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ABSTRACT

A new wavelet analysis methodology is applied to open ocean wave height data from the Southern Ocean
Waves Experiment (1992) and from a field experiment conducted at Duck, North Carolina, in 1997 with the
aim of estimating the directionality and crest lengths of steep waves. The crest directionality statistic shows
that most of the steep wave crests are normal to the direction of the mean wind. This is inconsistent with
the Fourier wavenumber spectrum that shows a broad bimodal directional spreading at high wavenumbers.
The crest length statistics demonstrate that the wave field is dominated by short-crested waves with small
crest length/wavelength ratios. The one-dimensional steep wave statistic obtained from the integration of
the directional (two dimensional) steep wave statistic is consistent with the one-dimensional steep wave
statistic obtained from the one-dimensional analysis at high wave slope thresholds.

1. Introduction

The directionality of ocean surface wave fields is of
interest for many reasons. Some measurements of the
sea surface topography (Hwang et al. 2000) have re-
vealed a bimodal directional distribution in the two-
dimensional (2D) wavenumber spectrum, which is in
contrast to the unimodal form proposed by many ear-
lier models. The bimodal directional distribution has, in
fact, been shown to yield mean square slope values that
are more consistent with field studies than the tradi-
tional unimodal directional distributions (Hwang and
Wang 2001). In addition, the observed bimodal direc-
tional spreading is consistent with the theoretical esti-
mate of nonlinear wave interactions, which moves en-
ergy away from the peak frequency and redistributes it
into the directions oblique to the mean wind direction
(Wang and Hwang 2001). Directional spreading is also
important in determining the form of the one-
dimensional spectrum (Banner 1990).

There have been very few studies of directional prop-
erties of steep and breaking waves. Recently, Melville
and Matusov (2002) obtained images of oceanic white-
caps from an aircraft and tracked the evolution of
whitecaps using image velocimetry. They were able to
calculate the directional breaking wave statistic �(c)
and found a symmetrical angular distribution about the
mean downwind direction.

The traditional methods of understanding the direc-
tionality of the wave field have been through the use
of Fourier-based methods such as the maximum like-
lihood method (Capon 1969) and the direct two-
dimensional Fourier transform. New methods have re-
cently emerged that take into account the wave groupi-
ness of the ocean surface. Donelan et al. (1996) were
able to calculate the frequency–directional spectrum by
estimating the instantaneous wave propagation direc-
tions at various frequencies using a wavelet-based
analysis. However, there have been no observational
studies of the directionality of steep nonlinear waves. In
addition, there has been no study of the statistical na-
ture of crest lengths on the ocean surface.

Recently, direct observations of ocean surface topog-
raphy were made during the Southern Ocean Waves
Experiment (SOWEX) and an experiment conducted
off Duck, North Carolina, in September 1997 (hereafter
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termed the DNC experiment). Using these datasets we
have developed a data analysis technique to estimate
the statistics of nonlinear wave groups based on the
wavelet transform. In a companion paper (Scott et al.
2005), we have presented one-dimensional analyses of
the steep wave statistics based on the assumption that
all steep wave fronts propagate in the mean wind di-
rection. In this paper, we investigate the directionality
and crest length statistics of steep wave events in detail
by performing two-dimensional analyses of the ocean
surface topography.

2. Data analysis

The analysis in this paper was performed on data
from the Southern Ocean Waves Experiment and data
obtained from a field experiment conducted near Duck,
North Carolina, in September 1997. Information on
these experiments can be found in Banner et al. (1999)
and Hwang et al. (2000). Since the definition of the
steep wave statistic based on the wavelet transform is
identical to that in the companion paper (Scott et al.
2005), only a brief summary is given below.

a. Definition of the steep wave statistic

The steep wave statistic is defined based on the for-
mulation of the breaking wave statistic �(c) proposed
by Phillips (1985). Using this same idea, the steep wave
statistic �T(k, �) is defined as the total length of steep
wave fronts whose wave slope exceeds a set threshold T
per unit surface area per unit wavenumber, where an
area element in the wavenumber domain is dk k d�.
Thus,

�T�k,��dk k d� �
L

Ã
, �1�

where Ã is the area of ocean surface, and L is the total
length of breaking wave fronts with wavenumbers in
the area element dk k d� in the wavenumber domain.
The one-dimensional lambda function �T(k) is ob-
tained from the integration of �T(k, �):

�T�k� � ��T�k, ��k d�. �2�

In general, the slope of an individual wave cannot be
determined uniquely for random seas with a broad-
banded spectrum. Thus the wave slope is defined using
the wavelet transform such that the estimated slope of
a steep wave event is, in fact, the average wave slope of
a small group of waves that are detected by the wavelet
transform.

b. Wavelet transform

The wavelet transform of a signal f(u) in this study is
defined as

Wf�a, s� � Re��
��

�

f�u�
1

a2 ��u � s

a �du�a � 0,

�3�

where

��a, s� � ��s�a� � e�iK0s�ae�1/2 �s�a�2, K0 � 5 �4�

is the Morlet wavelet. A signal with a high wave slope
event at scale a0 and position s0 will have a wavelet
transform characterized by a large peak value of Wf at
(a0, s0). The peak value is proportional to the average
wave slope in the neighborhood of s0.

c. Estimation of the two-dimensional steep wave
statistic, ��(k, �)

The observed wave topography data are prepro-
cessed such that the surface elevation is defined at
equally spaced grid points both in the along-wind di-
rection and in the cross-wind direction. The wavelet
transform is applied to each column vector (in the
along-wind direction) of the two-dimensional surface
elevation array. The result Wf(a, s) contains an array of
high wave slope events. To obtain a distribution of
these events, a wave slope threshold is applied over it.
All points with a wavelet transform value above a set
wave slope threshold T are selected. These points ap-
pear as aggregates in local regions of Wf(a, s). From
these groups of points, the point of highest value is
sought using a nine-point box filter. The local maxi-
mum that satisfies the condition of being above the set
wave slope threshold is defined as a steep wave crest
associated with a wave group. The conversion of the
scale a used in the wavelet analysis to the real wave-
number scale k is obtained via a conversion constant, C,
such that k � C/a. The wavenumber associated with the
Morlet wavelet at scale a is taken to be the wavenum-
ber at the peak of its Fourier power spectrum.

The wavelet transform threshold used to discriminate
high wave slope events corresponds to a real average
wave slope threshold. The conversion from the wavelet
transform peak value to the real wave slope threshold is
accomplished by first taking a pure sinusoid, f(u) �
Asinku, of known wave amplitude A and wavenumber
k and obtaining the wavelet transform of the signal. The
peak value of the wavelet transform is then related to
the wave slope Ak to determine the conversion con-
stant �:

� �
Ak

max	Wf�a, s�

. �5�

With real surface wave height data, this constant is used
to convert from the local maximum value of the wavelet
transform to the equivalent local wave slope threshold.

The two-dimensional steep wave statistic �T (k, �)
can be estimated by first applying the wavelet trans-
form to all along-wind column vectors of the two-
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dimensional surface elevation array. The results of the
wavelet analysis of a single surface elevation image
from the DNC dataset are shown in Figs. 1a and 1b for
the wave slope thresholds of 0.02 and 0.06, respectively.
Notice that there are no high slope events near the edge
of the wave image since we cannot use the wavelet
transform data near the edge of the wave height record
(Scott et al. 2005). All steep wave events are indicated
by circles, and the circle size is proportional to the wave
scale (i.e., inverse of the wavenumber). There is a ten-
dency for high wave slope events of the same scale or
nearly the same scale to be positioned close to one
another. These local events of a common scale together
form crests of different lengths distributed over the en-
tire surface elevation image. To study the statistics of
crest angle and length, and for the sake of simplicity, we

postulate that, to the first order, the high wave slope
wave crests form geometrically straight lines on the
ocean surface. First, each high wave slope event is clas-
sified according to its scale into one of the set discrete
scale bins. The scale bins are defined with a set interval
of loga or logk. Initially, we choose this interval to be
0.1; that is, the wave scale of roughly �10% is put in the
same scale bin.

The second aspect of grouping is carried out by tak-
ing high wave slope events of the same scale bin that
are positioned less than one pixel away in the along-
wind or cross-wind direction as part of a complete wave
crest. This is done to simulate, as closely as possible, the
continuity of wave crests across the ocean surface. A
straight line is drawn from the first high wave slope
event to the last high wave slope event that forms a

FIG. 1. Contour plot of surface wave topography and high wave slope crests for DNC experiment. Mean wind speed is 9.5 m s�1. (a)
Circles indicate crest locations, circle size is proportional to inverse of wavenumber, and wave slope threshold is 0.02. (b) Same as in
(a) but wave slope threshold is 0.06. (c) Lines indicate wave crests, and wave slope threshold � 0.02. (d) As in (c) but wave slope
threshold is 0.06.
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complete wave crest of a common wave scale bin. Fig-
ures 1c and 1d show all wave crests defined in this
manner in Figs. 1a and 1b, respectively. The length of
each line, which is a measure of the length of the crest,
is calculated using the equation,

d � �	�y2 � y1�  �y
2 � 	�x2 � x1�  �x
2, �6�

where (x1,y1) and (x2,y2) are the coordinates of the be-
ginning and end positions of the high wave slope crest,
and �y and �x are along-wind and cross-wind sampling
intervals, respectively.

The high wave slope crests in wave groups are posi-
tioned at different angles with respect to the wind di-
rection. Thus, the assigned scale, based on the along-
wind wavelet transform, is not necessarily the true scale
of the high wave slope event. The assigned scale has
been determined based on the high slope event mea-
sured along the wind direction, while the true scale
should be determined based on the event measured
perpendicularly to the wave crest. Thus, the true scale ã
of an event is dependent on the angle of the high wave
slope crest and is estimated as

ã � a sin���, �7�

where � is the angle that the crest line makes with the
wind direction in the clockwise direction, which is cal-
culated according to the following equation:

� � tan�1��x2 � x1��x

�y2 � y1��y�. �8�

It ranges from 0° to 180°, thus making � devoid of nega-
tive values. Any high wave slope wave crests that con-
sist of a single high wave slope event are ignored.

We then estimate LT(a, �), the total length of crests
found in the image area as a function of scale and angle.
It should be understood from this point on that the
scale value a is actually the corrected value ã. Before
the steep wave statistic is calculated, one more correc-
tion is needed. Steep wave crests that are not perpen-
dicular to the wind appear less steep than in actuality.
Thus the true threshold value T̃ is related to the appar-
ent threshold value T as T̃ sin(�) � T, and the appro-
priate values of LT(a, �) must be redistributed into the
higher wave slope threshold distributions. (From this
point on the threshold T is actually the corrected value
T̃.) Finally, ��(a, �) is found via the equation

�T�a, �� �
LT�a, ��

a  Ã  ��  �a
, �9�

where Ã is the total area of the image, �� is the differ-
ential angle element, and �a is the differential scale bin
element. The steep wave statistic �T(k, �) is obtained
via the equation

�T�k, �� � �
a

k

da

dk
�T�a, �� �

a4

C2 �T�a, ��. �10�

The resulting values of �T(k, �) are averaged over
many datasets to obtain an average two-dimensional
steep wave statistic. Integration of the above function
over all angles yields the one-dimensional steep wave
statistic �*T(k).

In the companion paper (Scott et al. 2005), the Dopp-
ler shift due to the aircraft motion has been corrected
for in calculating �T(k) by assuming that all waves
propagate in the mean wind direction. In this paper,
however, we do not attempt to remove the Doppler
shift effect from the data because the focus here is on
the geometry (directionality and crest length) of steep
waves, and the Doppler shift correction complicates
such analyses.

d. Estimation of high wave slope crest length
distribution H(d/�)k

In addition to yielding �T(k), the wavelet analysis
allows for the estimation of the distribution of high
wave slope events that possess a particular ratio of crest
length to wavelength, d/�. A two-dimensional distribu-
tion H(d, k) is first estimated. This distribution is de-
fined as the number of high wave slope events of wave-
number k and crest length d relative to the total num-
ber of high wave slope events. If the distribution H(d,
k) is integrated over all d and k, the result is equal to
one. There is a one to one relationship between wave-
number k and wavelength �. Thus, the two-dimensional
distribution H(d, k) can be converted to the two-
dimensional distribution, H(d/�, k). This can in turn be
integrated over set wavenumber intervals. This quan-
tity is denoted by H(d/�)k, where k designates the mean
wavenumber of the wavenumber interval used. For the
DNC experiment, H(d/�, k) was integrated over 0.05 �
k � 0.25 rad m�1 and 0.25 � k � 0.65 rad m�1 , with
the mean wavenumber of k � 0.15 rad m�1 and 0.45
rad m�1, respectively. For the SOWEX experiment,
H(d/�, k) was integrated over 0.01 � k � 0.05 rad m�1

and 0.05 � k � 0.11 rad m�1 , with the mean wave-
numbers of k � 0.03 rad m�1 and 0.08 rad m�1, respec-
tively.

e. Estimation of the crest directionality P(�)

In addition to the distribution of the length of crests,
the distribution of angles that the high wave slope crests
make with the mean wind direction can be estimated.
Assuming self-similarity and also in order to reduce
statistical scatter, the directional distribution P(�) is
simply defined as the number of high wave slope events
of angle � relative to the total number of high wave
slope events such that, if it is integrated over all �, the
result is equal to one. This method of analysis is used
for images from both datasets.
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3. Results and discussion

a. Detection of steep wave crests

Figures 1a and 1b display the spatial distribution of
high wave slope events and the contours of the surface
wave topography at wave slope thresholds of 0.02 and
0.06, respectively, from one image of the DNC dataset.
The size of the circles is proportional to the wave scale.
Figures 1c and 1d show corresponding crest lines de-
fined by connecting the high wave slope events of simi-
lar scales. The results from the SOWEX 10 June dataset
are shown in Figs. 2 and 3. In Fig. 1 the wind is blowing
in the direction from top to bottom. In Figs. 2 and 3 the
wind is blowing from bottom to top. The wavelet analy-
sis algorithm is successful in tracking the high wave
slope crests at a specific threshold. The wave field is
composed of large waves on top of smaller waves on
top of the smallest waves. The plotted topography em-
phasizes the large-scale features rather than the small
scale and, thus, small-scale riding waves cannot be
readily seen. The wavelet analysis, however, performs
multiscale filtration of the data to reveal steep wave

crests at many scales. This is the reason for the appear-
ance of crest lines mostly, but not always, near the local
peaks of the background topography. In addition, crest
lines are occasionally offset from the actual crest loca-
tions because of the convolution associated with the
wavelet transform.

b. Comparison of the steep wave statistic from 1D
and 2D analyses

In Fig. 4, we present the results of the steep wave
statistic �T(k, �) obtained from the integration of the
directional steep wave statistic �T(k, �) over all angles,
for the DNC and SOWEX datasets. They are compared
with the steep wave statistic �T(k) from the one-
dimensional analysis described in the companion paper
(Scott et al. 2005) without the Doppler correction. The
steep wave statistic resulting from the two-dimensional
analysis �*T(k) is similar in form to �T(k) obtained
from the one-dimensional analysis. The values of
�*T(k) are slightly larger than those of �T(k) at low
wave slope thresholds. This is due to the fact that, at the

FIG. 2. As in Figs. 1a,b but for 10 Jun SOWEX, and mean wind speed is 25 m s�1.
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lower wave slope thresholds, almost all waves are
counted. Some wave crests exist at nonnormal angles to
the mean wind direction. This causes an increase in the
measurement of the total length of wave crests per unit
wavenumber per unit area when the two-dimensional
analysis is used. The deviation between the two statis-
tics decreases with increasing wave slope threshold, al-
though the signals become quite noisy as the wave slope
threshold nears the highest thresholds used in the
analysis. Thus, �T(k) for both methods of analysis
agree reasonably well at the moderately high wave
slope threshold regime, implying that most of the steep
waves propagate in the direction of the mean wind. This
finding justifies the simpler one-dimensional approach
taken in our companion paper (Scott et al. 2005).

c. Directionality of steep wave crests

Figure 5 displays the statistical distribution P(�), the
angular distribution of the steep wave crests relative to
the wind direction for different wave slope thresholds
T. The mean wind is positioned at the angular position

of 90°, which is designated by the vertical line. The
sequence of figures shows overall that most of the steep
waves propagate in the direction of the wind. This gives
further affirmation to the assumption made in the com-
panion paper, that is, the assumption of the wave crests
predominantly being perpendicular to the direction of
the wind. Large-scale ocean surface waves possess cur-
vature and thus in actuality cannot be modeled truly as
straight lines. However, most of the steep waves on the
ocean surface are small-scale waves whose fronts do not
extend considerably over the ocean surface and there-
fore do not have extensive curvature. Thus, the assump-
tion of the model should not have a large effect on the
narrowness of the distribution. The tightness of the dis-
tribution P(�) about the wind direction demonstrates
qualitatively the characteristic of the breaking wave sta-
tistical model proposed by Phillips (1985), who pre-
dicted the directionality of the breaking wave statistic
to be tighter than that of the wavenumber spectrum.

There is a noticeable difference in P(�) with changes
in wave slope threshold. Each case from both the DNC
and the SOWEX datasets shows a growing fraction of

FIG. 3. As in Figs. 1c,d but for 10 Jun SOWEX, and mean wind speed is 25 m s�1.
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wave crests propagating in the direction of the mean
wind with increases in wave slope threshold. The analy-
sis of the field data by Hwang et al. (2000) from the
DNC experiment found a bimodal directionality to the
wavenumber spectrum at high wavenumbers above 3
times the peak wavenumber, suggesting that many
waves propagate at angles other than downwind. How-
ever, the directional spreading of the steep wave statis-
tic is very narrow in Fig. 5. A plausible reason why
there is a discrepancy between the wavenumber spec-
trum and the results of the steep wave statistic is that
the Fourier spectrum of short-crested waves causes en-

ergy leakage at oblique angles even if the wave crest
itself is perpendicular to the wind direction. Since the
steep wave analysis is only a quasi-two-dimensional
analysis, it does not produce energy leakage at the ob-
lique angles.

d. Crest length statistics

Figure 6 shows the statistical distributions H(d/�)k of
the ratio between the crest length and the wavelength.
The plots show two distributions for the low and high
wavenumber bins defined earlier. There is a dearth of
data points in the low wavenumber bin but the trends
are clear. The distributions show that most of the waves
have small crest length/wavelength ratios d/�. There
appears to be self-similarity of the wave shape such that
H(d/�)k decays with d/� in a similar manner regardless
of the wavenumber and the slope threshold. Thus
short-crested waves make more contributions to the to-
tal length of wave crests.

4. Sensitivity to wave binning and scale selection

The results of crest directionality and crest length
statistics are contingent on how the steep wave events
are found and binned to form a continuous wave front
on the ocean surface. Initially, each high wave slope
event was classified into the scale bins that are defined
with a set interval of 0.1 in loga or logk. Two other
different binning intervals of 0.05 and 0.075 in loga or
logk were used to define the wave crests. The results
are shown in Fig. 7. The series of figures clearly shows
that there is no significant difference due to different
scale binning.

5. Conclusions

The wavelet analysis methodology presented here is
able to track steep wave events and give estimates of
the amount and directionality of high wave slope events
that cover a given area of ocean. Analysis of the results
shows that high wave slope crests appear over the en-
tire range of wavenumbers resolved and mostly perpen-
dicular to the mean wind direction. Comparison of the
steep wave statistic �T(k) from the one-dimensional
analysis and �*T(k) obtained by integrating the two-
dimensional steep wave statistic shows consistency at
moderate wave slope threshold values.

Our crest directionality statistic further confirms that
most of the steep wave crests are normal to the direc-
tion of the wind even at low wave slope thresholds. This
is not consistent with the Fourier wavenumber spec-
trum that shows a bidirectional spreading at high wave-
numbers. The lack of consistency may be partly attrib-
uted to the fact that most steep waves are short crested
and generate leakage in oblique directions in the Fou-
rier spectrum.

FIG. 4. The steep wave statistics �T(k) vs k and �*T(k) vs k for
different wave slope threshold values. Numbers in the figure in-
dicate slope threshold T. (a) DNC experiment and (b) 10 Jun
SOWEX.
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FIG. 5. Fraction of high wave slope crests vs angle. Wave slope
thresholds are 0.02 (solid line), 0.06 (dashed line), 0.1 (thick line),
and 0.14 (dotted line). (a) DNC experiment and (b) 10, (c) 12, (d)
13, and (e) 14 Jun SOWEX.
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FIG. 6. Fraction of high wave slope crests vs d/�. Wave slope
thresholds T � 0.02 (solid line), 0.06 (dashed line), and 0.1 (thick
line). (a) DNC experiment; mean wavenumbers are k � 0.08 (o),
0.03 ( � ) rad m�1. (b) 10, (c) 12, (d) 13, and (e) 14 Jun SOWEX;
mean wavenumbers are k � 0.08 (o), 0.03 ( � ) rad m�1.
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