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Coherent deterministic arrival times can be extracted from the derivative of the time-averaged
ambient noise cross-correlation function between two receivers. These coherent arrival times are
related to those of the time-domain Green’s function between these two receivers and have been
observed experimentally in various environments and frequency range of interest~e.g., in
ultrasonics, seismology, or underwater acoustics!. This nonintuitive result can be demonstrated
based on a simple time-domain image formulation of the noise cross-correlation function, for a
uniform distribution of noise sources in a Pekeris waveguide. This image formulation determines the
influence of the noise-source distribution~in range and depth! as well as the dependence on the
receiver bandwidth for the arrival-time structure of the derivative of the cross-correlation function.
These results are compared with previously derived formulations of the ambient noise
cross-correlation function. Practical implications of these results for sea experiments are also
discussed. ©2005 Acoustical Society of America.@DOI: 10.1121/1.1835507#

PACS numbers: 43.30.Nb, 43.30.Wi, 43.20.Bi@DRD# Pages: 164–174
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I. INTRODUCTION

The acoustic time-domain Green’s function~TDGF!
fully determines the acoustic propagation timing betwe
two points. The TDGF is usually characterized by broadca
ing a known signal shape from one point and determining
modifications~in the frequency- or the time domain!, after
propagation through the medium, from the recorded signa
the other point. However, it has recently been experiment
demonstrated1,2 that by cross correlating ambient noise r
cordings from two distinct locations, it is possible to build
estimate of the TDGF between these two receivers. Ea
conjectures of this result were also formulated.3,4 Successful
extraction of TDGF estimates between two points has
cently been achieved experimentally using acoustic amb
noise measurementsonly for specific environments and mea
sured frequency. For instance~1! ultrasonic, using measure
ments of diffuse noise fields;1,2 ~2! seismology, using fully
diffuse ambient seismic noise;5 ~3! helioseismology4 using
passive solar Dopplergrams recorded by the Michelson D
pler imager; or~4! underwater acoustics using recording
sea surface generated ambient noise.6 In addition, different
techniques for constructing TDGF estimates, still based
cross correlations, have also been proposed. These
techniques do not directly use ambient noise measurem
but instead distributed sources in the propagating medium
order to create a ‘‘sufficiently’’ diffuse acoustic field in th
medium. Examples are~1! an ultrasonic scattering medium
using several controlled sources;7,8 ~2! in seismology9 using
the diffuse coda of identifiable seismic events; or~3! in an
underwater waveguide using controlled secondary so
sources distributed in the water column.10

Even if the ambient noise cross-correlation technique

a!Portions of this work were presented at the 147th ASA meeting, Aus
TX, Nov. 2003.

b!Electronic mail: ksabra@mpl.ucsd.edu
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applied in a different type of environment, the underlyin
physics relies on the same fact: when using ambient n
measurements, the deterministic coherent wavefronts
tracted from time-averaged cross correlations correspon
residual coherent noise between the receivers. This smal
herent component of the ambient noise field is buried in
spatially and temporally incoherent field produced by t
whole noise source distribution, but emerges after time a
aging from those correlations that contain noise sour
whose acoustic path passes through both receivers. T
these coherent wavefronts yield an estimate of the arri
time structure of the TDGF. A sufficiently long time
averaging interval~as long as environmental changes do n
modify the acoustic propagation paths! and a spatially homo-
geneous noise distribution help in estimating the arrival-ti
structure of the TDGF from this correlation process.6 The
differences between the various TDGF estimates~or coherent
wavefronts! obtained experimentally using the ambient no
cross-correlations technique in specific environments
linked to the spatio-temporal statistics of the noise sourc
Indeed, the amplitudes of the individual extracted coher
wavefronts are shaded by the directionality of the no
sources and their spatial distribution,6,7 and more frequent
random noise events accelerate the emergence of the T
estimates from the ambient noise cross correlations.

In a complex environment with boundaries~e.g., oceanic
waveguides, ultrasonic cavities!, the emergence of an est
mate of the TDGF from the long-term correlation of ambie
noise recordings was demonstrated experimentally1–6 but ap-
pears at first glance to be a nonintuitive conjecture. T
result has been demonstrated theoretically in a cavity usin
normal-mode formulation.1,2 Furthermore, a stationary phas
derivation has been proposed to explain the extraction of
ballistic Green’s function in seismology from the correlatio
of multiply scattered waves in a free-space medium w
embedded scatterers uniformly distributed.11 Relationships

,
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between the cross correlation of the transmission respo
with the reflection response were also derived for an in
mogeneous elastic media.12 The central result of this article
is a demonstration of this conjecture using a straightforw
application~though geometrically intricate! of the method of
images for a uniform distribution of noise sources in an o
anic waveguide. This method can also be applied to o
environments with plane boundaries~for instance in
seismology11!. The main goal of this article is to relate th
arrival times~t! of the time-averaged noise cross-correlati
function ~NCF! C1,2(t) between the two receivers~i.e., the
asymptotic limit of the NCF after a long time-averaging i
terval! to the arrival times of the TDGF between these tw
receivers by using a stationary phase condition. In addit
this article provides an explanation for the amplitude shad
of the individual extracted coherent wavefronts, as predic
by previous normal-mode formulations13–15 and also ob-
served experimentally in the ocean:6 this shading is related to
the particular geometric distribution of sea-surface no
sources~which induce a dipole effect when the noise sourc
are located close to the ocean surface!.

Previous detailed analysis of the sources of oc
noise16–18 ~natural and manmade! indicates that high-
frequency ocean noise~above several hundred hertz! is not
influenced by shipping noise, and is well approximated b
homogeneous spatial distribution of random surface no
sources, with known statistics.13,19 Thus, this article will fo-
cus on high-frequency oceanic ambient noise. In this pa
the case of a simple Pekeris waveguide20 is studied, for
which a simple formulation of the TDGF exists using t
image theory: the TDGF between two points can be
pressed as a sum of free-space travel times from each o
images of one of these points to the other one.20 This image
formulation is an exact solution of the wave equation for
isospeed and range-independent environment, yet it is
lytically simple. It also easily includes the near-field prop
gation effects for noise sources close to the receivers.
resulting image formulation for the NCFC1,2(t) can be re-
duced to previous normal-mode formulations13–15 or ray
formulations21 of the NCF for range-independent enviro
ments. From this simple model it follows:~1! that only noise
sources located in the endfire direction of the two receiv
contribute to the NCF;~2! which among these endfire nois
sources actually contributes to a given arrival-timet of
C1,2(t); and~3! how the arrival times of the NCF depend o
the depth of these noise sources. This simple image for
lation of the NCF explains the basic physics of this no
cross-correlation process, and should provide an up
bound estimate for the performance of this noise cro
correlation process in the case of more complex ocea
waveguides.

This paper is divided into three sections. In Sec. II
simple model of the sea-surface-generated ambient nois
discussed and closed-form analytical results for the N
C1,2(t), are developed for this model. Here, the effects
the noise source depths and the influence of the bandwid
the two receiving transducers on the time-delay structure
the measured NCF are also investigated. In Sec. III, the
sues associated with a field experiment are discussed, n
J. Acoust. Soc. Am., Vol. 117, No. 1, January 2005
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bly the choice of the length of the correlation time windo
Section IV summarizes the findings and conclusions dra
from this study.

II. TIME-DOMAIN FORMULATION OF THE AMBIENT
NOISE CROSS CORRELATION

A. Surface noise model

At frequencies above several hundred hertz, amb
noise is mostly generated at the ocean’s surface.12,17,22–24A
simple model for the surface-generated ambient no
field13,19,25–27is a random distribution, in space and time,
individual point noise sources located in a plane lying b
neath the sea surface at a constant depthzs . The signal re-
corded at the two receivers locations from a single rand
noise source is fully determined by the TDGF for the ocea
waveguide of interest, between this random source and
receivers. The superposition of these random pulses f
many noise sources, at a receiver location, produces the m
sured surface-generated ambient noise.

B. Image formulation of the ambient noise cross
correlation

We start with the time-domain representation of t
acoustic pressure field from an impulse point source, ba
on the method of images,28 in a isovelocity 3D oceanic
waveguide~with a speed of soundc0), of depthH, bounded
above by a pressure-release surface and below by a s
infinite bottom layer which reduces the pressure amplitu
by a reflection coefficientVb ~see Fig. 1!. Vb is a function of
the ray grazing angle and can be determined by the ge
coustic properties of the bottom.28 Furthermore, volume at-
tenuation is included by adding an imaginary componen
the speed of sound20 (c5c02 ic i). For the Cartesian coordi
nate system (ex ,ey ,ez) defined in Fig. 1, the depth axes,ez ,
starts from the surface and points downward. The radial v

FIG. 1. Superposition of free-space propagations paths (R1,2,l
2 and R1,2,l

1 ,
displayed in dashed lines! for the first five image sources solutions (u l
u<1) in an ideal waveguide~depthH!, between a source located at (0,0,z1)
and a receiver located at (L,0,z2), as defined in Eq.~1! and Eq.~2!. The
corresponding physical propagation paths are indicated in plain lines in
waveguide. The various depths of each image and of the two receiver
also displayed.
165Sabra et al.: Noise cross correlation
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tor in the horizontal plane isr5xex1yey , and the horizontal
axis originates at the first receiver location (x150, y150,
z1). The second receiver is located at (x25L, y250, z2),
whereL.0 by hypothesis. The finite frequency bandwid
of the recordings is@v1 ,v2#. To simplify notation, the nega
tive part of the frequency spectrum of the TDGF is ignore
The bandlimited TDGF between the two senso
G(r1 ,z1 ,r2 ,z2 ;t), can then be expressed as28

G~r1 ,z1 ,r2 ,z2 ;t !

5E
v1

v2 dv

2p (
l 52`

l 51`

~21! u l uVb
u l uS eiv~ t2R1,2,l

2 /c0!
•e2vR1,2,l

2 ci /c0
2

R1,2,l
2

2
eiv~ t2R1,2,l

1 /c0!
•e2vR1,2,l

1 ci /c0
2

R1,2,l
1 D , ~1!

whereR1,2,l
2 and R1,2,l

1 are the free-space distances betwe
the lth-order image~the third indexl is an integer! of re-
ceiver 1~represented by the first index! and receiver 2~rep-
resented by the second index!

R1,2,l
2 5A~ ur22r1u!21~z22z112lH !2

5AL21~z22z112lH !2,
~2!

R1,2,l
1 5A~ ur22r1u!21~z21z112lH !2

5AL21~z21z112lH !2.

This notation for the free-space distancesR associated with
the image theorem~here,R1,2,l

2 andR1,2,l
1 ) will be used con-

sistently throughout the remainder of this paper: the first
dex ~here 1! corresponds to the source location, the seco
index ~here 2! to the receiver location, and the third inde
~here l! to the source-image order. The exponent~1 or 2!
indicates, respectively, that the sum (z21z1) or difference
(z22z1) of source/receiver depths is used. Figure 1 rep
sents the geometric interpretation of the image theorem
the two receivers. Thus, in Eq.~1!, the arrival times of the
TDGF correspond to the free-space travel times from e
individual images of receiver 1 to receiver 2. For infini
bandwidth~i.e., @v1 ,v2#5@2`,1`#) and in the limit of no
volume attenuation~i.e., ci50), the previous time-domain
formulation reduces to

G~r2 ,z2 ,r1 ,z1 ;t ! in f

5 (
l 52`

l 51`

~21! u l uVb
u l uS d~ t2R1,2,l

2 /c0!

R1,2,l
2

2
d~ t2R1,2,l

1 /c0!

R1,2,l
1 D .

~3!

In this 3D oceanic waveguide, the noise source distri
tion is modeled as an infinite 2D plane sheet of monop
impulse sources located at (r s5xsex1ysey ,zs), wherezs is a
constant. In the absence of attenuation in the ocean, the
sulting power of the recording ambient noise field would
infinite. In practice, the contribution of the noise sources
limited in range due to bottom absorption and volume atte
ation. In this model, each noise source broadcasts, at a
dom time ts , an impulse of amplitudeS(r s ;ts). The signal
recorded at the two receivers, locations, from a single r
166 J. Acoust. Soc. Am., Vol. 117, No. 1, January 2005
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dom source, represented by a delta function in space
time, is fully determined by the TDGF for the oceanic wav
guide of interest, between this source and t
receivers.13,19,25The time-domain recorded signals at the tw
receivers,P(r s ,zs ,r k ,zk ;t), k51, 2, are obtained by sum
ming over all the impulse noise sources contributions,28 us-
ing Eq. ~1! for the Green’s function between each noi
source and the receiversG(r s ,zs ,r k ,zk ;t2ts) for k51, 2

P~r s ,zs ,r k ,zk ;t !5E
2`

1`

dr sE
2`

1`

dts S~r s ;ts!G

3~r s ,zs ,r k ,zk ;t2ts!. ~4!

In a stationary medium, the temporal NCF,C1,2(t), be-
tween the signals recorded by both receivers is defined

C1,2~t!5E
2`

1`

dt P~r s ,zs ,r1 ,z1 ;t !P

3~r s ,zs ,r2 ,z2 ;t1t!. ~5!

These random impulse noise sources have a white frequ
spectrum, which does not represent the physical freque
spectrum of the sound pulse generated from break
waves.22,23,25However, if the pulses induced by the breakin
events are assumed to be identical on average, the so
spectrum can be factored out of the spectrum of the rece
signal. Thus, the NCF is independent of the source spect
when normalized by the energy of the recorded signals
each receiver location.26

In practice, the NCF is constructed from ensemble av
ages, denoted bŷ &, over realizations of the noise sourc
amplitude S(r s ;ts). We assume that the random impul
noise sources have the same amplitudeQ (Pa m3/2s), have a
creation rate29 n ~m22 s21! per unit time per surface area, an
are temporally and spatially incoherent13 in the limit of infi-
nite recording time and infinite bandwidth~due to the impul-
sive nature of the sources!; then

^S~r s ;ts!S~r s8 ;ts8!&52nQ2d~r s82r s!•d~ ts82ts!. ~6!

Empirical relations between the surface wind speed and
spatial and temporal statistics of breaking waves
available,30 and can be used to provide estimates of the
rametersn and Q for given sea-state conditions. Since th
noise sources are assumed to be uncorrelated after ense
averaging@see Eq.~6!#, only the correlations between th
arrival times produced by the images of the same no
source will contribute to the arrival times of the NCF. Thu
using Eqs.~1!, ~2!, ~4!–~6!, the NCF can be expressed—aft
simplification—as a sum of four cross terms

C1,2~t!5D1,2
2,22D1,2

1,22D1,2
2,11D1,2

1,1 , ~7!

where
Sabra et al.: Noise cross correlation

se or copyright; see http://asadl.org/journals/doc/ASALIB-home/info/terms.jsp



e
he

ga-

e
e

FIG. 2. Geometric construction of the location of th
noise source corresponding to the first solution of t

stationary phase conditionsr s
b̃5(xs

b̃,ys
b̃50), for n51

and p50 @see Eq.~12! and Eq.~13!#. Note the align-
ment between the noise source image@at depth zs

22(n2p)H5zs22H], the image of receiver 1@at
depth z122(n2p)H5z122H], and receiver 2.
Hence, the difference between the free-space propa
tion path Rs,2,n51

2 ~dash-dotted line! and Rs,1,p50
2

~dashed line! is equal to the free-space distanc
R1,2,n2p51

2 ~dotted line!, i.e., the distance between th
image of receiver 1 and receiver 2 itself.
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D1,2
s,z

5nQ2E
v1

v2 dv

p E
2`

1`

dr s (
p52`

p51`

(
n52`

n51`

~21! upu1unuVb
upu1unu

3S eiv~t1~Rs,1,p
s

2Rs,2,n
z

!/c0!
•e2v~Rs,1,p

s
1Rs,2,n

z
!ci /c0

2

Rs,1,p
s Rs,2,n

z D , ~8!

where the sign exponents symbols are@using the notation of
Eq. ~2!# s56 andz56. The double sum over image inde
p andn is associated with the particular images of the no
sources recorded by receiver 1 and receiver 2, respecti
The arrival times of the NCF,t, are thus set by the differenc
of travel timesRs,1,p

s /c0 ~from the noise source image o
order p to receiver 1! and Rs,2,n

z /c0 ~from the noise source
image of ordern to receiver 2!. On the other hand, the vol
ume attenuation for the amplitude associated with these
rival times depends on the sum of those travel tim
2v(Rs,1,p

s 1Rs,2,n
z )ci /c0

2 and on the accumulated amplitud
damping due to bottom reflection,Vb

upu1unu . Thus, the contri-
butions to the NCF of distant noise sources as well as
contributions resulting from high-order images~which fol-
low steep propagation paths! will be attenuated quicker.

The last step in the image formulation of the NCF i
volves performing the horizontal spatial integration over
whole distribution of noise sources. Section II C presents
mathematical derivations for the first term only,D1,2

2,2 ~i.e.,
s5z52!, of the NCF@see Eq.~7!#. The values of the three
other terms can be directly computed by simple substitut
in Eq. ~8!, of a different pair (Rs,1,p

s ,Rs,2,n
z ), for s56 and

z56.

C. Evaluation of the spatial integration of the NCF

1. The stationary phase approximation

In the high-frequency regime, the spatial integration
Eq. ~8! over the distribution of noise sources can be e
mated using a stationary phase approximation20 where the
phaseF1,2

2,2(r s) @associated with termD1,2
2,2 ; see Eq.~8!#

corresponds to

F1,2
2,2~r s!5v~t1~Rs,1,p

2 2Rs,2,n
2 !/c0!. ~9!

For this method, the spatial integration can be estimated
first finding the noise source locations whereF1,2

2,2(r s) has
J. Acoust. Soc. Am., Vol. 117, No. 1, January 2005
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e
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vanishing derivatives@i.e., the extrema ofF1,2
2,2(r s)], then

evaluating the spatial integral in the vicinity of each of the
locations by using a Taylor series expansion, and fina
summing these contributions.

The particular noise source locations@r s̃5(xs̃,ys̃)# cor-
responding to the extrema of the phase functionF1,2

2,2(r s̃)
are determined by the two spatial conditions, for a given p
of indices (n,p)

ys̃50, ~10!

xs̃

xs̃
21~z12zs12pH!2

5
xs̃2L

~xs̃2L !21~z22zs12nH!2
.

~11!

The first condition, in Eq.~10!, implies that noise source
contributing to the NCF are located in the endfire directio
with respect to the two receivers. The second condition
Eq. ~11! specifies a discrete set of noise sources located
the endfire line due to the boundary conditions at the in
faces of the waveguide. The remainder of this section w
show that these noise sources create a time delayt in the
NCF between receiver 1 and receiver 2 related to the arr
time of the TDGF@see Eq.~1!# between these two receiver

2. Geometric interpretation of the arrival times of the
NCF derived from the stationary phase
conditions

Figure 2 gives a geometric interpretation of the arriv
times of the NCF derived from the stationary phase con
tions @see Eq.~10! and Eq.~11!#, for a given pair of image
indices (n,p). The distance between the noise source a
receiver 1 can be expressed as Rs,1,p

2

5Aur s̃u21((z112(p2n)H)2(zs22nH))2. Hence,Rs,1,p
2 is

also the distance between the (2n)th image of the noise
source and the (p2n)th image of receiver 1. Consider th

noise source located atr s
b̃5(xs

b̃,ys
b̃50), such that the (2n)th

image of this noise source, the (p2n)th image of receiver 1,
and receiver 2 itself are all aligned. The resulting arrival tim
tG

2,2 of the NCF is then
167Sabra et al.: Noise cross correlation
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FIG. 3. Geometric construction of the location of th
noise source corresponding to the second solution of

stationary phase conditionsr s
ã5(xs

ã,ys
ã50), for n5

21 and p50 @see Eq.~14! and Eq.~15!#. The noise
source image orders considered aren521 andp50.
Note the alignment between the noise source image@at
depthzs22(n2p)H5zs12H], the image of receiver
1 @at depth 2(z122zs12(n1p)H)52z112zs

12H], and receiver 2. Hence, the difference betwe
the free-space propagation pathsRs,2,n521

2 ~dash-dotted
line! and Rs,1,p50

2 ~dashed line! is equal to the free-
space distanceR1a,2,n1p521

1 ~dotted line!, i.e., the dis-
tance between the image located at a depth2@z1
22zs12(n1p)H# and receiver 2 itself.
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tG
2,25

Rs,2,n2Rs,1,p

c0

56
R1,2,n2p

2

c0
56

AL21~z22z112~n2p!H !2

c0
. ~12!

Hence,tG
2,2 is also the arrival time of the TDGF betwee

the (p2n)th image of receiver 1 and receiver 2. Using th
geometric construction, a closed-form expression for

noise source locationr s
b̃5(xs

b̃,ys
b̃) is then

xs
b̃52sign~t!~z12zs12pH!•tan~b1,2,n2p

2 !; ys
b̃50,

~13!

tan~b1,2,n2p
2 !5

L

z22z112~n2p!H
,

where b1,2,n2p
2 is the angle made by the line joining th

(2n)th image of this noise source, the (p2n)th image of
receiver 1, and receiver 2 itself with respect to the verti
axis ~see Fig. 2!. Furthermore, the corresponding pha
F1,2

2,2(r s̃
b) @see Eq. ~9!# reduces to F1,2

2,2(r s̃
b)5v(t

6tG
2,2), which is independentof the noise source locatio

r s
b̃. This geometric condition on the noise source locat

gives an interpretation of the stationary phase conditions
pressed by Eq.~10! and Eq.~11!.

Similarly, Fig. 3 shows a geometric construction for

second noise source locationr s
ã5(xs

ã,ys
ã50) which satisfies

the same stationary phase conditions for the pair of im
indices (n,p). Another way to express the distance betwe
the noise source and receiver 1 isRs,1,p

2

5Aur s̃u21((2z112zs22(p1n)H)2(zs22nH))2. Intro-
duce an extra receiver 1a located at (x150, y150, z1

22zs), which is shifted in depth by a distance22zs with
respect to receiver 1. In this case,Rs,1,p

2 corresponds the dis
tance between the (2n)th image of the noise source and th
(p1n)th image of receiver 1a. If we now consider the noise
source located atr s

ã, so that the (2n)th image of this noise
source, the (p2n)th image of receiver 1a, and receiver 2
itself are all aligned, the resulting arrival timets

2,2 of the
NCF is then
168 J. Acoust. Soc. Am., Vol. 117, No. 1, January 2005
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2,25

Rs,2,n2Rs,1,p

c0
56

R1a,2,n1p

c0

56
AL21~z21~z122zs!12~n2p!H !2

c0
. ~14!

Hence,ts
2,2 is also the arrival time of the TDGF betwee

the (p1n)th image of receiver 1a ~located at a shifted depth
z122zs) and receiver 2. Note thatts

2,2 now depends on the
value of the noise source depthzs . Using this geometric
construction, a closed-form expression for the noise sou
location r s

ã5(xs
ã,ys

ã) is

xs
ã52sign~t!~z12zs12pH!•tan~b1a,2,n1p

1 !; ys
ã50,

~15!

tan~b1,2,n1p
1 !5

L

z21~z122zs!12~n1p!H
,

where b1,2,n1p
1 is the angle made by the line joining the

(2n)th image of this noise source, the (p1n)th image of
receiver 1a, and receiver 2 itself with respect to the vertic
axis ~see Fig. 3!. The stationary phase condition now yield
F1,2

2,2(r s̃
a)5v(t6ts

2,2), which is independentof the hori-

zontal coordinates of the noise source (xs
ã,ys

ã).

Thus, the noise sources located at (r s
b̃) and (r s

ã), satisfy
the stationary phase conditions forF1,2

2,2 @see Eq.~10! and
Eq. ~11!# and are in the endfire direction with respect to t

FIG. 4. Top view of the ocean surface. The noise sources making a sig
cant contribution to the image of receiver 1 of ordern6p in C1,2(t) are
located within a disk of radiusd r @see Eq.~17!# from the noise source
locations~s! determined by the stationary phase conditions@see Eqs.~10!,
~11!#, which are on the endfire direction.du is the aperture of the cone in
which all of the noise sources contributing to the image of receiver 1
ordern6p lie. By definition of the cross-correlation functionC1,2(t) @see
Eq. ~5!#, the noise sources associated with positive arrival times are loc
at a rangexs,0, while the noise sources associated with negative arr
times are located at a rangexs.L.
Sabra et al.: Noise cross correlation
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two receivers. These noise sources contribute to two spe
arrival times of the NCF:~1! 6tG

2,2 , which is also an ar-
rival time of the TDGF between receiver 1 and 2; and~2!
6ts

2,2 , which is also an arrival time of the TDGF betwee
receiver 1a and 2 and depends on the noise source depthzs .
The sign of these arrival times depends on the relative de
position of the noise source and the two receivers~see the
Appendix for a complete discussion!. Positive arrival timest
correspond to the correlation of noise sources having a ra
xs,0 ~i.e., being on the left of receiver 1 in the endfi
direction!. On the other hand, negative arrival timest result
from the correlation of noise sources having a rangexs.L
~i.e., being on the right of receiver 2, in the endfire directio!
~see Fig. 4!. Since the noise sources are distributed sy
metrically around the two receivers’ locations, the NC
C1,2(t), for t.0 will be a mirror image of the NCF,C1,2(t),
for t,0, with respect to the time origint50.

3. Spatial resolution of the NCF

Since the phaseF1,2
2,2(r s), has vanishing derivatives in

the vicinity of noise source locationr s
b̃, it can be expressed

as a second-order Taylor series~and similarly forr s
ã)

F1,2
2,2~r s!5F1,2

2,2~r s
b̃!1 1

2~r s2r s
b̃!•@~r s2r s

b̃!

•¹rs
~¹rs

F1,2
2,2~r s!!# rs5rs

b̃ . ~16!

Equation~16! can be used to evaluate the spatial integrat
for the partial cross correlation between the two receiv
D1,2

2,2(t) @see Eq.~8!# using the stationary phase approxim
tion. Additionally, Eq.~16! shows that the spatial area, ce
tered on the noise source location,r s

b̃ or (r s
ã) ~in the horizon-

tal plane of the noise sources!, which makes a significan
contribution to D1,2

2,2(t) is of the order of
@¹rs

(¹rs
F1,2

2,2(r s))#21, for r s5r s
ã or r s

b̃. This quantity corre-

sponds to a disk area centered on the noise source locatir s
b̃

of radiusd r ~see Fig. 4!
he

e
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d r5uxs
b̃u•du ,

~17!

du5SAvR1,2,n2p
2 sin~b1,2,n2p

2 !

c0
D 21

•Auxs
b̃2Lu

uxs
b̃u

,

where du is the aperture of the cone in which the noi
sources associated with the arrival timestG

2,2 or ts
2,2 of the

NCF lie @see Eq.~12! and Eq.~14!#. When using a coordinate
system centered on the location (L/2,0,0) ~i.e., at equal range
from receiver 1 and receiver 2! instead of receiver 1, the new

range coordinate for the source locationr s
b̃ is then shifted to

uxs
b̃2L/2u and this coordinate system is symmetrical~with

respect to the two receivers! uxs
b̃u5uxs

b̃2Lu. Similar results

can be derived for the locationr s
ã. Thus, in this symmetrica

coordinate system, the expression of the angular aperturdu

is then simply inversely proportional to

AvR1,2,n2p
2 sin~b1,2,n2p

2 !/c0

~or AvR1a,2,n1p
1 sin~b1a,2,n1p

1 !/c0!.

The angular aperturedu determines the amount of nois
sources contributing to the arrival timestG

2,2 or ts
2,2 of the

NCF. The parameterdu decreases with the image ordern
6p for the noise source images considered due to the fa
sin(b1,2,n2p

2 ) @or sin(b1a,2,n1p
1 )], and is inversely proportiona

to the product of the wave number (v/c0) times the free-
space distanceR1,2,n2p

2 ~or R1a,2,n1p
1 ). The parameterdu can

be interpreted as a directivity pattern of the NCF, which a
as a beamforming process on the endfire direction for
homogeneous horizontal noise source distributions. Equa
~17! then appears as a generalization of previous free-sp
results6 to the case of an oceanic waveguide, and inclu
now the dependency on the image ordern6p and wave-
guide geometry.

4. Final formulation of the NCF and its time derivative
Using the results of Secs. II C 1 and II C 2 and noti

that d(eivt)/dt5 iveivt, the derivative of the partial cros
correlation between the two receiversD1,2

2,2(t), @see Eq.~2!
and Eq.~8!# can then be simplified to
dD1,2
2,2

dt
5nQ2c0E

v1

v2
dv (

p52`

p51`

(
n52`

n51`

~21! upu1unuVb
upu1unuS eiv~t6R1,2,n2p

2 /c0!
•e2v~ uxs

b̃u1uxs
b̃
2Lu!/sin~b1,2,n2p

2
!•ci /c0

2

R1,2,n2p
2

1
eiv~t6R1a,2,n1p

1 /c0!
•e2v~ uxs

ãu1uxs
ã
2Lu!/sin~b1a,2,n1p

1
!•ci /c0

2

R1a,2,n1p
1 D . ~18!
F

of
nic
In this geometry, the (2p)th and (2n)th images of this
noise source will contribute to a pair of arrival times of t
NCF, determined by the stationary phase conditions@see Eq.
~12! and Eq. ~14!#: tG

2,256R1,2,n2p
2 /c0 (ts

2,2

56R1a,2,n1p
1 /c0) for the temporal derivative of the NCF

dD1,2
2,2/dt. The arrival timets

2,2 depends on the nois
source depthzs and is close to the arrival times of the TDG
between receiver 1 and 2 sinceR1a,2,n1p

1 /c0'R1,2,n1p
1 /c0

when zs is small ~i.e., z122zs'z1). Similar relationships
between the time-arrival structure of the time derivative
the NCF and the TDGF have also been derived for ultraso
cavities.1,2
169Sabra et al.: Noise cross correlation
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The three other cross termsD1,2
s,z , for s56 andz56-as

defined by Eq.~8!, of the NCFC1,2(t) @see Eq.~5!#, can be
computed in a similar way to the previous derivation f
D1,2

2,2(t). Based on the same stationary phase argume
each time derivative of these cross terms yields a pai
arrival times (tG

6,6 ,ts
6,6). Figure 5 illustrates the resultin

arrival-time structure of the NCF for a given value of th
image ordern6p. Thus, it appears that some of the arriv
times of the NCF exactly match the arrival times of t
TDGF between receiver 1 and 2: tG

5AL21(z26z112(n6p)H)2/c0 @note that the exponen
(2,2) has been dropped since we are discussing now
complete arrival-time structure of the NCFC1,2(t) and no
longerD1,2

2,2 alone#. But, additional times delays also exis
whose values depend on the noise source depthzs : ts

5AL21(z26z162zs12(n6p)H)2/c0 @see Eq.~14!#. The
amplitudes corresponding to the arrival timestG andts have
opposite phase@see Eq.~7!#.

Similar results can be derived based on earlier mo
formulations of the NCF~Ref. 13! for the case of the Pekeri
waveguide: the dependency on the noise source depthzs ap-
e-

2
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pears explicitly in the arrival times by transforming th
modal sum into a infinite sum of images.31 Furthermore,
similar dependency on the noise source depth@through the
term 62zs ; see Eq.~19!# for the vertical coherence of sea
surface ambient noise has been previously reported.26 The
expression depends on various combinations depth di
encesz26z1 andz26z162zs .

D. Simplified image formulation of the NCF

This section simplifies this result for the case of~1! no
volume attenuation; or~2! a small source depthzs ~dipole
expansion!. A direct interpretation of the arrival-time struc
ture of the derivative of the time-averaged NCF then b
comes apparent.

1. Case of no volume attenuation

In the limit of no volume attenuation (ci50), the ex-
pression for the time derivative of the NCFdC1,2(t)/dt @see
Eq. ~7! and Eq.~18!# can be expressed simply as, using t
notation of Eq.~1! and Eq.~2!
dC1,2~t!

dt
5nQ2c0E

v1

v2
dv (

p52`

p51`

(
n52`

n51`

~21! upu1unuVb
upu1unu@2~Gn2p

2 ~r2 ,z2 ,r1 ,z1 ;t!2Gn1p
1 ~r2 ,z2 ,r1 ,z1 ;t!!

2~Gn2p
2 ~r2 ,z2 ,r1 ,z122zs ;t!2Gn1p

1 ~r2 ,z2 ,r1 ,z122zs ;t!!2~Gn2p
2 ~r2 ,z2 ,r1 ,z112zs ;t!

2Gn1p
1 ~r2 ,z2 ,r1 ,z112zs ;t!!#, ~19!
-

ce-
e

of
r

where

Gl
2~r2 ,z2 ,r1 ,z1 ;t !5

eiv~ t2R1,2,l
2 /c0!

R1,2,l
2

,

~20!

Gl
1~r2 ,z2 ,r1 ,z1 ;t !5

eiv~ t2R1,2,l
1 /c0!

R1,2,l
1

.

The derivative of the NCFdC1,2(t)/dt @see Eq.~19!#
can then be related to three TDGF: ~1!
Gn6p

6 (r2 ,z2 ,r1 ,z1 ;t), the TDGF between receiver 2 and r
ceiver 1 itself which has double amplitude;~2!
Gn6p

6 (r2 ,z2 ,r1 ,z122zs ;t), the TDGF between receiver
and a receiver~referred to as receiver 1a in Sec. II C 2! at a
location (r1 ,z122zs) shifted in depth with respect to re
ceiver 1; and~3! Gn6p

6 (r2 ,z2 ,r1 ,z112zs ;t), the TDGF be-
tween receiver 2 and a receiver at a location (r1 ,z112zs)
also shifted in depth with respect to receiver 1.

2. Dipole expansion

When the noise source depthzs is very small compared
to the depth of the two receivers, the source and its surfa
reflected image~at a depth2zs) acts as a dipole. The dipol
radiation pattern can be derived from the last expression
the noise cross correlation@see Eq.~19!# using second-orde
expansion in terms ofzs
dC1,2
Dipole~t!

dt
52zs

2nQ2c0E
v1

v2 dv

2p (
p52`

p51`

(
n52`

n51`

~21! upu1unuVb
upu1unu v

c0
S eiv~t6R1,2,n2p

2 /c0!
•e2v~ uxs

b̃u1uxs
b̃
2Lu!/sin~b1,2,n2p

2
!•ci /c0

2

R1,2,n2p
2

3cos2~b1,2,n2p
2 !2

eiv~t6R1,2,n1p
1 /c0!

•e2v~ uxs
ãu1uxs

ã
2Lu!/sin~b1,2,n1p

1
!•ci /c0

2

R1,2,n1p
1

cos2~b1,2,n1p
1 !D , ~21!
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where the expressions ofb1a,2,n1p
1 5b1,2,n1p

1 and R1a,2,n1p
1

5R1,2,n1p
1 were evaluated forzs50. The three arrival times

of the NCF represented in Fig. 5 merge forzs→0, thus cre-
ating a dipole effect. The associated dipole radiation pat
@represented by the factors cos2(b1,2,n6p

n6p ) in Eq. ~21!# yields
a stronger amplitudes for the arrival times of the NCF as
ciated with a high image order (n6p).

The following section discusses the influence of t
source depthzs and the effective receiver bandwidt
(@v1 ,v2#) on the cross-arrival times of the NCF which ca
be effectively measured.

E. Influence of the noise source depths and the
receiver’s frequency bandwidth

The previous sections showed how the distribution
the various arrival times measured by the time derivative
the NCFC1,2(t) depends, among others factors, on the no
source depthzs @see Fig. 5, Eq.~18!, and Eq.~19!#. In prac-
tice, the determination of the depthzs of the acoustically
active bubbles from a breaking event is a complex prob
~since it may depend on the bubble size, density, or acou
frequency of interest! and is an ongoing research topic.24,25

For instance, this depth was estimated to be 1.5 m, base
inversion of wave-breaking sound measured at wind spee
10 m/s or greater in the sea-surface bubble layer.26

Only the arrival times, ts

5AL21(z26z162zs12(n6p)H)2/c0 of the time deriva-
tive of the cross correlationdC1,2(t)/dt, that do not exactly
match the arrival times of the TDGF@see Eq.~1!#, depend on
the spatial distribution ofzs ~i.e., the depth dependency o
the acoustically active noise bubbles!. Note that the notation
ts represent both depth shifts62zs . On the other hand, the
arrival times tG5AL21(z26z112(n6p)H)2/c0 of
dC1,2(t)/dt that are independent of the valuezs for each
noise source considered correspond exactly to an arrival
of the TDGF. Thus, for a given value of the image ordern

FIG. 5. Schematic of the structure of the time-delay arrivals of the no
cross correlationC1,2(t) for a given value of the image indicesn6p. The
three correlation arrival times can be related to the superimposed arr
time structure of three TDGFs between sources located at~1! a depthz1

~i.e., receiver 1, corresponding to a TDGF arrivaltG) or ~2! z162zs ~i.e.,
two distinct locations shifted in depth from the location of receiver 1, c
responding to a TDGF arrivalts) and a receiver located at depthz2 ~receiver
2!. The depth of the images of the three equivalent sources are indic
above each of the three corresponding arrival times of the NCF. The am
tudes associated with the two arrival timests are equal and are half the
amplitude associated with the time delaytG as well as having opposite sign
Thus, forzs→0, these three arrival times merge and yield a dipole radia
pattern.
J. Acoust. Soc. Am., Vol. 117, No. 1, January 2005
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6p ~i.e., a given set of noise sources!, the arrival timests

should be spread around the constant time delaytG if the
variations ofzs are large. Furthermore, the amplitudes of t
signals occurring at these arrival timests should be much
weaker than the amplitude of the signals occurring at
arrival timestG since these last ones result from the coher
sum of all the random noise source amplitudes. Con
quently, if the random noise sourceszs are widely distributed
in the water column, the high signal amplitude of the temp
ral derivative of the NCFdC1,2(t)/dt should occur at arrival
timestG and thus the temporal derivative of the NCF wou
better match the structure of the TDGF. A similar effect w
also predicted by an earlier study of the cross correlat
between a pair of receivers, in the presence of a set of c
trolled sound sources located across the water colu
depth.9

For a given value of the noise source depthzs and of the
image indicesn6p, the ability to discriminate between th
arrival timests andtG is set by the temporal resolutionDT
of the cross-correlation process@i.e., here the inverse of the
frequency bandwidthDT52p/(v22v1)]. For sufficiently
large bandwidth, i.e., ifDT,utG2tsu, the arrival-time struc-
ture of dC1,2(t)/dt can be resolved. Figure 6 shows wav
fronts ofdC1,2(t)/dt, occurring at positive arrival times, fo
varying depth of receiver 2 in the water column, in the ca
of a simple oceanic waveguide (H5110 m, L51 km, z1

570 m) for bothzs51 m andzs50.1 m@Figs. 6~b! and~c!#.
It also provides a comparison with the TDGF of this wav
guide@Fig. 6~a!#. Here, the frequency bandwidth is from 1
3 kHz; thus,DT'0.5 ms. Forun6pu.2 andzs51 m, the
various wavefronts fordC1,2(t)/dt can be resolved. They
are thickened compared to the wavefronts of the TDGF si
they correspond to the merging of three different arriv
timestG andts @compare Figs. 6~a! and ~b!#.

In the opposite case, ifDT.utG2tsu, the temporal
resolution is then too coarse and does not allow separatio

e

al-

-

ed
li-

n

FIG. 6. Positive time-delay wavefronts ofC1,2(t), for varying depth of
receiver 2 in the water column, in the case of a simple oceanic waveg
(H5110 m, L51 km, z1570 m) for bothzs51 m andzs50.1 m @~b! and
~c!#. It also provides a comparison with the TDGF of this waveguide@~a!#.
The bandwidth is@v151 kHz, v253 kHz].
171Sabra et al.: Noise cross correlation
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the signals occurring at these time delaystG and ts . Fur-
thermore, the signals occurring at arrival timests average
down with the signals occurring attG since they are of op-
posite phase@see Eq.~19!#. In practice, the separation be
tween tG and ts decreases with decreasing image orden
6p. Thus, the amplitudes of the signals occurring at ea
arrival timestG should then be weaker compared to sub
quent arrivals. This corresponds to a dipole effect as p
dicted by the asymptotic formulas for small values ofzs in
Eq. ~21! @see Fig. 6~c!, for zs50.1 m].

Figure 7 displays the wavefront structure of the TDG
and the noise cross correlationdC1,2(t)/dt using a previous
normal-mode formulation,13 for the same parameters as
Fig. 6. The good agreement between Fig. 6 and Fig. 7 c
firms the equivalence between the ray formulation descri
in this article and previous normal-mode formulations. T
temporal structure is identical but the discrepancies in am
tude are due to~1! the difference in modeling volume an
bottom attenuation; and~2! the use of a finite number o
images as well as a finite number of modes.

III. PRACTICAL CONSIDERATIONS FOR SEA
EXPERIMENTS

The successful implementation of the ambient no
cross-correlations process to extract coherent wavefronts
be mainly determined by three factors:~1! hardware configu-
ration ~see below!; ~2! the choice of the duration of the am
bient noise recordings used for the correlation process;
~3! the spatio-temporal distribution of the ambient no
sources in the environment surrounding the receivers.
following discussion suggests optimal conditions for the
three factors.

First, the noise cross-correlation process requires the
of time-synchronized receivers and the absence of rela
motions between them, in order to precisely determine
correlation arrival times. Moored or bottom-mounted arra
having a common time clock for each of the array eleme
recordings, should provide an efficient hardware configu

FIG. 7. Same parameters as Fig. 6 but using a previous normal-mode
mulation~Ref. 13!. Note the similarity of the arrival-time structure obtaine
with the ray formulations in Fig. 6.
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tion. Additionally, transducers having a flat frequency r
sponse over a large bandwidth would allow one to fin
separate the various arrival times present in the noise c
correlations, even for noise source depths located relativ
close to the sea surface~see Sec. II E!.

Second, the choice of the recording time (Trec, which
determines the length of the cross-correlations window! is
driven by the need to record a sufficient number of uncor
lated noise events in order to extract all the different paths
the TDGF from the noise cross-correlation process. Thus,
recording timeTrec should be larger than both~1! the disper-
sion time of the sound channel (Tdisp, which corresponds to
temporal spreading of the TDGF between the two receiv
and which is also referred to as the break time of
system1!; and~2! the statistical timeTstat. Under the ergodic
assumption, the noise events are considered as realizatio
a wide sense stationary stochastic process for which co
sponding time and ensemble averages of this process
equivalent. In this case,Tstat is then the averaging time re
quired to converge towards a homogeneous distribution
spatially and temporally uncorrelated noise sources@see Eq.
~6!#. Any two particular noise events may have significa
peaks in their cross-correlation function due to sidelobes
other correlated parts of their waveforms. Thus,Tstatdepends
on the particular characteristics of the noise source proc
and is usually an unknown parameter, but may be estima
using previous knowledge of the environment. Finally, t
formulation of the cross-correlation process, as defined
Eq. ~5!, is valid for a stationary environment. Thus,Trec

should be smaller than the fluctuation’s time scale of
environmentTfluc ~such as currents or tidal periods!. Other-
wise, an estimate of noise cross correlation can be derive
averaging over several small correlations windows~such that
Trec,Tfluc for each correlation window!. However, in the
case of sea-surface motion and long averaging time, i
likely that Trec.Tfluc . But, the main effect of sea-surfac
motion should only be to prevent the emergence of acou
paths associated with sea-surface reflections in the estim
of the time-domain Green’s function extracted from the no
cross-correlation function due to the destructive interfere
occurring during the long-time averaging. Overall, the pra
tical use of the noise cross-correlation process should be
timal for the following order of the various time scales of th
problem:Tdisp,Tstat,Trec,Tfluc .

Third, a random homogeneous distribution, in space
time, of uncorrelated noise point sources was assumed w
deriving an analytical expression of NCF in Sec. II@see Eq.
~6!#. The effect of the noise source depthzs distribution can
be clearly identified and recognized from the measured c
correlation~see Sec. II C.!. The approximation of the noise
sources being uncorrelated should hold for sufficiently lo
averaging times. However, the noise distribution may not
homogeneous in time or in space. For instance, temp
inhomogeneous distribution may result from some lo
~compared to the average ambient noise level! noise events
occurring at certain random times~e.g., a ship passing by, o
an accidental burst of sound!. The effectiveness of tempora
and frequency equalization to remove high-energy sin
events~which differ from the homogeneous noise level! from

or-
Sabra et al.: Noise cross correlation
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the noise recordings~previous to performing the cross
correlations! needs to be assessed. Additionally, a spatial
isotropic noise source distribution may be detrimental
there is no, or only a few, noise source~s! close to endfire
direction of the two receivers. Indeed, these noise sou
contribute, on average, to the arrival times of the NCF
lated to the arrival times of TDGF between these two rece
ers@see Eq.~10! and Eq.~11!#. It might also be the case tha
the bottom is not flat and is not equally absorbing in
spatial direction in the vicinity of a field test, thus leading
a specific directionality of the noise field. Thus, a care
study of the spatio-temporal distribution of the noise sourc
in the environment of interest, is critical for explaining th
performance of the noise cross-correlation process. On
other hand, when the extraction of coherent wavefronts fr
the noise cross-correlation process is successful, one
then attempt to invert for the spatio-temporal distributions
these noise sources.

IV. SUMMARY AND CONCLUSIONS

We have demonstrated theoretically how the arrival-ti
structure of the time-domain Green’s function~TDGF! be-
tween two points can be estimated by cross correlating
ambient noise recorded at these two points, based on a m
of surface-generated noise in the ocean. The ambient n
cross-correlation function~NCF! C1,2(t) obtained after time
averaging is dominated by the correlations that contain n
sources whose acoustic waves pass through both recei
thus allowing the extraction of coherent wavefronts and c
responding arrival times. For the case of a homogene
noise distribution, the spatial locations of the noise sour
~all located in the vicinity of the endfire direction of the tw
receivers! contributing to a given coherent arrival time of th
time derivative of the NCF were determined. This result p
vides a physical explanation of the nonintuitive relations
between the NCF and the TDGF. In particular, the relat
between the arrivals times of the TDGF and these cohe
arrival times of the time derivative of the NCF were esta
lished given the parameters of the oceanic waveguide~water
depth, bottom and volume attenuation!, the receiver~hori-
zontal and vertical! separations, the spatial and tempo
noise statistics parameters~e.g., depths of the noise source
noise events creation rate!, and the frequency bandwidth o
interest. This simple image formulation of the NCF also e
plains the amplitude shading of the individual extracted
herent wavefronts, as observed experimentally in the oce6

Thus, these theoretical results should be applicable in p
tice for the case of simple, range-independent, shallow-w
waveguides, and may provide an upper-bound estimate
the performance of this noise cross-correlation proces
more complex oceanic environments and noise sources
tribution.

Ambient noise cross correlations may provide a mean
characterize the oceanic environment and its fluctuations~via
the relationship between the arrival-time structure of
NCF and the TDGF! with little signal processing involved
The results presented in this article should be useful for
terpreting the outcome of the noise cross-correlation proc
for other types of ambient noise mechanisms~e.g., biological
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noise, shipping noise!. High-frequency experiments could b
used to determine more specifically the relationships
tween the spatial and temporal noise statistics of the amb
noise field of interest and the emergence of these cohe
wavefronts from the NCF~e.g., shading of these wavefron
with respect to the actual TDGF wavefronts, convergen
time towards the TDGF!. Those relationships could also b
used to monitor the evolution of the noise sources in
environment.
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APPENDIX: SIGN OF THE ARRIVAL TIMES OF THE
NCF DETERMINED BY THE STATIONARY
PHASE CONDITIONS

For the case of a Pekeris waveguide, a geometric c
struction of the noise source locations (r s̃

a andr s̃
b) satisfying

the stationary phase conditions Eq.~10! and Eq.~11! was
described in Secs. II C 1 and II C 2. This Appendix specifi
the exact sign of the corresponding arrival timestG

2,2

56R1,2,n2p
2 /c0 andts

2,256R1a,2,n1p
1 /c0 of the NCF. Their

sign is a function of the relative position in depth of the no
source and the two receivers in order to satisfy Eq.~11!. The

stationary phaseF1,2
2,2(r s) at the locations (r s

b̃) or (r s
ã) is

then

F1,2
2,2~r s

b̃!5v~t2sign~z22z112~n2p!H !

•R1,2,n2p
2 /c0!, for ~z22zs12nH!.0

and ~z12zs12pH!.0;
~A1!

F1,2
2,2~r s

b̃!5v~t1sign~z22z112~n2p!H !

•R1,2,n2p
2 /c0!, for ~z22zs12nH!,0

and ~z12zs12pH!,0;

and

F1,2
2,2~r s

ã!5v~t1sign~z21z122zs12~n1p!H !

•R1a,2,n1p
1 /c0!, for ~z22zs12nH!,0

and ~z12zs12pH!.0;
~A2!

F1,2
2,2~r s

ã!5v~t2sign~z21z122zs12~n1p!H !

•R1a,2,n1p
1 /c0!, for ~z22zs12nH!.0

and ~z12zs12pH!,0.
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