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Abstract

We derive and analyze transport equations for the energy density of waves of any kind in a random
medium. The equations take account of nonuniformities of the background medium, scattering by random
inhomogeneities, polarization effects, coupling of different types of waves, etc. We also show that diffusive
behavior occurs on long time and distance scales and we determine the diffusion coefficients. The results are
specialized to acoustic, electromagnetic, and elastic waves. The analysis is based on the governing equations

of motion and uses the Wigner distribution.
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1 Introduction and Summary

1.1 Radiative Transport Equations

The theory of radiative transport was originally developed to describe how light energy propagates
through a turbulent atmosphere. It is based upon a linear transport equation for the angularly
resolved energy density and was first derived phenomenologically at the beginning of this century
[1,2]. We shall show how this theory can be derived from the governing equations for light and
for other waves of any type, in a randomly inhomogeneous medium. Our results take into account
nonuniformity of the background medium, scattering by random inhomogeneities, the effect of

polarization, the coupling of different types of waves, etc. The main new application is to elastic



waves, in which shear waves exhibit polarization effects while the compressional waves do not, and
the two types of waves are coupled. We also analyze solutions of the transport equations at long
times and long distances and show that they have diffusive behavior.

Transport equations arise because a wave with wave vector k' at a point x in a randomly
inhomogeneous medium can be scattered into any direction k with wave vector k, where k = k/|k|.
Therefore one must consider the angularly resolved, wave vector dependent, scalar energy density
a(t,x,k) defined for all k at each point x and time ¢. For scalar waves, energy conservation is

expressed by the transport equation

da(t,x,k)

FY + Viw(x,k) - Vxa(t,x, k) — Vxw(x, k) - Via(t, x, k) (1.1)
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Here w(x,k) is the frequency at x of the wave with wave vector k, o(x,k,k’) is the differential
scattering cross-section -the rate at which energy with wave vector k’ is converted to wave energy

with wave vector k at position x- and
/d&yxmy:zgx) (1.2)

is the total scattering cross-section. Both ¢ and ¥ are nonnegative and o is usually symmetric in
k and k’. For acoustic waves w(x,k) = v(x)|k|, with v the sound speed (3.36), and the differential

scattering cross-section is given by

ro2(x)[k[?
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o(x,k, k') = {(k-K)?R,,(k—K)+2(k-kK)R,.(k — k) + (1.3)

Rp(k = K')} - 8(0(x)[k| — o(x)[K']).

Here Rpp, R/m and R, are the power spectra of the fluctuations of the density p and compressibility
k defined by (4.3) and (4.37). The left side of (1.1) is the total time derivative of a(¢,x,k) at a
point moving along a ray in phase space (x,k), with the frequency adjusting to the appropriate

local value. The right side of (1.1) represents the effects of scattering.

The transport equation (1.1) is conservative when (1.2) holds because then

// a(t,x,k)dxdk = const

independent of time. For simplicity we will assume that there is no intrinsic attenuation. However,

it is accounted for easily by letting the total scattering cross-section be the sum of two terms

Y(x,k) = Z(x, k) + Sap(x, k)



where ¥,.(x,k) is the total scattering cross-section given by (1.2) and X.4(x,k) is the intrinsic
attenuation rate.

The reason that the power spectral densities of the inhomogeneities determine the scattering
cross-section (1.3) is seen most easily from a Born expansion of the wave solution for weak inho-
mogeneities. The single scattering approximate solution of (1.1) and the second moments of the
single scattering approximate solution for the underlying wave equation must be the same. The
latter are determined by the power spectra of the inhomogeneities. The same considerations ex-
plain the appearance of the delta function in the scattering cross-section (1.3) when the random
inhomogeneities do not depend on time, for then the frequency is unchanged by scattering. The
transport equation (1.1) arises also when the waves are scattered by discrete scatterers that are
randomly distributed in the medium. In this case the scattering cross-section (1.3) is the same
as the cross-section of a single scatterer times the density of scatterers. We will deal only with
continuous random media.

Equation (1.1) has been derived from equations governing particular wave motions by various
authors, such as Stott [3], Watson et.al. [4], [5], [6], [7], Barabanenkov et.al. [8], Besieris and
Tappert [9], Howe [10], Ishimaru [11] and Besieris et. al. [12] with a recent survey presented in
[13]. These derivations also determine the functions w(x,k) and o(x,k,k’) and show how « is
related to the wave field. We shall derive (1.1) and these functions as a special case of our more
general theory.

We expect that radiative transport equations will provide a good description of wave energy
transport when (i) typical wavelengths are short compared to macroscopic features of the medium
(high frequency case), (ii) correlation lengths of the inhomogeneities are comparable to wavelengths
and (iii) the fluctuations of the inhomogeneities are weak. Condition (ii) is important because it
allows strong interaction between the waves and the inhomogeneities, which is the most interesting
and difficult case to analyze. In addition to these three conditions, the inhomogeneities must
not be too anisotropic because in layered random media wave localization occurs even with weak
fluctuations, instead of transport [14]. When the fluctuations are strong, wave localization can
occur even when the inhomogeneities are isotropic [15], [16].

We shall also analyze the diffusive behavior of solutions of (1.1) which emerges at times and
distances that are long compared to a typical transport mean free time 1/% and a typical transport
mean free path |Vyw|/E. In this regime the phase space energy density a(?,x,k) is approximately

independent of the direction of the wave vector k, a(t,x,k) ~ a(t,x, |k|). In the simplest, spatially



homogeneous case, a satisfies the diffusion equation

% = Vx - (DVxa) (1.4)
with a constant diffusion coefficient D = D(|k|), (5.13, 5.14), determined by the differential scat-
tering cross-section o. Diffusion approximations for scalar transport equations are well known [17],
including their behavior near boundaries [18], [19]. Our results show that diffusion approximations
are also valid for the more general transport equations that arise for electromagnetic and elastic

waves.

1.2 Transport Theory for Electromagnetic Waves

To describe electromagnetic waves in isotropic media we must know their state of polarization.
Therefore the radiative transport theory of electromagnetic waves must account for energy transport
in different states of polarization. Such transport equations were first proposed by Chandrasekhar
[1]. They are a coupled system of transport equations for the Stokes parameters I,Q,U,V as
functions of time, position and wave number [20]. The Stokes vector is related to the coherence

matrix W(¢,x,k) by

1

Wi(t,x,k) = 5 (

I U+.V
et ). (1.5)

U—V T-Q
In terms of W, which is Hermitian and positive definite, Chandrasekhar’s transport equation is

oW
i T Vie(x.k) - Ve = Vxw(x,k) - Vi + WN(x, k) = N(x, k)W (1.6)

_ /R o (x, X, K)[W (£, x, K )]Jdk' — S(x, k)W(t, x, k).

Here w(x,k) = v(x)[k| is the local frequency and v(x) = (t’(x),u(x))_l/2 is the local speed of light.
The differential scattering cross-section o(x,k,k’) is a tensor. In the simplest case of isotropic
random inhomogeneities, without fluctuations in the magnetic permeability p, it has the form

71'7]2(’()|k|2REE(|k - k/|)

o(x, k, k) [W(t,x,k')] = >

T(k, K )W (t,x,K)T(K . k)

-(v(x)[k| = v(x)K)). (1.7)

Here Rss(k) is the power spectrum of the dimensionless fluctuations of the relative dielectric per-

mittivity. The total scattering cross-section X(x,k) is given by

Y(x,k) = M/ll R (k|2 = 2n)(1 + n)d. (1.8)

2 -



The differential scattering cross-section o and the total scattering cross-section X are related by

the matrix analog of (1.2)

/RS (k' K)[T]dk' = S(k)T, (1.9)

where I is 2 X 2 identity matrix.
To define T' and N, which occur in (1.7) and (1.6), respectively, we let (l;,z(l)(k),z(z)(k)) be
the orthonormal propagation triple consisting of the direction of propagation k and two transverse

unit vectors z(1)(k),z(?)(k). In polar coordinates they are

sin # cos ¢ cos # cos ¢ — sin ¢
k= | sinfsing |, z(l)(k) = | cosfsing |, z(z)(k) =] cos¢d |. (1.10)
cos 6 —sin @ 0

Then the 2 x 2 matrix T is given by
Tk, K) = 20(K) - 20 () (1.11)

and in polar coordinates it has the form
cos B cos ' cos(¢p — ¢') +sinfsind  cosfsin(¢p — ¢')
T(k,X') = .
cos 0’ sin(¢’' — o) cos(¢p — ¢')

The coupling matrix N is given by

5. 9v(x z(?) 0 1
Nxk) =Y 8aii)|k|z(1)(k) - 3751‘) ( ) . (1.12)

i=1 -1 0

Chandrasekhar considered a homogeneous background only, in which case the speed of light v
is a constant so that Vxw = 0 and N = 0. Law and Watson [6] derived (1.6) in general, from
Maxwell’s equations in a random medium, as was done also in [21].

We will now explain the physical meaning of the matrices 7" and N, which do not appear
in the scalar transport equation (1.1). The 2 x 2 matrix T'(k,k’) involves the angles between
the directions transverse to k/ before the scattering and the directions transverse to k after the
scattering. Thus T}; is the fraction of wave amplitude going in the direction k’ and polarized along
the transverse direction z(j)(k’) that scatters into a wave going in the direction k and polarized
along the transverse direction z(i)(k). Since the coherence matrix W is related to the mean square
of the wave amplitudes (see sections 3.3 and 4.4), the transformation matrix T acts on W twice
in (1.7). The coupling matrix N(x,k), defined by (1.12), arises from the slow variations of the

background because the rays in inhomogeneous media are curved, and this leads to rotation of the



polarization vector around the ray as the wave propagates (Lewis [22]). This rotation corresponds
to parallel transport along the ray in the metric v~!(x)ds where v(x) is the propagation speed.
The coherence matrix W (¢,x,k) captures this behavior of polarization for quantities quadratic in
the electromagnetic field through the matrix N. In the absence of scattering, so that the right side
of (1.6) is zero, the solution of (1.6) with geometrical optics initial conditions (see (2.4) and (3.58))
is the coherence matrix of Lewis’ solution.

When the transport mean free path is small compared to the overall propagation distance,
there is a diffusion approximation for Chandrasekhar’s equation (1.6). The coherence matrix W
is approximated by ¢(t,x,|k|)I with I the 2 x 2 identity matrix and ¢ the solution of a diffusion
equation (see section 5.2). In this approximation the coherence matrix is independent of the
direction of the wave vector k and is completely depolarized since it is proportional to the identity.

In section 5.2 we give an explicit formula (5.30) for the diffusion coefficient D(|k|).

1.3 Transport Theory for Elastic Waves

Radiative transport theory was used in seismology by Wesley [23], Nakamura [24], Dainty and
Toksoz [25], Wu [26] and others. The stationary, scalar transport equation was used to successfully
assess scattering and intrinsic attenuation (the albedo) [27], [28], [29], [30], [31], [32] and the time
dependent scalar transport equation was used by Zeng, Su and Aki [33], Zeng [34] and Hoshiba
[35]. In all these papers the vector nature of the underlying elastic wave motion was not taken
into consideration. Mode conversion for surface waves was considered in a phenomenological way
by Chen and Aki [36] and general mode conversion between longitudinal compressional or P waves
and transverse shear or S waves was considered by Sato [37] and by Zeng [38]. However, the
transport equations proposed phenomenologically in [37], [38] do not account for polarization of
the shear waves. Starting from the elastic wave equations in a random medium we derive a system
of transport equations that accounts correctly for P to S mode conversion and for polarization

effects.

Longitudinal or P waves propagate with local speed vp(x) = /(2u(x) + A(x))/p(x) and trans-
verse shear or S waves propagate with local speed vs(x) = \/u(x)/p(x). The corresponding dis-
persion relations are wp = vplk| and wg = vgl|k|, respectively. Here A and p are the Lame
parameters. The P and S wave modes interact in an inhomogeneous medium because a P wave
with wavenumber k can scatter into an S wave with wavenumber p with the same frequency; that

is, with vp(x)|k| = ve(x)|p|, and vice versa. Therefore the transport equations for P and S wave



energy densities must be coupled. The transport equation for the P wave should be a scalar equa-
tion similar to (1.1) with an additional term that accounts for S to P conversion. Similarly, the
transport equation for the S wave coherence matrix should be like Chandrasekhar’s equation (1.6)
with an additional term that accounts for P to S conversion. We show in section 4.5 that this is
indeed the case and we determine explicitly the form of the scattering cross-sections in terms of
the power spectral densities of the material inhomogeneities.

The coupled radiative transport equations for the P wave energy density aP(t,x,k) and the

2 X 2 coherence matrix Ws(t, x, k) for the S waves have the forms

da” P P P P
pY + Viw' - Vxa' — Vxw' - Vya (1.13)
= /UPP(k,k’)aP(k’)dk’ — PP (k)a" (k)
+ / oP5 (1, K)[WS (k)] dK' — =P (k)a” (k)
and
aWS S S S S
o5 T Ve ViV = Vo™ VWS WN - NW (1.14)

= /oss(k,k’)[WS(k’)]dk’ — 29 (k)WF (k)

+ / 5P (k, K ) [aP (K )]dk' — =57 (k)75 (k).
The coupling matrix N is the same as (1.12) for electromagnetic waves except that the speed v is
now the shear speed vs(x) = /u(x)/p(x). The differential scattering cross-section o©”(k, k') for

P to P scattering is similar to (1.3) for scattering of scalar waves and the differential scattering

tensor 0°%(k, k') is similar to Chandrasekhar’s tensor (1.7). They have the forms
o"P(k,K') = 0,,(k, K )6(vp|k| — vp|K|) (1.15)
and

o™ (kKW (K] = { ol Tk, K)W(K)T(K' k) + o5, (kX)W (K'), (K. k)

+ ot Ik, XYW (K'), (K, k) +, (k,K)W(K)T(K',k)]}

- §(vs|k| — vs|K'|). (1.16)
The 2 x 2 matrix , (k,k’) is similar to T and is defined by

ik k) = (k- k)20 (k) - 29 (k) + (k- 29 (K)) (K- 21 (k) (1.17)



while 0,, and o, are scalar functions given in terms of power spectral densities of the inhomo-

EPP ESS

geneities by (4.54) and (4.55). The total scattering cross-sections and are the integrals

of the corresponding differential scattering cross-sections, as in (1.2) and (1.9).

P

The scattering cross-sections for the S to P and P to S coupling terms, o and ¢, respectively,

have the forms

o3 (k, KN [W2 (K] = Tr[o,s(k, k)G (k, K YW (K)]é(vp|k| — vs|K'|) (1.18)

o P (k, K)ol (K)] = 0,.(K, kK)G(K', k)a” (K )é(vs|k| — vp|K|) (1.19)
with the 2 X 2 matrix G given by
Gij(k, k') = (k- 200 (K))(k - 20 (K)). (1.20)

The scalar function o, is given explicitly in terms of power spectral densities of the inhomogeneities
by (4.56). The scattering operator on the right side of (1.13) and (1.14) is symmetric in of, W%

and conservative. This implies in particular that
w5 (k) = /aps(k’,k)G(k’,k)é(vS|k| — vp|K'|)dK'. (1.21)
with
2PS(k) = /aps(k,k’)TrG(k,k’)é(vS|k’| — vp|k|)dK'. (1.22)

The geometrical meaning of the 2 x 2 matrices T, , and G that appear in the differential
scattering cross-sections (1.16) and (1.18) is similar to that of T in the electromagnetic case (1.7).
They arise from a single scattering event of P or S waves with wave vector k’ that scatter to P or
S waves with wave vector k, and from the fact that the transport equations deal with quadratic
field quantities. In the analysis given in sections 3.4 and 4.5 this is captured in the structure of the
eigenvalues and eigenvectors of the dispersion matrix L (3.84) for the elastic wave equations.

As for the scalar transport equation (1.1) and Chandrasekhar’s equation (1.6), the elastic trans-
port equations (1.13) and (1.14) simplify considerably in the regime where the diffusion approxima-
tion is valid. This occurs when the scattering mean free path is small compared to the propagation
distance. In this regime the P wave energy density aP(t,x,k) and the S wave coherence matrix
Ws(t, x, k) are independent of the direction of the wave vector k. Furthermore, W is proportional

to the identity matrix

a(t, %, k) ~ 6(t,x, [k|), W5(t,x,k)~ w(t,x, |k|)I (1.23)



and the equipartition relation

vp K|
vg

o(t,x, |k|) = w(t, x, ) (1.24)

holds with ¢ satisfying the diffusion equation (1.4). The diffusion coefficient D(|k|) is given by
(5.46).
When integrated over k, the equipartition relation (1.24) is
03
Ep(t,x) = ﬁ&g(t,x) (1.25)

where £p and g are the P and S wave spatial energy densities. They are related to a”’ and W?° by
Ep(t,x) = /ap(t,x,k)dk

and

Es(t,x) = /TrWS(t,x,k)dk,

respectively. From the point of view of seismological applications of transport theory, relation
(1.25) is important because it predicts universal behavior of the P to S wave energy ratio in the
diffusive regime. This ratio is independent of the details of the multiple scattering process and
of the source distribution. When we use the typical S to P wave speed ratio of 1 to 1.7, relation
(1.25) predicts £s/Ep ~ 10. This is in general agreement with seismological data and it would
be interesting to identify cases where £s/Ep stabilizes. This stabilization, which is derived here
from first principles, is reminiscent of the important empirical observation of Hansen, Ringdal and

Richards [39] regarding the stabilization of crustal waveguide mode energy ratios.

1.4 Brief Outline

In section 2, to motivate the phase space setup, we analyze the Schrodinger wave equation, which is
relatively simple. The Wigner distribution is introduced and its usefulness for energy calculations is
shown. The analysis of scattering in random media is given in section 2.3, with some of the details
relegated to the Appendix. In section 3 we present the high frequency approximation for general
symmetric hyperbolic systems and the equations of acoustic, electromagnetic and elastic waves,
in particular. We do this in phase space using the Wigner distribution, and show the connection
with the standard high frequency approximation. In section 4 we derive the transport equations,
first for general symmetric hyperbolic systems, sections 4.1 and 4.2, and then for the equations

of acoustic, electromagnetic and elastic waves in sections 4.3, 4.4 and 4.5, respectively. We rely

10



here on the formalism explained in detail for the Schrodinger equation in section 2.3 and in the
Appendix. The diffusion approximation is analyzed in detail in section 5. The energy equipartition

results for elastic waves are discussed in section 5.3.

2 Radiative Transport Theory for the Schrodinger Equation

2.1 High Frequency Asymptotics

It is convenient to introduce the derivation of radiative transport theory in a simple setting, that
of the Schrédinger or parabolic wave equation, before considering systems of wave equations (hy-
perbolic systems). This will also allow us to introduce the Wigner distribution (section 2.2) which
plays an important role in the analysis.

The Schrodinger equation

96 1 ~
IS0+ 586 = V(x)6 =0 (2.1)

¢(0,x ) = ¢o(x)
arises not only in quantum mechanics but also in many other wave propagation problems. It
describes, in particular, an approximate plane wave propagating primarily in one direction and can
be derived from the Helmholtz equation as a paraxial approximation. In this case t is distance
in the direction of propagation, x stands for the two-dimensional transverse coordinates and the
potential is related to the index of refraction and will depend on ¢, in general. An important

property of (2.1) is that the Ly-norm of the solution is conserved

[ et fax = [ o x. (2:2)

We consider high frequency asymptotics which concerns approximate solutions of (2.1) that
are good approximations to oscillatory solutions. For such solutions the propagation distance is
long compared to the wavelength, the propagation time is large compared to the period and the
potential V(x) varies slowly. To make this precise we introduce slow time and space variables
t — t/e, x — x/e and the scaled wave function ¢°(t,x) = ¢(t/e,x/e) which satisfies the scaled

Schrodinger equation
2
ey + EAqbs - V(x)¢® = 0. (2.3)

In the standard high frequency approximation [40] we consider initial data of the form

$°(0,x) = P X)/= 4(x) (2.4)

11



with a smooth, real valued initial phase function So(x) and a smooth compactly supported complex
valued initial amplitude Ag(x). We then look for an asymptotic solution of (2.3) in the same form

as the initial data (2.4), with evolved phase and amplitude
O (t,x) ~ X/ A1, x). (2.5)

Inserting this form into (2.3) and equating the powers of e we get evolution equations for the phase

and amplitude
S+ %Wsﬁ FV(x) =0, S(0,%) = So(x) (2.6)
and
(141 + V- (JA]PVS) = 0, |40, x)|* = |Ao(x)*. (2.7)

The phase equation (2.6) is called the eiconal and the amplitude equation (2.7) the transport
equation. The terminology for the latter is standard in the high frequency approximation but
should not be confused with the radiative transport equation that will be derived later. These

equations can be rewritten using the Hamiltonian w of the Schrodinger equation

w(x, k) = K+ V(). (2.8)
Then the eiconal equation (2.6) is
Si+w(x,VS)=0 (2.9)
and the transport equation (2.7) is
(14P): + V- (JAP Vo (x, k) =y s) = 0. (2.10)

This form of the eiconal and transport equations is general and remains valid in the case of sym-
metric hyperbolic systems (section 3.2).

The eiconal equation (2.6) is nonlinear and its solution exists in general only up to some time t*
that depends on the initial phase So(x) and V(x). This solution can be constructed by the method

of characteristics and singularities form when these characteristics (rays) cross.

2.2 The Wigner distribution

An essential step in our approach to deriving radiative transport equations from wave equations is

the introduction of the Wigner distribution [41]. For any smooth function ¢, rapidly decaying at

12



infinity, the Wigner distribution is defined by

1

d
Wi, k) = (ﬁ) /R *Yo(x — Lya0x+ Lyay (2.11)

where ¢ is the complex conjugate of ¢ and the dimension d = 2 or 3. The Wigner distribution
is defined on phase space and has many important properties. It is real and its k-integral is the

modulus square of the function ¢,

[ Wk = fox) . (2.12)

so we may think of W(x,k) as wave number resolved energy density. This is not quite right though
because W(x,k) is not always positive but it does become positive in the high frequency limit. The

energy flux is expressed through W(x,k) by

F= 1(6Ve—3Ve) = / kW(x,k)dk (2.13)
2 Rd

and 1ts second moment in k is

//|k|2W(x,k)dkdx _ / IV o(x)|2dx. (2.14)
The Wigner distribution posesses an important x-to-k duality given by the alternative definition

W(x, k) = /eipxq%(_k = 2)i(—k + )ap. (2.15)

where qg is the Fourier transform of ¢

1

(27)?

These properties make the Wigner distribution a good candidate for analyzing the evolution of

B0 = ;[ *Fo(xix

wave energy in phase space.
Given a wave function of the form (2.5), that is, inhomogeneous wave with phase S(t,x)/e, its

scaled Wigner distribution has the weak limit

We(x, k) = 6idW(x, g) — |A(x)|%6(k — VS(x)), (2.16)

as a generalized function as e — 0. Here d = 2 or 3 is the dimension of the space. This suggests

that the correct scaling for the high frequency limit is

d . ey . Ey.
Witk = (52) [ eRvettx— Dyt + Doy, (2.17)

13



where ¢° satisfies (2.3). From (2.16) we conclude that as e — 0 the scaled Wigner distribution of
the solution ¢°(¢,x) of (2.3) with initial data (2.4) is given by

W(t,x,k) = |A(t,x)]*6(k — VS(t,x)), (2.18)

where S(¢,x) and A(¢,x) are solutions of the eiconal and transport equations (2.6) and (2.7),
respectively.

We will now derive the high frequency approximation of the scaled Wigner distribution directly
from the differential equations. Let us assume that the initial Wigner distribution W§(x,k) tends
to a smooth function Wy(x,k) that decays at infinity. Note that this is not the case with the
Wigner function corresponding to ¢°(0,x) given by (2.4) but it is the case for random initial wave
functions. The evolution equation for We(¢,x,k) corresponding to the Schrodinger equation (2.3)

is the Wigner equation
Wi +k-ViWe + LSWE = 0. (2.19)

Here the operator £ is defined by

. N 1
LZ(x,K) = z/ PXr(p)L [Z(x,k + )z k- D)l ap (2.20)
Rd €

on any smooth function Z in phase space. The Fourier transform is denoted by a hat

V(p) = (zi)d / DXV (x)dx. (2.21)

From (2.20) we can find easily the limit of the operator £° as ¢ — 0. For any smooth and

decaying function Z(x,k) we have
LZ(x,k) = —VxV -V Z. (2.22)
Thus, the limit Wigner equation is the Liouville equation in phase space
Wi+ k VW -VV .V W =0 (2.23)

with the initial condition W(0,x,k) = Wy(x,k). This is a linear partial differential equation that

can be solved by characteristics. When the initial Wigner distribution has the high frequency form
Wo(x,k) = |Ao(x)*6(k — VSo(x)) (2.24)

then it is easy to see that the solution of (2.23) is given by
W(t,x,k) = |A(t,x)]*6(k — VS(t,x%)) (2.25)
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where S(¢,x) and A(¢,x) are solutions of the eiconal and transport equations (2.6) and (2.7),
respectively. We see, therefore, that from the Wigner distribution we can recover all the information
in the standard high frequency approximation. In addition, it provides flexibility to deal with initial

data that is not of the form (2.24).

2.3 Random Potential and the Transport Equations

We now consider small random perturbations of the potential V(x). It is well known that in one
space dimension, waves in a random medium get localized even when the random perturbations
are small [16], so our analysis is restricted to three dimensions. We could treat two-dimensional
problems with time dependent perturbations but we do not consider this case here. We assume
that the correlation length of the random perturbation is of the same order as the wavelength, so

the potential has the form
x
V() = Vo) + Vi) (2.20)

Here Vj(x) is the slowly varying background and Vi(y) is a mean zero, stationary random function
with correlation length of order one. This scaling allows the random potential to interact fully with

the waves. We shall also assume that the fluctuations are space- homogeneous and isotropic so that
<Vix)Vi(y) >= R(lx — y|), (2.27)

where <, > denotes statistical averaging and R(|x|) is the covariance of random the fluctuations.

The power spectrum of the fluctuations is defined by

R(k) = (i)d / Y R(x)dk. (2.28)

When (2.27) holds the fluctuations are isotropic and R is a function of |k| only. Moreover,

<V(p)V(a) >= R(p)é(p + q). (2.29)

If the amplitude of these fluctuations is strong then scattering will dominate and waves will be
localized [15]. This means that we cannot assume that the fluctuations in the random potential
Vi(y) are large. If the random fluctuations are too weak they will not affect energy transport at
all. In order that the scattering produced by the random potential and the influence of the slowly

varying background affect energy transport in comparable ways the fluctuations in the random
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potential must be of order /. Then equation (2.3) becomes

& 62
20 4 Sag (Vo0 + V(D) = 0
¢°(0,x) = ¢0(§7X)- (2.30)

To describe the passage from (2.30) to the transport equation in its simplest form we will set
Vo(x) = 0 and drop the subscript one from Vi(x). A Vp(x) that is not zero will not change the

scattering terms in the radiative transport equation. Now (2.19) for W* has the form

owe 1
k-ViWe+ —LxW*=0 2.31
ot + b Ve T ( )

where the operator Lx, a rescaled form of (2.20), is given by
LxZ(x,k) = i/e—ipx/fff(p) (Z(x,k + )z k- g)) dp. (2.32)

The behavior of this operator as ¢ — 0 is very different from (2.22) when V is slowly varying. We
can find the correct results by a multiscale analysis as follows.
Let £ = x/e be a fast space variable (on the scale of the wavelength) and introduce an expansion

of W¥¢ of the form
We(t,x,k) = WOt x,k) + POt x, £, %) + e WPt x, €, k) + ... (2.33)

We assume that the leading term does not depend on the fast scale and that the initial Wigner
distribution W*(0,x,k) tends to a smooth function Wy(x,k) which is decaying fast enough at
infinity. Then the average of the Wigner distribution, < W¢ >, is close to W which satisfies the

transport equation

oW _
4 k-VyW=LW

ot x

W(0,x, k) =Wo(x, k), (2.34)

where we have dropped the superscript zero. The operator £ is given by
LW (x.k) =47 [ R(p —K)o(k* = p*)(W(x,p) — W(x.K))dp. (2.35)

Equation (2.34) has precisely the form (1.1). From (2.8)
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since the background potential Vj is zero. The differential scattering cross-section o(k,k’) is given

by
o(k,p) = 47 R(p — k)6(k* — p?) (2.36)
and the total scattering cross-section ¥(k) is given by
(k) = 47T/R(k _ p)s(k? — p?)dp. (2.37)

Note also that the transport equation (2.34) has two important properties. First, the total energy

E(t) = / / W (¢, x, k)dkdx (2.38)

is conserved and second, the positivity of the solution W (¢,x,k) is preserved, that is, if the initial
Wigner distribution Wy(x,k) is non-negative then W(t,x,k) > 0 for t > 0.

We explain in the Appendix how a formal multiscale expansion like (2.33) gives this transport
equation starting from (2.31).

In the rest of this paper we extend the analysis of this section to symmetric hyperbolic systems of
partial differential equations. The main steps are (i) developing the high frequency approximation
in phase space using the Wigner distribution and (ii) getting the scattering cross-sections from the

random inhomogeneities of the medium.

3 High Frequency Approximation for General Wave Equations

3.1 General Symmetric Hyperbolic Systems

We will use the Wigner distribution to get the high frequency approximation of symmetric hyper-
bolic systems [42] in phase space. As we will see in sections 3.2-3.4, many wave equations arising

from physical problems can be written as symmetric hyperbolic systems of the form!

du - Ju
Ax)—+D'—=0 3.1
(x) 50+ D% =0, (3.)

u(0,x) = up(x),

where u is a complex valued N-vector and x € R®. We assume that the matrix A(x) is symmetric

and positive definite and that the matrices D7 are symmetric and independent of x and t.

1We use the summation convention as follows: repeated Latin indices are summed, while repeated Greek indices

are not summed.
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The energy density £(¢,x) for solutions of (3.1) is given by the inner product

1 1 Y
E(t,x) = §(A(x)u(t,x), =3 Z_: (t,x)u;(t, x) (3.2)
and the flux F(x) by
Filt,x) = %(Diu(t,x),u(t,x)). (3.3)

Taking the inner product of (3.1) with u(¢,x) yields the energy conservation law

o€
—4V.F=o0. 3.4
5 T (3.4)

Integration of (3.4) shows that the total energy is conserved:

%/8(t,x)dx _ (3.5)

It is convinient to introduce the new inner product
<u,v>u=(Au,v). (3.6)

Then the energy density is € = % < u,u >4. This inner product is the natural one for the system

(3.1).

For N-vector functions we define the Wigner distribution an N x N matrix,

1N [,
Witk = () [ *Vuttx— v/ + v/, (3.7)
e
where u* = u' is the conjugate transpose of u. The matrix W(¢,x,k) is Hermitian but not

necessarily positive definite. As in the scalar case, W(t,x,k) has the properties
/ W(t, %, k)dk = u(t, x)u"(%,x)
and
1\4 —
(2—) /W(t,x,k)dx — a(—k, ) (—k, 1),
e
It follows that the energy density is expressible in terms of W(¢,x,k) by

< ult,x), u(t,x) >a= lA (%) wg(t,x)a;(1, %) (3.8)

x)/Wij(t,x,k /Tr W (#, %, k))dk.

E(t,x) =

N =N
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The flux F(¢,x) can be expressed via W(t,x,k) by
1. _ 1 .
Filtx,K) = 5Dl (1% (1,%) = §/Tr(DZW(t,x,k))dk. (3.9)

To study the high frequency approximation of solutions of (3.1), we assume that the coefficients
of the matrix A(x) vary on a scale much longer than the scale on which the initial data vary. Let
e be the ratio of these two scales. We rescale space and time coordinates (x,t) by x — ex, t — et

as in (2.3). In scaled coordinates (3.1) has the form

ou -Ju
A ° 1= =0 3.10
(x) 5+ D' = (3.10)
X X
u.(0,x) =up(—=) or wug(—,x). (3.11)
€ €

Note that the parameter e does not appear explicitly in (3.10). It enters through the initial
conditions (3.11), which may be of the standard geometrical optics form (2.4). The scaled Wigner

distribution matrix W¢ is defined, as in the scalar case, by

1

We (4%, k) = (2—
T

d
) /efkyus(t, X — ey /2)ul(x + ey /2)dy. (3.12)

Although WF* is not positive definite, it becomes so in the high frequency limit ¢ — 0.

As in (2.19), W< satisfies the evolution equation

owe 1
— QW+ SQIWT =0 (3.13)

we(0,x,k) = Wi(x,k).
Here the operators Qf and Q3 are given by

1 » - OWeE(tx,k 2 owe(t,x, k — 2
ins [ / e—2p~X{A_1(p)D] ( )y X, + Ep/ ) + ( » X, i Ep/ )
2 oz’ oz’

+iA=1(p)p; D'W*(t,x,k + ep/2) + W*(k — ep/2)ip; D’ A=} (p)}dp

D/ A= (p)

(3.14)
and

Qs = /e—ipX{ i A-1(p)k; DIWE(t, %,k + ep/2)

— iW*(t,x,k — ep/2)k; DI A~ (p)}dp. (3.15)

The hat denotes the Fourier transform as in (2.21). The initial condition for (3.13) is obtained by

inserting (3.11) into (3.12).

19



A new feature of (3.13), not found in the scalar case (2.19), is the appearance of the factor 1/e
in front of the term Q5W*®. There is no other term in the equation to balance it. This means that
the limiting Wigner distribution W(¢,x,k) ( W — W as ¢ — 0) must belong to the null space
of the limit operator @y, where Q5 — Q3 as ¢ — 0. From (3.15) this operator acting on a matrix

Z(x,k) has the form
Q,7(x,k) = iA™ k; D Z(x, k) — iZ(x,k)k; D! A7, (3.16)

The next term in the expansion of Q5 in ¢, Q5 = Q3+ Q91 + ..., 1s given by

-1 -1
1947 ;07 107, ;04

QuZ(x.k) = -5 kD' o = S kil 0

(3.17)

This introduces the term with the gradient with respect to k into the transport equation, as we

shall see. Similarly, the limit operator Q;, @ — Q; as ¢ — 0 is given by

o7 197 _. 194 . 1 __.9A47!
DAY DIz 7D . 3.18
oxd + 2 Jx? 2 Ozl 2 oxi ( )

1 ,

Q,7(x,k) = §A_1DJ

This operator introduces the term with the x-gradient. The undifferentiated terms in Q; also
contribute to the transport equation, as we explain below. With the expansions of the Q’s given

by (3.16)-(3.18) equation (3.13) becomes

ows 1
5 + ngWE +(Q21 + Q1)W* 4+ O(e) = 0. (3.19)

We analyze (3.19) by expanding W*
Wet,x, k) = WO, x, k) + eWH (£, x, k) + ...

This leads to the following equations for w© and W)

Q,w =9 (3.20)
and
1 _ _ oWt (0)
QW = —{——+(Qu + )W}, (3.21)

We introduce the dispersion matrix L(x,k), defined by
L(x,k) = A~Y(x)k; D', (3.22)
It is self-adjoint with respect to the inner product <, > 4:
< Lu,v>,=(ALu,v) = (k;D'u,v) = (w, k;D'v) = (Au, A7k, Div) =< u, Lv >4 .
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Therefore, all its eigenvalues w, are real and the corresponding eigenvectors b” can be chosen to

be orthonormal with respect to <, > 4:
L(x,k)b"(x,k) = w,(x,k)b"(x,k), <b",b’ >,=16,5.

We assume throughout that the eigenvalues have constant multiplicity independent of x and k.
This hypothesis is satisfied in the case of acoustic, electromagnetic and elastic waves. In terms of

the dispersion matrix L, (3.20) becomes
QWO (¢, x, k) = i L(x, k)W O (¢, x, k) — WO (¢, x, k) L*(x, k) = 0

The structure of this null space when all the eigenvalues of L(x,k) are distinct is different from
that when there are some multiple eigenvalues.

We assume first that all the eigenvalues w.(x,k) are simple. Define the matrices B7(x,k) by
B (x,k) = b"(x,k)b""(x,k) (3.23)

They span the null space of Q, so the limit Wigner matrix W(O)(t, x, k) has the form

wO (¢, x,k) = ﬁ a’(t,x,k)B"(x, k). (3.24)

=1

The a7 (¢,x,k) are scalar functions determined by projection
a” = Tr(AW(O*4B7).

We now insert (3.24) into equation (3.21) for W which is an inhomogeneous form of (3.20). The
operator %QQ is self-adjoint with respect to the matrix inner product << X, Y >>= Tr(AX"AY).
Since the null space of Q3 is spanned by the matrices B™ given by (3.23), the solvability condition
for (3.21) is that its right hand side be orthogonal to these matrices, relative to the <<, >> inner
product. This leads to the following equations for the functions a”:
da’
ot

+ Vyw, - Vxa” — Vxw; - Via” = 0. (3.25)

These are Liouville equations in phase space.

We see, therefore, that in the absence of polarization (simple eigenvalues of the dispersion
matrix) the amplitudes a” decouple from each other and each satisfies the Liouville equation with
Hamiltonian equal to the corresponding eigenvalue w,. We see also that the Liouville equation is

not satisfied by the limiting Wigner distribution but by its projections on the eigenspaces generated
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by the matrices B” given by (3.23). Moreover, we do not have a single Liouville equation but several
decoupled ones. When small random perturbations are present the Liouville equations are coupled
(section 4.1).

Consider now the case where the dispersion matrix L(x,k) has multiple eigenvalues. Let
wr(x,k) be an eigenvalue of multiplicity » and let the corresponding eigenvectors b, i=1,...,7
be orthonormal with respect to <,> 4. Given a pair of eigenvectors b, b™/ we define the N x N

matrix
BT = b7, (3.26)

with 2,7 = 1...r. These matrices span the null space of the operator Q5 and so the limiting Wigner
matrix W(O)(t,x,k) has the representation
wO(t,x,k) = > al(t.x,k) B (x,k), (3.27)
T7i7j

where a];(t,x,k) are scalar functions. Define the r x r coherence matrices W7 (t,x,k) by
Wit x,k) = af;(t,x,k) , i,j=1...r (3.28)

The multiplicity 7 of the eigenvalue w,; depends on 7 but we do not indicate this explicitly. The

functions a]; are given by

)

al;(t,x,k) =<< WO(t,x,k), B™(x,k) >> .

Then, by applying the solvability condition for (3.21) as before, we find that each of the coherence

matrices W7 (¢, x,k) satisfies the transport equation

oW~
ot

+ Viwr - VW7 = Vyw, - VW + WNT — NTW7 = 0. (3.29)

The skew-symmetric coupling matrices N7(x,k) are given by

ObT" dw ob™ 1 0w
N7 (x,k) = (b7, D'——) — L (A(x)b"" ~ S Ao e
mn(xv ) ( > EI ) It ( (X) ’ ok; 2 0x'0k;

(3.30)

The last term in (3.30) is retained to make the coupling matrices N skew symmetric even though
it cancels in the transport equation (3.29).

The coherence matrices W7 (¢, x,k) are Hermitian and positive definite because they are projec-
tions of the limiting Wigner matrix W(O)(t, x, k) which is Hermitian and positive definite. Equations

(3.29) preserve both of these properties: if the initial conditions for W7 are Hermitian and positive
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definite then the solution is Hermitian and positive definite for all £. The fact that the coupling
matrices N are skew-symmetric is important for these properties.

We see that in the case of polarized waves, i.e. waves for which the eigenvalues of the dispersion
matrix have multiplicity larger than one, the quantities satisfying the transport equations are not
scalars but matrices. Their sizes are equal to the degeneracies of the corresponding wave modes.
However, modes corresponding to different eigenvalues still decouple from each other. Random
inhomogeneities will couple them in general (section 4.2).

The reason we call the W7 (¢, x,k) coherence matrices is because their off-diagonal terms capture
cross-polarization effects. Their diagonal terms represent the phase space energy density in each

state of polarization. That is, since Tr(AB7%) = §,;, the energy density (3.8) is given by
1 1
= 5/Tr(A(x)W(t,x,k))dk = 5/ZTrWT(t,x,k)dk (3.31)
and the flux (3.9) is given by

1 .
Filt,x) = —Tr/DZW(t,x,k)dk

dw, .
/Z TTIW(t %, k)dk L i = 1,2,3. (3.32)
These relations hold because

TeD'W(t,x,k) = > a,,(t,x,k)Te{D'b7"(x,k)b"""(x,k)}

= > al,(t.x,k)(DD""(x,k),b""(x,k))
dew b b
= (t,%,k)( b 4w A — ki D) b7
T;m“ X k)G, A+ e AT ot
8&)7— T,n 1, T,m 8&)7— T
= 2 an(bx G = 3 ST x k).

Here we have used the fact that Ib” = A=k, D'b™ = w,b”, which implies after differentiation with
respect to k;, that
Ow, ob” -0b7”

AbT 4w A DI
ok el TN

The energy equation (3.4) follows from (3.29) when & and F are defined by (3.31) and (3.32),

/E(t,x)dx

is conserved by the transport equations (3.29).

D'b” =

respectively. Thus, the total energy
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Expressions (3.31) and (3.32) for the energy and flux are similar to (2.12) and (2.13) because
kW, which is the flux density for the Schrédinger equation, can be written as Viw(x, k)W (¢, x, k)
where w(x, k) is the Hamiltonian (2.8).

In the case of multiple eigenvalues, there is a basis of eigenvectors b”(x,k) such that the
transport equations (3.29) for the coherence matrices have the form (3.25); that is, we can eliminate
the matrices N7 from (3.29) by a rotation of the basis. Small random perturbations couple the
components of the coherence matrices, and to keep the coupling explicit we do not use a basis

which eliminates the N's.

3.2 High Frequency Approximation for Acoustic Waves

We will now apply the results of the previous section to acoustic waves. We will also review the
usual form of the high frequency approximation and make explicit the relation between the phase
space form of the high frequency approximation and the usual one.

The acoustic equations for the velocity and pressure disturbances u and p are

Ju
D ivp=0
Py + VP
)
Ha—f + divu = 0. (3.33)

Here p = p(x) is the density and x = k(x) is the compressibility. Equations (3.33) can be put in

the form of a symmetric hyperbolic system

() i ()

The matrix A(x) = diag(p(x), p(x), p(x), 5(x)) and each of the matrices D' has all zero entries

except for Df4 and th» which are equal to one. Then the dispersion matrix L(x,k), defined by
(3.22), is
0 0 0 ky/p
P R (3.34)
0 0 0 ks/p
ki/k ko/k ks/k 0O

It has one double eigenvalue wy = wy = 0 and two simple eigenvalues

wy =o(x)k|, w_o =—-v(x)k|, (3.35)
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where |k| = {/k? + k2 + k2 and v is the sound speed

o(x) = . (3.36)

K(x)p(x)

The corresponding basis of eigenvectors orthonormal with respect to the inner product <, >4 is

1
b! = —(zM(k),0),
\/ﬁ( (k),0)
1
b? = _(z(z)(k)vo)tv
NG
k1
bt = (—, —)", 3.37
ST (337
k 1
b~ = G tv
(\/Zp \/25)
the vectors k, z(l)(k), z(2)(k), which form an orthonormal triplet, are
sin # cos ¢ cos # cos ¢ — sin ¢
k=|sinfsing |,20) = | cossing |,z =| cosop |. (3.38)
cos 6 —sin @ 0

The physical meaning of the eigenvectors is as follows. The eigenvectors bl(x,k) and b?(x, k)
correspond to transverse advection modes, orthogonal to the direction of propagation. These modes
do not propagate because wyy = 0. The eigenvectors bT(x,k) and b™(x,k) represent acoustic
waves, which are longitudinal , and which propagate with the sound speed +ov(x) given by (3.36).

The energy density (3.2) for acoustic waves is given by
1 2 1 2
£(t%) = Splolu(tx) + ()P (%) (3.39)
and the flux (3.3) by
F(t,x) = p(t,x)u(t,x). (3.40)

We now express the unscaled amplitudes aj(t, x, k), in terms of the acoustic velocity and pressure

fields u = (u,p)’. The amplitudes a®(¢,x,k) are given by

(1%, k) = (zi)B /dyeik'Yfi(t,x,x /2K L %X+ y/2,K), (3.41)
where
fe(t,x,2,k) =< u(t,z), b= (x,k) > 4= @(u(t,z) k) + H(zx)p(t,z). (3.42)
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This shows that
at(t,x,k) = a"(t,x, k) (3.43)

and therefore we need only keep track of a*(¢,x,k) . The advective mode amplitudes are given by

af(t,x, k) = (zi)B /dyeik'y @(u(t, x —y/2) -2 (k) (u(t,x +y/2) - 20) (k)).
(3.44)
By direct computation we verify that
/a+(t,x,k)dk 4 %/{agl(t,x,k) + ady(t, %, k) }dk (3.45)
= 2ot %) + Sa(x)P(x) = £(1,%)
and
/ ko(x)at (4, x,k)dk = p(t, x)u(t,x) = F(t,x). (3.46)

The first integral in (3.45) represents the part of the emergy demnsity which is propagating with
speed v. The second integral gives the energy of the non-propagating waves.

Equation (3.29) for W? is of the form % = 0 and so WO(t,x,k) = 0 if it is zero initially.
Then from(3.45)

/a+(t,x,k)dk _ %p(x)|u(t,x)|2 + %H(x)pz(t,x). (3.47)

This shows that when W = 0, the amplitude a¥ (¢, x,k) is the phase space energy density. In the

high frequency limit it satisfies the Liouville equation (3.25)

da™t
ot

+ v(x)k - Vyxat — |k|Vxo(x) - ViaT = 0. (3.48)
with the initial condition
at(0,%,k) = ag(x, k). (3.49)

Next we establish the connection with the usual high frequency approximation. We consider

(3.33) with initial data of the form

u(0,x) = uy(x)e" P X)/e, (3.50)
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where u = (u, p) and Sp is the real valued initial phase function. We look for a solution of (3.33)

in the form
u(t,x) = (Ag(t, %) + e Ay + .. )X/, (3.51)

where Ay = (ug, po). We insert (3.51) into (3.33) to get to leading order in e

pSy VS ug
= 0. (3.52)
VS kS Po

The next term in the expansion yields

pS; VS uy poy V ug
VS kS p1 V- KO Po
Equation (3.52) gives the eiconal equation for the phase S

1
=57 - (VS)*=0. (3.54)

v

Then assuming that S; = 40|V S| we have
Uo
= A(x)bT(x,VS(t,x)), (3.55)
Po
where b™ is given by (3.37).The amplitude A(f,x) is determined by the solvability condition for

(3.53), which gives the transport equation

VS
VS|

d
a|A|2 + V- (JAP )=0. (3.56)

The terminology ‘transport equation’ is standard in high frequency asymptotics for this equation
and should not be confused with the radiative transport equations which are defined in phase space.
As expected, equation (3.56) is the same as (3.4), to principal order in ¢ when u is of the form
(3.51) and (3.55). It is also the same as the transport equation (2.7) for the Schrédinger equation

and both can be written in the form
9 2 2
§|A| + V- (JA*Viw(x,VS)) = 0. (3.57)

The Hamiltonian for the acoustic waves is the eigenvalue w(x,k) = v(x)|k| and for the Schrédinger
equation it is given by (2.8).
The eiconal and transport equations (3.54) and (3.56) can also be derived from (3.48) as follows.

In the high frequency limit, initial conditions of the form (3.50) imply that
at(0,%,k) = |Ag(x)|?6(k — VSo(x)). (3.58)
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Let the functions S(¢,x) and |A(%,x)|? be the solutions of the eiconal and transport equations (3.54)
and (3.56), respectively, with the initial conditions S(0,x) = So(x) and |4(0,x)|* = |Ag(x)|®. Then
the solution of equation (3.48) is

at(t,x, k) = |A(t,x)[*6(k — VS(t,x)). (3.59)

Conversely, given initial conditions of the form (3.58) for (3.48) and a™ given by (3.59), then S and
A must satisfy the eiconal and transport equations (3.54) and (3.56), respectively. This is because
the eiconal equation follows by integrating (3.48) with respect to k while the transport equation
follows by multiplying it by k and then integrating with respect to k. This shows that we can

recover from the Liouville equation (3.25) the usual high frequency approximation.

3.3 Geometrical Optics for Electromagnetic Waves

Maxwell’s equations in an isotropic medium and in suitable units are

oE 1

E = ;CUI’IH (360)
oH 1

— = ——curlE

ot 1

where the dielectric permittivity 2 is €(x) and the relative magnetic permeability is u(x). As a

symmetric hyperbolic system they are
e 0\ 9 (E 0 —-Vx E
= + =0. (3.61)
0 p/) 9t \H Vx 0 H
These equations imply that if at some initial time we have
div(eE) =0 (3.62)
div(pH) =0

then these equations hold for all time. We assume (3.3.3) holds. The 6 x 6 dispersion matrix L
defined by (3.22) is

0 0 0 0 —k‘3/€ k2/€
0 0 0 k3/€ 0 —k‘l/G
0 0 0 —k‘g/G kl/G 0
L=- (3.63)
0 ks/p  —ka/p O 0
—ks/p 0 Fa/p 0 0 0
kafp  —ky/p 0 0 0 0

2Throughout this section and when we consider electromagnetic waves ¢ denotes the dielectric permittivity while

the small parameter is denoted by e.
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or in block form

1
m
The matrix P(k)p =k x p or
0 —ks ko
Pk)=| ks 0 ki |. (3.64)
—ko k1 0

The dispersion matrix L has three eigenvalues, each with multiplicity two. They are wg = 0,

wy = vlk|, w_ = —v|k| with the speed of propagation v given by

o(x)= ——— (3.65)

b = —(k,0), B = —(0.K).
€ \/,E

bHD = (/220 [ @), per2) = ([ L2 [ L0
2e "\ 2u ’ 2e¢ 7 2 ’

b<—71>:(1/2iz<1>7_ L@y b2 =10 [0 (3.66)
€

where the vectors z(1)(k) and z(?)(k) are given by (3.38). The eigenvectors b(®") and b(®?) represent
the non-propagating longitudinal modes and do not satisfy (3.62) so they will be assumed to be
absent from the solution. The other eigenvectors correspond to transverse modes propagating with
the speed v(x). As in the acoustic case, we need only consider the eigenspace corresponding to w .

With this choice for the basis of eigenvectors, the skew symmetric coupling matrix N(x, k), given

by (3.30), is

@ /0 1
N = 2% . 92 ( ) . (3.67)
ax? Ik; -1 0

Note that the vector z(?)(k) does not depend on k3. From (3.67) we conclude that if the medium
is layered, so that v = v(x3), then the coupling matrix N vanishes. This means that in the case of
a layered medium there is no coupling between the two polarizations of the electromagnetic field,
a well known fact. We note also that there is a choice of the vectors z(1)(k), z2(?)(k), different from
(3.38), which eliminates the coupling terms [44]. As explained earlier, we will use (3.38) because

they are convenient for the analysis of random effects.

29



The transport equation (3.29) for the matrix W7 is

oW

o v(x)k - VWt — [K|Vxo(x) - VW + WHN - NWT = 0. (3.68)

The energy density (3.2) for the electromagnetic waves is given by
1 2 1 2
£(t.%) = Selx) Bt )|+ Lu(x)| (1) (3.69)
while the energy flux (3.3) is the Poynting vector
F(t,x) = E(t,x) x H(t,x). (3.70)

Let u(t,x) = (E,H). Then, as in the case of acoustic waves, we will consider the unscaled ampli-

tudes a; (t x, k)

i(t x, k) = (2i)3 /eik'yfli(t,x,x - y/2,k)fji*(t,x,x +y/2,k)dy, (3.71)
where
fi(t,x,2z,k) = < u(t,z), b (x,k) > 4= €x) (E(t,z) - z(i)(k))
+ @(H(t,z) - (k x z9(k))). (3.72)

The amplitudes of the longitudinal, nonpropagating modes are

(1%, k) = (zi)B /efk%(x)(E(t, x—y/2)-K)NE(t,x +y/2) - K)dy (3.73)
a(l)Z(tv x,k) = E(t,x —y/2)- )(H(t, x+y/2)- R)dy

agl(tv x,k) = H(t,x —y/2)- )(E(t, x+y/2)- R)dy
(8,1 = (er)g / Y () (HE(t % — y/2) - KB x + 3/2) - R)dy.

As in section 3.1, we denote the coherence matrices by W* = (a Z]) and W° = (a ?j)- The latter is

zero since there are no longitudinal modes. Moreover, as in the acoustic case, we have the symmetry

Wii(k)  —Wih(k)
W (t,x, k) = ( H . ) . (3.74)
~Wiik)  Wi(k)
Hence, by direct computation, we get the energy relation
+ 1 2, 1 2
/TrW (t,x,k)dk = §e(x)|E(t,x)| + §,u(x)|H(t,x)| = &(t,x). (3.75)



Thus, TrW(¢,x,k) is the phase space energy density. By a similar calculation using (3.71) we
find that the Poynting vector (3.70) is

Ft,x) = B(t,x) x H(t,x) = v(x) / KTeW (4, x, k)dk (3.76)

The coherence matrix Wt (¢,x,k) is related to the four Stokes parameters [1,20], which are
commonly used for the description of polarized light because they are directly measurable. Let [
and r be two directions orthogonal to the direction of propagation and let I = I; + I, be the the
total intensity of light, with I; and I, denoting the intensities in the directions [ and r, respectively.
Let ) = I} — I, be the difference between the two intensities. Also let U = 2 < E;E, cosé >
and V = 2 < EjE,siné > denote the intensity coherence, with fixed phase shift §, between the
amplitude of light in the directions [ and r, respectively. Light is unpolarized if U =V = @ = 0.
If the directions [ and r are chosen to be z())(k) and z(?)(k), given by (3.38), then the coherence
matrix WT(¢,x,k) is related to the Stokes parameters (I,Q,U,V) by
I+Q U+ ZV)

3.77
U—Vv I-4Q ( )

Wt(t,x, k) = 2(

When the light is unpolarized, then the coherence matrix W is proportional to the 2 x 2 identity

matrix .

3.4 High Frequency Approximation for Elastic Waves

The equations of motion for small displacemets u;(t,x), ¢ = 1,2,3 of an elastic medium are

i=1,2,3. (3.78)

Here p(x) is the density, 7;(¢,x) is the stress tensor, which, in an isotropic medium is

duy, du;  Ou;
mij = MX) 558 + (x5 + 55)s (3.79)

and A(x) and p(x) are the Lame parameters. Equation (3.78) is then

d?u; d d du; du,
- 2\ J b,
Pz = g MW gt i)

(3.80)

We now write these equations as a symmetric hyperbolic system (3.1) and apply the high frequency
analysis to them.

We introduce new dependent variables by

: . 3.81
dzd + 81’2)7 ( )

p = Adivu, & =1, ei; = u(
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where dot stands for derivative with respect to time. Clearly p is similar to pressure, & is the

velocity of the medium and ¢;; is part of the stress tensor. Equations (3.80) are equivalent to

. dp  Oeyj
P Bt T o
. o, 3fj
L= , : 3.82
€ J M( 81’] + 81’2) ( )
p = Adiv€.
Note that if the shear modulus p is zero in (3.82) then &;; = 0 and we have the acoustic equa-

tions (3.33) for the velocity & and pressure p. From these variables we form the 10-vector w =

(&1,€2,&3,€11, €22, €33, €23, €13, €12, p) and rewrite (3.82) as a system

ow - Ow
Ax)—+D'— =0 3.83
(x) 57 + DS =0, (3.83)

with the 10 x 10 matrix A(x) = diag(p, p,p,1/20,1/2p,1/2p,1/p, 1/ 1,1/, 1/X). The 10 x 10
matrices D' are constant and symmetric and the dispersion matrix L(x,k) defined by (3.22) is

0 0 0 ki/fp 0O 0 0  ks/p kafp kifp

0 0 0 0 kfp 0 k3fp O kifp kafp
0 0 0 0 ks/p kafp kifp O  k3/p
21k 0 0 0 0 0 0 0 0 0
0  2uky O 0 0 0
L=-—
0 0 2uks 0 0 0 0 0 0 0
0 ks uks O O O 0O 0 0 0
ks 0 uk, O 0O 0O 0O 0O 0 0
uky  pky 0 o o o0 0 0 0 0
My Mg, Ms O 0 0 0 0 0 0
(3.84)
In block form
0 KM MK Tk
ouK(k) 0 0 0
L=-— : (3.85)
uME) 0 0 0
Ak? 0 0 0
where the matrix K(k) = diag(kq, k2, k3) and
0 ks ky
Mk)=|k 0 Kk |. (3.86)
ky ki O



The matrix M (k) is a symmetrized version of the matrix P(k) in (3.64) that appears in Maxwell’s
equations.
The eigenvalues of the dispersion matrix L are
wg = 0 with multiplicity four,
wij = tovp|k| each with multiplicity one, (3.87)

wi = twvg|k| each with multiplicity two,
with the corresponding compressional and shear speeds given by

vp =\/(2u+A)/p, vs=1/u/p. (3.88)

The eigenvectors of the dispersion matrix are orthonormal with respect to the inner product <, > 4,

defined in (3.6), and are given by

- k 2uk (k)k M (k)k A

+= (5 F NZETESY) qc\/zzwm qc\/zzwm)

ij:(zJ‘ 2/iK (k)zU fM( )zl 0)
RNV vz T f o
b% = (0, \/2uK(2))zV), fM 0),  j=1,2 (3.89)

= (0,2\/uk(z1)z? )z< ),0)

2/ Ak (k)k Au 2V An
V20 2) TV 2(X +2p) V2(A +2p)

The orthonormal triple k, zM(k), 2D (k) is defined by (3.38). The eigenvectors bl represent longi-

)

ji=1,2

b = (0, M(k)k, —

).

tudinal or compressional modes, the P waves. They are similar to the acoustic longitudinal modes
and if 4 = 0 then bi is equivalent to the vector bT for acoustics (3.37). The eigenvectors bij repre-
sent transverse or shear waves, the S waves. They are similar to the eigenvectors (3.66) in Maxwell’s
equations, because they correspond to transverse waves admitting two states of polarization. The
eigenvectors b% | j = 1,...4 correspond to non-propagating modes.

The energy density for elastic waves is given by

£(t,x) = %p(x)|i1(t,x)|2 + %)\(x)(divu(x))z + %,u(x)Tr(Vu(t,x) + Viu(t, x))2.

(3.90)

The first term is the kinetic energy and the sum of the last two terms is the strain energy. The

energy flux of the elastic waves is
F(t,x) = {Miva(x) + u(x)(Vu(t,x) + Vu(t,x) bt x). (3.91)
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which in view of (3.79) is also
F(t,x) = 7(t,x)a(t,x).

The unscaled amplitudes af(¢,x,k) are

IN? [ o _
CL]:E = (%) /ekyf:]tj(tvxvx_y/2vk)ff(t7x7x+y/2vk)dy7 (392)
where
fr(t.x,2z,k) = < u(t,z),b *(x, k) > p(zx k-u(t,z))
p(x) A(x)divu(t, z)

(k-(Vu(t,z) + Viu(t,z))k

NCETESERIES) AV ETE e

The 2 x 2 coherence matrices W‘f for the S waves are

3
sz’j(taxak) = (%) /eik'yfzsi(t,X,x — y/2,k)ﬂ$i(t,x,x +y/2,k)dy,
T
(3.93)
where
FPE(tx,2,k) = @(z@(k) -u(t,z)) F @(1} -(Vu(z) + Vu(z))z) (k).
The entries of the 4 X 4 coherence matrix for the nonpropagating modes are
3
Sxd = (5) [V RExx -y R x Y2y, (399
T
where
2>t x,z,k) = @(z@(k) (Vu(t,z) + Viu(t, z))z) (k) =12
J ? ? ? - 2 ? ? ? j - ?
5(t.x,2,k) = \/u(x)(2V(k) - (Vu(t,2) + V'u(t,2))2®) (k)
fit,x, 2, k) = ¢ Mx)u(e) (k- (Vu(t,z) + Viu(t,z))k) — 2y )\(X)M(X)leU(t,Z)‘
2(A(x) + 2p(x)) V2(2p(x) + A(x))
Note that (3.92) implies that the amplitudes alj and af are related by
al(t,x,k) = af(t,x, - k), (3.95)

which is analogous to (3.43), while the coherence matrices Wf and W7 are related by the analog

of (3.74) and
TeW: (¢, x, k) = TeW5 (¢, x, k). (3.96)
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A direct calculation using (3.92-3.94) shows that the energy density (3.90) is

1 4
E(t,x) = /(afj + TeW? )dk + §/Za%dk. (3.97)
=1

The first term is the energy density of the P and S waves while the second is the energy of the zero

velocity waves. The flux (3.91) is
F(t,x) = / k[opal(t, %, k) + vsTeWS (¢, x, k)] dk. (3.98)

Using the eigenvalues (3.87) and (3.88) in (3.25) and (3.29) we obtain the transport equations

for the scalar amplitude alj and the coherence matrix Wf:

da¥ A
% + vop(x)k - Vxal” — |k|Vxop(x) - Vial =0 (3.99)
owy " S S S s
— + us(x)k - VW = K| Vvs(x) - VWS + WIN = NWE =o. (3.100)

The coupling matrix N(x,k) is exactly the same as in the case of Maxwell’s equations (3.67) with
the speed v = vg. In the high frequency limit the longitudinal P waves behave exactly like acoustic
waves. This is because in both cases the waves correspond to a simple eigenvalue of the dispersion
matrix. The S waves behave exactly like electromagnetic waves. The same results were obtained

in [44] by ray methods.

4 Waves in Random Media

4.1 Transport Equations without Polarization

We now counsider wave propagation in a slowly varying background with small random perturba-

tions. The symmetric hyperbolic system (3.1) is

X, du - Ju
Ax){I + 61/2V(g) — tD o= =0, (4.1)

where V(x) is a statistically homogeneous matrix-valued random process with mean zero that
models the parameter fluctuations. The scale of variation of the fluctuations is of order £ and
therefore comparable to the wave length so that the random inhomogeneities can interact fully
with the propagating waves. The magnitude /¢ of the fluctuations is chosen, as in the case of the

Schrodinger equation (2.30), so that the effect of scattering by the inhomogeneites be comparable
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to the effect of the slowly varying background. In order that the system (4.1) remain symmetric

hyperbolic the random inhomogeneities must satisfy the condition
AX)V(y) = Vi(y)AX). (4.2)

for all x and y, which implies conservation of energy. The matrices A and D’ are symmetric and A
is positive definite. In all three cases considered here — acoustic, electromagnetic and elastic waves
— condition (4.2) is satisfied. In this section we will assume that the dispersion matrix (3.22) for the
deterministic background has simple eigenvalues. The case of polarization (multiple eigenvalues) is
considered in the next section.

The covariance functions R;;x(x) and the power spectral densities Rijkl(k) are defined by
Rijri(x) = (Vi (y )Vu(x +y)) = /e_ip'XRijkl(P)dpa (4.3)

where <, > denotes statistical average. Spatial homogeneity implies

o~

(Vi (P)Vi()) = Riju(p)s(p + q)- (4.4)

and

Riin(p) = Ryj(—p). (4.5)

We assume that the power spectral densities Rijkl(p) are real, which is equivalent to

Rijr(p) = Rijui(—p) (4.6)

and holds when the covariance functions R;;r(x) are even . This is the case when the fluctuations

are isotrpopic in space, that is
Rijri(x) = Riju(]x|). (4.7)

The symmetry condition (4.2) implies that the matrix A and the covariance tensor R;;; satisfy the

relations
ApiAp iR = A Api Rinkt = Aji Al Rk - (4.8)

When (4.1) holds, the evolution equation (3.13) for W* has the form

owe=
ot

1

Ve

1
+QIWE + ZQIW* — —PIW — VEP{IW* =0, (4.9)
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where the operators Qf and Q3 are defined by (3.14) and (3.15). The operators Pj and P35 come

from the random inhomogeneites and are given by

piwe =3 [ [ qud“’dq R (4.10)
+ ‘8W6(:9{3; p/2_) DIA Y (x + ey)V*(§ + y)}
and
piwe =i [ [ qudydq {05+ DVE 4 paix e ey Wk + a2 (4.11)

- ek - /2t - LD A x4 ey (S 4 )

The double integrals enter in (4.10) and (4.11) because we inserted the Fourier transform V into

(3.14) and (3.15). The operator P corresponds to the terms in (3.14) involving the x-gradient of

W, while the undifferentiated terms in (3.14) and (3.15) combine to produce the operator P5.
We analyze equation (4.9) by a multiple scales expansion, following section 2.3 and Appendix.

We introduce the fast space variable £ = x/c and the expansion
We(tx,6,k) = WOt x, k) + WOt x, £ k) + WOt x, £ k) +... (4.12)

We replace —l by
7] 19

-+ —— 4.13
ox' + e 9& ( )
and expand the Q and P operators in powers of e:
e 1 S
Q] = ng-l-Ql-l-Qn—l----
Q5 =Q2+¢e¢Qy +...
R 7] 7]
7)1 = —7)1( E) -I-'Pl(g) + ...
7)26 =Py +...
The operator Ql is
- 1 L 0Z 197
g _l,pif4 107 4.14
Q=3 26 T 20¢ (4.14)
and the operators P; and Py are
0Z(k 2
(x,£,K) /dqe g { (q) A (x)m% (4.15)
x

+ P g1 )7 ()
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and
PrZ(x,€.k) = i/dqe—iqf { V(p)A M (x)(k; + q;/2)D' Z(k + q/2) (4.16)
- 20— a/2)(k; — pi/2) D AT 0T (@)}
We do not give an explicit expression for Q11 since we shall not need it. It is the first order term

in the expansion in e of the part involving the £-gradient of the operator Ql(%). With these

definitions, (4.9) becomes

owe=
ot

1 1« ~ 1 1 17,
+ {EQ2 + Qo1 + EQI + Q1+ Q11 — %Pz - %Pl(%) + O(e)}T/V6 =0.

(4.17)

We assume that the average of the leading term W) in the expansion (4.9) depends only on
the slow space variable x. This is discussed further in Appendix. To simplify the presentation we
will assume that W) itself is independent of £. We insert expansion (4.12) into (4.9) and find that
WO satisfies

QW =09 (4.18)

as in (3.20). We assume in this section that all the eigenvalues of the dispersion matrix L(x,k) in
(3.22) are simple. The case of multiple eigenvalues is considered in section 4.2. Then the Wigner

matrix W) has the form

WOt x, k) = f: a’(t,x,k)B7(x,k), (4.19)

=1
where the martrices B7(x,k) are defined by (3.23), as in (3.24).
The term W) satisfies

0,w £ o, W) = p, WO, (4.20)
We insert (4.19) into (4.20) and solve this equation explicitly for F(V(¢.x, p,k), the Fourier trans-

form in £ of w.

1

wik+8) —wi(k = 5) - {wi(k -

F) = S)a'(k = D)k + TV (pbilk - T)

~ il Bt Bhe - 2)ihape + 2y itk - Bt B,

(4.21)
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Here the vectors b/(x,k) are the right eigenvectors of the dispersion matrix L(x,k), orthonomal
with respect to the inner product <, >4, and the vectors ci(x,k) are the left eigenvectors of the

dispersion matrix, given by
c'(x,k) = A(x)bi(x, k). (4.22)

The second order term W (2) satisfies the equation

ow(0)
ot

— QW — 0 WO P 4 Pl(;—E)W“), (4.23)

QW@ 4 0, W@ =

because Q11 W ©) = 0 since W(® is independent of £. As discussed in Appendix for the analogous

situation for the Schrodinger equation, the average
< QW@ >=0

and so the average of the right side of (4.23) is orthogonal to the null space of Q;. We insert
expression (4.21) for W into (4.23), average it and obtain from the orthogonality condition that

the amplitudes a” satisfy the radiative transport equations

da”
ot

b Viwr - Vad” — Vo, - Via” = / (kK (KK — S, (k)" (k). (4.24)

The differential scattering cross-sections o,;(k,k’) and the total scattering cross-sections ¥, (k) are

given by

ori(k, k') = 2702 (k)el (k)] (k)b (Kb, (K ) Ry (k — K')6(wr (k) — w;(K')) (4.25)

S

and

¥, (k) = Z/o—ﬂ»(k,k’)dk’ (4.26)

Equation (4.24) has the form (1.1). The scattering cross-sections o,;(k,k’) defined by (4.25)
are always positive because the power spectral densities Rijkl(k) are positive definite matrices with
respect to the pairs of indices ¢k and jI, by Bochner’s theorem [45]. Two modes generated by the

eigenvalues w; and w; are coupled only if w; and w; coincide for some values of the wave vectors k,

k', that is if for a fixed k there exists a hypersurface of solutions k’ to the equation

wr(K) = wi(K). (4.27)
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If there is scattering between two modes then the symmetries (4.5), (4.6) and (4.2), and (4.25)
imply that the differential scattering cross-sections of the direct and reverse scattering processes

are the same, i.e.,
o-i(k, k') = 0,7 (K, k). (4.28)

This implies that the total energy

E(t) = / / ﬁ:af(t,x,k)dxdk (4.29)

1s conserved.

4.2 Transport Equations with Polarization

When the eigenvalues of the dispersion matrix L(x,k) have multiplicities greater than one the
perturbation analysis of the previous section must be modified. Equation (4.18) implies that the
Wigner matrix W has the form
wO(t,x, k) = > al,(t.x,k)B"¥(x, k) (4.30)
7/,
where the matrices B™% are defined by (3.26), as in (3.27). We define the coherence matrices
W7(t,x,k) as in (3.28) by

W = a. (4.31)

We express W) through the coherence matrix using (4.20) and insert it into (4.23). We average
(4.23) and use the orthogonality conditions to obtain the radiative transport equations for the

coherence matrices

owW”
ot

+ Viw, - VW™ = Vyw, - VW + W'NT — NTW7 (4.32)
= /o”(k,k’)[Wi(k’)]é(wi(k’) — w,(k))dk — (k)W (k) - W (k)= (k).
The differential scattering cross-section matrix is

(o7, )W K)]) = 2w (k)L (K bl (K e (K)el ™ (K) Ryt (K — K YW (K)

mj
(4.33)
and the total scattering cross-section matrix X7 is
: 1 4
Ik, K)[T]6(cr (k) — wi(K’ dk’—i/—”kk’fdk’.
Z/ T1o(e00) = (kNI = 5 [ e (K]
(4.34)
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The singular integrals in (4.34) should be interpreted in the principal value sense. The imaginary
terms in (4.34) are related to the anisotropy of the random perturbations. We will see in particular
examples that they are absent when the random perturbations are isotropic.

The radiative transport equations (4.32) preserve W7 as positive definite Hermitian matrices;
that is if all the W7(0,x,k) are Hermitian and positive definite then W7(t,x,k) is Hermitian and
postive definite for ¢ > 0 and all j. Another important property of equations (4.32) is that they

conserve the total energy

E(t) = Z/ TeW/ (t,x,k)dxdk = const. (4.35)
i

4.3 Transport Equations for Acoustic Waves

We will now apply the results of section 4.1 to the acoustic equations (3.33). The symmetric hyper-
bolic system for acoustic waves has simple structure because all the non-zero speeds of propagation
are distinct and there is no scattering between different modes, even in the presence of random
inhomogeneities. This is because the frequency (3.35) wy (k) is always positive and the frequency
w_(k) is negative for all k # 0 and so the radiative transport equations (4.24) for the amplitudes

* and a~ are decoupled from each other. Moreover, these amplitudes are related by (3.43) and

a
so we consider only a*(#,x,k), which we denote by a(t,x,k).

The perturbed matrix A of the symmetric hyperbolic system (3.33) is

GO

where I is the 3 x 3 identity matrix and p and & are the fluctuations in the density and compress-
ibility, respectively. Therefore the power spectral densities Ry,(p) in (4.3) have therefore the

form

Rsvlw(p) - 65v61w65536l§3Rpp(p) + 6511655361106[,4}?/)/1(1)) (437)

+ 651165,46[106[,4}?/1/1(1)) + 651165,46[106[53}?/)/1(1))-

Here Rpp, Rpm R, are the power spectral densities of the fluctuations of the density p and com-
pressibility x. The indices go from 1 to 4 and we use the notation é;<3 which is equal to one if
[ < 3 and to zero otherwise.

We insert into (4.25) the expression (4.37) for the power spectral densities, the eigenvalues (3.35)

and the eigenvectors (3.37) and obtain for the phase space energy density a(t,x,k) the radiative
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transport equation (4.24) in the form

9 .
a_j + vk - Vya — [k|Vyo - Via =

vl k|?

[ #telkl = ol fa(k) - a(k)]
AR K2R, (k= K) + 20k KRk — K) + Rip(k — k') } K. (4.38)

This is equation (1.1) with the scattering cross-section as in (1.3). It is also similar to the radiative

transport equation (2.34) for the Schréodinger equation but the scattering cross-sections differ.

4.4 Transport Equations for Electromagnetic Waves

Electromagnetic waves are polarized so propagation of wave energy is described by the coherence
matrices W (¢,x,k) and W~(¢,x,k) that satisy the relation (3.74). Note that the frequency
wi(x,k) = v(x)|k|, with v given by (3.65), is always positive while the frequency w_(x,k) =
—v(x)|k| is always negative. According to (4.32) this implies that the radiative transport equations
for the coherence matrices W+ and W~ are not coupled so we consider only the radiative transport
equation for W+ and drop the superscript +.

We assume that the random fluctuations of the medium properties are isotropic with perturbed

(G(f uof) [(g 2)+\/g(€; ﬂof)]'

Here I is the 3 x 3 identity matrix and € and g are the fluctuations in the dielectric permittivity

A matrix in (3.61) given by

and the magnetic permeability, respectively. The power spectral densities of the fluctuations (4.3),

Rsvlw(k)7 have the form

Rsvlw(k) :6sv61w65536w§3R55(|k|) + 65v61w65536w24R6u(|k|) + (439)

65v61w65246w§3R5u(|k|) + 65v61w65246w24Ruu(|k|)7

where Rij(k), i,7 = €,u are the power spectral densities of the fluctuations of € and p. In (4.39)
the indices run from 1 to 6 and we use the delta notation as in (4.37).

We introduce the 2 x 2 matrices T'(k,k’) and X(k,k’) by
Tij(k,p) = 2 (k) -2 (p) (4.40)
and

X;; =z29(k) - 29 (k), (4.41)



where the vectors z(i)(k) are given by (3.38), and 2(1)(k) = —z(2)(k) and 2(2)(k) = z(l)(k). These
matrices are related by
T(kv p)X*(kv p) = (l; ) f))I (4'42)
where I denotes 2 X 2 matrix. Moreover
T"(k,p) = T(p.k) (4.43)
X*(k,p) = X(p, k).
We now calculate the scattering cross-sections in terms of the matrices T and X and the power
spectral densities by using in the general formulas (4.33) and (4.34), the eigenvalues and eigenvectors

(3.66) and the power spectral densities (4.39). The power spectral density tensor (4.39) has four

terms and each one generates a term in the differential scattering cross-section. The one with R

KO K]y = 2y 00 e, [0, /0000, 00)

1s

‘Re.(k-X)
7”]2|k|2 A ' ' ' '
= 5 REE(k -k )qu(k, k )qu(k )TTj(k ,k) (4.44)

The other terms in the scattering cross-section are calculated in the same way and they yield

oWk, k') = 7K

{REE(|k — KT (k, KW (K')T(K', k)
+R,,.(Jk — KNX(k,K)W(K)X (K, k) (4.45)

R, (|k — K')[T(k, X)W (KX (K, k) + X (kK )W (k)T (K, k)]}.

This differential scattering cross-section has the correct structure so that the radiative transport
equation (4.47) below conserves the Hermitian and positive definite properties of the coherence
matrix W.

By direct calculation we find that [ o(k,k’")[I]dQ(p) is proportional to the identity matrix and
the imaginary terms in (4.34) vanish. The total scattering cross-section (k) is therefore
T R (KIVE = 30) 4 Ru(KIV/Z = 201+ ) + 4k (K2 = 20))d

E(|k|) = N

(4.46)

Thus the radiative transport equation (4.32) for the coherence matrix W is

oW
i ok VW — K| Vo - VW 4+ WN — NW
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L

2. /€n

Ik/|=(k|
+ Reu([k — K')(T(k, KYW(K)X (K, k) + X (k,K)YW(K)T(K, k))

[Re(|k — KT(k, K )W (K)T(K k) (4.47)

+ Rk = X' NX (k, )W (p)X (p, k)d2A(D) — (|k)W (k).

The coupling matrix N is given by (3.67).

When the power spectral denisties of the fluctuations Rij are constants, the scattering cross-
sections are proportional to |k[*, which corresponds to Rayleigh scattering. If, in addition, the
magnetic permittivity has no fluctuations then the radiative transport equation (4.47) in a uniform
background medium coincides, up to a normalization constant, with Chandrasekhar’s equation of
radiative transfer (equation (212) in [1]).

In the transport equations corresponding to Maxwell’s equations, there is scattering only be-
tween modes propagating with the same speed. This is not true in general, as we saw in section

4.2.

4.5 Transport Equations for Elastic Waves

The elastic wave equations in a random medium are given by the symmetric hyperbolic system

(3.83) with the perturbed A matrix

pIl 0 0 0 I 000 I 0 0 0
0%]00 0 I 00 0 6I 0 0
+ Ve ~ . (4.48)
0 0 %IO 0 0 I 0 0 0 6I 0
o o0 o % 00 0 1 0 0 0 ¢

Here I is the 3 x 3 identity matrix and g and 1L are the fluctuations of % and %, respectively. The

power spectral densities of the fluctuations Rsvlw(k) have the form

Rsvlw(k) =46 sv‘slw{55535153R00(|k|) + 5455565153Ru0(|k|)

+ 5553645156Ru0(|k|) + 5755596153Ru0(|k|) + 5553575159Ru0(|k|)

+ 6510813 R ([K|) + 85<36110R o0 ([K|) + da<s<66a<i<oRuu([K|)

+ Sacs<ebr<icoRu([k]) + r<scobacoco Ruu([K|) + ba<ocebiioRun([k|)
+ 85100a<i<6 Run ([K|) + 67<s<odr<ico Ry ([K|) + $r<s<adiioRun(k|)

+ 851007<i<oRun ([K|) + 65106010 R0 (K[) - (4.49)
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The subscripts g and A refer to the fluctuations of 1/u and 1/X and the subscript p corresponds to
the fluctuations of the density p. The indices in (4.49) run from 1 to 10 and the delta’s are as in
(4.37).

The P to S wave resonance condition (4.27) is
S P
wi(k) = w_|_(k/)

with the P and S wave frequencies given by (3.87). For a fixed S wave vector k there is a sphere
of resonant P wave vectors |k'| = \/u/(2u + A)|k|, so the transport equation (4.32) for the P wave
energy density alj(t, x,k)) and the transport equation for the S wave coherence matrix Wf(t, x, k)
are coupled. Moreover, as in the electromagnetic case, there is no coupling to backward travelling
waves so it is enough to consider the two forward modes and to omit the subscript +. As we noted
earlier, the P wave energy transport is similar to that of acoustic waves, and the S wave energy
transport is similar to that of electromagnetic waves. Therefore the system of transport equations
for elastic waves will have the form (4.38) for the P waves coupled to a system of the form (4.47)
for the S waves. They are given by (1.13) and (1.14).

We now outline the calculation of the scattering cross-sections. We present two calculations:
the part of ¢°% in (1.16) that involves Rpp and the part containing Rw- Using the eigenvalues
(3.87) and eigenvectors (3.89) of the dispersion matrix (3.84) and the power spectral densities (4.49)
in (4.33) we have

2 K [ o200 5000, [ )

: Rpp(|k - k/|) (4'50)
= TSR e WK (6 T 1) (451

We show next that the differential scattering cross-section for the S-to-S scattering (1.16) differs

slightly from the differential scattering cross-section for electromagnetic waves (4.45). The part of

SS »

the differential scattering cross-section 0 involving the power spectral density R,, is given by

WﬂRwﬂk - K'|)
2pk|[?
(2K (k) K (K29 (k') + M (k)M (K )z (K'), 20" (k)W (K)
_ ﬂuRw(lkZ; k’l)lk’l27 (KOS (), (K K)
71'7%2S|k/|2Rw(|k - k')

= 5 {, (& KYWI(K), (K K)} . (4.52)

(2K (k) K (K)z")(K') + M (k)M (k)20 (K'), 20 (k)
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The matrix , is given by (1.17) or equivalently by
(I K) = ERYE(R)2O () + M) M ()20, 2k, (453)

with M defined by (3.86) and K = diag(k1, k2, k3). The differential scattering cross-section has the
form (1.16) with

TT _ 7Wk2s|k|2

Ogs = 9 RPP(|k_k/|)
T 7”f?s|k|2 3 ’
ol = T Rk — X)) (4.54)
2 k 2 .
U.EST: WUS2| | Ryu(k - K']).

This is the same as (4.45) in the electromagnetic case with the matrix X replaced by , . A direct
calculation shows that the imaginary terms in (4.34) vanish in this case. The rest of the calculations
are similar and we omit them.

The transport equations for the P wave amplitude a” and the S wave coherence matrix W*
have the form (1.13) and (1.14) with the differential scattering cross-section ¢°° given by (4.54)

and the functions o,, and o, given by

k|*(2u + ) A2 AL o oygs
KK = ™ Rk =K+ —2F (kKR (k - K
Upp( ? ) 2/) (2,u+)\)2 /\/\(| |)+ (2N+)‘)2( ? ) /\M(| |)
+ _ (k, KV R, (k — K|) + (k,K)2R,,(k — K|) (4.55)
(2u+ A2 ) Lo ) pp
2

PN ~ 4 PN ~
(k, K)ok — K'|) + - (k, KR, |k — K'|)

+2,u—|—)\ 21+ A

and

sk, K') = %{Ik’lzﬁpp(lk = K) + 4k (ke k') Ry ([ ~ K')) (4.56)

ke K|, k) R, [k — KD}

The P-to-P part of (1.13) coincides with the transport equation for the acoustic waves when
¢ = 0. The S-to-S part coincides with the electromagnetic case with the replacement of , by X.
The scattering operator on the right side of the transport equations (1.13) and (1.14) is symmetric
in a” and W¥. This is an important property that is used in the analysis of the transport equations

in the diffusion regime (section 5.3).
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5 The Diffusion Approximation

5.1 Diffusion Approximation for Acoustic Waves

The diffusion approximation for transport equations like (1.1) is valid at propagation distances
much longer than the transport mean free path |Vyw|/Z [17]. We show in sections 5.2 and 5.3
that solutions of transport equations for polarized waves also exhibit diffusive behaviour and that
the waves become approximately depolarized in this regime. For simplicity we will consider only
the case when the background is homogeneous and isotropic, in which case the eigenvalues of the
dispersion matrix (3.22) are given by w;(k) = v;|k| with the speeds v; independent of x. We shall
consider only conservative transport equations so that (1.2) or (1.9) holds. The results, however,
can be generalized to variable backgrounds and to weakly dissipative scattering provided that the
background variations and the dissipation are on the scale of the propagation distance.

To derive the diffusion approximation we introduce a dimensionless small parameter ¢, not
related to the small parameter used in the previous sections. It is ratio of the mean free path to
the propagation distance. Then, by rescaling time and space variables by t — ¢*t and x — ex, we

can write (1.1) as

o N PN N
229 4 k- Vxa / o(|k|, k, k' )a(k)dQ(k") — (k| )a(|k]|)
ot Jk|=k’|
a(0,x,k) = ag(x, k). (5.1)
The total scattering cross-section X is

S (k) = /|k|:|k,| o([k]. k. K)d0(k') (52)

and df) denotes the surface element on the unit sphere. We shall consider only rotationally invariant
scattering so that the differential scattering cross-section o(k,k’) is a non-negative function that
depends only on |k| and p =k -k’

We expand the solution of (5.1) in powers of e
a(t,x, k) = a4, x,k) + caM(t,x, k) + 2a D (t,x, k) + . .. (5.3)
and insert this expansion into (5.1). We find that the leading term a(%)(#,x, k) satisfies
/|k|_|k/| o(|k|. k- k)aO(t,x, kK )dQ(k') = S(|k|)a (2, x, k). (5.4)

This is an eigenfunction equation for al® involving the integral operator A, defined by the left side.

The kernel of A is the scattering cross-section and it is positive. From the general theory of such
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operators it follows that they have the following properties [43]:
(i) the eigenvalue with the largest absolute value is simple,
(i) the eigenfunction corresponding to this eigenvalue is non-negative,
(iii) this eigenfunction is the only non-negative eigenfunction of this operator.
From (5.2) we see that if a® is independent of the direction k it is a solution of (5.4). This

fact and properties (i-iii) show that
Wt %,k) = (1, %, k). (5.5)

This means that a(,x,k) is approximately independent of the direction k of the wave vector k.

The first order term a!) satisfies the equation

vk - Vyxal® = /

o(|k|, k - K )aM (K )dQ (k') — aM(k). :
Kk (k| k - k')a* (k) d (k') — T([k|)a*" (k) (5.6)

To solve (5.6) we note that the function u(x,k) = k- an(o)(t,x, |k|) is an eigenfunction of the

operator A corresponding to the eigenvalue

1
A= 271'/1 o([k|, 1) pdp,

where 1 = k - k’. To show this we let @ be an orthogonal transformation such that Qk = (0,0,1)".
Then

(Au)(k) = /|k|=|k’| o (||, k- K (K - Vyal®)an(k)

p LN . xa(o) ./ ]
Ly 7 K - @Vl a2 i) (5.7)

1

1 ~ ~
= 271'/ o(|k|, p)pdp(QVxa®)s = zﬂ/ o(|k|, p)pdu(k - Vxa @) = Au(k).
1 1

Now we write al!) = C(|k|)u, substitute into (5.6) and use (5.7). Then we can solve for C and u
and obtain

a(t,x,k) = —MR - Vyea(t,x, [K|). (5.8)

The equation for a? is

a0 v

90 e (T hwia®) — Aa® 2)
t vk Vx <E(Ik|)—A(Ik|)k Vxa ) Aa® — S([K])a®. (5.9)

We integrate (5.9) with respect to direction k. The integral of the right side vanishes and we get

the solvability condition

3a(0)_vA. . o 2 ) N
/|k|=|k'|( ar (E(Ikl)—A(|k|)k Vx ) 4 (k) = 0. (5.10)
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After performing the integration over k in (5.10) we obtain the diffusion equation

9a"(t, x, |k|)

5 = Ve [D(K)Vxa®(t, x, [K|). (5.11)

This equation determines the principal term a® in the expansion (5.3). We find that the

diffusion coeficient D(|k|) in (5.11) is given by the well known formula [46].

02

(Z(k)) = A(IK]))

Note that D > 0 because X(|k|) is the largest eigenvalue of A so it is larger than A(|k|), which is

D(|K|) = (5.12)

another eigenvalue. The diffusion coefficient can also be written in the form

vl (k)

e

(5.13)

where the diffusion mean free path I*(|k|) is given by
1 -1
e = (25 [ okln@ - i) (5.14)
The diffusion equation (5.11) cannot accomodate the initial condition a(0,x,k) = ag(x,k)
unless the function ag(x, k) is independent of the angular direction k. To obtain the correct initial
conditions for the diffusion equation (5.11) we must consider the initial layer problem as in [18].

We write a in the form
a=d +a’, (5.15)

where a is the solution given by the asymptotic expansion (5.3) and a* is the initial layer solution
which decays exponentially in time. The initial layer solution a¢* depends on the fast time 7 = t/e?
and satisfies the equation

8(1”
or

:/ o(k|, k- k)a' (K )dk' — Z(|k|)a' (k). (5.16)
k|=k’|
The solution a*’ decays exponentially in time if we take as an initial condition for (5.16)
. 1 .
a0, %, k) = ag(x, k) — 4—/a0(x,k’)d9(k’). (5.17)
e

This implies that the initial condition for the diffusion equation (5.11) is the average of ag,
1 .
a0, x, [k|) = E/ao(x,k)dﬁ(k), (5.18)
as might have been expected from physical considerations.
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5.2 Diffusion Approximation for Electromagnetic Waves

We now apply the analysis of the previous section to the transport equation (4.47) for electromag-

netic waves. We rewrite this equation in the form

ow .
—p ok VeV = AW — S([k)W. (5.19)

Here the integral operator A acts on matrix valued functions, and is defined by

rolk|?
2

A0 = T [ R KNTOOK) ST )

+Reu([k = K)(T(k, K) (X)X (K k) + X (k, k') f(K)T(K', k)

Rk — WX (e, K) £ X (K )} AQ(K), (5.20)

where v = 1/,/eu. We assume that the transport mean free path is small compared to the propa-
gation distance and we scale space and time variables (x,t) by t — €%¢, x — ex as in section 5.1.

The scaled transport equation (5.19) is
ng +evk - VW = AW — S(|k|)W. (5.21)
We expand the solution of (5.21) in powers of the small parameter e
W=wO 4wl y 2w 4 (5.22)
Inserting this into (5.21), we find that the leading term WO satisfies the eigenfunction equation

AWO (1, x,k) = Sk WO, x, k), (5.23)

which is analogous to (5.4). The general theory of positive operators [43] applies to A and hence
WO)(¢,x,k) has the form

wO(t,x, k) = o(t,x, |k|)I, (5.24)

where ¢(%,x, |k|) is an unknown scalar function to be determined. Thus, the leading approximation
for the coherence matrix is a scalar multiple of the identitity and is independent of the direction k.
This shows that electromagnetic waves are depolarized in the diffusion approximation.

The first order term W () satisfies the equation

vk - Vol = AWD — 5(k)yw), (5.25)
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The matrix function u(l;) = k - Vxo¢I is an eigenfunction of A, defined by (5.20), corresponding to

the eigenvalue

A0k = "B [ (220 + R (V2T )

2
+47 R, ([k|\/2 = 20)n*}dn. (5.26)
Hence
m-_-__ " .
W I E(|k|)(k Vxd)I. (5.27)

The second order term W(2) satisfies the equation

ow )

ot vk - VW = AW — 5|k )W @ (5.28)

which is solvable only if the left side of (5.28) is orthogonal to functions of the form (5.24). Inte-

grating (5.28) with respect to k and taking the trace we find that ¢ satisfies the diffusion equation

13,
2 V- D7 (k) V). (5.20)
The diffusion coefficient is
N
3

where the diffusion mean free path I, is defined by

2

= o | [ Rl kIVE=20) + R (K2 =201+ 7 = = )

=2 [k
-1

+4R e, (|k[v/2 = 20)(n—n*)ldn | . (5.30)

The initial condition for the diffusion equation (5.29) is determined as in the scalar case. The

initial condition for the initial layer solution must be
. 1 .
W0, x,k) = Wo(x, k) — 8—{/ TeWo(x, k)dQ(k)} (5.31)
e
so as to make it decay exponentially in time. Then the initial condition for (5.29) is

(0, %, [K|) = %/TrWO(x,k)dQ(l}). (5.32)
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5.3 Diffusion Approximation for Elastic waves

We shall now determine the diffusion approximation for the elastic transport equations (1.13) and
(1.14). We shall show that in the diffusion regime the S waves are depolarized and energy is
“equipartitioned” between S and P waves (equation (1.24) or (5.37)).

We rescale space and time variables (t,x) by t — ¢2¢,x — ex and rewrite the transport equations

(1.13) and (1.14) for elastic waves in the scaled form

da” 5
2 gt + evpk - Vyal = App[ap] + APS[WS] - (EPP + EPS)aP
28WS [ S S P SS SP S
ot + evgk - Vi W?» = Ass[W ] + ASP[CL ] - (E + X )W . (533)

The integral operators A;; are defined by comparing (5.33) to (1.13) and (1.14). We expand the
solution of (5.33) as

aP = a(o) + ea(l) + €2a(2) + ...

WS =wO w4 2w 4 (5.34)
By using (5.34) in (5.33) we find that the principal terms ¢(®) and W(®) must satisfy the equations

Appla®] + Aps W] = (27 4 £75)a0)

Ass[WO] + Agpa] = (259 + 29w ), (5.35)

This is a pair of coupled equations of the form (5.4) and (5.23). The general theory of positive

operators is applicable again and implies that the solutions of (5.35) are of the form

a(t,x,k) = ¢(t,x, [k|) (5.36)

WOt x.k) = o(t.x, — [k|)1.
vp

where ¢(¢,x, |k|) is a scalar function to be determined. It follows that

vp

aO(t, x, k)T = WO (t,x, —k). (5.37)
vs

Equation (5.36) implies that in the diffusion regime the S wave is completely depolarized. Equation
(5.37) shows that the energy in the wave number shell of interaction in phase space is partitioned
between the P waves and each polarization of the S waves.

In physical space the local energy densities

Ep(t,x) = /R oF (, %, k)dk (5.38)
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and

Es(t,x) = | TeW(t,x,k)dk (5.39)
R3
are related by
vs
Ep(t,x) = Wﬁg(t,x). (5.40)
P

This provides an effective cirterion for determining the range of validity of the diffusion regime
in the analysis of seismic data. Unless the energy densities of the P and S waves, which can be
obtained from measurements, satisfy relation (5.40) the diffusion approximation is not valid. This
formula shows that in the diffusion regime most of the energy is in the S waves, no matter how it
was distributed initially.

The first order terms satisfy the system of equations
vpk - Vxa® = ApplaM] + Aps W] — (2FF 4 5P5)a (1) (5.41)
vsk - VWO = AW + Agp[aM] — (299 4+ 25 yw (),

As in sections 5.1 and 5.2, the function u = k - Vx¢ is an eigenfunction of all the operators App,

Aps, Asp and Agg. Let the corresponding eigenvalues be Ay,, Ays, Asp and Ay, respectively. This
implies that if W) = —[k - VxoI and a() = —[ )k - Vx¢, then (5.41) is satisfied provided the

constants [, and [, solve the system of two linear equations
—vp = Apply + Apsls — (Zpp + s )l (5.42)
—vg = Agsls + Asplpy — (Zgs + Zsp)ls.

Both constants /5 and [, have the dimension of length and can be considered as diffusion mean free

paths for S and P waves, respectively.

The second-order terms in ¢ satisfy the system of equations

(0) )

3‘(?% + opk - Vxat) = ApplaP] + Aps[W )] — (2FF 4 £P5),(2) (5.43)
ow©® 1) @) @ _ (255 4 $SPypr(2)

ot + vk - VW = Ass[W ] + ASP[CL ] — (E + X )W . (5.44)

This system has a solution when the sum of the integrals with respect to k of the left side of (5.43)
multiplied by v%/v} and of the trace of the left side of (5.44) vanishes. This implies that the

function ¢ must satisfy the diffusion equation

9¢ ¢
S = Vx - [D(K|) V] (5.45)
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with the diffusion coefficient

[ 20*
( Py Svs) . (5.46)

Thus D is the weighted mean of “partial diffusion coefficients” for P waves and for each polariza-
tion of S waves, where [, and [, satisfy (5.42).
In the special case when the power spectral densities are flat (constant) over the wave numbers

of interest and there are no density fluctuations, the mean free paths [, and I, that satisty (5.42)

are
21+ A)? 1
iy = (5.47)
2A2 R\ + SAuRN, + SRRy + ﬁlﬂRw
and
15pvg 1
R — S — (5.48)
w2 k[ Ry = -

vp(2p+A) T Vo
with all spectral densities Rij constant.

The initial condition for the diffusion equation (5.45) is obtained as in the acoustic and electro-

magnetic cases, and is

do(x, |k|) = %/Trwg(x,k)dﬁ(l}) + é/af(x,k)d@(l}). (5.49)

Here Wy and al are the initial values for W* and a.

6 Conclusions

We have shown that transport equations for the propagation of energy in phase space can be
derived for general waves and for acoustic, electromagnetic and elastic waves, in particular. The
transport equations have a universal character that depends on the structure of the dispersion
relation (matrix) and not on the details of the wave motion. The effect of random inhomogeneities
is to introduce scattering of the energy and mode coupling.

Transport equations are a good way to describe the propagation of wave energy when (i) typical
wavelengths are short compared to macroscopic features of the medium (high frequency approxi-
mation), (ii) correlation lengths of the inhomogeneities are comparable to wavelengths and (iii) the
fluctuations of the inhomogeneities are weak. As mentioned in the introduction, condition (ii) is

important because it allows for strong interaction between the waves and the inhomogeneities. As
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a result the influence of the slow background variations is comparable to that of the scattering by
the random inhomogeneities. Transport theory is not valid when the inhomogeneities are either
very anisotropic or very strong. The role of anisotropy is not appparent in the present formal-
ism. One has to look closely at the details of the analysis to see the breakdown of the transport
approximation and the onset of wave localization.

Polarization alters the transport equations substantially and this is important both for electro-
magnetic and for elastic wave propagation. The transport equations still have a universal character
that depends on the structure of the dispersion matrix, and not on details of the wave motion.
Thus the transport equations for electromagnetic and elastic shear or S waves have the same form.

We have also shown how to get diffusion approximations for the transport equations, especially
for elastic waves. The diffusion regime is important because multiple scattering effects have a
simple and universal form there, independent of the details of the scattering and of the excitation.
Many applications of transport theory and, in fact, most of the applications in seismology, have
been carried out in the diffusion regime. As mentioned in the Introduction (section 1.3), the energy
equipartition law (1.24), or (1.25), implies that in the diffusion regime the P to S energy ratio
stabilizes independently of the details of the multiple scattering and of the nature of the source.
This is similar to the empirical observation of Hansel, Ringdal and Richards [39] regarding the
stabilization of the P to Lg energy ratio.

We have not discussed the influence of boundaries and interfaces on the form of the transport
equations and the associated boundary or interface conditions that must be satisfied. This is
important in many applications, especially in seismology, and needs to be analyzed in detail.

After this work was completed we became aware of the papers of R. Weaver [49,50] in which
transport equations for elastic waves are derived by a different method and the equipartition law

(5.40) is obtained.

7 Appendix: Multiscale expansion for the Transport Approxi-

mation

A multiscale analysis of (2.31) provides a quick formal way to get the transport equations. Detailed

analysis is given in [48]. We expand the solution W*(¢,x,k) of (2.31) in powers of e

Wt x,k) = WO, x,€,k) + VeW (2, x, £, k) + W, x,£, k) + .. (7.1)
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and assume that the leading term WO does not depend on the fast scale £ = x/¢ and is determin-

istic. We replace
1
€
in (2.31) and insert expansion (7.1) into (2.31). The term W) satisfies the equation
k- Vw4 owh) = i/e—ipfff(p){w(o)(k - g) — WOk + g)}dp, (7.2)

where 6 is a regularization parameter which will be set to zero later. This equation can be solved

explicitly and the Fourier transform in & of w ig given by

V()W Ok + ) - WO B)

7.3
k-p+: (7:3)

The next term W2 satisfies the equation

(0 e
Wgt +k- VWO 4 k- VW 4 i/e—ZP'EV(p)[W“)(k + g) —w(k - g)]dp = 0.
(7.4)
Note that
ow®)
T (7.5)

and so after averaging (7.4) has the form

ow(0)
ot

i . k
+k - VWO < i/e‘ZP'EV(p)[W(l)(k + g) —-w(k - Jldp>=0.  (7.6)
We insert the Fourier transforn (7.3) in (7.6) and use (2.29) to obtain as § — 0

< i/e—ipfx?(p)[wm(k +2) - wc- Pyjap > (7.7)
26

%(kQ _ p2)2 T 42

—ar [ R(p ~ W)W Ok) ~ WO p)Ja(I ~ p?)dp.

= [ e 10O k) - WOp)] dp

This holds because

6

m — T(S(l’)

as § — 0. We insert (7.7) in (7.6) and find that W(®) satisfies the transport equation (2.34).

56



References

[1]
2]
[3]

[4]

[13]

S.Chandrasekhar, Radiative transfer, Dover, New York, 1960.
H.C. van de Hulst, Multiple Light Scattering, Volumes 1 and 2, Academic Press, NY, 1980.

P.Stott, A transport equation for the multiple scattering of electromagnetic waves by a turbu-

lent plasma, Jour. Phys. A, 1, 1968, 675-689.

K.Watson and J.L.Peacher, Doppler shift in frequency in the transport of electromagnetic
waves in an underdense plasma, Jour. Math. Phys11, 1970, 1496-1504.

K.Watson, Multiple scattering of electromagnetic waves in an underdense plasma, Jour. Math.

Phys., 10, 1969, 688-702.

C.W.Law and K.Watson, Radiation transport along curved ray paths, Jour. Math. Phys., 11,
1970, 3125-3137.

K.Watson, Electromagnetic wave scattering within a plasma in the transport approximation,

Physics of Fluids, 13, 1970, 2514-2523.

Yu.Barabanenkov, A.Vinogradov, Yu.Kravtsov and V.Tatarskii, Application of the theory of
multiple scattering of waves to the derivation of the radiative transfer equation for a sta-
tistically inhomogeneous medium, Radiofizika, 15 1972, 1852-1860. English translation pp.
1420-1425.

I.M.Besieris and F.D.Tappert, Propagation of frequency modulated pulses in a randomly strat-
ified plasma, Jour. Math. Phys. 14, 1973, 704-707.

M.S.Howe, On the kinetic theory of wave propagation in random media, Phil. Trans. Roy. Soc.

Lond. 274, 1973,523-549.

A.Ishimaru, Wave propagation and scattering in random media, vol. II, Academic

Press, New York, 1978.

I.M. Besieris, W. Kohler and H. Freese, A transport-theoretic analysis of pulse propagation
through ocean sediments, J. Acoust. Soc. Am., 72, 1982, 937-946.

Yu.Barabanenkov, Yu.Kravtsov, V.Ozrin and A.Saichev, Enhanced backscattering in optics,

Progress in Optics29, 1991, 67-190.

57



[14] M.Asch, W.Kohler, G.Papanicolaou, M.Postel and P.Sheng, Frequency content of randomly
scattered signals, STAM Review33, 1991, 519-625.

[15] J.Froelich and T.Spencer, Absence of diffusion in the Anderson tight binding model for large
disorder or low energy, Comm. Math. Phys. 88, 1983, 151-184.

[16] P.Sheng Introduction to wave scattering, localization, and mesoscopic phenomena,

Academic Press, San Diego, 1995.
[17] K.Case and P.Zweifel Linear transport theory, Addison-Wesley Pub. Co, 1967.

[18] E.Larsen and J.B.Keller, Asymptotic solution of neutron transport problems for small mean

free paths, J. Math. Phys., 15, 1974, 75-81.

[19] A.Bensoussan, J.L.Lions and G.Papanicolaou, Boundary Layers and homogenization of trans-

port processes, Publ. RIMS, 15, 1979, 53-157.
[20] M.Born and E.Wolf Principles of optics, Pergamon Press, Oxford, 1986.

[21] R.Burridge and G.Papanicolaou, Transport equations for Stokes’ parameters from Maxwell’s

equations in a random medium, Jour. Math. Phys., 16, 1975, 2074-2085.

[22] R.Lewis, Geometrical optics and polarization, .E.E.E. Trans. on Antennas and Propagation

AP-14, 1966, 100-101.

[23] J.P.Wesley, Diffusion of seismic energy in the near range, Journal of Geophysical Research 70,
1965, 5099-5106.

[24] Y.Nakamura, Seismic energy transmission in an intensively scattering environment, Journal of

Geophysics, 43, 1977, 389-399.

[25] A.M.Dainty and M.N.Toksoz, Elastic wave propagation in a highly scattering medium, Journal
of Geophysics 43, 1977, 375-388.

[26] R.S.Wu, Multiple scattering and energy transfer of seismic waves—separation of scattering effect
from intrinsic attentuation — I. Theoretical modelling, Geophys. J. R. Astr. Soc., 82, 1985,
57-80.

[27] R.S.Wu and K.Aki, Multiple scattering and energy transfer of seismic waves — separation
of scattering effect from intrinsic attentuation —II. Application of the theory to Hindu Kush

region, Seismic wave scattering and attentuation, vol. I, eds. R.S.Wu and K.Aki, 1988, 49-80.

58



[28]

[29]

[30]

[31]

[32]

M.N.Toksoz, A.Dainty, E.Reiter and R.S.Wu, A model for attentuation and scattering in
earth’s crust, PAGEOPH, 1988 128, 81-100.

T.L.Shang and L.S.Gao, Transportation theory of multiple scattering and its application to

seismic coda waves of impulse source, Scientia Sinica, Ser. B. 31, 1988, 1503-1514.

K.Mayeda, F.Su and K.Aki, Seismic albedo from the total energy dependence on hypocentral
distance in southern California, Phys. Earth Planet. Int., 67, 1991, 104-114.

T.McSweeney, N.Biswas, K.Mayeda and K.Aki, Scattering and anelastic attentuation of seis-
mic energy in central and southcentral Alaska, Phys. Earth Planet. Int., 67, 1991, 115-122.

M.Fehler, M.Hoshiba, H.Sato and K.Obara, Separation of scattering and intrinsic attentuation
for the Kanto-Tokai region, Japan, Geophys. J. Int., 108, 1992, 787-800.

Y.Zeng, F.Su and K.Aki, Scattering wave energy propagation in a medium with randomly

distributed isotropic scatterers, Jour. Geophys. R., 96, 1991, 607-619.

Y.Zeng, Compact solutions of multiple scattering wave energy in the time domain, Bull. Seism.

Soc. Am. 81, 1991 1022-1029.

M.Hoshiba, Simulation of multiple scattered coda wave excitation adopting energy conserva-

tion law, Phys. Earth Planet Inter. 67, 1991, 123-126.

X.Chen and K.Aki, Energy transfer theory of seismic surface waves in a random scattering
and absorption in half space-medium, Proc. of 15th annual seismic research symposium, 1993,

58-64.

H.Sato, Multiple isotropic scattering model including P-S conversions for the seismogram en-

velope formation, Geophys. J. Int., 117, 1994, 487-494.

Y.Zeng, Theory of scattered P-wave and S- wave energy in a random isotropic scattering

medium, Bulletin of Seism. Soc. Amer., 83, 1993, 1264-1276.

R.A.Hansen, F.Ringdal and P.Richards, The stability of RMS Lg measurements and their
potential for accurate estimation of the yields of Soviet underground nuclear explosions, Bull.

Seism. Soc. Am., 80, 1990, 2106-2126.

59



[40] J.B.Keller and R.Lewis, Asymptotic methods for partial differential equations: The reduced
wave equation and Maxwell’s equations, in Surveys in applied mathematics, eds. J.B.Keller,

D.McLaughlin and G.Papanicolaou, Plenum Press, New York, 1995.

[41] E.Wigner, On the quantum correction for thermodynamic equilibrium, Physical Rev., 40,
1932, 749-759.

[42] R.Courant and D.Hilbert, Methods of mathematical physics, vol. II, Wiley Publ. Co.,
1962.

[43] S.Karlin Total positivity, Stanford University Press, 1968.

[44] R.Burridge Some Mathematical topics in seismology, Courant Inst. of Math. Sciences,

New York, 1976.

[45] I.Gihman and A.Skorohod, The Theory of Stochastic Processes, vol. 1, Springer-Verlag,
New York, 1974.

[46] E.Akkermans, P.E.Wolf, R.Maynard and G.Maret, Theoretical study of the coherent backscat-
tering of light by disordered media, J. Phys. France, 49, 1988, 77.

[47] B.A.van Tiggelen and A.Langendijk, Rigorous treatment of the speed of diffusing classical
waves, Europhys. Letters, 23, 1993, 311.

[48] G.Papanicolaou and L.Ryzhik, Waves and Transport, IAS-Park City Lecture Notes, 1995.
[49] R.Weaver, On diffuse waves in solid media, J. Acoust. Soc. Am., 71, 1982, 1608-1609.

[50] R.Weaver, Diffusivity of ultrasound in polycrystals, J. Mech. and Phys. of Solids, 38, 1990,
55-86.

60



