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ABSTRACT

“Long” ocean waves, with frequencies between 0.2 and ro cycles per hour (cph), have
been recorded simultaneously at La Jolla on the California coast and at San Clemente Island,
about 100 km seaward. The spectral power is greatest at the lowest frequencies but remains
fairly uniform (about 5x 10-2 cm?/cph) between 0.7 and 10 cph. Comparison of the Island
and shore records shows that at the lowest frequencies (below 0.7 cph) the two records are
consistently in phase and are highly coherent, as might be expected; above o.7 cph they
are out of phase, and the coherence is low. The phase reversal is fairly abrupt and suggests
standing wave patterns, with the implication that the coast must be a good reflector. The
failure of the coherence to recover after phase reversal suggests multiple modes, with an
appreciable fraction of energy associated with in-phase modes even after most of the energy
is out of phase. It is inferred that the observed waves are not only ones that cross the shelf
from the deep sea but that comparable energy is present in “‘trapped’ waves that have
somehow been excited upon the shelf.

1. Introduction. For some time we have studied the low-frequency spectrum
of ocean waves at coastal stations. These observations have focused our at-
tention on the problem of whether the low-frequency wave energy is prin-
cipally in the form of edge waves (or “trapped” modes or “discrete’” modes)
or whether the energy leaks in from the open sea and is part of the continuous
spectrum, Wave observations at a single isolated station cannot provide a def-
inite choice between these alternatives. One obvious experiment is comparison
(in the frequency domain) of simultaneous recordings at two different stations.
T'he present paper discusses such an experiment.

2. The Experimental Site. The continental borderland off southern Cali-
fornia is shown in Fig. 1. Wave observations were made near the shore at La
Jolla and at a point near San Clemente Island which is some 100 km from

* This work has been sponsored by the National Science Foundation under grant-in-aid No. G1o186.
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the shore. Attention was paid to waves with frequencies in the range 0.2 to

T 1 1 '
10 cph. \
An undulating shelf, occasionally a kilometer in depth, extends about "\
250 km scaward from La Jolla and then drops quickly away into deep water. | . % | T
Sections along the two lines marked A and B are shown in Fig. 5. The border- 3 oy Lo
land is less wide toward the north. The Mexican territory to the south is not 5 g

well surveyed.

OCEANSIOE

LA JOLLA
VIBRQTRONY

3. Instrumentation. The wave pressures at each of the two stations were
detected by a Vibrotron pressure gauge which has heen described previously
(Snodgrass, et al., 1958); in outline, the water pressure changes the tension
of a taut wire and so changes its nitural Irequency. "T'he wire is maintained in

T —
oscillation by a constant voltage supplicd from onshore, and the oscillation 3 : §
frequency is detected as a fluctuation in the electric current. In the present % § § A
experiments it was necessary to uttenuate the pressure changes due to the g w, 4
obvious short-period ocean wives, whose frequencies are typically 300 cph and !l %é@ \
upwards. Each Vibrotron wis theteloie enclosed in a hydraulic filter that / o8 5
attenuated such short-petind Huctuations by a factor of 105 or more; this 30N
filter has been descrilied by Snodpras (1961).

Each instrument was laid i ubout 30 m ol water and buried about one meter
deep in the sew hottom 1o protect it from temperature fluctuations. The time
occupied hy 08 aucillations of the Vibrotron (about six seconds) was measured i
i mieroseconda il reeondid dipitally on punched paper tape. These measure-
mnts were mwde at intervals of 30 seconds, and the observations extended
over shout 9o howrs, Uhuas the data consisted of about 11,000 pressure mea-
srements 4t vael station,

Fwosich espiments were made. Run A extended between 1200 on

b4 October 160 10 0230 on 17 October. Run B extended between 0745
e E 7 Otaber o0 2400 on 24 October,

BakiTa

‘Baraana i

SAN CLEMENTE
VIBROTRON

(PORT HUENEME

4o Amtrumental Naive, 'I'he waves that are being studied are of such very |
skl sompliside that i v necessary to make some comments on the observed
Mnoike™ level of the fsstruments, “Thus, the spectral level in Fig. 2 averages
unly cidfepks in the range from 0.2 to 8 cpks so that the total power
in this baml s only

(8 - 0.2)0.5 ~ 0.4 cm= .

That s, the nms waye amplitude is only about 0.6 cm.

A Vibrotron instrament was capped to exclude all pressure variations, and
a record trom this capped instrument was made under conditions identical to
those in the actuil tests, “I'he series consisted of 3000 numbers, and these

diminished sninthly from 5,397,394 to 5,397,285, with only the last digit
(the “least comm™) varying erratically by a unit value; for example, the last

T Tie® nre

120°

21

Figure 1. The continental borderland off southern California showing the location of the stations. The profiles along A and B are shown in Fig. §
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two digits of the first ten numbern yre by O3y 94y 04y 93,

~3

_ i 945 945 94, 93, 94.
Only in two instances did the Tast digit vary by 2

- i two successive numbers,
and never by 3. The drift wiw removed by means of a high-pass filter; the
resulting spectram wis nearly white, with a mean square value of 0.2 (least
count)?, corresponding 1o a s vadue of thout 0.5 least counts. The result
indicates that nearly all of the fnstramental noise level is associated with a
random variation i the least count (1 part in 5 105); the drift contaminates
frequencies lower thin those of interest in (his investigation. In the actual test
the sensitivity of the capped Vibrotrons was 0.0087 cm per least count. The . e
total instrumental noise energy is then 6,40 10~5 em2. The analysis extended ¢ Ve
from o to .17 cpks, piving a noise density of about 1.5 x 10~3 cm?/cpks. This
lies a thousand timen below the recorded level, We conclude that the instru-

ment is perfectly capable of coping with the low energy levels of the long-
period waves,

S Prefiltering. Vor a pencral
Sea and swell is reduced by hydr,
The energy associated with sea
the other s 1000 thnes above
these adjoining high-cne

discussion we refer to Munk, ef al.y (1959).
aulic filter, the tides by numerical convolution.
and swell on the one hand and with tides on

the typical low-frequency background, and
rgy bands must be reduced before the data are analyzed.
The hydraulic filter is equivalent to a two-stage RC-filter, each stage with

a time constant of 32 seconds. The “cut-off frequency” is then (2 wx 32)~1 =
0.005 ¢ps 18 cph. At higher frequencies the energy is reduced by about
S=% or 12.db per octaver, ‘The Nyquist frequency is 60 cph, much in excess
of the cut-off frequency; the encrgy at the Nyquist frequency is reduced by
a factor of 101 At the frequency of sea and swell the reduction is by 10s.
The high attenuation assures a negligible error from aliasing.

Further low-passing was achieved by numerical convolution, using an
expanded Martin’s filter P 050320 (Martin, 1957) consisting of 201 sym-
metrical weight factors. A similar filter, inverted and with a unit positive
sptke at the center, was used for a high-pass filter to eliminate tides.

cphr

N

Lorr siore

COHERENCE

-

6. Reliability of the Spectra.
of the spectra and the possible

LN
In this section we discuss the statistical reliability By
errors due to the aliasing of sea and swell and
to side-band energy from tides. These last two matters are critical on account
of the very low encrgy level of the spectrum in the freque
consideration,
Fig. 2 shows the cross-spectra between La Jolla and San Clemente Island.
To indicate reproducibility we have analyzed the observations in two sections.
Run A extends from 1200 on 13 October 1960 to 0230 on 17 October;

ncy range here under

08

0.6
hydraulic and numerical filtering. The features

at the bottom. Frequencies are shown in cycles
1 spectra, Figs. 10, 11, 12 (see text).

have been adjusted for

c p.ks.

o4

cles refer to Run A, the open circles to Run B. The (coherence)? for the two runs is
Jolla relative to San Clemente Island

02
marked 1, 2, 3, 4 are marked for comparison with theoretica

per hour (cph) and cycles per kilosecond (cpks). Spectra

San Clemente Island (dashed). The closed cir

v - W 'O T ja'{ W ' il lid} and
F ». The observed cross spectra between La Ila and San Clemente Island. The upper curves sho energ density for La Jolla (SO )
igure 2. y y

plotted in the center and the phase lead of La

10
10
1Ops o @

run B from 0745 on 17 October to 2400 on 20 October. The observations,

2 The laboratory culibration w
Vibrotron and by forming

1073
1073

RZ 05
-180°

cpks. 107

as checked iz situ by simultancously recording a filtered and unfiltered
the ratio of the spectra (Snodgrass, r96ry),

cm?
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.madc at 3o-second intervals, were lo
intervals. T'he power-spectral ana
’pl‘ottcd), giving 11 degrees of fre
Ihe g5o/y confidence limits for
3 times the computed values, Cle
be desired, and data should be

essential features are resolved and reproducible

———WITH high-pass
correction

cm?

c.p ks,

~—— WITHOUT high-
pass correction

l ]
0 .05 1

c.p. ks.

Figure - T
Igure 3. La Jolla spectra for Run A before and after correction for high-pass filteri
- ing.

The numerical hi
The al high-pass filter greatly attenuat ides i
Of course the calculated s 4 e

pectra were later corrected fi i i
9 . caleylae or this filter. Fig,
T;)ws on(; of the spectra before and after correction for high-pass ﬁlter?n ;
1 » « IYIE o ~ g o . ’
—wti:)nm');('jl near 0.05 cpks in the uncorrected spectrum is due to the ﬁltegr
;‘educ .[ ’u, p ak near 0.01 cpks represents the tides. The filter has evident]
gmmﬁ (Illc tule ;fn(‘x'g:lcs to roughly the same level as the long-period back
d. Henee the side-band energ i i
2~ha y of the tides cannot ha i

ap;zﬁuably to the spectrum above .05 cpks. =
] ectrle hydraulic low-pass filter greatly attenuated the sea and swell. The
pectrum (uncorrected for the hydraulic filter) dropped monotonically .at the

higher frequencics, reaching 10-4 cmz/cpks at the Nyquist frequency. Thi
repr pper Hmj i of se

presents an upper limit to the possible contamination b the aliasi 4 f X
and swell. It is much less th 4 of the spoc.

: an one per ce
O 1 nt of the general level of the spec-

[20,1

low-passed, and decimated to 2-minute
lysis was made with 480 lags (only 100 lags
edom for each (22 for the combined run)
11 degrees of freedom extend from o, 5 t(;
arly the statistical reliability leaves much to
taken for a month instead of a week. Still the
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5. First Inferences from the Spectra. All the spectra in Fig. 2 show a steep
rise (as f-3) toward the lower limit of the frequency shown there. Above 0.17
cpks the spectra show no general trend in level though there are variations of
the order of 10. It is possible that two processes contribute to the over-all
wave system. One produces a sensibly uniform power level over the whole
frequency scale, and the other produces a spectrum whose power falls as f-3,
though it can be distinguished only at the lowest frequencies where its power
rises above that of the first.

However, the most striking features of this analysis are not the spectral
densities but the sudden variations in phase and coherence. The waves are in
phase at the very low frequencies; at 0.18 cpks a sudden change commences;
and between 0.2 and 0.4 cpks the oscillations are out of phase. There is an
indication of another phase reversal at about 0.45 cpks. The coherency dips
at each reversal. The scatter is large but no larger than expected from the
degrees of freedom and existing coherence. The main features and some of
the details are repeated for the two runs, including an anomalous phase re-
versal between 0.23 and 0.25 cpks.

For comparison we reproduce a somewhat similar result previously published
(Fig. 4). In this case the onshore instrument was located on the eastern shore
of Guadalupe Island (about 200 miles south of San Clemente Island), the
offshore instrument 1.5 km seaward at a depth of go m. Note the sharp phase
reversal commencing at about 12 cpks. Spectral peaks in the Guadalupe spec-
trum are at a much higher frequency than the corresponding features in the
present investigation. For frequencies less than 5 cpks, the energy density
settles down to about 10-2 cm2/cpks. We suggested at the time that this was
a measure of open-sea activity, and present results are consistent with this
suggestion.

The fact that the relative phase of the waves at the two instruments tends
to be either zero or 180° (depending on the frequency) strongly suggests a
system of “standing” waves. This in turn implies that the coast acts as a good
reflector.

A standing wave would be expected to produce motions that were highly
coherent at any pair of places. The analyses in Fig. 2 show that the coherence
is in fact quite high at frequencies less than about 0.6 cph. But at higher fre-
quencies, when the phase has shifted to 180°, the coherence falls to quite low
values. One explanation would suppose that at any one frequency there are
a number of different possible modes of standing waves. At low frequencies
(long wave length) one could well expect that the distance between the two
observation stations would be only a small fraction of a wave length. All the
different wave modes would then tend to give oscillations that were “in phase”
at the two instruments. ‘The coherence would be high. But at higher fre-
quencies (shorter wave lengths) one might well find that some wave modes
produced oscillations that were “in phase” at the two stations, and some pro-
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Figure . The cross-spectra between onshore and offs
Lalvud (from Munk, e of,
126 degrees of freedom

hore recorders at the eastern side of Guadalupe
» 1959). The legend is analogous to that of Fig. 3. There are
for each run (as compared to 11 in Fig. 3).

duced oscillations that were different in phase by 180°.
a low coherence in the agy
The theoretical tre;

"This would lead to
regate motions at the two stations.

wment that follows is a discussion of the various possible
modes of standing waves. To explain the low coherence which is found ex-
perimentally, it is shown that one has to suppose that an appreciable fraction
of the encrgy is contained in “trapped” modes that somehow develop on the
continental shelf. ‘I'hat such “trapped” modes are a significant feature of the
wave system is perhaps the most interesting outcome of the present experiments.
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Figure §. Depth profiles along the lines A and B indicated in Fig. 1. The theoretical estimates are
igure §.
s based on the step-profile.

; heoretical discussion, we have to
8. An Idealized Topography. To make a t :
idealize the actual situation. The form of the contmen;al borc}llerland. haIs? iZ:ersl
i idealize it i he form shown in .
hy in Fig. 1. We propose to idealize it into th
Zn(;‘”él ;x st?aight steep coast (a perfect reflector) is bordered ’]1.)“)}71 2 sheiilgl (ig
ifon i is i flanks a deeper sea. This mo
uniform depth and width, and this in turn . o
istic i i he shelf has a uniform width,
unrealistic in the sense that it supposes that t i
i lv be tractable. The undulations
but a more complicated model would scarcely L
1)1‘11 t}?e bottom of the actual borderland are not perhaps very 1mp9rtant :;vhe;g
one is considering very long waves. The idealized shefli has b:ieen E)lveln a}.3 yefhis
h f i = lue of (true depth)~3.
h found by making A~% equal to the mean va ‘ | y
1;10;):: we };nsure tl%at the travel time of waves across the idealized shelf is the

z

e o -»4

X
e X g

x;= 100 km
X, =250 km
h =06 km
h'=36 km

i i ointing
Figure 6. ‘The coordinate system is centered at the sea surfaf:e along the coasth'net, “3:: ): pcr Thi
2 . neaward, z upward. The coordinate y (not sho:vn) B parallel to shore into pap
¢ pwi
San Clemente recorder is at sp, the offshore “‘cliff” at xo.
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same as the travel (iine across the
waves may be taken to be (e M4,
was based on seaward
stations, 'l‘h('y are slor
and the sectjon ol the

actual borderland, since

sections of the border]
11z the lines marked A and B in F
idealized model are shown in Fig. s.
9. A Theoretical Model of Wa
stant depth can be wricee

(&}
72
(\72»1-0—2»(%;)77=o, O<ar<ag,
_, 07
(V2+C"25;)')7~0, Yo,

where 3
C =Vg}z, C = Ve h'

velocities on and off the shelf,
ttion as a function of time,

designate the
surface clev: t. We seek solutions of the form

% 2 Cos mx cos (-t +g), O<¥<Hg,
and these represent wayes traveling in the
and troughs normal to shore (Fig. 7). We
as a superposition of

J~direction (along shore) with crests

may consider these standing waves
an incident and reflected wave,

7 = % a cos (mx +tny—wt)+ % a cos (—mx +ny ~w?),
where m « 4 cos 0 and 5 -

k= wlC, and 0 is the incident direction on the shelf.

At the coastline the velocity component 4 n
Infox ~ 0 at x = o .

At the cliff, conservati
and conservation of momentum implies continuity in 4#/8z. Thus 4 (0n)0x) =
B (0 [0%), and Ny at x = x.

To put the ¢quations into dimensionless form we refer a] distances to x,
and all times to ¢, x0/C d for a wave to travel over the
shelf (2, = 0.9 hours). Thus

£sin  are the components of the wave number,

ormal to shore vanishes so that

the time require

N

-~ [
X = e Y = y/xo, £ = tito,
N N FaS
m o omxg = nxg, W = @i,
and

NN FAVAN AN
N acosmxcos(ny -7 + @)

(1)

[2o0,1

the velocity of long
The actual value of 4 for the idealized shelf
and near the positions of the two
ig. 1. These sections

ves on the Shelf. The wave equation for con-

respectively; and where 7 is the

ler : d Spectra 13
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K‘C‘demfi- (/ Orl) Various normal-to-shore profiles are plotted in Fig. 1x.
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i i t unless other-
I now on we shall drop the ~ with the understatlldm% tha
e iti in dimensionless form.
wise stated all quantities (except #) are in dim
Nute that . N
f in cpks = 0.049 w,

fin cph = 0.175%.

i i : odes and the trapped
There are two classes of solutions (Fig. 7): the lealkirt:: ks T
modes. ‘e former are trigonometric offshore, the la
o ) "
offshore (hence the name “edge waves™).
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For the leaky modes e now et

N Cow Y o8 (ny g ), o<x<t, (2)
yom o con (' o') cos (rziy ofip), 1oy ,
with
Mmoo ) "o ksin @) k= w/C,
m' =4 cos )" n'e Ksing’ g w/C
The wave cquittions and the lmund:u‘y condition at x ~ o are satisfied. To

satisfy the conditions at N L we require

homa sinm = bm'a sin (m' +a)
acosm = a'cos (m' + o)
14

(3)

n n
The st condition yields
sinf ¥ ¢ g (say)
e e e sa
s p ¢ y Y),
which is Snells law. The relation
n\z ~7sinz § sinz §’
tanz § = ¥ A S Ty (4)
m I=y=2sin2 6" 92 _gjna g
makes explicit the relations between the (dirnensionless) wave numbers on

the shelf ( Fig. 8). The leaky modes can be regarded as the result of radiation
incident in deep water with an angle 0" and reflected partly at the step (x = 1),
partly at the shore line (¥ = 0). For norma) incidence, §' = o and hence
# = ot the wave length along shore is infinite. For glancing incidence, ¢ — 90°
and hence m*/(y*—1). On F ig. 8, any point contained between the radia]
lines corresponding to normal and glancing incidence is a legitimate solution:
the spectrum is continuomus for the leaky modes. Incidence at Brewster’s angle,

tan 0" <y, leads to n - cot 6" = m/y and is of special interest.
For the trapped waves we set

7 acosmxcos(n_y—cot+¢), o<¥<1,
7 a'exp(—m'x)cos(ny~a)t+gv), I<x,

The wave cquations then yield
R R R R Ty I
and the boundary condition at x = 1 yields

acosm=da'e=n" homasinm - bm'a'e—n"

T

m

I
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(3)
m? (tan? m + p2) = n2ys (Y2 —1),

. des are shown. For
and the spectrum is accordingly dmrﬂ.e i Tllle fiftliiil;: ::: Othe permissible fre-
] o 1 mode there is a low number is
(I bt Wi ’th mode, the cut-off wave

oy numbers. For the s » the cut - The
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erived by subs

X : . - T
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Figure 10. Relation between dimensionless frequency, w, and normal-to-shore wave component,
', over the shelf, for the case y* = 6. The lines marked j = o, 1, 2, 3 represent the
discrete spectrum. The continuum is contained between the lines marked ‘‘glancing”
and “normal” incidence. Resonance occurs at m = } 7, § o1, 37, . . . and antiresonance
at m =g, 275, 37. For the case ¥ = 0.4 phase reversals occur at m = §m, o m,...
as indicated. The points marked, 1, 2, . . . refer to similar markings in Figs. 2, 11 and 12.

and equals @2 = g2. The amplification is a maximum for normal incidences,
> ﬁz = 2,

It is not possible to draw an equivalent amplification diagram for the discrete
spectrum, for here the amplitude offshore approaches zero. But we may inter-
pret the lines as knife edges, infinitely narrow and infinitely high.

For some purposes it is more convenient to plot these relations in w, 7-
space (Fig. 10). Lines of equal 7 are along the equilateral hyperbola

N (7)

Fig. 1t shows profiles of the water surface normal to shore for certain
selected situations. On the left are plotted the profiles of the leaky modes.
"The upper figure corresponds to a frequency so low (and a length so long)
that the wave is hardly affected by the existence of the shelf. The next case,
m « } g, corresponds to a node at the outer edge of the shelf, leading to maxi-
mum amplification at the shore line. This is analogous to the fundamental
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onance in an open organ pipe. For m = v there is
= 1. The case mx =

leads to a node at San Clemente Island: San Cle-
hase for m less than § 7, and out of phase
for m above § m. The next case corresponds to the first harmonic resonance

of the shelf, and the last case to the second phase reversal.

Corresponding profiles for the trapped modes are shown to the right. In
each case the profile is shown for the lowest (or cut-off) frequency and for
infinite frequency. In the case j = 0, the coastline and San Clemente are al-
ways in phase; for j = 1 there is a reversal at some frequency; for j = 2,3

they are always out of phase, etc.

10. The Cross-spectra Predicted from Theoretical Model. Let nx(z) designate
the surface elevation at a location, x1, 15 and similarly na(¢). Consider an
elementary wave train (eg. 1) and perform the cross-correlation

{a(t) Ma(t — 7)) = § a* cOs mxx COS m¥z
[cos #(yz —y1) cos @T +sin #(yz —¥s) sin wt],

1 a2 by E(m,n)dm On,

where ¢ > designates a time average. We now replace
in wave-number

the contribution of energy from a unit of infinitesimal area
space. Inasmuch as we have assumed random and uncorrelated phases, @,
between elementary wave trains, we can write for the correlation from all

possible waves

Ri:(t) = cgog E(m, n) cos mxz Cos ms

[cos 2y —ys) cos T +sin #(y2 ~yx) sin wz] dm dn .

In a similar manner we can express Ris(7) in terms of contribution

I’ (w, m) 6w m from elementary areas in an o, m-diagram (Fig. 9):

Ry:(7) = °§ °§ E’ (w, m) cos mxx Cos mxz

[cos #(y2 —yx) cos o +sin 7(ya —y:) sin 0] dmdw,

with # « n(w, m) in accordance with (7). E and E’ are not the same. The
relition is given by E dm dn = E’ dw dm, and hence

E’:E7(”’”)=E9. (8)

m,w n

‘I'he measured quantities are the corresponding Fourier transforms:
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Six(w) = Ru(v) cos wr dv =\ E' (0, m) cos muy dm |

Sa2(w) = Raa(z) cos v dv = E' (0, m) cos mxy dm

Cra() = Rua(7) cos wr dv = § E' (0, m) cos may cos mx, cos n(ys—y1) dm
Qra(w) = Ria(7)sin ot dv = § E'(w, m) cos mxy cos mx, sin n(yz—y1) dm .
Again 7 = n(m, @) in accordance with (7). If we wish to interpret the com-

puted quantities in terms of energy density in wave-number space, then we
make use of (8) to write

Su(w) = E(m, n) % COS% mx1 dm ;

and similarly for 8.,, C1zy and Qr,. The integration is along the circles o —
constant (Fig. 8).
Phase and coherence are defined by the relations

Q“ Rz CzIz'i'sz

tan @ =

Cra’ Y

For the case yi -~ 3., we have Q12 = 0 and ¢ = 0° or 180° according to whether
Crz =\ E' (w, m) cos mxy cos mxs dm

is positive or negative.

The foregoing discussion follows the usual lines for determining two-
dimensional wave spectra with the following important difference: in the
usual formulation the cross-spectra depend only on the separations, x,—ux,
and y. —yr. This is still assumed to hold along the y-axis, but not along the
x-axis. The reason is that the coast acts as a coherent reflector, producing
non-random phase relations.

11. Comparison of Theory and Experiment. Let 4 8 (f) designate the fre-
quency spectrum of waves normally incident from deep water. Then § (f) is
the deep-water spectrum at the antinodes, and

@(f)S(f), a cos (mxs) S (f),

are the associated spectra at the shore line (x = 0) and at San Clemente Island
(¥ = 1), respectively. For this case of normal incidence, m = @ = 2 zf and
a =[x --tan? m] [1 4 p~» tan2 m]-x. In Fig. 12 we have drawn the theoretical
spectra normalized to §(f) = 1. For the present model of normal incidence,
the phase reverses abruptly, and the coherence drops to zero and then imme-
diately recovers. Successive resonance peaks are all of equal amplitude. In
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oretical spectra differ very considerably

i rs, the the
these respects, and in others, o e hor be comparcy

from the observed spectra (Fig. 2). The features t
are the following:

Frequency @
Numbered features q ¥y

Observed Computed

i Feature
on Figs. 2,9, 10, 11
(1) Spectral minimum ......... .. 34 3.14
(2) Minimum in San Clemente 3.7 3.93

spectrum, drop of coherence and
phase reversal

(3) La Jolla spectra peak ......... 4.5 ‘1..172
(4) Second phase reversal ......... 9.2 7

quencies are in fair agreement except for the

( ()l]lput(,d alld ObSeI Ved er
n ‘h‘ ¢ ey BISZLI. It 18 [llstl'u 0111 th(l.t t}lele 1s No :132”: "lCllcz"tICIl Of the

i tha
fundamental resonance peak in th; observed ?pei%:}r; a;:;laration e
| v so little t phase reversal.
pecovers so little after the firs ! i
.4 Jolla und San Clemente spectra occc\lni‘roug}‘lly 1?.5 prezd)lcfie‘(}l1 én’;;zth at the

wepy senle is logarithmic in Fig. 2 and linear 1n Fig. 12).

enierpy seule is logarithmic 1 : 12) TLite e
n'wl‘nlmw peak is about right: according to theory Q = y? = 63

O) digs hetween 4 and 7. o
T : "= 0° resonance peaks (and :
Ior jncidence other than normal (6" = 0°), the p nt

i i —y=23in2 ')
resonances) shift toward higher frequencies by a factor (1—vy ),
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and the shoreward amplification is reduced. In the extreme case of glancing
incidence (§" ~ 90°), resonance occurs (1 —y=2)-%3 = 1.10 times the fre-
quencies previously computed. In this extreme case the amplitude at the shore
line vanished except at the resonance frequencies. The coherence drop and
phase reversal now occur at frequencies 109/, above those for normal incidence.

Consider the model of equal partition of incident energy in deep water
among all possible directions from 6’ = 0° to 8’ = 9o°. The resulting shore
spectra differ very little from those for purely normal incidence. The resonance
peaks are slightly broadened and shifted toward high frequency; the shift is
by considerably less than the factor 1.10 on account of the high amplification
near normal incidence. Similar remarks apply to the phase reversal. The dip
in coherence is now smeared from a negative delta function into a trough;
the effective width of the trough is less than 109/,.

The case of isotropic radiation could easily be discussed analytically. But
the forepoing discussion should suffice, because clearly the smearing of the
spectral features resulting from the directional distribution of incoming energy
can account for only part of the discrepancies between observed and computed
features. A more important aspect of the problem is the variation in the bot-
tom topography 1 a direction parallel to the coastline. Here we are not em-
phasizing the Island and other relatively small-scale features; these are short
as compared to the wave length of the gravest modes, and their principal effect
is in scattering wave energy. The important aspect is the variation in the over-all
dimension of the borderland as we move up or down the coast by a distance
of wave length. Perhaps the absence of a pronounced peak corresponding to
the gravest mode (wave length 4x, = 1000 km) as compared to the first
harmonic (wave length 4 x 1000 km) is related to the very considerable var-
iation in the borderland over the distance of 1000 km. In all events this var-
tation along the coast must be an important factor in smearing the theoretical
features and reducing coherence. The associated three-dimensional analysis has
not been attempted.

Murriree Mones. ‘The discussion so far indicates that some of the gross
features can be interpreted in terms of radiation incident from the open sea.
But some of the obscrved features are definitely beyond the scope of this ab-
breviated treatment, and we need to develop some insight into the effect of
multiple modes on colerence and phase.

In w, m-space (Fig. 10) the discrete spectrum is concentrated along the
modal lincs

oz mf(w)a j=031923'-~)

and this can be written as a sum of delta functions

B(w, m)  Sud[m—mo(@)]+ $10[m —mi(w)] + . ..
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The continuum is concentrated in a narrow wedge ad}oxmpg t‘he ray Iy
normal incidence, my = ma{®), so that, with good approxxmattc;‘n, we @
use the expression Sy d[m —my(w)] for the continuum. We can then repla

the integrals in equations (9) by the summations

S =8, + 28 +N,
j=o

§' = 8y cost mpx’ + >, 8; costmjx’ + N’ (10)
Jj=0

0
oanl
C = Sy cos mpx’ +2Sf cos mx’

j=o
Q =o,
i = = d S’ the offshore spectrum
S is the onshore spectrum (¥ = 0, y = 0) an ' :
Xhﬁrz' yls: 0). The dependence of §, §', G, Q and m on frequency is under
- b
stood.

ErrrcT ox Courerence. First we consider the loss of coheren;:e d’l;ahto
i i = 4. Then
multiple in-phase modes, neglecting noise. Take the case near w = 37

’
S =8p+80, 8§ =8ycos mpx’ + 8 cos? mox’ 4
i p—
C = 8pcos mpx’ + 8o cos mox’ 5 Q =0,

and )
C2 828 o(COS myx" —cOS MmeX' )2

LS sS T a (8 + 8o) (Sn cos? mpx + Sgcosmex’)

0. Setting S = S and using the

: . _ S —
Thus R» = 1 for either §, = C or O 055, The los

g o -
numerical values m, = Q0°, my = 727, ¥

f coherence is negligible. ) o
° Izoexi set 8o = o% N = N, and cos myx’ = 1. This gives

Sa

R=gin

0.87, then indicates that about 13°/o of the wave

I'he observed value, Rz = . : Aol
record is due to incoherent noise at the two stations. "T'his may be due in p

‘ i illations (see Conclusions).

to atmospheric pressure oscilla . B
Iinally we consider the coherence near the phase reversal. If th;:re is norm

invidence only, § = Sp, then the coherence .be'yond the reversa1 e

s 1 in the absence of noise (Fig. 12); similar remarks apply to 0

recovers to

U“h B ln t]le presellce ()f noise we S] l()uld eXpeCt t]le C()heIeIlCe to appl A h
0ac |
i 1 10 to reversal. I 1 fact 1t remains at much ]': rie :

the expected result if two or more modes are present.
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For illustration, sct § = 8, -8, with 8, = 28,. Then
S 3 SO S 2 Cos? § d
. 350, ( mpx’ - CoS% mex’) S,

- (2 cos mux’ + cos mox' )2
3 (2 cost mpx” + cos? mox’)

The resulting corve i 1 .

1 he 1](,5\1lt1ng curve in Fig. 13 illustrates how the continuum and the funda
ment; - g, TS . i
; u\lm) ;nodg conspire to prevent recovery of coherency for frequencies above
those of the phase reversal. Numerical values are about as observed

RZ

PHASE REVERSAL

\

o
N
™
g

w

Figure 13. Coherence versus frequency for the case Sp = 2.8,
= 2.8,.

[f".\g; hu}lf;m?& J‘lhjst~above @ = 27(~ 1.2 cph), the coherency rises to about
same high value as below the first reversal frequency. Reference to Fi
sugpests the possibility that the combined out-of-phase .energy of th: C(l)i'tilno
g;xm and thcl n‘u)des J = 1,j =2 now sufﬁ'ciently exceed the in-phase energ
J = O to bring this situation about. With sufficient effort (and optimi )
even the numerical values can be reproduced. e

Priask Rive N | S
' :11\31‘1 RLVLR:%ALS. Consider the situation at & = 7. At this frequency there
exists only one discrete ey 7 i
s s ;)11] y (Im(.., discrete mode, j = o, and its normal-to-shore wave number, 7
s sheht oo g =
;1&1( y less than 4 7. The continuum is contained between m — 0’9:/;
and » e all energy i i i [
4 /l} . }n. ch(."c .‘l” energy 1s associated with wave numbers below 1.25 x.
which cos ma’ is positive. Hen i iti ; .
§ positive, ce C 1s positive, and the two i
- e ., " w
are in phase, as observed. ) i
Next consider a fr i
O a frequenc j
ot e Jciegs o shghtly above 1.25 7 [just above (2) in
4 g 1 - I'he continuum associated with near-normal incidence is out of
aS e We 1IN J Ky ., b o 1
gh e, wlluuw, the continuum associated with near-glancing incidence is in
ase. "T'here are now two possible di ]
ssible discrete modes, 7 = o and 7
of these are i s T 7 L g
re in phase. ‘T'he observed phase reversal, if properly interpreted
b

S S th( ( ldl we é 3 = 'p ) y 'p
P 8 vergl O
tate that to ted ut Of hag(, L“Clg (,XCeedS the tOta] m haSe
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- 125
{ cos mx" §(cwr, m) dm >  cos mx" 8(awr, m) dm .
125 b

One is tempted to interpret the phase notch between 0.8 and 0.9 cph in
terms of the vicinity to wr, the cut-off frequency for j = 1. The argument is
as follows: It is conceivable that with increasing frequency the balance be
reversed in the sense that the energy of the two discrete modes exceed the
energy of the continuum. In that event g would go back to 0° at some fre-
quency such as that marked (5). At @ = 1.39 @ [point (6)] the discrete mode
7 =1 has a node at the offshore instrument. For slightly larger frequencies
the continuum plus the j = 0 mode are now reversed, and only j = 1 is in
phase. This could lead to a restoration of the out-of-phase relation. Let Sy,
S,, §: be the energies associated with near-normal incidence and the discrete
modes j — 0 and j = 1 respectively. Furthermore assume that the cut-off
frequency for j — 1 is slightly above 1.25 7 (the theoretical cut-off for the
step topography is at frequency ). Then we have (Fig. 10)

out-of-phase between (2) and (5): S0 8n,
in-phase between (5) and (6): So + 8§y 8u,
out-of-phase beyond (6) 8o (8p+8x.

"The inequalities cannot be satisfied unless the discrete and continuous spectra
contain comparable energy.

Quantitatively the above suggestion leaves much to be desired. The observed
notch between (5) and (6) is wider and at higher frequencies than would be
consistent with the theory for the step topography. Still it is difficult to see
how the complex phase relation could exist unless both the discrete and con-
tinuous spectrum contributed appreciably to the total spectrum.

ParTIAL ABSORPTION. Suppose a fraction I —s of the energy is absorbed
as the wave travels from the offshore to the onshore recorder. Let 4 a be the
incident amplitude offshore; then } sa is the amplitude of the incident and
reflected waves as measured near the shoreline, s(} sa) the reflected amplitude
offshore. Thus a fraction 1 —s4 is dissipated on the round trip. For an ele-
mentary wave train we have

7(0,2) = sa cos wt,
n(x, t) = ¥ acos (mx + wt) +% s2a cos (mx — w1) .

Proceeding as previously we find

N =3s2ar,
s = L 52 a2 cos? mx + (1 — ) @
c =} 5(1 + ) a> cos mx

0 = 1 5(1 —52) @ sinmx
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and this yields
tan ¢ Sk =
! s t
G g AR, R =y . (r1)

F ig. 14 shows the relation for selected values of s. The ordinate i i

to frequency, and for normal incidence mx — 0.4 w. Perfect reﬂei:tIz roporztlonal
yxclds'lhc a.brupt phase reversal previously discussed. Perfect abso;O?i g l= (Ii)
to a lincar increase of phase with frequency. The observed behavilc))r(?s1 n?ir:

1 ! 1 ] I 1
™ s 37 ]

mx

Figure 14. Phase i
g 4 .oni.c versus mx (~) for various values of absorption. Here st = 1 refers to no ab
sorption of energy between stations; 52 = o to complete absorption .

ne.arly in accord with perfect reflection. The curve sz
ation, 1 —s4

‘ 0.8 (energy dissip-
g LT tho.g?]) is somszvhatbcomparable with the observed lack of
s e phase transition, but it m regar imi

. 3 ust be regarded as an u I
ghe n or nust 1 as an upper limit
much as some of the transition softening is related to lack of frequency

IeSOluthIl. ]h(} tCL,hnlque Co p y - ¢
uld be devel() ed to 1¢ Id neanin i l estimate
[ 1 g w S ates

Dist ;
accountRIBfUiED RE-FLECTOR.S: Suppose the coast reflects perfectly, but on
e ?r hcoasf?l irregularities the distance from the offshore instrument is

able. The effect is somewhat the same as if

e as if we replaced the di

vana . same as if we istance, x.
o eboffshore mstrumlent by a probability distribution P(£)6 & of the dista’nce’
ying between x+ &~ 83 and x+ £+3 0& Let £ (¢ x. Then we have
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S =%a,
8’ = % a2 (cos? mx —m* E* cos 2mx)

C = (1 —m2 &) cos mx

Q =0,
where Z2 is the variance of & The coherency equals
Rr=1—mrErtan?mx+ ...,

and this would lead to an appreciable loss of coherence. The phase relation
is unaffected.

Lonasuore SeparaTion. The two stations are not located along a line nor-
mal to shore (as assumed in the discussion), San Clemente being about 50 km
north of La Jolla (Fig. 1). What is the effect of this displacement on phase
and coherence?

Going back to equation (9) we write

50 km
Ay =y=9 = 7o Tem ~ 02

for the dimensionless separation (as a ratio of shelf width). Suppose energy
were concentrated in any one mode. Then on forming the ratio Q/C we obtain
tan ¢ — tan nAy, or @ — ndy. Consider the case for the second reversal, at
o = 9.2. Observations indicate that San Clemente lags La Jolla by 220°%
as compared to 180° for perfect reflection. If this additional phase lag of 40° =
0.7 radians were due to the longshore separation, then n = ¢fAy = 0.7/0.2 =
3-5. The values @ = 9.2, #n = 3.5 are consistent with incidence from the
south very near glancing incidence, 6 = 80°

The coherency is not affected under the present assumption. But if we
permit a wave to travel in either direction, then the situation is different. Let
E designate the energy of waves from south to north and s2E the energy from
north to south, again under the assumption of a single mode. Then

S = (142 E, $un = (1459 B cosm,
Crr = (1+5) Ecosmxcosndy, Q= (1 —s2) E cos mx cos ndy ,

1 — 5%

tan nAy (12)

BhY = e
Rzzl—ﬁ%simnz}y. (13)

The phase relation is analogous to that due to partial absorption (11) as por-
trayed in Fig. 14. The transition is centered at nAy = m; the suddenness is
determined by the value of s. The inferred value of longshore wave number



28 Fournal of Marine Research [20,1

at the transition is 7 = w/Ay = 5. The observed frequency of transition is
@ = 3.7. These values are inconsistent with any possible solution (see Fig. 8),
and it is concluded that the phase reversals are not due to interference from
oppositely traveling waves in the y-direction.

In a previous investigation (Munk, ef al., 1959: chart 10.2) it was found
that the coherence between La Jolla and Oceanside, California (4y = 0.13)
diminished with increasing frequency roughly as Rz = 1 —sin2 (0.11 w) until
it vanished, but did not rise with increasing frequencies. Comparison with
(13) suggests s* ~ 1, 7. e., almost equal energy traveling in both directions.
From (13) we then find that the coherence should vanish for Y afdy ~ g4
Consider a vertical line drawn on Fig. g for # = 4 m. For frequencies of about
1.5 7 or less, all possible solutions are in phase, and the expected coherence is
high. The observed loss of coherence occurs at o = } mfo.11 ~ 4.5 73 at
this frequency the continuum for incidence more nearly normal than Brew-
ster’s angle is in phase, whereas the waves near glancing incidence and the
discrete modes (7 = o, 1, 2, 3) are all out of phase. Again the loss of coherence
can be interpreted as an indication of comparable energy in the continuum
(concentrated near normal incidence) and in the discrete modes.

12. Conclusions. 'The most prominent observed features are the phase reversals
at 0.6 and 1.7 cph, and these are not inconsistent with simple standing wave
patterns over the continental borderland. Resonant amplification (in the open-
organ pipe sense) leads to the spectral peaks at the coast line. The situation
is then quite analogous to the resonance amplification of the lunar semi-
diurnal tide over the broad Atlantic shelf (Redfield, 1958).

Unfortunately the picture is not this simple. Thhere is strong evidence that
radiation from the open sea cannot be the only source of the recorded oscil-
lations on the borderland. If it were, then all wave motion at the two record-
ers should be in phase at frequencies below that of reversal and out of phase
at frequencies above phase reversal, except for a narrow transition band cen-
tered on the frequency of phase reversal. The coherency is a measure of the
relative phase, and it would then show a narrow trough centered at phase
reversal and be equally high on both sides. In fact the coherency is much
lower at the high-frequency side of the phase reversal. T'he interpretation is
as follows: on the low-frequency side, all energy associated with any fixed
frequency is in phase at the two instruments; on the high-frequency side,
most of the energy is out of phase, but a substantial fraction remains in phase.

There is a straightforward way out of this dilemma. The “continuous
spectrum’” associated with radiation from the open sea is only one of the two
classes of solutions to the pertinent boundary value problem. In addition to
this continuum there are solutions corresponding to the discrete modes, or
edge waves. The existence of these would produce just the effect here indi-
cated. Thus the lowest mode, ; = o, remains in phase at all frequencies and

e e |
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could be responsible for the low coherence a.bove the reversal frequency if it
contained about half the energy of the continuous spectrum. 1 diserote
The trouble is that, once the superposition of cgntxm;gu? arll 1rsn cte
modes of equivalent energy is admitted, the situation is Zu hclen;n ); i(;l i t;;h”
that nearly any observations can be.: accounted for. Thu§ a bot ehriscoh Ml
in the phase diagram can be at'trxbfxted to the mode j = 1 w ey
formed in phase and which, with increasing frequency, passes (;)u X [; ross-.
We also wish to refer to the complex and remarlfably reproducible ¢ e
spectra previously obtained off Guada'lupe.lsland (Fig. 4.)kandt t(l) tVIvoSs(;;n =
analyses of lesser quality off the California coast (Munk, }el al., ?rum.ems
those instances the separation between the offshore and onshore hms ruments
was 1.5 km (as compared to 100 km in thfa present case), ar}lldttt ;epo bass:rved
versals took place at much higher f.requenaes. It turns out 1t a the observed
spectral features are inconsistent with edge-wave the’(}x“}{ only, Zrison ik
theory only. We intend to study these cases furthezr. e comp e L i
ords obtained from instruments separated at various distances long
r this year. .
plagzegligotlinllitive conglude that the continuum.and discrete spec;lra atr;1 of tili
same order. If the coast were truly one-dimensional, .h = h(x), then the rcc:he
tinuum would naturally be ascribed.to. pressure and w.md g.uctu‘z;tlonss o::er he
open sea, and the edge waves to sxmllar. meteorological disturbance: ver o
near the borderland. But the coastline is complex, and we must expe he
scattering of energy from any one mode to any oth.er. O.ne .Igla.t}.f er;v(l)sfloer;1 a
the scattering processes would bring abouts compatlble. dls;n u 1onsea & nge);
among all modes, regardless of whether disturbances in the open
nd are the ultimate cause. . '
theFt')(())rrrcli etl;ll?: (c:bservations over the borderlanfi we may infer the. Sﬁ)eCtrur;lrm
the deep sea. It appears to be flat at frequ(:.HC}es aboYe 0.7 .cph, thithan feViO%};
density of roughly 10-2 cmz/cph, and this is not inconsistent w h tﬁ vious
measurements off Guadalupe Island. At frequencies below 0.7 cph the sp

2
cm
cph O

(eXel]

¢.p.h.

o -
Figure 15. The deep-sea spectrum {devoid of shelf resonances). The dotted line is the spectra leve
? indicated from atmospheric pressure measurements.
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trum rises sharply. It is reasonable to suppose that the inferred deep-sea spec-
trum is due to a superposition of two processes: one leading to the f~3 spec-
trum which dominates at the low frequencies; the other to the flat spectrum
which dominates at the high frequencies. This is sketched on Fig. 15. The
dotted line is the spectrum of atmospheric pressure in (mb)2/cph, according to
Gossard (1960). A millibar (mb) and a centimeter (cm) of water are equiva-
lent pressure units, and the curves are on a comparable scale. If the sea level
is considered fixed, then the pressure transducer on the sea bottom would
presumably record oscillations associated with the atmospheric pressure spec-
trum. If the sea level yields in the sense of an inverted barometer, then the
pressure fluctuations on the sea bottom would vanish. The observed fact is
that the recorded fluctuations are larger by an order of magnitude than those
due to atmospheric pressure, and this eliminates atmospheric pressure iz situ
as the principal cause of the recorded oscillations, Some of the loss of coherence
at low frequencies may, however, be due to i situ atmospheric pressure effects.

We wish to acknowledge the suggestions received from Carl Eckart, Nor-
man Barber, and George Backus.
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