip:i1III' or copiiig with the low energy levels of the long-
period wa Vi:".il

Ii

1/

5. l'rl'jì/lt,.¡'iig, Fil l' Il gl'lIl'ral discussion wc refer to Munk, et al., (1959).
Sca aiid sWIJII itl rl'dlil'l'l iiy hydraiilic filtcr, the tides by numerical convolution.
The i:lil'gy :i~';o('iali'd wiili sea amI swell on the one hand and with tides on
the otlii:r i" 1000 lilili;S aliove the typical low-frequency background, and
these adjoiiiiiig high-i'iic:rgy h:uids must be reduced before the data are analyzed.

Tlic: Iiydl'iiilil' lìltl' is cqiiivalcnt to a two-stage RC-filter, each stage with
a iiiii: COIlSl:ilil or 3'. st'Coiids. Thc "cut-off frequency" is then (2 nX32)-i =
0.005 l'ps. 1 H l'ph. Ai higher frequcncIes the energy is reduced by about

f-1, or l'J, dh 11\1' 1Il'lavc¡. 'J'he Nyquist frequency is 60 cph, much in excess
of the Clll.-ii/l "n'iiiil'IICY; the encrgy at the Nyquist frequency is reduced by
a (;ICIIII' of ioi. Ai ihc rrequeiicy of sea and swell the reduction is by 105.
The higli alll'iillHlili1i assiires a negligible error from aliasing.

Fiinhel' Iiiw-pas~iiig was achicved by numerical convolution, using an
expaiided M:irtiii's ii!ter P 050320 (Martin, 1957) consisting of 201 sym-
Ilelrical wi:ighi iiictors. A similar filter, inverted and with a unit positive
spike al ihe ('1'1111;1', was iiscd for a high-pass filter to eliminate tides.
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G. RI'f¡(/¡'i/¡'ly fi! ihi' Spalra. ln this section we discuss thc statistical reliability
of the spl'Clra aiid ihe possiblc crrors due to the aliasing of sca and swell and
to side-Iiaiid i'iic:r¡~y (rom tides. These last two mattcrs are critical on account
of the very low l'lIcrgy Icvd of thc spectrum in thc frcqiieiicy l'nge here under
considcratioii,

Fig.2 shows llic: i:ross-spcctra bctween La JolIa amI San Clcmente Island.
To indicale rqirodiiciliility wc have analyzed the observations in two sections.
Run A exteiids (1'0111 1200 on 13 Octobcr 1960 to 0230 on 17 October;
run B (roll 07+5 011 17 Octobcr to 2400 on 20 Octolier. The observations,

, The l.hor:ilcry l'iolihrniiuii Wn. chccked ill situ by simultancotIly rccording a filtered and unfiltered
Vibrotron and hy foriiillR ilie i':iiio of the .pcctra (Snodgrass, 1961).
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~nade at ~~-secoiid iiitervals, werc low-passed and d' d .
intcrvals. 1 he poWCr-S¡lcctr'i! 'UI'IIYSI'S d'. h ecimate to 2-minute
1 . . ' , , " was ma e wit 480 1 (1 1P otted), glVllig 1 1 dcgrces of fi'cctl()m r h ( r ags on y 100 ags
Tl . lOr eac 22 lOr the c b' d )i.e 95"1" coiifìdeiicc liiiits I~ir II degrees f fi d om ine run.
3 t. " 1 0 ree om extend from 05HIlCS 1 le COllllllled v'IIIICS CI. 1 L " . to. . . car y t ie statistical r l b'l 1
bc desi l'cd, aiid dala shoiild be t'kC11 rh' e ia 1 Ity eaves much to

. 1 . ' lOr a mont instead of k S '11 hesselltia katiirl's 'ire rcs()lvctl d d 'bl a wee. ti t e... . ail rcpro UCi e.
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7. First Inferences from the Spectra. AlI the spectra in Fig. 2 show a steep
rise (asf-3) toward the lower limit of the frequency shown there. Above 0.17
cpks the spectra show no general trend in level though there are variations of
the order of 10. L t is possible that two processes contribute to the over-alI

wave system. One produces a sensibly uniform power level over the whole
frequency scale, and the other produces a spectrum whose power falls as f-3,
though it can be distinguished only at the lowest frequencies where itspower
rises above that of the first.

However, the most striking features of this analysis are not the spectral
densities but the sudden variations in phase and coherence. The waves are in
phase at the very low frequencies; at 0.18 cpks a sudden change commences;
and between 0.2 and 0.4- cpks the oscillations are out of phase. There is an
indication of another phase reversaI at about 0.45 cpks. The coherency dips
at each reversaI. The scatter is large but no larger than expected from the
degrees of freedom and existing coherence. The main features and sorne of
the detaIls are repeated for the two runs, including an anomalous phase re-
versaI between 0.23 and 0.25 cpks.

For comparison we reproduce a somewhat similar result previously published

(Fig.4-). ln this case the onshore instrument was located on the eastern shore
of Guadalupe Island (about 200 miles south of San Clemente Island), the
offshore instrument 1.5 km seaward at a depth of 90 m. Note the sharp phasc
reversaI commencing at about 12 cpks. Spectral peaks in the Guadalupe spec-
trum are at a much higher frequency th an the corresponding features in the
present investigation. For frequencies less th an 5 cpks, the energy density

settles down to about 10-2 cm2/cpks. We suggested at the time that this was
a measure of open-sea activity, and present results are consistent with this
suggestion.

The fact that the relative phase of the waves at the two instruments tends
to be either zero or 180° (depending on the frequency) strongly suggests a

system of "standing" waves. This in turn implies that the coast acts as a good
reRector.

A standing wave would be expected to produce motions that were highly
coherent at any pair of places. The analyses in Fig. 2 show that the coherence
is in fact quite high at frequencies less than about 0.6 cph. But at higher fre-
quencies, wh en the phase has shifted to 180°, the coherence falls to quite low
values. One explanation would suppose that at any one frequency there are
a number of different possible modes of standing waves. At low frequencies
(long wavc length) one could weIl expect that the distance between the two
observation stations would be only a small fraction of a wave length. AIl the
different wave modes would then tend to give oscillations that were "in phase"
at the two instruments. The coherence would be high. But at higher fre-
quencies (shorter wave lengths) one might weIl find that sorne wave modes
produced oscilations that were "in phase" at the two stations, and some pro-
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The 1I11iiericai high-pass filtcr. greatl attenuat d . .

Of coiirse ihc calciilatcd si)cctra were lYt e dthe tidi:s in the data.La er correcte for this filt F'SlOws Olle of ihe siicctr'i befl()re d fi' er. ig. 3r. ,an a ter correction for h' h fil'1 hc iiotdi iicar 0.05 c¡iks in th d . ig -pass tenng.. " e uncorrecte spectrum ls d t h filactioii. 1 Iie peak lIe'lr 0 01 C k h . ue 0 t e ter. ." p s represents t e tides The filter h 'd
icduccd ihe iide ciiergies to r IL hl' as evi ently. oug 1 Y t e same evel as th 1 . d b
ground. Helice the side-haiid cncrgy f th'd e ong-peno ack-

. . i i . 0 e ti es cannot have c t'b dappiccia 1 y 10 i!ie spectnlll above 0.05 cpks. on n ute
The hydraiiiic low-pass filtcr greatly attenuated th

s~ectruin (uiicorreclcd I(ir the hydraulic filter) dro ede sea and. swelI. The
higher frcqucncics) rcachiiig 10-4 cm2jcpks at th pi iion~tonically at the

represents an upper liiiiii 10 the 'bl . e . yqUlst requency. This
and si;ell. .It is iiiich Icss thaii o~~s~:cre c~~~t:T;;~:tlgOe:::itlhe ailiafsinhg of sea

trum in Fig. 2. a eve 0 t e spec-
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duccd oscillatioiis that werc diffcrent in ph s b 8 0 Tl'
i a e y 1 0 l1S would 1 d ta ow .coliereii~e iri the aggregate motions at the two' stations. ea 0
The theon.:iical trcatniciit that follows is a discussion of th' 'bl

modes of staiidiii r . "rr 1 . '" e vanous pOSSl e. . . g W.LVeS. 0 exp am the low coherence which i fc d
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Figure 5. Depth profiles along the lin es A and B indicated ¡n Fig. 1. The theoretical estima tes are

based on the step-profile.

8. An Idealized Topography. To make a theoretical discussion, we have to
idealize the actual situation. The fonn of the continental borderland has been
shown in Fig. I. We propose to idealize it into the form shown in Figs.5
and 6. A straight steep coast (a perfect reRector) is bordered by a shelf of
uniform depth and width, and this in turn Ranks a deeper sea. This model is
unrealistic in the sense that it supposes that the shelf has a uniform width,
but a more complicated model would scarcely be tractable. The undulations
iii the bottom of the actual borderland are not perhaps very important when
one is considering very long waves. The idealized shelf has been given a depth
h found by making h-l equal to the mean value of (true depth)-l, By this
nicans we insure that the travel time of waves across the idealized shelf is the

z

x

h'

x,= 100 km
xo=250 km
h =0.6 km
h'= 3.6 km

Figiiri' ii. 'lhl' l'oordiiiate system is centered at the sea surface along the coastline, with x pointiiig
M,':iwiir", z iipward. The coordinate y (not shown) is paralle1 to shore into the papa. The
Sail CIcIlH:lltc recorder is at Xl' the offshore "cliff" at xo.

..
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saIle as thu ll'avl' fiiil\ IIi'rIiS!' ilil: lIt:tiialliol'dcrlaiid, silice the vclocity of long
wavcs lIay IIi: tiik\'11 10 Ill (g h)L 'J'be actual valuu of h fi,,' the idcalized shelf
was Iiasud 1111 SI':Lward sn'iiiiiis of ihe Iiorderlaiid IIcar the positions of the two

statioiis. 'J'hl'Y an: iiloii¡. the liiies lIarked A aiid B in Fig. 1. These sections
aiid ihi: sei:iioii o( ihe idcalizcd model arc shown in Fig.5.

9. /1 '/'h,'o/'l'icol MOfÙ/ of ¡f/aves on the Shelf The wave equation for con-
stalH i1epih cali lie written

a.(\72+C-.at)r¡=0, o,;x,;xo,.

a.
(\72 + C'-2 at.) r¡ = 0, xo';x,

whcre

Ii1

C = Vgh, C' = Vgh'
desigiiaic the vclocitics on and off the sheIf, respectiveIy; and where r¡ is the
surl;Il.:e c1uvaiioli as a function of time, t. We seek solutions of the form

'11- a cos mxcos (ny-wt+q;), o,;x,;xo,
aiid these n:presellt waves traveling in the y-direction (along shore) with crests
aiid tf'ughs l/orli,,1 to shorc (Fig, 7). We may consider these standing waves
as a Superposiiioii of an incident and reRected wave,

'I .. ,~. " cos (mx + ny - wt) + L a cos (- mx + ny _ wt) ,

where 11 .. l. cos 0 and n = k sin () are the components of the wave number,
l- - mlC, :Liid 0 is the incident direction on the shelf.

At the coastlille the vclocity component u normal to shore vanishes so that
aiiia;. .. 0 al .\' _ O.

At the cJin~ coiiservation of mass implies continuity in hu or (h.ar¡iax),
and COliservaiioli of momentum implies continuity in ar¡iaz. Thus h (ar¡iax) =
Il' (ai¡,ia;.), aiid 'II - 'f¡' at x = xo.

To put ihe equations iiito dimensionless form we refer al! distances to Xo
and ail times to t" - xolC, the time required for a wavc to travel over the

shclf (t" - 0.9 hours). Thus

Á
X - ,x/xo , A

Y = y/xo ,
A
t = tlto ,

and
Á
11 - liX" , A

W = wto ,
An = nx",

Å A AA AA'fI - " cos 11 X cos (Il Y - w t + q;) .
(1 )
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. d tra ed (left) shelf waves. The hnes are con-Fi ure 7. Schematic presentati~n of leaky (rig.ht))a:f wal.~ level relative to the undisturbed level.

g tours of equal elevation (or depr~ssi~~ direction parallel ta shore is shown. The pattern

Only one complete wave length 11 t Il 1 to shore (up or down on the paper).
repeats itself indefinitely and is propagated para :nd to normal incidence and "Brewster
For the case of leaky modes the two casehs corr~~ted the fundamental (j = 0) and first

.. h t pped modes we ave p . F'incidence. For t e ra 1 h profiles are plotted 11 ig. 1 i.
harmonic (j = 1). Various norma -to-s ore

h 'th the understanding that unless other-' h Il drop te/' wl1. 11H11 1I0W on we s ~ . ) are in dimensionless form.

WiHI' ~tated ail quantlties (except r¡

Nol\' ihat
A

f in cpks = 0.049 w ,
A

fin cph = 0.175 w.

. F' ). the leaky modes and the tra~ped'Jhere an' 1 wo classes o~ solutlOns.( ig. ho're the latter decay exponentially

L '1'1. ,. ll'Iliel' 'ire trigonometric offs ,lIm cs. lc (. ")
offshol'e (hciice thc Ilamc "edge waves .

J. _
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(20,1For the Icaky iiiot/i:~ \Vi' 1I0W h\'I

1
IL '1 . tI ('114 11.1. l'o~ (1/)' /111 1 ip), 0.. .\' c: 1 ,

1/ ,,' 1'04 (11',1' ix') ("os (I/Y (1I1'Hp), 1 ~ x,
with

11 ¡. ('1 ì~ () ,
ii' .p ('o~ (J' ,

1/ ¡'Sill(J,
1/'.. P siii (J' ,

¡, .. wlC,
P. wlC.

Iil

1 i

:1

1:1

: il

'lht: wavi' ('I/lliiljoIl4 Iliid ihe Iioiiiidary coiiditioii at x = 0 are satisfied. To
satisty th(. ('olit/i,joIiS al .1'.. 1 we n:qiiire

1 . L' 1 1 . (' ')1/ 11 (1 Slll 11 .. 1/ 71 a SI/ m + 0:1 (' ')fi cos 1/ = a cos 71 + 0:
111=11 . (3)The lasi l'oiit/ii joli yiclds

si/l 0 kl C
šin 0' = k = C' = Y (say),

whidi IS Siidl's law. The relation

( I/)Z y-z sinz (J
.. tanz () =11 1 - y-z sinz (J' sinz (J'

y' - sinz (J' (4)
iiakes cxplicii the relations between the (dimensionless) wave numbers on
the shclt (Fig. H). The leaky modes can be regarded as the result of radiation
iiicideiii iii deep watcr with an angle (J' and reflected partly at the step (x = 1),
part/y al ,he shore line (x = 0). For normal incidence,' (J' = 0 and hence

11 .. 0: ihe wave Iciigth along shore is infinite. For glancing incidence, (J' = 900
aiid heii¡;e i/z . 1/./(y. - 1). On Fig. 8, any point contained between the radial
liiics cOl'respoiidilig to normal and glancing incidence is a legitimate solution:
the SpC¡;tnlili is ronti11uous for the leaky modes. Incidence at Brewster's angle,
taii (J' .. y, Icads to 11 = m cot (J' = mly and is of special interest.

For the lrapped waves we set

'17 = a cos mx cos (ny - w t + (l) , 0 " x" l ,

'i¡' = a' exp ( - m' x) cos (11Y - w t + (l) , 1" X .

The wave etiuatioiis then yield

m. +11. = ki, -m'. +11Z = klz

1
l'
.

and the bouiidary condition at x = 1 yields

fi cos li = a'e-m' , h m a sin m = h' m' a'e-m' .

r

1
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41T
lN PHASE

(2)

å
"

-ID
31T

OUT OF

PHASEm

271

lN PHASE

1T

n d the normal-to-shore com-
h mponent n, an 1 (d'. hi between the along-s ore co '. _ 6 Lines of equa ¡men-Figure 8. The relation; (dimensionless) wave numbers for" the caselhe-;on'tinuum is contain~d be-ponent, m,of _1 n n, ~ n, . . . "d) Discrete

. nless) frequency are drawn orw -- 2'd )andO' =.1 n(glancing1lci ence. hsio he ra s marked 0' = 0° (normal I~Ci ence . Th~ shaded portions Tefer to suc

:~ee~ tare lawn for modal nUI~be~s Jm:n~' a~d :- /ecorder at x = 0.4- are 11 phase.

values of m for which a coasta 1IS ru

. lhc three equations can be combined to

mZ (tanZ m +yz) = n2y. (yz - 1),

. t The first four modes are shown. Forand the spcctrum is accordingly disc:e ;; a lower limit to the permissible fr~-

ail biit the fundamental mode theh "th mode the cut-off wave number is
. d numbers. For t ej , . "d . to (5) Thequeiicfes ail w~ve. z _ z/( 2 _ 1) for glancmg mci ence II .

dcrived by substitutmg n - m y1 . . j' = 0 1 2,....rcsu t iS tan 71 = 0, mj = j n, , ,

h . 1 mZ + nZ = w2, and accordingly the) f lie on t e circ esLines of equa rcquency.

cut-off frequeiicies arc given by

Wj = (1 - y-.)--! mj .

(5)
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Although all possible combinations of . 20,1
there arc ccrtain parts f:ivor"d hm, n are permissable in the continuum

fo 1 i . ~ ovcr ot ers M . ,. r suc 1 va lies of 11 as to give nodcs at th' axim~m amplification OCCurs
IS a quartcr wave leiigtli '1 tl e step; that ls, the width of the sh Ifl fi . )' ircc-quarter L e~mp 1 icatlon iii the open-organ pipe s rwave ength, etc. This represents
t le pOwer ampli /ìcation at the shor ei~se. . n gben~ral for unit incident energy

e ine ls 0 tained from (3): '

(/2 c:
1 + tanz m

1 +ß-z tanzm'
(6)

ß. = 1'4 cosZ Of
yZ - sinz Of ,

as coiitoiired on Fig 9 F B '.
., . . . . . or rewster incidg aiicl/ig I/ICldciice a." 1 . d fc ence aZ = 1; for more 1g' .' . . ' an or more nearly 1" near yreatest allph fication for an an 1 f" n~rma incidence aZ;; 1. The

y g e 0 incidence ls along m = i 'l 347T 2 , 2 'l, . . .,

m

6

37T

G

27T

7T 27T 37Tn 47TFigure 9. Conloi f
IfS.U C(JlI.,1 c.~ncrgy, a2, at x = 0 o. .

nuiiucr di;'grniii (Fig. 8). Contours are u¡nlt inc:dent energy, superimposed on the w
S lOWn .lor aZ = i aVe..0, -2' L, 2, 3, and 6 (=1'.).
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lN PHASE:

,1T
OUT OF

PHASE

lN P 4SE

1T 21T 41T'1T

w

Figure 10. Relation between dimensionless frequency, w, and. normal-to-shore wave component,
m', ovcr the shelf, for the case 1" = 6. The lines marked j = 0, l, 2, 3 represent the

dis crete spectrum. The continuum is contained between the lines marked "glancing"
and unormal" incidence. Resonance occurs at m = L n, -~ n, -~ n, . . . and antiresonance
at m = n, 2 n, 3 n. For the case x = 0.+ phase reversais occur at m = .~ n, 11 n, . . .
as indicated. The points marked, l, 2, . . . refer to similar markings in Figs. 2, Il and 12.

amI cquals aZ = ßz. The amplification is a maximum for normal incidences,
fi. - ßz = y'.

1 t is not possible to draw an equivalent amplification diagram for the discrete
spectrum, for here the amplitude offshore approaches zero. But we may inter-
pret thc lines as knife edges, infinitely narrow and infinitely high.

For some purposes it is more convenient to plot these relations in w, m-
~p:iCt. (Fig. 10). Lines of equal n are along the equilateral hyperbola

w' - m. = n. . (7)

Ii'jg. 1 1 shows profiles of the water surface normal to shore for certain
~i:k-':li.'d ~iiiiiiiioiis. On the left are plotted the profiles of the leaky modcs.
'lhi; Iipllll' fì¡!iire corresponds to a frequency so low (and a length so long)
that tlit: wavi; is hardly affected by the existence of the shelf. The next case)
11 . .~ 'J, corl'espoiids to anode at the outer edge of the shelf, leading to maxi-
mum ampli /ìcal ion at the shore line. This is analogous to the fundamcntal

l
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m=~7l W=O m=O

IL" 1
1
1

IL 1

i 1

rii

W=CX, m=;

W=CX, m=~-----------~--
W=1.7l,m=7T

Il JI

1

W = 2.2 7l, m = 27l

m =7T
W = CX m = 2.-------~-------~---

III.1

L '/
1

Ii'

m = + 7"
W=CX m - 7rr-------~----=-~---

W= 3.37l, m=37l

J
rn = "2 .ir

W=4.47l, m=47l

iiil

i il
I~

m = "' "Ir

o . 0.4 i
Figure il. Thcorctical profile. of thc sca .iiface no .1

Clcmcillc aL. '\' _ 0.,0 and th. t. 1 rmf,i 11.0 .horc, The shore line is at x = 0 San. . ..' C ou cr c( gc 0 t le shclf at - (' '
arc norii"liicd 1.0 unit amplitude at the tri x - 1 see Fig. 6). Ail profiles

off the shclf. The Icft figure. gi'vc'. tl 1 co kas IiIC, icncc to amplitude a-l at antinodes, ie ca y mo, cs TI 'h fi
trappcd mode. of thc lowc.t thrc . or 1. .' i' iC rig t gures correspond to the

i 1. 1 c , crs, ill cac 1 case the fil' 1an, ng iest frc'ltlcncicB :it whicl tl .. 1 . pro e 1S p otted for the lowest
. '( i iCRe mOt cs can cxist Th bSi mi ar markings 011 Figll.2, 10, and 12. . . e num ers 1,2, 3,4 refer ta

1.'

1962 J Snodgrass, Munk and Miller: Background Spectra
19

(quarter wave length) resonance in an open organ pipe. For m = n there is
an antinode at the edge and minimum amplification: a2 = 1. The case mx =
m (2/5) = t n, or m = i n, leads to anode at San Clemente Island: San Cle-
mente Island and the coast are in phase for ni less than ~ n, and out of phase
for m above ~ n. The next case corresponds to the first harmonic resonance
of the shelf, and the last case to the second phase reversaI.

Corresponding profiles for the trapped modes are shown to the right. ln

each case the profile is shown for the lowest (or cut-off) frequency and for
infinite frequency. ln the case j = 0, the coastline and San Clemente are al-
ways in phase; for j = 1 there is a reversaI at some frequency; for j = 2,3
they are always out of phase, etc.

10. The Cross-spectra Predicted ¡rom Theoretical Model. Let r¡i (t) designate
the surface elevation at a location, Xl, Yi; and similarly r¡2 (t). Consider an

elementary wave train (eq. 1) and perform the cross-correlation

(, r¡i (t) r¡. (t - -r)) = t a2 cos mxi cos mx.
(cos n(Y2 - Yi) cos on + sin n(Y2 -Yi) sin w-r J ,

where (,) designates a time average. We now replace t a2 by E(m, n)r5m r5n,
the contribution of energy from a unit of infinitesimal area in wave-number
space. lnasmuch as we have assumed random and uncorrelated phases, (t,
between elementary wave trains, we can write for the correlation from aIl
possible wavcs

RI2(-r) = r1 E(m, n) cos mxi cos mX2
-co -co

(cos n (Y2 - Yi) cos w-r + sin n(Y2 - Yi) sin w-r J dm dn .

ln a similar manner we can express RI2(-r) in terms of contribution
R' (w, m) ow om from elementary areas in an w, m-diagram (Fig.9):

RI2(-r) = 1 ~ E' (w, m) cos mxi cos mX2
-co -co

(cos n(Y2 -Yi) cos w-r +sin n(Y2 -Yi) sin w-rJ dm dw,

wiih 11 . Ii(W, m) in accordance with (7). E and E' are not the same. The
i..i'iiicii is givcn by E dm dn = E' dw dm, and hence

E' = E J (m, n) = EW .m,w n (8)

'l'hl' t1H':ISIIi'.d qiiantities are the corresponding Fourier transforms:

1

1
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Sll(W) = Rii(r) cos Olidi - ~E'(w,m)coszmxidm,

Szz(W) - Rii(i) cos Oli di = ~ E' (w, m) cosZ mxz dm,

ClZ(Ol) - Riz(i) cos Oli (h = ~E'(w,m)cosmxi cosmx. cosn(y.-yi) dm,
Qi.(W) .. Rii(i)siIlWi(h = ~E'(w,m)cosmxi cosmx. sinn(yz-yi)dm.

Agaiii 11 - 11 (m, w) iii accordance with (7). If we wish to interpret the com-
putcd quaiititics iii terInS of energy density in wave-number space, th en we
Inakc use of (8) to write

SII(W) = E(m, n) W cosZ mxi dm;
n

and similarly t'or Sii, CIZ, and Qiz. The integration is along the circ1es W =
constant (Fig. 8).

Phasc aiid coherence arc defined by the relations

_ Qiz Rz _ C'IZ + Q.iztan 'P - C' - S SiZ II 22
For the case y. .. )'i, wc havc Qiz = 0 and 'P = 0° or 180° according to whether

Ciz = ~ E' (w, m) cos mxi cos mxz dm

tS positive or iiegaiivc.
The foregniiig discussion follows the usual lines for determining two-

dimcnsional wave spectra with the following important difference: in the
usual f(miiulatioii thc cross-spectra depend only on the separations, Xz - Xl

and Yi -yi. This is stil assumed to hold along the y-axis, but not along the

x-axis. The reason is that the coast acts as a coherent reRector, producing

non-raiidnm phase relations.

1 1. Compflrisol/ of Theory and Experiment. Let t S (f) designate thc fre-

qucncy spcctruii of waves normaIly incident from deep water. Then S (f) is
thc dccp-watel' spectruIn at the antinodes, and

ai (f) S (f), aZ cos. (mxi) S (f) ,

are the associatcd spectra at thc shore line (x = 0) and at San Clemente Island
(x = Xl), rcspcctively. For this case of normal incidence, m = W = 2 nf and
a. = (1 +taii. mJ (1 +y-Z tanz mJ-i. ln Fig. 12 wc have drawn the theoretical
spectra normalized tn S (f) = 1. For the prcscnt model of normal incidence,

the phase rcverses ahruptly, and thc cohcrcnce drops to zero and then imme-
diately recovers. Successive resonance pcaks arc aIl of equal amplitude. ln

I962J Snodgrass, Munk and Miller: Background Spectra
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Spectro

R' :i
NORMAL -\ ~GLANC'NG

180" 1
NORMAL - l-GLANCING

1
1
1

cp O'

1 2 3 4

2" 3" 4"
w

f F' g 6 for normal incidence (solid) and glancingFigure 12. TheoretIcal spectra for the geometry 0 i £ ' to similar markings on Figs. 2, 10, and il.
incidence (dashed). The numbers 1,2.3,4- re er

d' thers the theoretical spectra differ very considerablythese respects, and in 0 (F" 2) The features that can perhaps be compared

from the observe spectra ig. .

arc the following:

Feature
Frequency ro

Observed Computed
Numbered features
on Figs. 2, 9, 10, II

(1) Spectral minimum . . . . . . . . . . . .
(2) Minimum in San Clemente

spectrum, drop of coherence and

phase reversaI

(3) La Jolla spectra peak. . . . . . . . . 4.5 4.721 92 11.7
(4) Second phase reversa ......... .

. . fair agreement except for the
Cniiiputed and observe~ f~equei:cies hare ihn. c1ear indication of the

1 i 1 l t IS disturbing t at t ere IS no_. 1' 
'" 

Il ( ¡i msc reversa. d d that the coherence
1 k in the observe spectra anflllllllllllt'Ilta rcsonance pea 1 Th separation between thc
1. 1 ft the first phase reversa. eIl'1 "v.'r~!ln itt e a er d' d ( ote that thc

1.11 1,,1111 Il iid San Clemente spectra occur. roug~ly Fa~ pre )ici-he nwidth of the
. . 1 . h . . Fig 2 and linear in ig. 12 ."111'1 KY ~('Illl' tS ogarlt mi~ in '. heor Q = z = 6; the obscrvcd

t''Mi,iiiiiii11 lH'lIk is about r1ght: according to t y Y
rl 1i,'~ Ill'I WI'I'1I -1 and 7. , _ 0) the resonance peaks (and aiiti

1''111 iiiriillllll'e oiher than normal (e -? ' £: ( -z sini O')A
Il'KIlIlllIli'e~) ~liiri toward higher frequencies by a actor 1 -y -,

3.4
3.7

3.14
3.93
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and the shoreward amplification is reduced. ln the extreme case of glancing
incideiicc (0' .. (00), resonaiicc occurs (1 - y-.)-l = 1.10 times the fre-

qucncics previously computcd. ln this cxtreme case the amplitude at the shore
line v:uiishcd except at the rcsonance frequencies. The coherence drop and
phase reversai 1I0W occur at frcqucncies 100/0 above those for normal incidence.

Coiisider the mode! of equal partition of incident energy in deep water
:ul1ong ail possible directions from (J' = 0° to (J' = 90°. The resulting shore
speclra difler very little from those for purely normal incidence. The resonance
peaks arc slightly broadencd and shifted toward high frequency; the shift is
by coiisiderahly Icss than thc factor 1.10 on account of the high amplification
near 1i01'l1al incidence. Similar remarks apply to the phase reversaI. The dip
iii coherciici: is 1I0W sinearcd from a negative delta function into a trough;
the c/Tective width of the trough is less than 100/0.

'('he case 01' isotropic radiation could easily be discussed analyticaIly. But
the I()regoiiig discussion should suffice, because clearly the smearing of the
spectral lealun:s rcsulting from the directional distribution of incoming energy
CUl accounl ¡()l' oiily part of the discrepancies between observed and computed
features. A iiiorc important aspect of the problem is the variation in the bot-
tom topography in a direction parallel to the coastline. Here we are not em-
phasiziiig ihe Islaiid and other relatively small-scale features; these are short
as comparcd 10 the wavc Icngth of the gravest modes, and their principal effect
is in scatteriiig wave energy. The important aspect is the variation in the over-all
dimensioii of ihe borderland as we move up or down the coast by a distance
of wave leiigth. Perhaps thc absence of a pronounced peak corresponding to
the gravest mode (wave length 4Xo = 1000 km) as compared to the first
harmoiiie (wave leiigth .A x 1000 km) is related to the very considerable var-
iation i Il ihe honlerland ovcr the distance of 1000 km. ln aIl events this var-
iation aloiig ihe coast l1ust be an important factor in smearing the theoretical
I~atures aiid reducing cohercnce. The associated three-dimensional analysis has
not bcen atteiiipted.

" il
iii

i

..'/'1

"

1

il

1

l.1
l,

'1
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MUI.TIPI.E MODES. Thc discussion so far indicates that some of the gross
features CUl be inlerprcted in terms of radiation incident froin the open sea.
But some 01' the observcd features are definitely beyond the scope of this ab-
breviaied Ircalment, amI wc need to develop some insight into the effect of
multiple modes oii cohcrencc and phase.

ln w, m-space (Fig. 10) the discrete spectrum is conccntrated along the

modal lines

1111

1

m = mj(w), J = 0, 1,2,.. .,

and this caii he writleii as a sum of delta functions

IL'
,

il

'1

: 1

'1

III

IL,,

E(w, ii) - SoÔ(m-mo(w)J+ SiÖ(m-mi(w)J + ...

.,
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d .. h" "ofThe continuum is concentrated in a narrow wedge a )omi.ng t. e ray
'1' 'd - m (w) so that with good approximation, we cannorma mci en.ce, Smn -" -( :. m (' w)J for :he continuum. We can then replace

use the expression nU m n .
the integrals in equations (9) by the summations

S = Sn +f Sjj=o
+ N,

S' = Sn cos2 mnx' + i; Sj cos2 mjx' + N' ,
j=o

S ' + ~ Sj' cos mj'x' ,C = n cos mnx ¿
j=o

(10)

Q = 0,

( - ) nd S' the offshore spectrumwhere S is the onshore spectrum x = 0, y - 0 a f . d r

(x = x',y = 0). The dependence of S, S', c, Q and m on requency IS un e -
stood.

EFFECT ON COHERENCE. Firs.t we ~onsider the loss of coher~n~: d;h:~
multiple in-phase modes, neglectmg noise. Take the case near w - 2 ., S 'S = Sn +So, S' = Sn cos2 mnx + 0 cos2 mox ,

C = Sn COS mnx' + S 0 COS mox' Q = 0 ,

and
C2 S nS o( cos mnx' - cos mox'). ,.

R2 = S S' = 1 - (Sn + So) (Sn cos' mnx' + Socosmox )

Thus R2 = 1 for either Sn = 0 or So = o. Setti.ng Sn = So and using the. 0 _ 72° x' = 0.4 yields R2 = 0.995. The loss
numencal values mn = 90 , mo - ,

of coherence is negligible. , d 'N ext set S 0 = 0, N = N , an cos mnx 1. This gives

Sn
R2 = Sn+N'

'''1 . b d value R. = 0.87 then indicates that about 130/0 of th: wavele 0 serve, , . Th' b due m part
Il':ord is due to incoherent noise at the two stati?ns. IS may e
III 'itinospheric pressure oscilations (see Conclusions). 1 If h . mal
' h th phase reversa t ere IS norFi iially we consider the co erence near e . 1 . t

. . S h h herence beyond the reversa recoveis 0iiicidencc only, S = n, t en t e co . . k 1 S _ S-
Ni 1 in the absence of noise (Fig. 12); similar remar s app y to .-..t

Iil1ly, 1 Il thc presence of noise we .should .expect the c~~~::~~e~el~Pr\:~:ci:
ilil. Iiove! prior to reversaI. ln fact it remams at a muc
IIIl I...~pected result if two or more modes are present.



I!l!

il

Journal of Marine Research

For ilustration, set S - Sn -1 So with Sn = 2 So. Then

24
(20,1

1

1
S . 3 So, S' = (2 COS' mnx' + cosz mox') So

.'" III

'11.1

, l '
,

and

Rz = (2 cos mnx' + cos mox')z
3 (2 cos. mnx' + cosz mox') .

The resultiiig ciirve iii Fig. 13 illustrates h th .

1 1. ow e continuum and the fundmeiita Ilot e coiispire to prcvent recovery of coh ¡: fi . a-
tl f 1 erency lOr requencies abovelOse olle phase rcvcrsaI. N umerical 1 bva ues are a out as observed.

l' ¡J
:111

R2

1111

1

r 1: 1

11111

' l"iii

o

w

Figure 13. Coherence versus frequency for the case S - Sn - 2 o.
l'II)

l: :
, 111" Ai frequeiicics just above W = 2n(~ 1 2 cph) th h .

l . .. 1. 1 . , e co erency rises to aboutt ie s,une lIg 1 value as bclow the first reversaI fr R ¡: .

, ., 1 . .. equency. eierence to Fig 10siiggests t ie possibility that the combined out-of- hase ene f . .

11 11 il aiid the moues j = 1 j' _ 2 n ffi' 1 P rgr 0 the contin-
f . " .'.- ow su cient y exceed the in-phase enero ) .. 0 to briii? this situation about. With sufficient effort (and .. gy

cvcn the 1I11llerical valucs can be reproduced. optimism)

f
, 1

1 i

il 
Iii

PIIAS¡': RICVERSAI.S. Considcr the situation at w - At th' f

. " 1 1. - n. ls requency thereexists 011 y olle ( iscretc mode j' = 0 and l'tS 1 h

. 1. ' , norma -to-s ore wave numbIS s ightly Icss than ~. n. The continuum i's c t' d b er, m,
l - on aine etween m = 0 9am lf - n. Helice ail cncrgy is associated with wa b b 1 . n

il l 1 ' . ve num ers e ow 1 25 nor w lie 1 cos IIX IS positive. Hence C is positive and tl ..,

arc in phase, as oliserveu. ' ie two instruments
N cxt consider :t frequency w slightly ab (' b .

h fi J r, . ' r, ove 1.25 n Just a ove (2) int c gurc. lhe co/itinuum assocIated with near-normal incIde' f

Phase wher'" tl" nce IS out 0, C.lS le colltiiuum associated with ncar-glanci' g"d ..

Phas Tl. ' , ' .. n inci ence IS ine. lele .aie now two possible discrete modcs, j = 0 and . = 1 and b h

of thesc arc 11 phase. The obscrved phasc rcversal if j. ' ot
states that the total wl'ighted out-of-phase encrgy e~cecX:o~:IYt tinit~rprehted,energy 0 a in-p ase

IL'
,II

III

III

iii
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I
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'" 1.25
~ cos mx' S(Wr, m) dm ) ~ cos mx' S(Wr, m) dm.1~5 0

One is tempted to interpret the phase notch betwecn 0.8 and 0.9 cph in
terms of the vicinity to Wr, the cut-off frequency for j = 1. The argument is
as follows: It is conceivable that with increasing frequency the balance be

reversed in the sense that the energy of thc two discrete modes exceed the

energy of the continuum. ln that event q; would go back to 00 at sorne fre-
quency such as that marked (5). At W = 1.39 n (point (6)J the discrete mode
j = 1 has anode at the offshore instrument. For slightly larger frequencies
the continuum plus the j = 0 mode are now reversed, and only j = 1 is in
phasc. This could lead to a restoration of the out-of-phase relation. Let Sn,
S 0, Si be the energies associated with near-normal incidence and the discrete
modes j = 0 and j = 1 respectively. Furthermore assume that the cut-off

frequency for j = 1 is slightly above 1.25 n (the theoretical cut-off for the
step topography is at frequency n). Then we have (Fig. 10)

out-of-phase between (2) and (5):
in-phase between (5) and (6):

out-of-phase beyond (6)

So ( Sn ,
So + 'S ) Sn,

So(Sn+SI.

The inequalities cannot be satisfied unless the discrete and continuous spectra
contain comparable energy.

Quantitatively the above suggestion leaves much to be desired. The observed
notch between (5) and (6) is wider and at higher frequencies than would be
consistent with the theory for the step topography. Stil it is difficult to see
how the complex phase relation could exist unless both the discrete and con-
tinuous spectrum contributed appreciably to the total spectrum.

PARTIAL ABSORPTION. Suppose a fraction 1 -sZ of the energy is absorbed
as the wave travels from the offshore to the onshore recorder. Let t a be the

incident amplitude offshore; then -~ sa is the amplitude of the incident and
reflected waves as measured near the shoreline, s(~ sa) the reflected amplitude
offshore. Thus a fraction 1 - s4 is dissipated on the round trip. For an ele-
mentary wave train we have

r¡(o, t) = sa cos wt,
r¡(x, t) = t a cos (mx+wt) +t s.a cos (mx-wt).

Proceeding as previously we find

S =tszaz,
S' = t SZ aZ cosZ mx + t (1 - sz)z aZ ,

C = -4 S(i +s') a. cos mx,
Q = i S(i -sz) a. sin mx,
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and this yields
1 -sZtaii rp = -- tan mx Rz = 1 .1 + SZ ' (1 1)

Fig. 14 shows the relation for selected values of s Th d' .

to fretiuciicy aiid Ii . l' 'd . e or mate IS proportionai, , or nO! ma mci ence mx = 0 4 w Perce t fl . (. , . . . 11 C re ection SZ = 1
yields. the a~rupt phasc reversaI previously discussed. Perfect absor t' 1 d)

to a hiicar lIcrcase of phase with frequency The obs d b h .P i~n ea s. erve e avior is more

7T

cf

o 1.0

-7T

o 7T 27T 3"
mx

Figure If. Phase vcrsus tnx (~w) for various values of absor tion Berc "

Borption of energy between stations' s' _ t Pi' ~ i rcfcrs to no ab-, - 0 0 comp ctc absorption.

n~arly in accord with pcrfect reflection. The curve s' - 0 8 (, .' d"

ation 1 _ S4 _ 6)' - . eiic! gy ISSI p-
b' . - 0.3 is som~:vhat comparable with the observed lack of~ ruptn~s m thc phase transition, but it must be rcgarùed as an upper Ii mit

~::~~~i~ii a;,~oinc ~ ~he transition softening is relatcd to lack of frequency

of coast l' . flic ~c~ nique could be developed to yield Ileaiiiiigful estimatesa ic ectivlty.

DISTRIBUTED REFLECTO S hRS. uppose t e coast rcflects perfectl but on
acc?~~t ~hcoastal ir:egularitics the distance froii the offshore insr;ument is
v~r:~ efi e ~ffect is somewhat the same as if wc rcplaced the distance x

~. \0 shore mstrument by a probability distribution P(S)èJS of 

the dista~c~
ymg etween x + S -t èJ~ and x + S +-~. oS. Let S (( x. Then we have
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S='~'a.,
S' = ~ a. (cosz mx -mZ sz cos 2mx),
C = (1 -mZ sz) cos mx,
Q = 0,

where S. is the variance of S. The coherency equals

Rz = 1 - m. S. tanZ mx + . . . ,

and this would lead to an appreciable loss of coherence. The phase relation
is unaffected.

LONGSHORE SEPARATION. The two stations are not located along a line nor-
mal to shore (as assumed in the discussion), San Clemente being about 50 km
north of La JoUa (Fig. 1). What is the effect of this displacement on phase
and coherence?

Going back to equation (9) we write

50 km
Lly =YZ-Yl = --- = 0.2250 km

for the dimensionless separation (as a ratio of shelf width). Suppose energy
were concentrated in any one mode. Then on forming the ratio QIC we obtain
tan T = tan nLly, or T = nLly. Consider the case for the second reversaI, at
w = 9.2. Observations indicate that San Clemente lags La JoUa by 2200,
as compared to 180° for perfect reflection. If this additional phase lag of 400 =
0.7 radians were due to the longshore separation, then n = TiLly = 0.710.2 =
3.5. Thc values w = 9.2, n = 3.5 are consistent with incidence from the
south very near glancing incidence, 0' = 80°.

The coherency is not affected under the present assumption. But if we
permit a wave to trave! in either direction, th 

en the situation is different. Let

E designate the energy of waves from south to north and szE the energy from
north to south, again under the assumption of a single mode. Then

S Il = (1 + sz) E,
Cu = (1 +sz) Ecos mx cos nLly,

Su = (1 +sz) E cosZ mx,

Qu = (1 -s.) Ecos mx cos nLly,

1 -S2
tan T = - tan nLly

1 +sz
(12)

4 S2Rz = 1 - sin2 nLly .
(1 +sz).

The phase relation is analogous to that due to partial absorption (1 1) as por-
trayed in Fig. 14. The transition is centered at nLly = ni the suddeniiess is

dctermined by the value of s. The inferred value of longshore wavc number

(13)
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ill,
at the transition is n = n/Lly = 5. The observed frequency of transition is

w = .3.?- Thesc valucs arc inconsistent with any possible solution (see Fig. 8),
and it IS concludcd that the phase reversaIs are not due to intcrference from
oppositely traveling wavcs in the y-direction.

ln a previous investigation (Munk, et al., 1959: ch art 10.2) it was found
tl~at. t!lC cohc:cn:c bet~een La J oIla and Oceanside, California (Ll y = 0.13)
?imiii~!ie~ with ir~crcasIng. freq~encr roug~ly as R2 = 1 - sin. (0.11 w) until
it vanishcd, but did n.ot rise with IncreasIng frequencies. Comparison with
(13) suggests s' "' l, i. e., almost equal energy traveling in both directions.
Fran~ (13) wc t~ien ~nd that the coherence should vanish for n = ~- n/Lly "' 4n.
Considcr a verticalli?e drawn on Fig. 9 for n = 4 n. For frcqucncics of about

1:5 n or Icss, ail possible solutions are in phase, and thc expccteu coherence is
hlG,h. The obscrved lo~s of cohe~en:e occurs at w = ~ n/o.i l "' 4.5 n; at
this frequcncy thc contInuum for Incidence more ncarly normal than Brew-
s~cr's angle is i~i phase, whereas the waves near glancing incidencc and the
discrctc .moues (; = 0, l, 2, 3) are aIl out of phase. Again the loss of coherence
can bc lItcrpretcd as an i~dic~tion of comparable cncrgy in the continuum
(concentratcu ncar normal Incidence) and in the discrete modes.

could be responsible for the low coherence above the reversaI frequency if it
contained about half the energy of the continuous spectrum. .

The trouble is that, once the superposition of continuous and discrete

modes of equivalent energy is admitted, the situation is sufficiently complex
that nearly any observations can be accounted for. Thu~ a bother.som: ':n?~ch"
in the phase diagram can be attributed to the mode; = 1 which IS InitiaIly
formed in phase and which with increasing frequency, passes out of phase.
We also wish to refer to ~he complex and remarkably reproducible cross-

spectra previously obtained off Guadalupe Island (Fig.4) and to two similar
analyses of lesser quality off the California coast (Munk, et al.,. 1959)' ln
those instances the separation between the offshore and onshore lIstruments
was 1. 5 km (as compared to 100 km in the present case), and the phase re-
versaIs took place at much higher frequencies. It turns out that the ob.served

spectral features are inconsistent with edge-wave theory only, or. contInuum
theory only. We intend to study these cases furth~r. Th~ comparison of re~-
ords obtained from instruments separated at various distances longshore IS

planned for later this year.
At this time we conclude that the continuum and discrete spectra are of the

same order. If the coast were truly one-dimensional, h = h(x), then the con-
tinuum would naturaIly be ascribed to pressure anu wind Ructuations over the
open sea, and the edge waves to similar meteorological disturbances over or
near the borderland. But the coastline is complex, and we must expect the
scattering of energy from any one mode to any ot~er. O.ne .ma~ envision that
the scattering processes would bring about compatible distributions of energy
among aIl modes, regardless of whether disturbances in the open sea or over
the borderland are the ultimate cause.

From the observations over the borderland we may infer the spectrum in
the deep sea. It appears to be Rat at frequcncies above 0.7 cph, wit.h an en~rgy
density of roughly 10-2 cm'/cph, and this is not inconsistent with previous
measurements off Guadalupe Island. At frequencies below 0.7 cph the spec-
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12. Conclusions. The most prominent observed fcaturcs arc the phase revcrsals
at 0.6 and 1.7 cph, a?d these are not inconsistcnt with simple standing wave

pattcrns.over the contInental borderland. Resonant amplification (in the open-
?rgan pipe scnse) lcads to the spectral peaks at thc coast liiie. Thc situation
IS. thcii 9uitc analogous to the resonance amplification of the lunar semi-
diurnai tidc ovcr the broad Atlantic shelf (Red field, 1958).

? n.fort~natcly the picture is not this simple. There is strong cvidence that
ra~iation fram thc open sea cannot be the only sourcc of the recordcd oscil-
lations on the borderland. If it were, th en aIl wave motion at the two record-
crs should ~c in phase at frequencies below that of revcrsal and out of phase
at frequcncies above phase reversaI, except for a narrow transition band cen-
terc~ on the frcquei~cy of phase reversaI. The coherency is a mcasurc of the
relativc phase, and it would th en show a narrow trough centercu at phase
revcrsal and b? cquaIly high ?n both sides. ln fact the coherency is much
lower at the high-frcquency side of the phase revcrsaI. The interpretation is
as follows:. 01.\ thc low-frequency si de, aIl energy associatcu with any fixed
frequcncy IS 1I ph~e at the two instruments; on the high-frequency side,

most of th~ encrgy.is out of phase, but a substantial fraction rcmains in phase.
Therc IS a straightforward way out of this dilemma. The "continuous

spectrum" associated with radiation from the open sca is only one of the two
cl~sses o~ solutions to the pertinent boundary value problcm. ln addition to
this contInuum thcrc are solutions corresponuing to the discrete modes or
edge waves. The existence of these woulu produce just the effect here i~di-
cated. Thus the lowcst mode, j = 0, remains ¡n phase at al! frequencies and
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Figure 15. The deep-sea spectrum (devoid of shelf resonances). The dotted line is the spectra lcvcl
indicated from atmospheric pressure measurements.
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trum rises sharply. It is reasonable to suppose that the inferred deep-sea spec-

trum is due to a superposition of two processes: one leading to the f-3 spec-

trum which dominates at the low frequencies; the other to the flat spectrum
which dominates at the high frequencies. This is sketched on Fig. 15. The
dotted line is the spectrum of atmospheric pressure in (mb)ijcph, according to
Gossard (1960). A milibar (mb) and a centimeter (cm) of water are equiva-
lent pressure units, and the curves are on a comparable scale. If the sea leve1
is considered fixed, then the pressure transducer on the sea bottom would
presumably record oscilations associated with the atmospheric pressure spec-
trum. If the sea level yields in the sense of an inverted barometer, then the
pressure fl uctuations on the sea bottom would vanish. The observed fact is
that the recorded fluctuations are larger by an order of magnitude than those
due to atmospheric pressure, and this eliminates atmospheric pressure in situ
as the principal cause of the recorded oscilations. Some of the loss of coherence
at low frequencies may, however, be due to in situ atmospheric pressure effects.

We wish to acknowledge the suggestions received from Carl Eckart, Nor-
man Barber, and George Backus.
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