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ABSTRACT

The vertical eddy mixing formulations employed in the K-theory model of Pacanowski and Philander and
in second-moment closure models are compared for an equatorial Pacific Ocean simulation. The Pacanowski
and Philander model is found to be mainly driven by changes in the stratification rather than shear-generated
instabilities, and the position and width of the mixing transition zone between high and low mixing values is
found to be sensitive to the parameters of the model. In the second-moment closure models the master length
scale limit effectively determines the threshold of the mixing zone, while the inclusion of storage, advection,
and diffuston terms in the turbulent kinetic energy equation affects both the position and extent of the transition
zone. Viscous mixing is more intense than diffusive mixing in the Pacanowski and Philander scheme, but in
the second-moment closure models the reverse tends to be true. As expected, there is no simple functional
relationship between the gradient Richardson number and the intensity of mixing in the second-moment closure

schemes.

1. Introduction

The aim of the present study is to compare the com-
monly used K-theory vertical mixing model of Paca-
nowski and Philander (1981, hereafter PP) with a tur-
bulent closure model. The former model has been
widely adopted in the oceanographic community as a
simple, but effective, parameterization of vertical mix-
ing in the tropical regions (Philander and Seigel 1985;
Latif et al. 1988; Giese and Harrison 1990). Its im-
portant virtues are that it may be tuned to give rea-
sonably realistic equatorial flow and temperature re-
gimes and it offers manageable parameter freedom. The
latter approach is here represented by the Mellor and
Durbin (1975) and Mellor and Yamada (1982) higher-
order turbulent closure model, hereafter referred to as
second-moment closure (SMC; Mellor 1989). SMC
models have strong theoretical and empirical foun-
dations and are sufficiently general not to require spe-
cial tuning for different situations. Such models have
been applied in a wide variety of oceanic situations
(Mellor and Yamada 1982; Martin 1985; Mellor
1989). The turbulence balance is local in nature but
can include three-dimensional advection and diffusion
of turbulent kinetic energy. The appeal of the SMC
models lies in their generality but at a cost of increased
complexity, and this needs to be balanced against the
simplicity and effectiveness of the empirical approach.
This study concentrates on building an understanding
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of the relationship between these two approaches and
on understanding some of the sensitivities of the pa-
rameterizations.

The PP model and the SMC models have been
adopted in several tropical oceanic circulation studies,
but an extensive three-dimensional intercomparison
has yet to be done, and there has not been any system-
atic attempt to understand the ramifications of various
assumptions implicit in the models in the context of
large-scale tropical ocean circulation. Pacanowski and
Philander discussed some of the implications of the
adjustable parameters in their formulation. For the
SMC schemes we will examine the implications of the
level of closure and other aspects of the implementation
within the context of equatorial ocean modeling. We
will then attempt to define the relationship between
the two approaches and, in particular, to place the PP
approach in the context of the more general SMC
schemes.

2. Vertical mixing in 2 Pacific Ocean model

The test bed here is a Pacific Ocean model similar
to Philander and Seigel (1985). The domain extends
from 130°E to 72°W zonally and from 30°S to 38°N
in latitude. The resolution is fixed at 2° zonally but
varies in the meridional direction (symmetrically about
the equator) from 0.5° in the equatorial region to 3°
at high latitudes. There are ten approximately equally
spaced levels down to 150 m and a further ten levels
of increasing thickness to the bottom at 3000 m. This
resolution is the best compromise that we could make
given the limited resources at our disposal. The code
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has been adapted from the GFDL Modular Ocean
Model Version 1.0 (MOM 1.0; Pacanowski et al.
1991). (The actual code used for these experiments is
based on a preliminary release of MOM 1.0 but can
be considered as equivalent for the present purposes.)

Many of the earlier numerical models for the tropical
ocean circulation assumed the vertical eddy mixing
coefficients were constant (Philander and Pacanowski
1980; Latif 1987), but the simulations usually suffered
from poor equatorial undercurrent (EUC) and ther-
mocline representations. Pacanowski and Philander
(1981) proposed an alternative representation specif-
ically tuned for numerical models of the tropical cir-
culation in which the vertical mixing could be param-
eterized in terms of the shear and buoyancy of the large-
scale flow,

14.% v

=, k=t k(I
AFaR) " *“U+ary o

v

where v, and «;, are background dissipation parameters,
vy, a, and n are.adjustable parameters (vy is, in effect,
the mixing coeflicient under neutral conditions), Ri
= N?/[(3u/dz)* + (8v/dz)?*] is the gradient Richard-
son number, N = —g/po X dp/9z is the square of the
Brunt-Viisilld frequency, and g is the gravitational
acceleration. Pacanowski and Philander found that the
equatorial thermocline and EUC were best simulated
using v, = 1 X 107 m?s™, k, =1 X 10 m?s™!, n
=2,a=5,and vy = O(50 X 10~ m?s~!). This pa-
rameterization has been widely adopted in studies of
the equatorial ocean circulation (Philander and Seigel
1985; Latif et al. 1988; Giese and Harrison 1990) but
often with slight variations on the suggested parameter
values. For example, Latif et al. (1988) use values of
2X107%m?2s7!, 1 X107 m?s™,and 1 X 10" m?s~!
for the neutral viscosity vy and the background viscosity
and diffusion », and «;, respectively. Peters et al. (1988)
obtained profiles of velocity, density, and microstruc-
ture near the equator at 140°W in the Pacific Ocean
in order to estimate Richardson numbers, turbulent
dissipation rates, and vertical eddy coefficients. They
fit the model described by (1) to their mean Richardson
number and vertical eddy mixing coefficients, and ob-
tained estimates of 1.5, 5 X 10™* m?s™!, 2 X 1073
m?>s!, and 1 X 107® m?s™! for n, vy, vy, and «z,
respectively, as long as Ri > 0.25. For Ri near 1/4 the
eddy coeflicients rose far more sharply as the Richard-
son number decreased. For the present study we use
the values suggested by PP.

The theory and observational verification for various
SMC models are described in a number of papers ( for
example, Mellor and Yamada 1974; Mellor and Dur-
bin 1975; Mellor and Yamada, 1982; Mellor 1985,
1989). Here, we shall examine two versions of SMC
models, namely, the so-called level 2 and level 2152
models (Mellor and Yamada 1982). The implemen-
tation of the level 21/2 model follows the derivation
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discussed in Rosati and Miyakoda (1988) (as formu-
lated in MOM 1.0), while the level 2 model is derived
from Mellor and Yamada (1982). The vertical mixing
coefficients are written as

k = lgsy + xp,

(2)

where 1/24? is the turbulent kinetic energy (TKE), /is
the master turbulence length scale, sy, and sy are sta-
bility functions, and », and «, are again background
mixing rates (Mellor and Yamada 1982). The solution
for g proceeds in different ways depending upon the
level of closure. For level 2 the local time change, ad-
vection, and diffusion of TKE are ignored, and shear
and buoyant production are balanced against the dis-
sipation of TKE; ¢ is then obtained algebraically as a
function of the Richardson number. At level 21/ the
full TKE equation is stepped forward in time in a man-
ner analogous to the tracer equations. The solution for
/ may be obtained algebraically (Blackadar 1962; Mel-
lor and Yamada 1974) or by time stepping a differential
equation (Mellor and Yamada 1982; Rosati and Mi-
yakoda 1988). While the latter form is somewhat em-
pirical, it does appear to give better results (Mellor
1989) and would seem better suited to the presumably
significant variation in / across the EUC. We test both
implementations here.

Our consideration of the SMC implementation is
restricted to variations that appear to produce effects
analogous to those produced by variations in the pa-
rameters of the PP scheme. One such variation arises
through the need to restrict the vertical size of eddies
in a stably stratified fluid so that the local dissipation
length is determined locally by the TKE level and the
Brunt-Viisilld frequency N (Deardorff 1976):

v = Ilgsy + v,

q
lmax = al*]_v

While (3) is physically reasonable, there is considerable
uncertainty in choosing the value of ;. Rosati and
Miyakoda (1988), following Galperin et al. (1988),
suggest a value of 0.53. Sykes et al. (1988 ) used a value
of 1.0, while the default value in MOM 1.0is 0.1.

(3)

3. Mixing regimes and model results

The principal aim of this study is to provide a suit-
able context for the meaningful comparison and eval-
uation of vertical mixing parameterizations in three-
dimensional tropical ocean climate simulations. The
effect of vertical mixing parameterizations is not con-
fined locally, but through the various feedbacks on the
oceanic circulation as a whole, can influence the mixing
regimes at remote sites. It is difficult then to delineate
cause and effect since the cause of changed mixing at
a site may be due to changes in the strength or structure
of the large-scale circulation pattern. One-dimensional
local mixing theory arguments are no longer satisfac-
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tory. For the mixing states, a myriad of cross sections
and maps of mixing rates, kinetic energy, shear and
buoyancy production rates, and Richardson number
are available, all with complex spatial and temporal
structure. We learned very quickly, however, that such
data could not tell us ~ow the various schemes worked,
nor could they yield insight into the relationships be-
tween the various formulations for vertical mixing. In-
stead, several alternative ways to visualize the mixing
processes are presented.

A useful view of the mixing regime is provided by
mapping the Richardson number and vertical eddy
mixing coefficients in the shear-buoyancy plane (Fig.
1). For PP and the level 2 closure models, at least, this
is relatively straightforward. For much of the PP regime
(Fig. 1b) the eddy viscosity is close to the background
values (the diffusion maps are similar and are not
shown). As the shear increases and/or the buoyancy
decreases, the (parameterized) vertical mixing in-
creases, changing most rapidly near Ri = 0.1. There-
after, the rate of change with increasing shear and/or
decreasing buoyancy tapers off, approaching the so-
called neutral condition limit. For the corresponding
maps at level 2 closure we assume a single level of 50
m, with TKE fixed by the surface boundary condition,
and then calculate /, eddy viscosity, and eddy diffusivity
as functions of shear and buoyancy at 25 m. Figure 1c
shows the case where af = 1. Again note that the plane
is divided into background and active mixing zones
for both eddy viscosity and diffusivity, but now the
intermediate region is more compact. The change from
background to active mixing is relatively rapid, tending
to, but not exactly, follow decreasing Richardson
number.

If o of the PP scheme (Fig. 1d) is varied, we find
that the entire pattern is shifted toward low (high ) gra-
dient Richardson numbers as « is increased (de-
creased ), with no change in the pattern itself, If # is
varied, the pattern remains in about the same place
(Fig. 1e), but the pattern is expanded (contracted) as
n is decreased (increased). While the neutral and
background mixing rates are important for the ocean
circulation simulation, as shown by PP, both « and »
are important in determining the structure and sensi-
tivity of mixing to the mean state. If the level 2 master
length limit as defined by (3) is varied («; = 0.1; Fig.
If), we find a significant shift in the location of the
transition zone between the background and active
mixing parts of shear-buoyancy plane. Note that the
intermediate zone of the PP scheme is everywhere
within the background zone of this parameterization.
So, lowering the value of a] in SMC tends to have a
similar effect to increasing values of « in the PP scheme.

While the above technique is useful for relating the
simpler parameterizations, it is of limited value when
the TKE equation is no longer algebraic as, for ex-
ample, in the level 21/3 closure models. To continue
the comparison we use data sampled from four different
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runs of the Pacific Ocean model, each integrated to a
seasonal equilibrium:

(i) a model using PP with parameters as described
in section 2

(ii) alevel 2 SMC model with af = 0.1

(iii) a level 21/ SMC model with o] = 0.1 and /
determined algebraically

(iv) alevel 21/, SMC model with o] = 0.1 and the
l equation.

This choice for af effectively reduces the critical
Richardson number at which mixing emerges, perhaps
overly so, but is adopted because it is the default value
in MOM 1.0. For each of these cases the shear, buoy-
ancy, and vertical eddy coefficients were extracted along
representative vertical sections for December of the fi-
nal year of the seasonal integration and then plotted
as points in a shear-buoyancy plane, with the size of
the dot linearly related to the magnitude of the eddy
mixing coefficient.

The results for the PP model (Fig. 2a) correspond
well with the parameter dependence forecast by Fig. 1.
The majority of values are in the background zone,
with a smaller number occupying the transition zone
and almost none in the active mixing zone. The higher
values tend to be in the low buoyancy-moderate shear
portion of the plane rather than in the high-shear zone,
suggesting that stratification, and not shear instability,
is the dominating factor. The relationship with Rich-
ardson number is monotonic as required by (1). Figure
2b shows a similar scatterplot for the level 2 experiment.
The number of active mixing points is lower than in
the PP model. There are now background mixing
points interspersed with the active mixing points, and
the mixing points are now scattered into the high-shear
portion of the plane. There appear to be fewer inter-
mediate values in comparison with the PP run.

In the level 21/> SMC experiments ( Figs. 2¢ and 2d)
by far the majority of points belong to the background
mixing group, but there are now many active points
with widely varying mixing rates, particularly when
compared with the level 2 scheme. There is no tendency
toward an on-off mixing dependency and the distri-
bution of mixing is somewhat more closely aligned with
Richardson number. There is no direct relationship
between the level of mixing and Ri. As «;« is increased,
the threshold of mixing moves to higher Richardson
numbers (not shown ). Note that the “fanning out” of
the mixing isolines at low buoyancy and low shear as
shown in Fig. 1b is also apparent in the higher-level
models. The precise role played by the differential
equation for / is not at all clear from these diagrams.
Figure 2d shows that the mixing tends to be shifted
slightly toward higher Richardson numbers and to be
marginally more constrained (compared to Fig. 2¢).
Perhaps the most noteworthy characteristic of Fig. 2d
is its similarity to the PP scheme (Fig. 2a).
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FIG. 2. Scatterplot of shear-buoyancy realizations from (a) the Pacanowski and Philander model, (b) the level 2 closure model with o}
= 0.1, (c) the level 21/ closure model with a} = 0.1 and the algebraic / equation, and (d) the level 21/ closure model with a = 0.1 and
the differential / equation. The scatter samples are taken from a “snapshot™ of three top-to-bottom sections, along the equator, 12°N, and
150°W, for the final month of a seasonally forced integration. The smallest dots correspond to the background mixing rate v,. The largest

dots correspond to the (neutral) limit of the mixing, vy. The dashed line marks Ri = 0.195, the threshold of mixing in the level 2 second-
moment closure scheme. The axes are as in Fig. 1.

10° 10

Pacanowski and Philander concluded that the EUC  would result in a rescaling of the contours but would
strength is sensitive to the eddy viscosity assigned under not entail any changes in the location or structure of
neutral conditions. In Fig. 1, any change in the mag- the pattern. For a given vertical profile, a smaller «
nitude of the neutral condition eddy mixing coefficient would in effect introduce mixing at higher values of
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FIG. 3. A scatterplot of the eddy viscosity against the eddy diffusivity for (a) experiment (i) and (b) experiment (iv)
(see text and Fig. 2). The units are centimeters squared per second. The majority of points are coincident at (1.0, 0.1)
in the v-« plane. Note that the PP scheme is implemented with a minimum mixing in the surface level of 10 cm? s

to take account of the direct contribution by wind mixing.

Ri and, in view of the usual increase in Ri with depth,
would cause active mixing to penetrate deeper on av-
erage. An increase in n, for the same profile, would
shrink the transition zone from low to high mixing. If
we adopt the terminology of the bulk mixed layer ap-
proach, then o affects the depth of the mixed layer,
while 7 affects the sharpness of the change between the
mixed layer and the quiescent waters beneath.

These inferences do seem, at first glance, to be at
odds with the results of PP. It should be borne in mind,
however, that the circumstances of their evaluation (the
response to impulsive zonal winds) is rather different
from the present case (the equilibrium response under
seasonal forcing). They found that variations in « and
n alter the speed but not the shear (of an eastward jet)
and that the sensitivity to changes in vy was greatly
reduced once surface heating was applied. Our expe-
rience is consistent with the latter finding but suggests
the « and n can be important.

In the SMC models we do not have a similar direct
control on the relationship between the mixing rates
and the mean-flow shear and buoyancy. We do, how-
ever, have some flexibility in parameterizations that
control the penetration of TKE vertically and the de-
termination of the master length scale. The SMC mod-
els are more tightly constrained in respect to the Ri
threshold for active mixing, unlike the PP scheme
where this threshold is simply a function of adjustable
parameters. For the level 2 models an equivalent “tun-
ing” comes in the form of a constraint (3) on the (al-
gebraically determined ) master length scale under sta-
ble conditions. Developing the mixed layer analogy
above, a smaller value of a}" leads to an effective shift
of the Ri threshold to lower values of Ri, thus reducing

the depth of the mixed layer. There is no obvious
counterpart to n in the SMC schemes. In the level
21/ SMC model vertical advection and diffusion of
TKE tend to smooth the transition from low to high
mixing. The addition of an / equation appears to re-
sharpen the transition zone. It is not clear whether this
is due to local effects, such as vertical advection, or
through horizontal transport of information.

In the PP scheme the viscosity » is always greater
than the diffusion « for stable or neutral conditions, as
required by (1) (Fig. 3a). For the SMC models this
relationship is less straightforward because of the com-
plicated dependence of the stability functions on the
shear, buoyancy, and /. Figure 3b shows the relation-
ship in the level 21/> model. The data are exactly the
same as those used to construct the scatterplots of Fig.
2.! The diffusion mixing rates are nearly equal to, or
possibly greater than, the viscous mixing rates, which
is the reverse of the dependence found for the PP
scheme. The extrapolation of Fig. 3b to neutral stability
suggests a Prandtl number of around 0.8 consistent
with Mellor and Yamada (1982). The neutral limit of
PP is approximately 1.

! In the present implementation of PP, » and « are estimated from
Ri calculated at velocity and temperature points, respectively, so the
relationship implied by ( 1) may be contaminated by grid-scale noise.
SMC is implemented in a way that uses a single estimation of the
shear and buoyancy (at temperature points), but the production terms
and final estimation of the mixing coefficients involve several inter-
polations, which again serve to introduce noise into the v-« rela-
tionship. We overcome this in Fig. 3 by extending the integrations
over several time steps with a self-consistent arrangement. These
problems may need to be addressed in future implementations of
the model.
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The relationship between the mixing rates and Ri is
one-to-one in the PP scheme as required by the for-
mulation (1) (Fig. 4a). The level 2 and level 21/> cases
are less straightforward (Figs. 4b and 4c¢). In the level
2 example the threshold of mixing is shifted, and the
transition from low to high mixing is much sharper,
as noted previously. The relationship between viscosity
and Richardson number is not one-to-one, and there
is considerable scatter, the points tending to lie at one
mixing extreme or the other. There is more consistency
in the level 21/ distribution. Once more, the relation-
ship is not one-to-one, with a broad scatter of points,
perhaps favoring the low-mixing part of the range. The
transition is still relatively rapid, although for the most
sophisticated case (Fig. 4¢) there is more of a tendency
for the active mixing to ramp in gradually. In this latter
case there is a greater profusion of points at the low
end of the active mixing range.

Archer (1990) commented that the SMC models
essentially operated as Richardson number—driven
schemes, based principally on intercomparisons with
the level 2 model in one-dimensional simulations. The
present experimental results suggest a more complex
relationship. The reason for this disparity may be due
in part to the different context of the evaluation. Mixing
schemes are often evaluated at sites where abundant
data are available over a long period in time, with the
implicit assumption being that horizontal advection/
diffusion of information is not important. In the pres-
ent case these effects cannot be ignored. Of the models
considered here the level 2 SMC approach is the least
suited since it has neither the parameter flexibility of
the PP approach nor the sophistication of higher-level
SMC. In the latter models there are feedbacks between
/ and the intensity of mixing, three-dimensional dif-
fusion, and advection of both TKE and /, all of which
tend to overwhelm any simple functional dependence
of the mixing rates on Ri.

4. Conclusions

From the results and discussion presented here, we
are led to the following conclusions.

e The Pacanowski and Philander (1981) scheme
provides a capability for tuning the strength and vertical
structure of the equatorial current system. The param-
eter « sets the position of the transition region in the
shear-buoyancy plane (increased « shifts the mixing
toward lower Richardson numbers) and thus deter-
mines the effective depth of the surface high-mixing
zone. The parameter »n determines the width of the
transition zone, so that smaller values of # will lead to
a more gradual change between the high-mixing and
background-mixing regimes.

e The methodology of the level 2 and 21/, SMC
schemes is not commensurate with direct tuning of the
response but does permit indirect adjustment through
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FIG. 4. A scatterplot of the eddy viscosity against the gradient
Richardson number for (a) experiment (i), (b) experiment (ii), and
(c) experiment (iv) (see text and Fig. 2). The abscissa is transformed
using log,o.

various lower-level constraints. The factor af in the
stratified limit to the master length scale determination
plays a similar role to « in the Pacanowski and Phi-
lander (1981) scheme but with the reverse sense; that
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is, a reduction in « shifts the transition region in the
shear-buoyancy plane to smaller Richardson numbers.

e The addition of the differential equation for TKE
(that is, the change from level 2 to 21/; closure) and
the inclusion of a differential equation for / significantly
alters the mixing regime. The mixing regime in the
case with both the TKE and / differential equations is,
somewhat surprisingly, quite similar to that of the PP
scheme.

e The Pacanowski and Philander scheme ensures
that viscosity is greater than diffusion, but the SMC
schemes results in near equality, with a tendency to-
ward greater diffusive rates.

e There is no simple functional relationship between
the gradient Richardson number and the level of mix-
ing in either the level 2 or level 21/> models.
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