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Measurement of 2-D Sea Surface Elevation Fields
Using Complex Synthetic Aperture Radar Data
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Abstract—A method is presented to derive two-dimensional
sea surface elevation fields from complex synthetic aperture radar
(SAR) data. Applied to spaceborne SAR data as acquired by Eu-
ropean Remote Sensing 2 (ERS-2) or the Environmental Satellite
(ENVISAT), the method allows to analyze the structure of ocean
wave fields, e.g., wave grouping or individual wave heights on a
global scale. The technique, thus, provides wave parameters not
obtained with common SAR wave retrieval schemes, which are
designed to estimate the 2-D wave spectrum, i.e., second-order sta-
tistical moments of the wave field. Estimates of sea surface elevation
fields are obtained based on the existing theory of SAR ocean wave
imaging, i.e., the modulation of the SAR image intensity due real
aperture radar and motion-related effects. A power series expan-
sion is derived for SAR intensity images that enables the analysis of
nonlinear effects as well as to derive a quasi-linear approximation of
the SAR imaging model in the spatial domain. A statistical analysis
is performed based on a global dataset of 2-D wave spectra provided
by the European Centre for Medium-Range Weather Forecast.
Distributions are given for the relative error of the quasi-linear ap-
proximation in the spatial domain. It is shown that the error can be
reduced by smoothing the SAR image in the azimuthal direction at
the cost of lower resolution. Smoothed elevation fields are retrieved
by the minimization of a cost function defined in the Fourier domain
based on the quasi-linear approximation of the imaging process.
A multilook technique is applied to infer the information on wave
propagation directions, which is required because the SAR transfer
function is non-Hermitian, i.e., the SAR image is not determined
by the “frozen” sea surface, but wave motion has a significant
impact. The method is applied to simulated SAR images as well as
to data acquired by ERS-2. The errors of the retrieved wave field
due to image noise, uncertainties in the SAR imaging model, and
bandwidth limitations are analyzed. In particular, the fact that
the estimated elevation field is smoothed due to the finite system
resolution and smearing effects associated with wave motion is
discussed. A statistical test is proposed to check the homogeneity of
the SAR image. The method makes sure that atmospheric effects
are not misinterpreted as being caused by ocean waves.

Index Terms—Individual waves, ocean waves, sea surface eleva-
tion, synthetic aperture radar (SAR).

I. INTRODUCTION

I T HAS BEEN amply demonstrated that synthetic aperture
radar (SAR) data can be used to estimate parameters of the

two-dimensional (2-D) sea surface elevation field [1]–[7]. Due
to their high spatial resolution and all-weather and daylight ca-
pabilities, spaceborne SAR systems are the only sensors that can
provide directional ocean wave information on a continuous and
global scale.
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Traditionally, SAR ocean wave measurements were carried
out in the spectral domain using SAR image variance spectra to
estimate 2-D ocean wave spectra [8]–[10]. This approach was
later extended to SAR look cross spectra, which make use of the
special SAR imaging process, to retrieve wave propagation di-
rections without ambiguity [11]. Although the spectral approach
is appropriate in particular for applications like wave model as-
similation [12], it disregards a lot of detailed information on the
2-D sea surface elevation field provided by SAR.

The objective of this paper is to present a new technique,
which provides estimates of the sea surface elevation field from
complex SAR data. The method can be understood as com-
plementary to traditional retrieval schemes, which provide es-
timates of the respective second-order statistical moment given
by the wave spectrum. The estimated wave fields offer new ap-
plications of SAR data in ocean wave research and wave fore-
cast, as in the following, for example:

• analysis of individual waves, e.g., freak waves;
• statistical analysis of maximum wave heights and re-

sulting exceedence probabilities;
• analysis of wave grouping;
• estimation of statistical moments higher than second

order;
• analysis of inhomogeneous wave fields.

Apart from additional information on the ocean wave field, the
use of the full image information also helps to improve the un-
derstanding of the SAR imaging process. The knowledge about
the general statistics of the sea surface elevation [13] or wave
maxima can, for example, be used to fine-tune the radar transfer
functions.

To measure sea surface elevation fields from SAR data, we
take a classical retrieval approach based on a quasi-linear model
for the imaging process. The idea is to find that wave field that
minimizes the deviations between the simulated and the ob-
served SAR image. The problem has an additional complexity
due to the fact that the SAR image is not determined by the
“frozen” sea surface alone, but information about the complex
wave spectrum is required. In particular, the SAR image de-
pends on the wave propagation directions, which can be ex-
tracted from a single SAR image, but only with 180 ambiguity.
To infer the required information on wave motion, a multilook
technique is used that provides two SAR images with a time sep-
aration in the order of 0.5 s for typical spaceborne SAR sys-
tems. With the complex wave spectrum as the unknown quantity
and the complex Fourier transforms of the two looks as the mea-
surement, the retrieval problem has a unique solution, at least in
spectral regimes where the magnitude of the SAR modulation
transfer function (MTF) is not too small.
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The SAR ocean wave imaging process has been analyzed
in many studies and is quite well understood by now. The
modulation of the SAR image intensity is caused by both real
aperture radar (RAR) effects and motion-related mechanisms
[3]. Whereas the RAR mechanism is well described by linear
models, the velocity bunching effect can be strongly nonlinear
for shorter waves traveling in the sensor flight direction (az-
imuth). The bunching effect can lead to strong distortions of
the spectrum, which are outside the linear regime. In particular,
it leads to the azimuthal cutoff, i.e., information loss on short
azimuth traveling waves. In the nonlinear regime, the inversion
problem becomes much more complicated, mainly because of
the coupling of different wave components introduced by the
higher order terms of the imaging process. In spectral inversion
schemes as proposed in [9], a priori information on spectral den-
sities, e.g., taken from numerical ocean wave models, can be used
to deal with coupling of wave components, which are captured
by the measurement, and those lost due to the velocity bunching
mechanism. However, for the inversion in the spatial domain,
this approach is not feasible, as it would require knowledge
not only about spectral densities but also about the respective
phases, which are not provided by common wave models.

The approach taken in this study is to restrict the retrieval to
the lower wavenumber regime, i.e., the proposed scheme pro-
vides estimates of elevation fields that are smoothed in the az-
imuthal direction. It is shown that nonlinear image features can
be reduced significantly by smoothing of the SAR data. This
procedure makes the use of a quasi-linear inversion method fea-
sible at the cost of a reduced azimuthal resolution of the re-
trieved elevation fields. A quasi-linear approximation has al-
ready been successfully used for wave spectra retrieval from
SAR data [14].

The paper is structured as follows. In Section II, we review
the basic SAR ocean wave imaging mechanisms that have to
be taken into account in wave field estimation. An integral ex-
pression is derived, which allows to express the SAR intensity
image as a power series with respect to the underlying wave
field. A quasi-linear expression for the SAR intensity image is
derived and compared to the full nonlinear transform based on
a global dataset of ECMWF wave model spectra. Section III is
about the cross-spectra technique, which is later used to resolve
the wave propagation direction without ambiguity. Section IV
summarizes some basic noise properties of SAR data, which are
later used to estimate errors in the resulting elevation fields. In
Section V, the inversion method to derive 2-D sea surface ele-
vation fields from complex SAR data is introduced. In Section
VI, the errors due to lowpass filtering, image speckle noise, and
uncertainties in the SAR imaging model are analyzed.

II. SAR OCEAN WAVE IMAGING THEORY

SAR imaging of ocean waves has been analyzed in many
studies [1]–[5], [15]. It has been shown that for incidence angles
between 20 and 60 , the process is dominated by two mecha-
nisms [3] as follows:

• modulation of the radar cross section (RCS) by long
waves, i.e., waves longer than the SAR resolution cell
(this is commonly referred to as real aperture radar (RAR)
modulation);

• Doppler shifts associated with the orbital motion of the
ocean waves (the resulting effect on SAR imagery is usu-
ally called velocity bunching).

The RAR modulation of the normalized RCS is usually
described by a linear model, which is based on a Fourier repre-
sentation of the sea surface elevation at time

Re (1)

Here, Re denotes the real part, is the 2-D wavenumber vector,
are the complex Fourier coefficients of the sea surface, and
is the angular wave frequency. For deep water, is con-

nected to the wavenumber via the dispersion relation
with gravitational acceleration [16].

The modulation of the normalized RCS can then be written
as

(2)

Here, is the RAR MTF, which is governed by different geo-
metrical and hydrodynamic mechanisms [3]. The corresponding
analytical expressions used in this study can be found in Ap-
pendix A. It should be noted that there is still some uncertainty
about the exact phase and magnitude of the RAR MTF [17].
Furthermore, there are different approaches to include a pos-
sible wind dependence. However, as the focus of this study is
on the inversion procedure, which can be carried out with any
MTF, we will use the relatively simple expressions in Appendix
A and leave it to the individual users of the method to choose
their favorite MTF.

A SAR uses the Doppler shifts of the returned signals to
achieve its high resolution in flight direction (azimuth) [18]. In
standard SAR processing, it is assumed that the imaged scene
is stationary, which, in general, is not the case for an ocean sur-
face. A slant range component of the orbital velocity causes a
shift of the respective image point in the azimuth
direction, where is slant range and is the platform velocity
[1]. In a linear approximation, can be expressed in terms of
the wave spectrum as

(3)

where is the orbital velocity transfer function given by

(4)

with incidence angle .
Based on (2) and (3), the following integral expression can be

derived for a SAR image of a moving sea surface [19]

(5)
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TABLE I
COMPARISON OF DIFFERENT ENVISAT ASAR AND ERS SAR WAVE

MODE PARAMETERS OF SINGLE-LOOK COMPLEX IMAGES

where is the system resolution in the azimuth direction, and
and are the spatial coordinates in azimuth and range, re-

spectively. An important property of the transform (5) is that it
maintains the mean intensity, i.e., [5].

To analyze the nonlinearity of the imaging process and to de-
rive a quasi-linear approximation, it is helpful to take the Fourier
transform (denoted by ) of each of the azimuth lines in (5). Ap-
plying a variable transform and integrating out the exponential
function, one obtains

(6)

Expanding the exponential function under the integral in a
power series and ordering the terms with increasing nonlin-
earity order with respect to the underlying ocean wave field
yields

(7)

with functions defined as follows:

(8)

For the ENVISAT imaging configuration (compare Table I), the
expansion typically requires 50 terms or more before conver-
gence occurs, reflecting the strong nonlinearity of the mapping
process. Here, convergence is defined as the nonlinearity order
at which the image variance contribution of the corresponding
expansion term is less than 1% of the respective contribution of
the linear term.

The highest nonlinearities in the SAR image are associated
with shorter azimuth traveling waves. In order to make the
quasi-linear inversion procedure presented in Section V fea-
sible, our approach is to smooth these waves out. The size of
the smoothing window is defined in terms of the estimated
azimuthal cutoff wavelength . The cutoff wavelength of the
SAR image is estimated by fitting a Gaussian

(9)

to the respective azimuthal autocorrelation function [20]. The
smoothed SAR image is then defined as

(10)

where the new cutoff wavelength is given by

(11)

with a parameter .
To quantify the impact of the smoothing process, a global

dataset of 1000 2-D ECMWF wave spectra was used for Monte
Carlo simulations. For each of the spectra, a realization of a sur-
face elevation field and a corresponding orbital velocity field
was calculated with a random generator assuming uniformly
distributed phases of the complex wave spectrum. These two
fields were then used as input for the transform (10). Histograms
of the required expansion terms of the Taylor series are given in
Fig. 7(B) for different values of . As one can see, the smoothing
operation reduces the order of nonlinearity considerably. The
corresponding effective azimuthal cutoff wavelength is given
in Fig. 7(C). The respective ratio of the cutoff waveheight ,
and the significant waveheight is given in Fig. 7(D). Here,

is defined as

(12)

where is the 2-D wave spectrum in the wavenumber domain
defined as

(13)

where is the spectral bin size associated with the finite sur-
face area considered. If the ratio is equal to one, no spectral en-
ergy is lost due the smoothing, whereas all energy is smoothed
out if the ratio is zero.

Due to the reduced nonlinearity, it makes sense to use a linear
approximation for the smoothed SAR image. Furthermore, it is
possible to derive a quasi-linear approximation by splitting the
wave spectrum into one part with azimuth waves longer than
the cutoff wavelength and a second part with the remaining
components. Accordingly, we write and as

where refer to the low azimuth wavenumber part and
represent the shorter azimuth waves. The idea is to deal

with short azimuth wave components, for which no phase in-
formation is available from the SAR data, by taking the av-
erage over all possible realizations. In this case, only informa-
tion about the variance spectrum of these waves is required,
which can be either taken from prior knowledge, e.g., numer-
ical wave models, or empirical relationships with the azimuthal
cutoff wavelength.

The quasi-linear transform is obtained by averaging the trans-
form (6) over the short azimuth waves. Taking into account that
the RAR modulation mechanism has a minor influence for these
waves [4], a good approximation is obtained by averaging over

. Using the general relationship

(14)
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Fig. 1. Simulation of a SAR intensity image I using the full nonlinear (D) and quasi-linear (C) forward model given by (5) and (16), respectively. A JONSWAP
spectrum (A) was used to simulate the respective ocean wave field (B) assuming uniformly distributed phases.

for a zero-mean Gaussian variables and an arbitrary complex
number [5], one obtains the following expression:

(15)

Fig. 6 shows a scatterplot of versus the cutoff wave-
length for [Fig. 6(A)] and [Fig. 6(B)]. One can
see that the correlation is over 0.9 in both cases, which means
that the average impact of the shorter azimuth waves can be well
estimated from the cutoff wavelength.

Terminating this expansion after the linear term
yields the quasi-linear approximation for the smoothed SAR
image, which can be written as

(16)

where denotes the 2-D Fourier transform, and the SAR
transfer function is defined as

(17)

with denoting the azimuth component of the wavenumber
vector. Fig. 1 shows a comparison of the full nonlinear and

quasi-linear transform for a wave field generated from a para-
metric Joint North Sea Wave Project (JONSWAP) [16] wave
spectrum [Fig. 1(A)]. The ERS-2 imaging parameters as given
in Table I were used for the simulation. The quasi-linear approx-
imation of the intensity image is shown in Fig. 1(C), whereas
Fig. 1(D) shows the full nonlinear image. One can see that the
overall agreement is reasonable in this case with some differ-
ences caused by higher harmonics in the nonlinear transform,
which are not captured by the quasi-linear model. A more de-
tailed analysis of the errors of the quasi-linear approximation
will be given at the end of this section.

Magnitude and phase of for m and
are given in Fig. 2. One can see that the transfer function is
non-Hermitian, i.e., . As can be seen from Ap-
pendix A and (17), the asymmetry is due to both the hydrody-
namic modulation and the velocity bunching effect. The main
consequence is that SAR, in general, does not act as a linear op-
erator on the “frozen” sea surface, but the intensity image is a
function of the complete complex wave spectrum. For instance,
if a wrong propagation direction is assumed for an azimuth trav-
eling wave, the predicted phase starting from the intensity image
would be wrong by 180 .

For a single wave system propagating in the azimuth direc-
tion, the SAR imaging process can be expressed in the spatial
domain as a convolution of the ocean wave field with the im-
pulse response function shown in Fig. 2(C). The respective
convolution kernel for a system propagating in the oppo-
site flight direction is depicted in Fig. 3(D). and are
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Fig. 2. (A) Modulus and (B) phase of the SAR transfer function T with orbital velocity variance hu i = 0:5m � s . Isoline labels are given in units per square
meter. SAR imaging parameters as given in Table I are assumed. Corresponding impulse response functions H ;H (normalized) describing the SAR imaging
process in the spatial domain for a wave system traveling in (C) flight direction and (D) in opposite flight direction. Dashed contour lines indicate negative values.

Fig. 3. (A) Sea surface elevation field derived from an ERS-2 wave mode imagette acquired at 59.2 S 102.1 E on June 1, 1997, 8:27 UTC. (B), (C) Two looks
I ; I with time separation of �t = 0:33 s processed from the respective complex image used for the inversion procedure.

calculated as the Fourier transforms of the modified transfer
functions

(18)

As anticipated, the imaging process is local (i.e., on the SAR
resolution scale, which was assumed to be 30 m for the simula-
tion) in the range direction. In the azimuth direction, the width of
the convolution kernel is usually much larger depending on the
orbital velocity variance and the over ratio of the system.
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Fig. 4. (A) Real part and (B) imaginary part of the cross spectrum � computed from the two looks shown in Fig. 3.

Fig. 5. Ocean wave model spectrum colocated with the ERS-2 imagette shown
in Fig. 3(B) and (C).

The higher linearity achieved by smoothing of the SAR image
is reflected by a reduction of the relative error of the quasi-linear
transform (16) defined as

(19)

where the angle brackets indicate spatial averages. Fig. 7(A)
shows the distribution of the error estimated from the global
dataset of ECMWF spectra for different values of . One can
see that the error of the quasi-linear transform can be reduced
significantly by smoothing of the SAR image in the azimuth
direction.

III. MULTILOOK TECHNIQUE

As shown in the previous section, SAR retrieval of ocean
wave fields requires information on wave propagation direc-
tions. In this section, a technique is summarized that is able
to retrieve this information from complex SAR data. Complex
SAR data contain information on the time evolution of the RCS
during the integration time , which is typically in the order
of 1 s for spaceborne civilian C-band SAR systems. This in-
formation can be extracted by applying the so-called multilook
technique. In this method, the integration time is split in two
or more subintervals, and each interval is processed to a SAR

image separately. Denoting the so-called Doppler centroid time
with [18] one can generate two looks

(20)

(21)

with time separation . In the case of ocean waves,
the shift of wave patterns on the looks can then be used to gain
information about the respective propagation directions. Com-
monly, the phase shift is estimated using cross spectra. The cross
spectrum is defined as

(22)

where are the complex Fourier transforms of the two
looks, and the asterisk denotes complex conjugation. Fig. 4
shows the cross spectrum derived from the looks in Fig. 3. The
wave propagation direction is indicated by the positive peak of
the imaginary part.

IV. NOISE MODEL

The SAR intensity image given by (5) is idealized be-
cause it does not contain image noise. In practice, one has a SAR
image that is affected by so-called speckle noise [21]. In the
commonly used multiplicative noise model [18], the estimated
intensity is expressed as the product of a negative exponen-
tial distributed speckle process with unit mean and a process

carrying the RCS information [22]. The two processes are
assumed to be statistically independent. To first order, it can be
assumed that the correlation length of the speckle , which is on
the SAR resolution scale, is shorter than the correlation length
of the modulation [20]. The variance spectrum of
can then be written as follows:

(23)

where is the variance spectrum of the speckle process .
As can be seen, the first-order impact of SAR image speckle on
the normalized SAR image variance spectrum is an additional
noise floor. The last approximation holds because the variance
of the modulation , caused by ocean waves, is in general much
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Fig. 6. Scatterplot of the standard deviation of the shift variable � [compare (14)] versus the cutoff wavelength � for (A) � = 1 and (B) � = 3.

Fig. 7. (A) PDF of the relative error of the quasi-linear imaging model
estimated from a global dataset of 1000 ECMWF wave model spectra for
different sizes of the smoothing window [compare (10)]. ENVISAT imaging
parameters were assumed for the simulation (compare Table I). (B) The
same as (A) for the number of terms required in the Taylor expansion of the
smoothed image. (C) Respective azimuthal cutoff wavelengths. (D) Ratio of
the waveheight H captured by the SAR to the waveheight H .

smaller than one [23]. Assuming white speckle noise and a SAR
system with range and azimuth resolution and , the noise
floor is then approximately given by

(24)

Note that the speckle variance can be reduced at the cost of lower
spatial resolution using multilook techniques.

For the retrieval scheme described in Section V, a noise model
is needed for the complex image spectrum . We assume that
is affected by additive circular Gaussian noise, i.e., identically
distributed and independent real and imaginary part. Using (24),
the variance of the complex spectrum is calculated as

(25)

Note, that this variance refers to different realizations of the
speckle noise process with the underlying cross-section modu-
lation kept fixed. A model for a joint distribution of the complex

Fig. 8. Flowchart of the SAR retrieval scheme for sea surface elevation fields.

spectra of two looks, based on an ensemble of different sea sur-
face realizations, can be found in [24].

V. SAR RETRIEVAL OF SEA SURFACE ELEVATION FIELDS

As pointed out in Section II, a SAR image of ocean waves de-
pends on the respective wave propagation directions. In order to
measure sea surface elevation fields, we therefore have to infer
information on wave evolution. The inversion scheme presented
in this section is based on the idea to extract this information
from complex SAR data. A flowchart of the method is given
in Fig. 8. The method uses normalized SAR looks , pro-
cessed as described in Section III. As explained in Section II,
it makes sense to smooth the looks in the azimuth direction to
reduce nonlinearities, which cause errors in the quasi-linear in-
version procedure. Furthermore, one has to make sure that the
SAR data do not contain features that have nothing to do with
ocean waves, e.g., rain cells or sea ice. A reliable method to de-
tect such cases is described in Appendix B.
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The respective complex Fourier transforms of the
looks are calculated as

(26)

where we have assumed that the SAR image has pixels.
For larger images, the mean intensity is not constant but de-
creases with increasing incidence angles in the far range [25].
This explains the explicit dependence of on the range
coordinate used in (26).

The complex spectra , which contain the same infor-
mation as the original images, are used as input for the inver-
sion scheme. The quantity we want to measure is the complex
wave spectrum . Using the quasi-linear forward model for the
SAR imaging process introduced in Section II, and can
be written as

(27)

(28)

Here, we have assumed that the complex look spectra are af-
fected by uncorrelated additive Gaussian noise associ-
ated with SAR image speckle with zero mean and variance given
by (compare Section IV)

(29)

Furthermore, we assume relative errors in the SAR imaging
model represented by a Gaussian distributed complex variable

with unit mean and variance (compare Fig. 10). The
two error sources are taken as being statistically independent
and have to fulfil

(30)

(31)

The transfer functions in (27) and (28) are defined as

(32)

(33)

and take into account the wave phase shift occurring in the time
between the look acquisitions [compare (1)].

A maximum-likelihood estimate for given measurements
is obtained by solving the system of (27) and (28) after

averaging out the noise contributions. The result is given by

(34)

with determinant defined as

(35)

As can be seen, is zero if the look separation time is zero,
which means that the multilook technique is essential for the
retrieval method. Due to the symmetric definition of the transfer
functions, the wave spectrum in (34) refers to the ocean wave
field at Doppler centroid time . The inverted elevation field

at time is calculated as

(36)

where the symmetric spectrum is given by

(37)

and the spectral regime is chosen according to signal-to-noise
consideration. A straightforward approach is to use the spectral
regime with the highest energy in the SAR image spectrum, i.e.,

is defined as

for which (38)

where is a parameter with . The resulting errors in
the estimated elevation field depending on the choice of will
be analyzed in Section VI.

A demonstration of the inversion method for synthetic data
without noise is shown in Fig. 9. Looks showing a Gaussian
wave group propagating in the exact range or azimuth direc-
tion are taken as input. Respective cuts are given in Fig. 9(A).
A time separation of 1 s was chosen to allow a visual dis-
tinction of the two curves. The respective 2-D look at time
with wave group propagating in the range direction is shown in
Fig. 9(B). The inverted wave fields obtained from (34) are given
in Fig. 9(C) and (D). One can see that for the azimuth traveling
case shown in Fig. 9(C), the inverted wave field is strongly de-
pendent on the wave propagation direction. If the wave group
is traveling in sensor flight direction ( ), the SAR image
pattern is about 180 phase shifted with respect to the ocean
wave field, whereas it is in phase in the opposite case. For the
range traveling group depicted in Fig. 9(D), the phase shift is
about 90 , regardless of the wave propagation direction.

Fig. 3(A) shows the elevation field calculated from the two
looks shown in Fig. 3(B) and (C), applying the above method
with [compare (38)] and additional smoothing with

[compare (10)].

VI. ERROR ESTIMATION

In this section, different error sources affecting the retrieved
wave field are analyzed. The following are the three main
error contributions:

• missing information on short azimuth waves;
• SAR data noise;
• uncertainties in the forward model.

As all three error sources are basically independent, the resulting
error of the retrieved wave field can be estimated as

(39)

In the following, we discuss the three error contributions sepa-
rately.

A. Smoothing Errors

Due to the azimuthal cutoff, the quasi-linear inversion method
is in general not able to retrieve a complete complex wave spec-
trum . It is obvious that this circumstance leads to errors in
the resulting wave field.

If one has some additional information about the spectral
energy contained in the high-frequency part of the spectrum,
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Fig. 9. Application of the inversion method to a Gaussian wave group (in deep water). (A) Looks taken at times t ; t with time separation of 1 s. (B) Two-
dimensional look at time t with wave group propagating in the range direction. (C) Inverted wave field assuming that the waves are propagating in (solid line) the
positive or (dashed line) negative azimuth direction. (D) Inverted wave field assuming that the waves are propagating in the range direction.

Fig. 10. (A) Illustration of the model used to take into account errors in the SAR transfer function [compare (27)]. The circle indicates the 65% confidence limit
for � = 0:3. (B) Variance spectrum of elevation errors associated with speckle noise [compare (44)].

e.g., from numerical models, one can define the respective wave
height as

(40)

and the resulting standard deviation following from the fact that
no phase information is available for these short waves is given
by

(41)

If there is no prior information available. one has to accept the
fact that the retrieved wave field does not represent the full wave
spectrum. However, as the missing spectral components are well

defined [compare (38)], the elevation still contains useful infor-
mation in particular about the spatial structure of longer waves.

B. SAR Data Noise

It is obvious that the retrieval of wave energy according to
(34) only makes sense for wavenumber vectors , which lead to
reasonable SNRs of the resulting wave field. The variance of the
spectral components due to image noise can be calculated as

(42)

Here, we have used that for , which means
that the error model given by (27) and (28) introduces homo-
geneous errors in the resulting wave field. Equation (42) shows
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that spectral regimes with small magnitude of the transfer func-
tion are critical for the inversion, as the speckle noise is
strongly amplified in this case.

The variance of the retrieved elevation field due to image
noise follows as

(43)

where the variance spectrum of the errors associated with
speckle noise is given by

(44)

Here, we have assumed again that a subset of wave compo-
nents is selected to compose the wave field.

A contourplot of the variance spectrum (44), which represents
errors of the estimated elevation field due to speckle noise, is
shown in Fig. 10. The SAR transfer function with

m , , and the ERS-2 resolution was assumed for the
plot. As can be seen, the highest spectral density of the error
is found for short waves traveling in the azimuth direction as
well as for very long waves. If the entire spectral regime be-
tween 100-m wavelength and 300-m wavelength indicated by
the dashed circles is used in the inversion, the resulting standard
deviation of the elevation field due to speckle is about 2.4 m.
However, it is clear that the spectral regime, e.g., defined by
(38), is in general much smaller and thus the expected error sig-
nificantly lower.

C. Errors in the Forward Model

The variance of the estimated complex wave spectrum due to
errors in the forward model is given by

(45)

The resulting error in the elevation field follows as

var (46)

where is the “true” wave spectrum.
For the inversion example shown in Fig. 3, the numerical

wave model (WAM) [31] gives a significant wave height of
3.3 m (compare Fig. 5). If we assume 30% error in the forward
model, i.e., , then the respective elevation variance
is 0.06 m . The variance caused by speckle is 0.1 m in this
case. As explained before, this variance could be reduced using
multilook techniques, which reduce the spatial resolution. The
expected error due to uncertainties in the forward model and
speckle noise is thus 0.4 m in this case.

VII. CONCLUSION

A new retrieval method has been presented that is able to pro-
vide estimates of smoothed 2-D wave fields from complex SAR
data. The method, for the first time, allows spaceborne measure-
ments of the structure of wave fields. It is in effect an exten-
sion of existing methods that provide only measurements of the
ocean wave spectrum, i.e., statistical moments of the spatially
averaged wave field.

A power series expansion was derived for SAR intensity im-
ages with respect to the underlying ocean wave field. Based on
this expansion, the nonlinearity of the imaging process was an-
alyzed. It was shown that nonlinear image features can be re-
duced by smoothing the SAR image in the azimuth direction at
the cost of lower spatial resolution.

A quasi-linear approximation was derived for smoothed SAR
images. Using a global dataset of ECMWF spectra, it was shown
that the relative error of this approximation is reasonable, de-
pending on the amount of smoothing.

Finally, an inversion procedure was proposed, based on the
quasi-linear imaging model. In order to resolve the ambiguity of
propagation direction present in single SAR images, a multilook
technique was applied.

Statistical models were introduced to quantify the errors
caused by both image noise and uncertainties in the SAR
imaging forward model. Depending on the number of spectral
components used to to compose the final wave field, error bars
are provided for the surface elevation. As an option, a priori
knowledge about the significant wave height (e.g., taken from
numerical wave models) can be used as additional information.

Different approaches are currently taken to validate the pro-
posed method with in situ data, e.g., laser as well as data ac-
quired by other ground-based sensors, e.g., such as nautical
radar. Comparing the different datasets will allow to fine tune
both the phase and magnitude of the SAR transfer function as
well as to estimate error bars for the retrieved elevation fields.

The application of the method to complex wave mode data
provided by ENVISAT will allow a statistical analysis of wave
parameters, like maximum to significant wave height ratios or
wave grouping on a global scale. It is expected that such an
analysis will give new insight into different aspects of ocean
wave physics like the generation of extreme waves. To reach
this goal, some further studies have to be performed, analyzing
the detectability of extreme waves in smoothed elevation fields.

APPENDIX A

The real aperture radar MTF , which is one component of
the SAR MTF given by (17), can be expressed as the sum of
three components, representing different independent physical
mechanism [4]

(47)

Here, represents tilt modulation, hydrodynamic
modulation, and range bunching [4]. For vertical polar-
ization in transmit and receive (VV) and a right looking SAR,
analytical expressions for the transfer functions are given by

(48)

(49)

(50)

Here, is the incidence angle, and is the hydrodynamic relax-
ation rate, which was set to in the open water [4]. The

and components refer to a right-handed coordinate system
with pointing in the flight direction.
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Fig. 11. (A) Boxes used to estimate the inhomogeneity parameter from wave mode imagettes. (B) Histogram of the inhomogeneity parameter estimated from a
global dataset of 30 000 imagettes including land and sea ice.

APPENDIX B
TEST OF IMAGE HOMOGENEITY

On a spatial scale of a few kilometers, ocean wave fields
should be approximately homogeneous, at least in cases where
the boundary conditions are constant (constant water depth,
constant currents). This means that the statistical moments
describing the wave field, e.g., the wave spectrum, are shift
invariant. The same should then also be true for the SAR
image and the respective SAR image variance spectrum. In this
section, a method is presented, which identifies cases where
this basic property is violated using ERS-2 imagette data. One
motivation for this investigation is to detect imagettes, which
are contaminated by the following:

• atmospheric phenomena like boundary layer rolls [26], at-
mospheric fronts, or rain cells [27];

• surface slicks of anthropogenic or biological origin [28];
• sea ice.

Furthermore, the method is able to detect ocean wave fields with
strong spatial dynamics, which are not properly described by a
spectrum. These inhomogeneities can be due to different phe-
nomena such as the following:

• changing water depth;
• inhomogeneous current fields;
• extreme wave grouping, i.e., large distances between wave

groups.
All these features have a spoiling effect on SAR wave measure-
ments and must be detected with high reliability.

According to standard spectral estimation theory, spectral
densities estimated from a single periodogram [29] are
negative exponentially distributed, i.e., is equal to
mean for all wavenumber components . A standard
approach to reduce the variance of the spectral estimator is to
average periodograms estimated from subimages. To check the
homogeneity of wave mode imagettes, subimages
of about 1 1 km size were used to estimate the mean and
variance of the periodogram and to test the above relation
between mean and variance of the periodogram. The boxes
used for the estimation are shown in Fig. 11. The box size is
still large enough to resolve even swell systems. The basic idea
of the test is to check whether

for all wave number bins (51)

holds. Here, mean denotes the standard estimator for the mean,
and var is an estimator for the variance of the periodogram de-
fined as

mean (52)

where denotes the periodogram of the th subimage. It
should be noted that (51) is approximative even if the mean
value is taken on the left side. In fact, it can be shown that the
expression is slightly biased toward values smaller than one
[30].

To avoid the test to be dominated by speckle noise (which
is homogeneous), a weighting with spectral energies is intro-
duced, leading to the following definition of an inhomogeneity
parameter :

mean
var

mean
(53)

The parameter is a weighted average of the expressions given in
(51) over all wave components .

Fig. 11(B) shows the histogram of the inhomogeneity param-
eter estimated from a dataset of 30 000 ERS-2 imagettes, which
is described in [23], including land and sea ice. It can be seen
that the peak of the distribution is slightly smaller than one,
which is consistent with the known bias of the expression in
(51). To classify the imagettes into classes of homogeneous and
nonhomogeneous cases, a threshold of 1.05 was chosen by vi-
sual inspection. It turned out that this choice results in a reliable
detection of atmospheric fronts, slicks, and sea ice.
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