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Abstract The most common models of the wind wave spectrum are reviewed, and the compliance of the
studied spectra with several fundamental criteria is estimated. These criteria are the ability to simulate
diverse wave climate and agreement between model-based calculations of the mean square slope and
experimental data. The spreading function of the spectrum should also correspond to the experimentally
measured Doppler spectrum, while the dependence of the radar backscatter cross section should conform to
geophysical model functions for various wavelength ranges of incident electromagnetic radiation at
moderate incidence angles (20-60°). An analysis has shown that none of the considered spectrum models
fully satisfies all the criteria; thus, a new spectrum model for wind waves was developed. Boundary wave
numbers for various wavelength ranges of incident electromagnetic radiation within the framework of a
two-scale surface model were determined for the new model. The spectrum model can be used to simulate
ripple attenuation in oil slicks and to calculate the radar backscatter cross section inside slick.

Plain Language Summary Wave frequency spectra describe the distribution of wave energy
over wave frequencies. They are used for numerical simulation of the sea surface. There are a lot of
measurements of wind-generated gravity waves spectrum; as for waves of smaller wavelengths, they are
more difficult to measure in field experiments, while laboratory experiments do not show the same
statistics as an actual sea. To combine the available in situ and laboratory measurements of spectra in
various wavelength ranges, researchers have developed a variety of models of the wave spectrum; each
model is aimed at solving a specific problem. In this paper, we make a comparative analysis of the
spectrum models developed by T. Elfouhaily, P. A. Hwang, V. N. Kudryavtsev, and V. Yu. Karaev with
their coauthors and present a new spectrum model that eliminates some drawbacks inherent in other
models. It should be emphasized that the new wave spectrum model is not a complete and precise
oceanographic description of waves. The aim of our work is to develop a wave spectrum model, which is
based on known oceanographic and radar data and can be used for numerical estimates in studying
microwave electromagnetic wave scattering from the sea surface.

1. Introduction

Models of the wave spectrum are widely used to simulate the sea surface in estimating prospects of new
algorithms for radar data processing, schemes of measurement, and development of new radars.

Sea waves always provoked interest of researchers but were quantitatively described only recently, and the
first reliable wave spectra were obtained in the mid-1960s (Kitaigorodskii, 1962; Pierson & Moskowitz,
1964). Models of the sea wave spectrum were developed due to computer engineering progress, since it
enabled one to handle large data sets.

Unfortunately, the wave spectra developed by the oceanographers do not fully meet the requirements set by
remote sensing specialists. The spectra used for solving radar probing problems should describe a wide range
of wavelengths, namely, from several hundred meters to several millimeters, because electromagnetic wave
scattering is affected by both short and long waves. No field experiments have been carried out so far, in
which the entire wavelength range has been measured simultaneously. Accordingly, there is no generally
recognized model of the wave spectrum covering the entire wavelength range. Scientists involved in
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remote sensing needed such a wave spectrum; thus, they participated in developing wave spectra covering
the entire wavelength range and proposed their models of spectra. To combine the available in situ and
laboratory measurements of spectra in various wavelength ranges, researchers have developed a variety of
wave spectrum models, each of which is aimed at solving a specific problem (Apel, 1994; Bjerkaas &
Riedel, 1979; Bringer et al., 2014; Cheng et al., 2006; Donelan & Pierson, 1987; Elfouhaily et al., 1997; Fois
et al., 2014; Hasselmann et al., 1973; Hwang & Fois, 2015a; Kudryavtsev et al., 1999, 2003, 2005; Plant,
2002; Toba, 1973; Yurovskaya et al., 2013; Zakharov & Zaslavsky, 1982).

In this paper, we make a comparative analysis of the most popular wave spectrum models to solve remote
sensing problems (the models developed by T. Elfouhaily with coauthors (Elfouhaily et al., 1997), P. A.
Hwang with coauthors (Hwang & Fois, 2015a), and V. N. Kudryavtsev with coauthors (the last version of
the spectrum model is presented in Appendix A in Yurovskaya et al., 2013) and the spectrum model devel-
oped by V. Yu. Karaev with coauthors (Karaev et al., 2008; Karaev & Balandina, 2000) and present a new
spectrum model that eliminates some drawbacks inherent in other models. Comparison of the theoretical
estimates obtained from the new wave spectrum with the experimental data has shown that they are in fairly
good agreement.

It should be emphasized that the new model of the wave spectrum cannot be considered as a complete and
precise oceanographic description of waves. To construct such a spectrum, extensive oceanographic studies
are needed. The aim of our work is to develop a spectrum model for sea waves, which is based on known
oceanographic and radar data and can be used for numerical estimates in studying microwave electromag-
netic wave scattering from the sea surface.

In our opinion, an important factor is the convenient use of the spectrum model. We tried to simplify the for-
mula of the spectrum for using it in analytic transformations, for example, in integration. This spectrum can
be conventionally called the “radiophysical” one. The advantage of the developed wave spectrum model
compared to the previous ones is that it is more adequately describes some effects observed in radar probing
of the ocean and is convenient for use.

The second section of the paper presents a brief history of developing the wind wave spectrum models,
which were applied and are being applied for modeling in remote sensing problems. Several relatively
new spectrum models are selected for the analysis, since they are not only widely used by researchers
for modeling but also represent different approaches to the construction of the wave spectrum model.
These spectrum models are described in the third section, while the fourth section deals with compar-
ison of the models by several criteria that the authors consider essential for the spectrum used for
modeling in remote sensing problems. Since none of the examined spectrum models meets all the
requirements, a new spectrum model has been developed. The new model of the wave spectrum is
presented in the fifth section. Boundary wave numbers for various wavelength ranges of incident
electromagnetic radiation within the framework of a two-scale surface model were determined for the
new spectrum model. The full spectrum (including swell) is described in the sixth section. The terminol-
ogy used in the paper is presented and explained in Appendix A.

2. Brief Historical Review

This paper will introduce a comparative analysis of the most popular wave spectrum models to solve remote
sensing problems (presented in section 3). The historical review mainly focuses on works that provided data
for those spectrum models.

The first spectra of surface waves that appeared in the 1950-1960s of the twentieth century described
fully developed wind waves, that is, waves driven by permanent and homogeneous wind, which blew
for such a long time and at such a large fetch that a balance was reached between input and dissipated
energies for all wavelengths in the spectrum and the wave spectrum parameters did not vary with further
increase in the fetch length. A fully developed wind wave is an idealistic concept, it is widely used but
unreal (Alves et al., 2003), while the most common case is mixed seas when swell is present on the
sea surface together with wind waves.

The formula for the wave spectrum was proposed in (Pierson & Moskowitz, 1964)
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S(w) = %e"g(wm%)“. (1)
w
This formula was obtained as a result of developing the similarity theory and the consequent idea formulated
by Kitaigorodskii (1962) that elevation spectra of fully developed wind waves represented in dimensionless
coordinates have similar shapes at all wind speeds. By analyzing the measured elevation spectra converted
to dimensionless coordinates, Pierson and Moskowitz (1964) obtained an analytic formula for the spectrum
of equation (1) with the coefficients o = 8.10 - 107>,8 = 0.74. wmay = in is the spectral maximum, where g is

the acceleration due to gravity and U is the wind speed at a height of 19.5 m above the sea surface.

The paper (Hasselmann et al., 1973) is devoted to the results of the major international experiment Joint
North Sea Wave Project (JONSWAP). The measurements covered the cases of developing wind waves, and
it turned out that the spectral densities at the frequency wpn,, Were several times higher than spectrum
approximations (1). To describe this effect, the peakedness of the spectrum y, that is, the ratio of the base
maximum of the spectrum to its approximation value (1) at the same frequency wp.x, was introduced into
the formula

4 (w_wmaX)z
ag? _125 (—wmax) T 0202
S(w) = ﬁ(ZW)e Wy e

037 wﬁwmaxv
g =

O, W>Wmax-

)

The developing waves are described by the dimensionless wave fetch X and the dimensionless frequency w:

5= 8 (3a)

o=—"2 (3b)

where x is the wave fetch in meters. If waves develop from the coast under the influence of wind, the fetch
length coincides with the distance to the coast. wy,,y is an adjustable parameter in the JONSWAP spectrum.
The dependence of Wax, &, T, 0, and y on dimensionless fetch was found (Hasselmann et al., 1973). The
spectrum of equation (2) is widely used for wave modeling in the range near the spectral peak.

In the wave number domain, the JONSWAP spectrum is expressed as follows (Young, 1999):

4 _(k*kp)2:|
S(w) = 4r? %e_l‘zs (kTp) yexp[ 207k

“)

wherek, = w2 /gis the wave number corresponding to the spectral peak @,y (Plant, 2009). The dispersion

relation (A1) is valid for the case of deep water, while near the spectral peak, it transforms into w* = gk.

The equilibrium range is behind the spectral peak area. The concept of an equilibrium range was introduced
by Phillips (1958). Proceeding from the similarity theory, Phillips proposed the following approximation of
the equilibrium range of the frequency spectrum:

_ag

S(w) = ©)

ﬁ )
where « is the Phillips constant. Approximation (5) was obtained by Phillips on the assumption that the
limiting configuration of the wave surface (if crests are not blown away by wind) and, hence, the energy in
the equilibrium range of the spectrum are determined by the acceleration limit of liquid particles, which is
proportional to the acceleration due to gravity g, the air density p,, the water density py,, and the frequency
w. The Phillips approximation for the equilibrium range was confirmed by a series of field experiments
(Banner, 1990; Hasselmann et al., 1973), but the boundaries of the equilibrium range depend on the wind
speed and the degree of wind wave development; the researchers' opinions are divided on this point.
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T ki
where the lower limits of wy and k, are the lowest frequency and the corresponding wave number, starting
from which the nonlinear wave interactions significantly affect the spectrum, while the upper limit is asso-

ciated with a transition to the capillary range of the spectrum; here T is the surface tension coefficient of water.

Phillips (1958) introduced rather broad boundaries of the equilibrium range: wo<w<4 %, kock< /Pug

The problem of verifying the Phillips hypothesis and refining the coefficient o and the exponent —5 in the
dependence on w based on experimental data is considered in detail in Davidan et al. (1985). Davidan limits
the equilibrium interval from below by w,; = Zwma@;gf for wmax<2.4 and from above by the inequality
@ > 5Wmax-

A number of theoretical and experimental studies (Kitaigorodskii, 1962; Kitaigorodskii et al., 1975; Kahma,
1981; Phillips, 1985; Toba, 1973; Zakharov & Filonenko, 1996) support the approximation of the equilibrium
spectrum of the form

S(w)oxw™. (6)

As an exact isotropic stationary solution of the kinetic equation, Zakharov and Zaslavsky (1982) obtained the
approximation of the spectrum on its descending branch

S(w)oxew™ /3, @)

The dependence of the descending branch of the spectrum in a range from w™> to w™> for different approx-
imations of the kinetic equation is shown in Kitaigorodskii et al. (1975). Liu (1989) analyzed the spectra
measured by National Data Buoy Center buoys installed in the Great Lakes. Figure 8 from Liu (1989) shows
the distribution of exponents of spectral slopes: Most of them are in the range from —3 to —7 with the peak
between —4 and —5. The problem of correct approximation for the equilibrium part of the spectrum is still
unsolved. There are a number of studies on this subject (Liu, 1989; Rodrigues & Soares, 1999; Young,
1999; Zakharov & Badulin, 2015).

3. Review of Wave Spectrum Models

To solve the problems of radar probing of the sea surface, it is needed to have a wave spectrum valid over
the range from hundreds of meters to millimeters. The abovementioned models of spectra correctly
describe only the gravity waves. Therefore, it became necessary to develop a wave spectrum for the entire
wavelength range.

We will review three popular models of the sea wave spectrum, which are frequently used to obtain
numerical estimates in remote sensing problems: the models developed by T. Elfouhaily with coauthors
(Elfouhaily et al., 1997), P. A. Hwang with coauthors (Hwang & Fois, 2015a), and V. N. Kudryavtsev with
coauthors (last version of the spectrum model is presented in Appendix A in Yurovskaya et al., 2013) as well
as the wave spectrum model developed by V. Yu. Karaev with coauthors (Karaev et al., 2008; Karaev &
Balandina, 2000), which is used by our team to model large-scale waves and calculate the spectral and energy
characteristics of a scattered radar microwave signal within the framework of a two-scale model of the scat-
tering surface. The wave spectrum previously showed a good agreement between the modeling results and
experimental data in processing of altimetric measurements (Karaev et al., 2002).

The development of the first Russian scatterometer (Karaev et al., 2015) required modeling of the electro-
magnetic wave scattering from the sea surface at moderate incidence angles. It has been found that in the
gravity-capillary range, the Karaev spectrum does not agree with the experimental data, which leads to errors
in model data processing. Thus, it was necessary to choose a wave spectrum from the known models or to
refine the available wave spectrum model in the gravity-capillary wave range. Such a refinement procedure
was carried out with the Kudryavtsev et al. (2005) spectrum, in which the gravity-capillary part of the
spectrum was also improved on the basis of new experimental data in 2013 (Yurovskaya et al., 2013).

The criteria for choosing a model and comparing models of wave spectra are given in the next section. It
should be noted that the analyzed models not only are the most frequently used ones but also implement
radically different approaches to the construction of the sea wave spectrum throughout the wavelength
range. The recently published versions of the spectra were used for the modeling.
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3.1. V. Yu. Karaev spectrum

The V. Yu. Karaev model was first published as a preprint in 1998 (Karaev et al., 1998), the Russian version of
the paper was published in 2000 (Karaev & Balandina, 2000), and the English version was published in 2008
(Karaev et al., 2008). The development of a wave spectrum model covering all wavelengths was motivated at
that time by the absence of a wave model that could be used to solve the direct and inverse problems of radar
probing of the sea surface.

The wave spectrum models known at that time did not cover the entire range of wavelengths that were
important for solving radar probing problems (from hundreds of meters to millimeters), and there was
no spectrum model that satisfactorily described the known experimental data; thus, it was decided to
develop a new spectrum model. The model was designed to study backscattering at small incidence angles
(quasi-specular scattering within the framework of a two-scale model of sea surface), and special attention
was paid to the low-frequency part of the sea wave spectrum.

In the range near the spectral peak, the spectrum obtained in the large international JONSWAP experiment
(Hasselmann et al., 1973; equation (2) in section 2) is generally accepted.

In Hasselmann et al. (1973), a change in the spectrum peakedness parameter y with a variation in the dimen-
sionless wave fetch is observed, but no unambiguous relationship between them is found. The average value
of y is estimated at 3.3. When analyzing the dependence of y on the stage of wave development (Karaev &
Balandina, 2000), the data of the JONSWAP experiment and experiments made in the seas and inland waters
of the Union of Soviet Socialist Republics were used (Davidan et al., 1985). It was shown that the peakedness
parameter y decreased with the wave development (Davidan et al., 1985). Using the data given in Davidan
(1983) and the experimental data from Ewing (1980), the dependences of the parameters «, y, and @,, on
the degree of wave development and on the wind speed were determined (Karaev et al., 2008; Karaev &
Balandina, 2000):

62.554 290.2 (8a)
EOx
162.9835 253251.5

\/; x1s ’

@m = 0.61826 -+ 0.000003529%—0.00197508V/X +

¥ = 5.25366 + 0.000107622X—0.03776776 /X — (8b)

836 ~
a = 0.0311937—0.0023277361n(%) + 4.51146-¢(1420x) (8¢)

X2

Estimates of the parameters a, ¥, and @, are also discussed in Kanevsky (2017)). The dependence of the wave
integral parameters on the wave generation conditions is reviewed in Babanin and Soloviev (1998)).

As it was mentioned in section 2, in the gravity wave range directly behind the spectral peak, there is an
equilibrium range, where the dependence of the spectrum on the frequency is proportional to w™
(Kahma, 1981; Kitaigorodskii, 1962; Phillips, 1985; Toba, 1973; Zakharov & Filonenko, 1996). Numerous
experimental studies have shown that there is a secondary peak of the spectral density in the gravity-capillary
range (Hwang et al., 1996; Jdhne & Riemer, 1990).

Knowledge of the pattern of change in the wave spectral density in a wide range of wavelengths allowed
V. Yu. Karaev to construct a “radiophysical” wave spectrum of the form (Karaev et al., 2008; Karaev &
Balandina, 2000):

Sy (w) = Sg(w), 0<w<1.2wp, (%9a)
Sy (w) = g—., 1.2, <0<ApWp, (9b)
d d
Sy (@) = % amwm<w<wgcz64%, (kgc - 270%), (9¢)

a rad rad
Sy (@) = cuT47 g <O<WN298 (kc = 1020H), (9d)
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Sy (w) = %, We<w. (9e)

Here Sgw) is the JONSWAP spectrum (equation (2) in section 2), while the coefficients «; are
calculated as

& = Sy (1.20m)-(1.20m)", (10a)

a3 = A AW, (10b)

as

=230
Wz

oty (100)

as = oc;;-wéf. (10d)

The coefficient a,, depends on the wind speed and is given by

0.2902

10

@y = 0.3713 4 0.29024U 1, + (11)

Based on the angular distribution model developed by Banner (1990), the formula for the angular distribu-
tion is proposed

D, =A —<@<T, (12)

"e2Be + ¢—2B9’

where B = 10°, ¢ is the angle between the probing and wave propagation directions, and

k k
b =-0.28 +0.65-exp {—0.7S-ln (k_)} + 0.01-exp {—0.2 +0.71g (k_)} . 13)
P P

The normalization coefficient is represented as

A B (14)
arctan(sh27B)

Itis assumed that the model of the wind wave spectrum is valid at wind speeds from 2.5 to 22 m/s and dimen-

sionless wind fetches X from 1,430 to 20,170, where the dimensionless wind fetch X = 20,170 corresponds to

fully developed wind waves. These constraints follow from the conditions of the experiments on which the

authors relied.

Figure 1 shows the elevation and curvature spectra (defined in equations (A2) and (A7), respectively) of the
Karaev's spectrum model at a wind speed of U;o = 10 m/s for various wind fetch lengths.

Figure 2 shows the spectra of elevations and spectra of curvatures of the Karaev's spectrum model for fully
developed waves (x = 20,170) for various wind speeds.

Karaev's spectrum model (Karaev et al., 2008; Karaev & Balandina, 2000) is referred in this paper
as Karaev2000.

3.2. T. Elfouhaily Spectrum

Elfouhaily et al. (1997) analyzed models of wave spectrum for long- and short-wavelength parts of the spec-
trum, widely used at that time. The drawbacks of these spectra were noted, in particular, the discrepancy
with the Cox and Munk (1954) experiments and the nonanalytic form of the functions of the spectra. The
authors have developed a new spectrum model aimed at solving the problems of radar probing of the
sea surface.

The omnidirectional spectrum of curvatures was given as the sum of long- and short-wavelength parts
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5 :
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(®)
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Figure 1. Elevation spectra (a) and curvature spectra (b) of developing wind waves according to the V. Yu. Karaev
spectrum model. The wind speed is U = 10 m/s, and the dimensionless wind fetches are X = 1,430 (blue curve),
10,000 (green curve), and 20,170 (red curve).
B + By
N (k) = PER (15)
where subscripts “1” and “h” denote low and high frequencies, respectively. The transition between long- and
short-wavelength parts of the spectrum is described by exponential factor in B;:
Fp = ex Q k4 (16)
p p T 0 kp )
where ( is the inverse wave age. The exponential factor limits the energy of waves with k > 10k,. Such a
cut-off point was introduced on the basis of Klinke and Jihne (1992) laboratory experiments.
The degree of wind wave development is determined by the inverse wave age Q. The dependence of the
inverse wave age on the dimensionless wind fetch is given by
SCI 0.4
Q= 0.84-tanh_°‘75{ (—) },xo =2.210% 17)
Xo
Here U, is the wind speed at a height of 10 m above the surface. Fully developed wind waves correspond to
Q = 0.84 (X—>o0). The wave age 2 = 2 corresponds to dimensionless fetch X = 1, 430.
10°
- -1
£ 10° % 10
:
g 102
2 &
£ 107 £10°
% 10 g
>
2 S 10
1071
102 10° 10? 10*
k, rad/m k, rad/m
Figure 2. Spectra of elevations (a) and spectra of curvatures (b) of the V. Yu. Karaev spectrum model for fully developed
waves. The dark blue curve denotes Uy = 3 m/s, red U;g = 5 m/s, green Uyg = 10 m/s, black Uy = 15 m/s, and purple
UlO =20 m/s.
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Figure 3. Elevation spectra (a) and curvature spectra (b) of developing waves according to the T. Elfouhaily spectrum
model. The wind speed is U;o = 10 m/s, and the inverse wave ages are Q = 0.84 (blue curve), 1 (green curve), and 2
(red curve).

Figure 3 shows elevation and curvature spectra of the Elfouhaily spectrum model at a wind speed of
Ui = 10 m/s for various inverse wave ages (2 = 0.84, 1.5, and 2).

Figure 4 shows the spectra of elevations and spectra of curvatures of the Elfouhaily spectrum model for fully
developed waves (2 = 0.84) and different wind speeds.

It can be seen in Figure 4b that in the range of wave numbers from 1 to 100 rad/m, the spectral density for a
higher wind speed can be smaller than the spectral density for a lower wind speed. As it will be shown in
section 4 (Figures 14 and 15), this leads to a nonmonotonic dependence of the radar cross section (RCS)
on the wind speed.

T. Elfouhaily uses the symmetric spreading function of the form

@k, @) = 5 _[1-+ Ak)cos(2¢)], (18)
e\ 25 co\25
A(k) = tanh{ao +ap, <C—) +a, (%") }, (19)
p

here ay = @ ,ap =4,and a,, = 0.13 ?—i Function (18) is symmetric with respect to ¢ = 7/2, which means

the symmetry of crosswind and upwind wave propagation. Such symmetric spectra are obtained by measur-
ing wave slopes with the help of scanning optical wave gauge (Jdhne & Riemer, 1990; Keller & Gotwols,
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=
Curvature spectrum, rad

Elevation spectrum, m>/rad
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102 10° 10 102 10° 10% 10*
k,rad/m k,rad/m

1010

Figure 4. Spectra of elevations (a) and spectra of curvatures (b) of the T. Elfouhaily spectrum model for fully developed
waves (2 = 0.84). The dark blue curve denotes Uyo = 3 m/s, red U;g = 5 m/s, green U = 10 m/s, black Ujg = 15 m/s,
and purple Ujp = 20 m/s.
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Figure 5. Elevation spectra (a) and the curvature spectra (b) of developing waves according to the V. N. Kudryavtsev spec-
trum model. The wind is U;o = 10 m/s, and the wave ages are Q = 0.84 (blue curve), 1 (green curve), and 2 (red curve).

1983), since the measurement scheme in such systems is capable of measuring only the total spectrum
related to the spatial spectrum as follows (Caudal & Hauser, 1996): ¥y(k,p) =1 (¥(k,p) + ¥ (k, ¢ + 7)).
Therefore, the Elfouhaily spectrum model allows modeling only the total spectrum, rather than the spatial
wave spectrum. Accordingly, this model cannot be used to simulate processes in which the direction of
the spectrum is important, for example, to calculate the Doppler spectrum of the reflected signal.

Over the last 20 years, the Elfouhaily spectrum has become a kind of classical spectrum and is widely used for
simulating surface waves or surface characteristics in the problems where the spatial asymmetry of the wave
spectrum is not important. The spectrum model by Elfouhaily et al. (1997) is referred in this paper
as Elfouhaily1997.

3.3. V. N. Kudryavtsev Spectrum

V. N. Kudryavtsev used a different approach in his semiempirical spectrum model (Kudryavtsev et al., 1999,
2003, 2005; Appendix A in Yurovskaya et al., 2013). The spatial spectrum of curvatures for short waves is
calculated by solving the energy balance equation taking into account the wind effect, resonant nonlinear
wave-wave interactions, viscous dissipation, wave breaking, and generation of short waves by longer wave
breaking. The equation includes several parameters whose values are chosen by the best fit to the
experimental data.

The Kudryavtsev spectrum model proposed in the first papers (Kudryavtsev et al., 1999, 2003) had a gap in
the gravity-capillary range (see Fig. 4 in Kudryavtsev et al., 2003). In 2013, the spectrum was improved using
new experimental data. Data of a full-scale experiment on stereographic measuring of the two-dimensional
spectrum with wavelengths from several millimeters to several centimeters are presented in paper
(Yurovskaya et al., 2013). Based on the data of this experiment, the Kudryavtsev spectrum was modified.
The measurements were carried out at wind speeds U; from 5 to 15 m/s.

The wind fetch in the wave model is taken into account in the same way as in the Elfouhaily1997 model
(see equation (17)). The long-wavelength part of the spectrum is calculated by the model given in Donelan
et al. (1985). The transition between long- and short-wavelength parts of the spectrum is described by the
same exponential factor as it was in Elfouhaily1997 spectrum (equation (16)). Thus, the spatial spectrum
of curvatures is presented as B(k, ¢) = Bi(k, ¢) * F, + By(k, ¢) * (1 — F).

The elevation and curvature spectra at a wind speed of U;q = 10 m/s for various wind fetches (2 = 0.84, 1.5,
and 2) are shown in Figure 5. Figure 6 shows the elevation and curvature spectra of the Kudryavtsev spec-
trum model for different wind speeds and fully developed waves (Q2 = 0.84).

It can be seen in Figure 6b that in the range of wave numbers from 10 to 80 rad/m, the spectral density for a
higher wind speed can be smaller than the spectral density for a lower wind speed. As it will be shown in
section 4 (Figures 14 and 15), this leads to a nonmonotonic dependence of the RCS on the wind speed.
The same effect is observed for the Elfouhaily spectrum due to the fact that both the spectra use the function
described by equation (16).
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Figure 6. Elevation spectra (a) and the curvature spectra (b) of developing waves according to the V. N. Kudryavtsev spec-
trum model for fully developed waves (22 = 0.84). The dark blue curve denotes U, = 3 m/s, red Ujg = 5 m/s, green
Uyo = 10 m/s, black Uy = 15 m/s, and purple Ujg = 20 m/s.

The result of solving the energy balance equation is an asymmetric spectrum of surface waves, which shows
that downwind propagation of a small ripple is more likely than the upwind one. The long-wavelength spec-
trum in the paper by Donelan et al. (1985) also has an asymmetric spreading function.

A detailed description of the spectrum can be found in Yurovskaya et al. (2013), Appendix A. In this paper,
the numerical code obtained by V. N. Kudryavtsev is used for simulations. The V. N. Kudryavtsev spectrum
model is used by many researchers, since it permits one to simulate the influence of various hydrodynamic
effects on the spatial wave spectrum. Kudryavtsev's spectrum model (Appendix A in Yurovskaya et al., 2013)
is referred below as Kudryavtsev2013.

3.4. P. A. Hwang Spectrum

Based on the parametrization of the wind input source function proposed by Phillips (1984) and on the ana-
lysis of experimental data, Hwang and Wang (2004a) described an omnidirectional spectrum of curvatures as
the function

u a(k)
B(u',k) = A(k) [ —~ 20

(u ’ ) ( ) ( C( k)) bl ( )
where u” is the friction velocity and c(k) = @ =./5+ %k is the wave phase velocity. The initial approxima-
tions of the functions A(k) and a(k) were obtained by analyzing the field experiments on measuring the short-
wave spectra by two chains of free-floating wave gauges at wave numbers 1 < k < 300 rad/m and wind speeds
from 2.4 to 14 m/s (Hwang & Wang, 2004a) and are analytically continued for the areas not covered by the
measurements (Hwang, 2008). The test procedure is described in Hwang and Wang (2001), Hwang and
Wang (2004b), and Wang and Hwang (2004). Figure 7 shows the spectra of elevations and spectra of curva-
tures of the Hwang spectrum model (Hwang & Fois, 2015a).

The spectrum was refined several times, for example, in Hwang (2010), the spectrum approximation for the
upper limit of the wave number was improved. The spectrum modifications based on the analysis of geophy-
sical model functions (GMF), that is, the empirical functions relating the radar backscatter cross section to
wind direction and speed, for Ku (4 = 2.1 cm), C (1 = 5.4 cm), and L (4 = 23.8 cm) bands were proposed
in Hwang et al. (2013) and Hwang and Fois (2015a, 2015b).

To compare the spectra, we use the version of the spectrum with the corrections proposed in the 2015 paper
(Hwang & Fois, 2015a). The 2015 version of the spectrum can be downloaded from the Hwang's (Hwang,
2015) profile on “Researchgate.”

The Hwang spectrum has only one parameter, that is, the wind speed, and does not depend on the wind fetch
(wave age). The spectrum has two regimes: The first one for moderate wind speeds (Ujo < 15 m/s) mainly
relies on experimental data (Hwang & Wang, 2004a), while the second one for high wind speeds
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Figure 7. Elevation spectra (a) and the curvature spectra (b) of developing waves according to the P. A. Hwang spectrum
model for fully developed waves (2 = 0.84). The dark blue curve denotes Uyo = 3 m/s, red U;g = 5 m/s, green Uyg = 10 m/s,
black Uyg = 15 m/s, and purple Uyo = 20 m/s.

(15 < Uyp < 50 m/s) is based on GMF analytical data (Hwang et al., 2013; Hwang & Fois, 2015a, 2015b). The
Hwang model (Hwang & Fois, 2015a) involves the spreading function proposed by Elfouhaily (equation (18).

The Hwang spectrum is useful for simulating radar backscatter cross section for various wavelength ranges
of incident radiation and at high wind speeds (up to 50 m/s), which certainly distinguishes it among other
models. Hwang's spectrum model (Hwang & Fois, 2015a) is referred below as Hwang2015.

4. Comparison of Models of Spectra

Since there are no experiments on measuring the sea wave spectrum throughout the range of wavelengths
that is of interest to specialists in remote sensing, the problem of choosing the most adequate wave spectrum
becomes more complicated.

Researchers develop the wave spectrum models, so that they correspond to the problems being solved
and to the experimental data. As a result, a large number of models of the surface wave spectrum appeared
(e.g., Apel, 1994; Bjerkaas & Riedel, 1979; Bringer et al., 2014; Cheng et al., 2006; Donelan & Pierson, 1987;
Elfouhaily et al., 1997; Fois et al., 2014; Hasselmann et al., 1973; Hwang & Fois, 2015a; Kudryavtsev et al.,
2003, 2005; Plant, 2002; Toba, 1973; Yurovskaya et al., 2013; Zakharov & Zaslavsky, 1982).

Our aim is to find or develop a spectrum that meets the following criteria:

1. capability of simulating a diverse wave climate;

2. correspondence of the mean square slope (MSS) calculated by the model to the Cox and Munk (1954)
experiments and the Bréon and Henriot (2006) results;

3. correspondence of the spreading function to the experimentally measured Doppler spectrum and the
MSS from the experiments made by Cox and Munk (1954) and Bréon and Henriot (2006);

4. correspondence of the form of the dependence of the radar backscatter cross section to GMF for various
wavelength ranges of incident electromagnetic radiation at moderate incidence angles (20-60°);

5. simplicity of analytical transformations, for example, integration, it can be used for analytical studies of
wave spectral properties; and

6. determination of boundary wave numbers for various wavelengths of incident electromagnetic radiation
within the framework of a two-scale model of the scattering surface.

4.1. Criteria 1-3

Omnidirectional spectra of elevations and curvatures for the abovementioned models for developed waves
(X = 20,170, Q = 0.84) at wind speeds of U;, = 3, 5, 10, 15, and 20 m/s are shown in Figures 2, 4, 6, and 7.
Figure 8 shows omnidirectional spectra of elevations and curvatures for developed waves (x = 20,170,
0 = 0.84) at a wind speed of U, = 10 m/s. It can be seen that the elevation spectra for different models
are similar, while the spectra of curvatures vary significantly.
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Figure 8. Spectra of elevations (a) and spectra of curvatures (b) for fully developed waves and U;g = 10 m/s. The dark blue
curve is the Elfouhaily1997 spectrum, the light blue one is the Hwang2015 spectrum, the green one is the Kudryavtsev2013
spectrum, and the black curve is the Karaev2000 spectrum.

As already noted, the Hwang2015 spectrum model does not contain a dependence on the wave fetch and thus
does not meet Criterion 1.

It is shown in Karaev et al. (2016) that taking into account the wave climate affects the accuracy of the wind
speed retrieval from scatterometer data; therefore, the wave spectrum to be used for modeling should include
a dependence on the wind fetch.

The measurement of the azimuthal dependence of the Doppler spectrum shows that the angular distribution
of waves in the ocean is asymmetric (Plant & Keller, 1990; Poulter et al., 1994) and waves propagate in the
downwind direction rather than in the upwind one. Figure 12 in Poulter et al. (1994) shows Doppler spectra
measured at various azimuth angles. It is seen that in probing across the direction of wave propagation, in the
Doppler spectrum of the reflected radar signal, there are two peaks of approximately the same amplitude,
which correspond to sea waves traveling to and from the radar. In probing along the direction of wave pro-
pagation only, one peak in the Doppler spectrum is seen. Therefore, for simulating the Doppler spectrum, it
is necessary to use a wave spectrum with the corresponding spreading function. Only two spectra among the
considered ones have an asymmetric spreading function: the Karaev2000 and Kudryavtsev2013 spectra.

For the Elfouhaily1997 and Kudryavtsev2013 spectra, there is a problem in the range of transition from
the low-frequency part to the high-frequency part of the spectrum due to the fact that the spectrum is
described as a sum: B(k, ¢) = Bi(k, ¢) * F), + By(k, ¢) * (1 — F,) (see section 3). It leads to errors in RCS calcula-
tions (see Figures 14 and 15). Also, it has reflected on the spreading function in Kudryavtsev2013 spectrum,
since the Kudryavtsev2013 two-dimensional spectrum is the result of solving the energy balance equation and
the transition function affects both the omnidirectional spectrum and the spreading function.

Figure 9 shows the spreading function of the Elfouhaily1997 spectrum, which is also used in the Hwang2015
spectrum; Figure 10 shows the spreading function of the Kudryavtsev2013 spectrum, and in Figure 11, the
spreading function of the Karaev2000 spectrum is shown. The spreading functions are constructed for
k/ky, = 0.5, 1, 5, 10, 50, 100, 500, and 1,000.

The peculiarities of the spreading function of the Kudryavtsev spectrum for k/k,,, = 5-100 cause errors in cal-
culating the azimuth dependence of radar backscatter cross section, which will be shown below.

According to the data obtained by Cox and Munk (Cox&Munk1954 on the pictures), the dependence of the
MSS on the wind speed is

Oup® = 0.00316-U1, 5+0.004,

(21)
Oer? = 0.003 4+ 0.00192- U1, 5+0.002.

where oup2 is the MSS in the upwind direction, oo~ is the MSS in the crosswind direction, o,* = oupz+ocr2 is
the total MSS, and U;, s is the wind speed at a height of 12.5 m. The Cox and Munk experiments cover the
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Figure 9. Spreading functions for the Elfouhaily1997 spectrum: (left) The black curve corresponds to k/k,,, = 0.5, the blue
curve is k/k,, = 1, and the green one is k/k,, = 5; (middle) the red one is k/k,, = 10, the black dashed line is k/k,, = 50,
and the blue dashed line is k/k,, = 100; and (right) the green dashed line is k/k,, = 500, and the red dashed one is k/
Ky, = 1,000.

range of wind speeds from 3 to 14 m/s. In spite of the fact that the experiments were carried out more than
half a century ago, dependence (21) is still used to estimate the MSS.

Later optical measurements of the MSS (Bréon & Henriot, 2006; Ross & Dion, 2007) basically confirm their
results. For example, as a result of the Bréon and Henriott study, during which 6 million images of the
POLDER optical images at a wavelength of 865 nm were analyzed, the following dependences of the MSS
on the wind speed at a height of 10 m were obtained

Oup? = 0.001 + 0,00316-U19£0.00005,

(22)
Oe? = 0.003 + 0.00185-U+0.00005.

Comparison of equations (21) and (22) shows that the Bréon and Henriott results confirm the dependences

obtained by Cox and Munk.
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Figure 10. Spreading functions for the Kudryavtsev2013 spectrum: (left) The black curve corresponds to k/k,, = 0.5, the
blue curve is k/k;, = 1, and the green one is k/k,, = 5; (middle) the red one is k/k,, = 10, the black dashed line is

k/k,,, = 50, and the blue dashed is k/k,,, = 100; and (right) the green dashed line is k/k;,, = 500, and the red dashed one
is k/k,, = 1,000.
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Figure 11. Spreading functions for the Karaev2000 spectrum: (left) The black curve corresponds to k/k;,, = 0.5, the blue
curve is k/k,, = 1, and the green one is k/k,, = 5; (middle) the red one is k/k,,, = 10, the black dashed line is k/k,,, = 50,
and the blue dashed line is k/k;,, = 100; and the green dashed line is k/k;,,, = 500, and the red dashed one is k/k;,, = 1,000.

Equation (21) include the wind speed at a height of 12.5 m. When plotting the graphs, the wind speed at a
height of 12.5 m is converted to that at a height of 10 m in the logarithmic profile approximation by the for-
mula (Lamly & Panovskii, 1966):

u (10
Uip=—Inl—). 23
=gzt @3

The formula is obtained for the case of neutral stratification, where z, (in meters) is the surface
roughness parameter (elevation). In the calculations, we use the following expression for z, (Masuko et
al., 1986): zo = 0-024% + 0.428- (u*)2—0.0443, where 7z, and u’ are given in centimeters and centimeters per
second, respectively.

The MSS is calculated from the wave spectrum by equations (A8)-(A10). Figure 12 shows the MSS upwind
and crosswind calculated by equations (A8) and (A9), respectively, for the following spectrum models: the
Karaev2000 model (black curve), the Kudryavtsev2013 model (green curve), the Elfouhaily1997 model (dark
blue curve), and the Hwang2015 model (light blue curve). All the calculations are carried out for fully
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Figure 12. Mean square slope (MSS) upwind (a) and crosswind (b). The black line is the Karaev2000 spectrum, the green
one is the Kudryavtsev2013 spectrum, the dark blue curve is the Elfouhaily1997 spectrum, the light blue one is the
Hwang2015 spectrum, the black dashed line indicates the experimental dependence obtained by Cox and Munk (1954),
and the red one is the dependence obtained by Bréon and Henriot (2006).
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developed wind waves. The black dashed line in Figures 12a and 12b shows the MSS obtained from the
results of the field experiments made by Cox and Munk (1954), while the Bréon and Henriot (2006) results
are indicated in red.

The comparison has shown that the Karaev2000 model (black curve) and the Kudryavtsev2013 model (green
curve) provide the best correspondence to the Cox and Munk data and the Bréon and Henriott results.

It is seen in the figure that the Hwang2015 spectrum, when integrated over the entire range of the spectrum
specification, substantially disagrees with the experimental data on the MSS. The P. A. Hwang's proposal of
solving this problem in his spectrum is discussed in Hwang (2005).

Thus, only two spectra satisfy the Criteria 1-3: the Karaev2000 spectrum and the Kudryavtsev2013 spectrum.

4.2. Criterion 4

The available data of contact measurements of the sea wave spectrum is not enough to determine which of
the models best describes real waves. The problem is complex because of the very large dynamic range (more
than 100-120 dB), in which accurate measurements are needed. Comparison in integral characteristics, for
example, in the MSS, cannot be an unambiguous criterion.

We will try to estimate the short-wavelength part of the wave spectra using, for comparison, the values that
directly depend on the ripple spectral density, that is, the radar backscatter cross section for moderate
incidence angles.

In the range of moderate incidence angles, the backscattering mechanism is the Bragg (resonant) one, and
the scatterer is ripple. The resonant wave number is given by kg, = 2ksinf,, where k = 27” is the wave number
corresponding to the wavelength of incident radiation 1 and 6y is the incident angle of radiation.

Within the framework of a two-scale model of the sea surface, the resonant ripple is located on a large wave,
which leads to a variation in the local incidence angle along its profile. This results in a so-called tilt modula-
tion, thus to calculate the scattered signal power that is necessary to perform averaging over large-scale wave
slopes (related to the local incidence angle).

In a simplified version, the RCS for crosswind probing for a large-scale surface covered with a small ripple
can be calculated by the formula (Bass & Fuks, 1979; Born et al., 1979):

2
0;(6) = 4ﬂk4cos46)gij(6)’ -[¥(2ksin 0, p) + W(2ksin 6, ¢ + 7)], (24)

where the parentheses () denote averaging over the slopes gy, 6, is the probing angle, 6, is the local incidence
angle, that is, 6 = 6,+0, and g, = 1g0,, k is the wave number of incident electromagnetic radiation, gj; is the
scattering coefficient for the corresponding polarization (Valenzuela, 1978), which depends only on the inci-
dence angle and the dielectric permittivity of the scattering surface, i is the polarization index of incident
radiation (V = vertical, H = horizontal), j is the polarization index of scattered radiation (V = vertical,
H = horizontal), ¥ is the two-dimensional spectrum of surface waves (A3), and ¢ is the angle between the
probing and wave propagation directions.

The one-dimensional case is presented here. The two-dimensional case is presented in Valenzuela (1978)
and similar to one-dimensional case. The presence of large-scale wave slopes leads to an increase in the
RCS, since the spectral density of resonant longer waves (due to a variation in the local incidence angle)
in the wave spectrum is larger than that of shorter waves. The sea surface slopes distribution is close

to normal:
2
dx ) . (25)

The formula for RCS taking into account tilt modulation is the following:
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Figure 13. Dependence of the radar backscatter cross section at vertical polarization (a) and at horizontal polarization
(b) for the large-scale sea surface covered by a resonance ripple with allowance for hydrodynamic modulation at a wind
speed of 10 m/s: The black line is the radar cross section (RCS) for a flat surface covered with ripple. The blue line

is the RCS for the large-scale surface covered with a resonant ripple with tilt modulation. The red curve shows the RCS
with allowance for hydrodynamic modulation with modulation coefficients of 0.2. The incidence angle is 38.44°.

g;(0)| [W(2ksin 0, 9) + ¥(2ksin 0, ¢ + m)|P(q,)dq,. (26)

0;i(6) = j 47tk*cos* 0 ‘2

Integration to infinite limits in this case does not agree with physics. To obtain a statistically valid estimate of
the integration boundary in this calculation, we selected [q""; g | = [—31 [o2,;3, /oﬁp].

The along-wind slope is gentle than the upwind one, which leads to nonuniform distribution of ripple along
the wave profile (Keller & Wright, 1975; Romeiser et al., 1994). The RCS in the along-wind direction is
smaller than the upwind RCS due to that fact. This effect is called a hydrodynamic modulation. We take it
into account by multiplying spectrum in equation (26) by hydrodynamic modulation coefficient f{g,, ¢):

max

50(6) = | 4mk*cos*d

min
ax

&(6)[ ¥(2ksin 6,) + W(2ksin 6,6+ ) (6 PP )G, (2D)

The following function was used to describe hydrodynamic modulation (Kanevskij & Karaev, 1993):

f(qx7 gO) = l_ﬁ'quign(COS gD)COquD, (28)

where $ is modulation coefficient, sign(u) gives the sign of u. In calculations, we assume that 3 - g, < 0.8; if
B-qx> 0.8, then - g, =0.8.

Figures 13a and 13b give an estimate of the contributions of these modulation mechanisms to the RCS for
vertical and horizontal polarizations of radiation within the framework of a two-scale model of the scattering
surface (the wavelength is 23.8 cm). The wind speed is Uy = 10 m/s; the incidence angle is 38.44°. The mod-
ified spectrum model described in the following section is used; the case of fully developed waves is studied
(dimensionless fetch is 20,170). The black line shows the dependence of the RCS for a flat surface covered
with ripple. The blue line shows the dependence of the RCS for a large-scale surface covered with a resonant
ripple (tilt modulation) without taking into account hydrodynamic modulation. The red curve shows the
dependence with allowance for hydrodynamic modulation coefficient § = 0.2.

It is seen in the Figure 13 that taking these effects into account can change the RCS by several decibels for
vertical polarization. For horizontal polarization, the contribution of these effects is much larger.

To minimize the influence of these effects, one should make estimates under the conditions when the effects
of tilt and hydrodynamic modulations are least significant. Therefore, we select vertical polarization which is
less sensitive to tilt and hydrodynamic modulations.
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Figure 14. RCS,,(U;() for the Ku band (a), the incidence angle is 39.8°, and for the C band (b), the incidence angle is
40°. In both the figures, the black curve is the Karaev2000 spectrum, the green one is the Kudryavtsev2013 spectrum, the
dark blue one is the Elfouhaily1997 spectrum, and the light blue one is the Hwang2015 spectrum. In (a), the red curve is
SASS2; in (b), the red dashed curve is CMOD4, and the red one is CMOD5n. RCS = radar cross section.

Asis seen in the figure, the minimum contribution of large-scale waves (tilt and hydrodynamic modulations)
is at an angle of 90° between the probing and wave propagation directions. In this case, the correlation
between the spectral density of resonant ripple and the RCS is maximal. Further calculations will be made
for vertical polarization and the probing direction of 90°.

The radar backscatter cross section is calculated by the formula

-[¥(2ksinby, @) + ¥(2ksinby, ¢ + m)]. (29)

2
03j(60) = 4mk*cos*6, ‘

gij(eo)

In contrast to complete formula (24), there is no averaging over slopes and hydrodynamic modulation. In the
calculations, we set ¢ = 7.

To average over large-scale surface slopes, it is necessary to divide the surface into small-scale and large-scale
parts, introduce a boundary wave number, and perform the integration over the wave spectrum to the
boundary wave number. However, the concept of the boundary wave number is defined only within the
framework of the Karaev2000 spectrum and not defined for the rest of the spectra, thus averaging cannot

——AQUARIUS

—— Elfouhaily 1997 -10 {{——XMOD2
Hwang 2015 1 — Elfouhaily1997

—— Kudryavtsev 2013 12 Hwang2015

— Karaev 2000 ~—Kudryavtsev2013
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RCS, ., 1B
RCS,,dB

(a)ﬂ 28 (b)
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Wind speed, m/s

226
2

Wind speed, m/s

Figure 15. RCS,,(Uj) for the L band (a), the incidence angle is 38.44°, and X band (b), the incidence angle is 40°. The
black curve is the Karaev2000 spectrum, the green one is the Kudryavtsev2013 spectrum, the dark blue one is the
Elfouhaily1997 spectrum, and the light blue one is the Hwang2015 spectrum. The red curve in (a) is geophysical model
function based o AQUARIUS data. The red curve in (b) is XMOD2. RCS = radar cross section.
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be performed in a uniform way. Due to the choice of polarization (vertical) and the probing direction (90°),
the modulation effects are minimized, and we compare the models of wave spectra at the resonant
ripple wavelength.

We now compare the RCS for the case of vertical polarization of electromagnetic radiation (RCS,,) and
the probing direction perpendicular to the wind one, which are calculated by models of wave spectra, with
GMF for C (Herbach, 2008; Lecomte, 1993), Ku (Wentz, 1999), X (Li & Lehner, 2014), and L (Meissner
et al., 2014) bands.

We are less interested in the absolute correspondence of the RCS,,, calculated using the wave spectrum with
the GMF, than in the coincidence of the general form of the RCS,,(U;) dependence with the GMF on the
wind speed.

The fact is that radar equipment developers can achieve stable measurement of the scattered signal power for
long-term radar operation, but in spite of all efforts, it is impossible to achieve an exact coincidence in abso-
lute magnitude of the received signal for different radars/scatterometers. Specific test areas, for example, the
Amazon forests, are used to perform synchronous measurements with two radars and measure the difference
in the RCS. Since this difference is rather stable, the processing algorithms designed for one scatterometer
can be applied to another after appropriate correction of the RCS.

Besides, the GMF's coefficients are calculated by regression analysis of the combined data array including
scatterometer data (RCS) and sea buoy data (wind speed). As shown in (Elyuocha et al., 2015) using
GMFs for the C band, as the scatterometer data array increases, GMFs vary significantly, both in terms of
energy characteristics and trends. Figures 2-4 in Elyuocha et al. (2015) show GMFs for the C band.
Figures 2 and 3 show the dependence on the wind speed while in Figure 4 is the dependence on the incidence
angle. The difference between GMFs can be more than 1 dB.

Therefore, we will not fit the spectrum model to GMFs as it is done in, for example, Bringer et al. (2014) and
Fois et al. (2014)) because an error in the GMF on which the model is based can lead to an error in the wave
spectrum model. When constructing a wave spectrum model, it is necessary, if possible, to rely on wave
measurements using GMFs for control.

The incidence angle is 40° for C band and X band, and it is 39.8° for Ku band and 38.44° for L band. In this
case, the Bragg wave number for the Ku band (wavelength = 2.1 cm) is kg, ~ 384.3 rad/m, for the C band
(wavelength = 5.6 cm) kg, & 147.1 rad/m, for X band (wavelength = 3.1 cm) kg, & 271 rad/m, and for L band
(wavelength = 23.8 cm) kg, ~ 32.8 rad/m. The probing direction is normal to the wind one.

Figure 14a shows the calculated RCS,,(U;() dependences for the wind wave models Karaev2000 (black
curve), Kudryavtsev2013 (green curve), Elfouhaily1997 (dark blue curve), and Hwang2015 (light blue curve)
for the Ku band and the GMF SASS2 (Wentz, 1999). Figure 14b shows similar dependences for the C band
and the GMFs CMOD4 (Lecomte, 1993) and CMOD5n (Herbach, 2008). Figure 15a shows the dependences
for the L band and the GMF from AQUARIUS measurements (Meissner et al., 2014). Figure 15b shows the
dependences for the X band and XMOD2 (Li & Lehner, 2014).

As already mentioned, the features of the Elfouhaily1997 and Kudryavtsev2013 spectra in the range of tran-
sition from the high-frequency part of the spectrum to the low-frequency part affect the radar backscatter
when calculating RCS in all ranges. At weak winds, the dependence of the radar backscatter cross section
on the wind speed becomes ambiguous. This is more valid for the Elfouhaily1997 spectrum than for the
Kudryavtsev2013 spectrum, but in both cases, this results in simulation errors leading to errors in wind speed
estimation by these models. Thus, for all considered wavelength ranges at middle incidence angles, there is a
range of an ambiguous dependence of the RCS on the wind speed for these spectra. The Karaev2000 spec-
trum does not describe the RCS(U; ) dependence correctly. The Hwang2015 spectrum has a “kink” at a wind
speed of about 15 m/s, when there is a transition from one regime to another. Nevertheless, the general trend
of the RCS,,(Uyy) is well reflected using the Hwang and Kudryavtsev spectra.

There are a few GMFs developed for the L band (Meissner et al., 2014; Yueh et al., 2014; Zhou et al., 2016). In
all those papers, it was obtained that at wind speeds larger than 8 m/s, there is a normal asymmetry (the
upwind RCS is larger than the crosswind one); at smaller wind speeds, there is an abnormal asymmetry
(the upwind RCS is smaller than the crosswind one). There is no explanation of this effect. We believe
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Figure 16. RCS,(¢) for the Ku band (a), the incidence angle is 39.8°, and for the C band (b), the incidence angle is 40°. In
both figures, the black curve is the Karaev2000 spectrum, the green one is the Kudryavtsev2013 spectrum, the dark

blue one is the Elfouhaily1997 spectrum, and the light blue one is the Hwang2015 spectrum. In (a), the red curve is SASS2;
in (b), the red dashed curve is CMOD4, and the red one is CMOD5n. RCS = radar cross section.

that this can be due to the fact that at small wind speeds, waves are weak and can be suppressed by swell with
a different angular distribution.

The second test of the wave spectrum models is a comparison with the azimuth dependences of GMF.
Figures 16 and 17 show the azimuth dependences of the RCS on the azimuth angle for four wavelength
ranges: Ku, C, X, and L bands. The RCS is calculated by the Formula (29). In the calculations, we assume that
the wind speed is 10 m/s and the incidence angle is 40° for X and C bands, 39.8° for Ku band, and 38.44° for
L band.

The tilt and hydrodynamic modulations were not taken into account in the calculations; thus, there is no dif-
ference in the upwind and crosswind backscatter cross sections of radar.

The features of the Kudryavtsev2013 spreading function, which were described in the previous section, lead
to errors in the RCS calculation in the L band: The RCS in crosswind probing is larger than that in upwind
one. The comparison will be presented in the next section. For other ranges, the Kudryavtsev spectrum gives
the overestimated RCS variation as a function of the azimuth angle (the difference between maximum and
minimum) compared to the GMF even without averaging over slopes (this will be shown in Table 2). Later,
with averaging over slopes, the range of the RCS variation calculated from the Kudryavtsev spectrum will
grow, which will further increase the difference between the model and measured RCS(U;,) dependences.

—— AQUARIUS
Elfouhaily1997 3 MOD2
-13 Hwang2015 - <
Kudryavtsev2013 Elfouhaily1997

——Karaev2000 Hwang2015

-4 -10 ~—Kudryavtsev2013
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Figure 17. RCS,,(¢) for the L band (a), the incidence angle is 38.44°, and X band (b), the incidence angle is 40°. The
black curve is the Karaev2000 spectrum, the green one is the Kudryavtsev2013 spectrum, the dark blue one is the
Elfouhaily1997 spectrum, and the light blue one is the Hwang2015 spectrum. The red curve in (a) is geophysical model
function based o AQUARIUS data. The red curve in (b) is XMOD2. RCS = radar cross section.
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Table 1

Criteria for Choosing the Wave Spectrum Model

Therefore, the spreading function of the Karaev2000 spectrum

Criteria

Elfouhaily Hwang Kudryavtsev Karaev

seems to be the best choice among the considered models.

The obtained results allowed tabulating the correspondences

1. Fetch

2. Mean square slope

3. Spreading function

4. Radar cross section

5. Simplicity of
formulas

6. Division within a two-scale
model

1997 2015 2013 2000 5 M
of the wave spectrum models to the criteria listed at the very
- + + beginning of this section (Table 1).
- + +
- - + Thus, none of the considered spectra corresponds to all the cri-

H/= H/=
+ —_

teria defined at the beginning of this section.

+

The above results have shown that the short-wave part of the
- - + Kudryavtsev2013 spectrum model provides a rather good cor-
respondence to the Cox and Munk experiments and rather

well describes the dependence of the radar backscatter cross

section on the wind speed. The short-wave part of the
Kudryavtsev2013 model relies on the measurements from Yurovskaya et al. (2013); therefore, it seems appro-
priate to refine the Karaev2000 spectrum, which corresponds to most of the criteria using the same
experimental data.

5. Modified Spectrum

The modified wind wave spectrum was developed on the basis of the Karaev2000 spectrum model and the
experimental results from Yurovskaya et al. (2013). The wave spectrum model is based on the experimental
data obtained for wind speeds Uj, from 5 to 15 m/s. Nevertheless, we extend the range of wind speeds from 3
to 20 m/s to estimate most of the sea surface conditions. For developing wind waves, the dimensionless wind
fetch X within the model can vary from 1,430 to 20,170.

5.1. Modified Spectrum: Description

The spectrum (Karaev et al., 2008; Karaev & Balandina, 2000) has shown its validity in the gravity range of
the spectrum (k < 20 rad/m; Karaev et al., 2002). The spectral range from 10 to 1,000 rad/m is studied in
Yurovskaya et al. (2013). Figure 7a in Yurovskaya et al. (2013) shows the spectra of curvatures measured
in the experiments on an oceanographic platform near the Katsiveli settlement in the Black Sea
(2009-2012). The variation in the relative measurement error (Eq. (9) in Yurovskaya et al., 2013) for the
wave number range from 10 to 1,000 rad/m is plotted in Figure 5d in Yurovskaya et al. (2013). It is seen
in Figure 5d in Yurovskaya et al. (2013) that the relative error in the range 30 < k < 500 rad/m
(17-119 rad/s) is less than 30%. Based on the analysis of the experimental spectra in this range, the following
spectrum modification is proposed (Karaev & Balandina, 2000):

w4 [_(wm)z]
Sy (w) = ocgzco_sexp{—l.ZS (f) }-yexp 22 | O0<w<1.2wm, (30a)
Sy (w) = a—i, 1.2w, <w<ay,wn, (30b)
w
Sy (w) = il AW <W<wW 61%20@ (30c)
@’ § s’

Sy (w) = W <w<w NSO@ (30d)

Z - w"(UIO) ] gcl gc2n~y P )
Sy (w) = W a<w<w NSOO@ (30e)

M) = omUn)’ gc2 c~ PRk

a

Sy (w) = w—i_, We<w. (30f)

Here Sg(w) is the JONSWAP spectrum (equation (2) in section 2), while the coefficients ; are calculated as
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Figure 18. Spectra of elevations (a) and spectra of curvatures (b) of the modified spectrum for fully developed waves
(x = 20,170). The dark blue curve denotes Uy = 3 m/s, red U;g = 5 m/s, green Uy = 10 m/s, black U;g = 15 m/s, and
purple Uy = 20 m/s.

@ = Sy (1.2w0m)-(1.20m)", (31a)
a3z = Ap-amWp, (31b)
oy = ot3~cogc(Ul°)_5, (31¢c)

os = 0(4-60;([]10)_”([]10)7 (31d)

Qs = -y M), (31e)

The coefficients a,,,n,n; depend on the wind speed and are given by

am = 0.8In(Uy) + 1.0, (32a)
n(Uy) = 7.647U70%7, (32b)

ny(Uyg) = 0.0007U2,—0.0348U1 + 3.271. (32¢)

The parameters a, y, and w,, are defined in equation (8a) in section 3. In the range from 20 to 500 rad/s, the
spectrum is based on the analysis of the experimental data (Yurovskaya et al., 2013). The elevation spectra of
the modified spectrum for wind speeds from 3 to 20 m/s are shown in Figure 18a; the curvature spectra are
shown in Figure 18b.

5.2. Modified Spectrum: Comparison

We present the calculation results based on the modified model of the wave spectrum. First of all, we com-
pare the dependences of MSS in the upwind and crosswind directions. The modified spectrum is referred in
this paper as Ryabkova2019.

Figure 19 depicts the upwind and crosswind MSS calculated by equations (A8) and (A9), respectively, for the
models of the spectra by Karaev2000 (black curve), Kudryavtsev2013 (green curve), and the modified spec-
trum (purple curve). The black dashed line in Figure 19 denotes the MSS obtained from the results of the
full-scale Cox and Munk (Cox & Munk, 1954) experiments and calculated by equation (21). The red dashed
line denotes Bréon and Henriot (2006) results (equation (22)). It can be seen that the modified spectrum gives
the MSS closer to the experiment than the Kudryavtsev2013 spectrum model due to the gravity range from
the model Karaev2000 and the angular distribution (equations (12)-(14)).

We make a comparison for the RCS, since this is the weak point in the Karaev2000 spectrum model.
Figures 20 and 21 show the calculated RCS,,(U;,) dependences for the spectrum models in the C and Ku
bands and for L and X bands. Incidence angle is 40° for X and C bands; it is 39.8° for Ku band and 38.44°
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Figure 19. Mean square slope upwind (a) and crosswind directions (b). The black line is the Karaev2000 spectrum, the
green one is the Kudryavtsev2013 spectrum, the purple line is the modified spectrum, the black dashed line indicates
the experimental dependence obtained by Cox and Munk (1954), and the red one is the dependence obtained by Bréon and
Henriot (2006).

for L band. The probing is normal to the wind direction. Figures 22 and 23 show the calculated RCS,,(¢) for
different ranges at the same incidence angles and the wind speed U;o = 10 m/s.

Table 2 shows the difference between the RCS in upwind and crosswind directions for GMFs and spectra
models. In Figures 21 and 22, one can see that for the Hwang2015 spectrum model, there is always a “kink”
near 15 m/s, which results from the difference between the regimes at moderate and high wind speeds. For
the Elfouhaily1997 spectrum model, there is always a kink as well, but near 8 m/s, we believe that it can be
explained by the fact that for wave numbers larger than 0.1 rad/m, there is a “mix-up” in the elevation and
curvature spectra: The spectrum corresponding to a higher wind speed is lower than the spectrum for a lower
wind speed. The kink in the RCS for the Kudryavtsev2013 spectrum model can be explained by the same
effect. It happens due to the fact that both Elfouhaily1997 and Kudryavtsev2013 use the same function to
describe the transition between high and low wave number parts of the spectrum (equation (16)).
Elfouhaily1997 uses this function only for omnidirectional spectra, while the spreading function is the same
for all wave numbers that is why the dependence of the RCS on the azimuth angle does not have any kink.
Kudryavtsev2013 uses different spreading functions for different wavelengths, which leads to errors in the
RCS for the L band (see Figure 23a). We think the modeled RCS should be unambiguous to be used, for
example, for developing wind speed retrieval algorithms. It is seen in Figures 20-23 and in Table 2 that
the modified spectrum does not provide an ideal correspondence to the GMF, but it models the trend
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Figure 20. RCS+(U;) for the Ku band (a), the incidence angle is 39.8°, and for the C band (b), the incidence angle is 40°.
The black curve is the Karaev2000 spectrum, the green curve is the Kudryavtsev2013 spectrum, the dark blue one is the
Elfouhaily1997 spectrum, the light blue one is the Hwang2015 spectrum, the purple curve is the modified spectrum, and
the red curve is the geophysical model function for the corresponding wavelength. RCS = radar cross section.
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Figure 21. RCS,,(Uj) for the L band (a), the incidence angle is 38.44°, and X band (b), the incidence angle is 40°. The
black curve is the Karaev2000 spectrum, the green curve is the Kudryavtsev2013 spectrum, the dark blue one is the
Elfouhaily1997 spectrum, the light blue one is the Hwang2015 spectrum, the purple curve is the modified spectrum, and
the red curve is the geophysical model function for the corresponding wavelength. RCS = radar cross section.
correctly, and it is free of any kinks. The modeled RCS was calculated for the “pure Bragg scattering” without
tilt or hydrodynamic modulations that may add a few decibels to the RCS (equation (29)).
It is seen that for the modified spectrum, the coincidence with GMFs is improved compared to the previous
version of the spectrum (Karaev & Balandina, 2000). The modified spectrum allows the improvement of the
modeling of the RCS and can be used to simulate surface waves in the gravity-capillary range of
the spectrum.
The next step in the development of the wave spectrum model is to simplify its application within the frame-
work of a two-scale model of the scattering surface.
5.3. Modified Spectrum: Boundary Wave Numbers
Within the framework of a two-scale model of sea surface, waves are divided into two parts: large-scale and
small-scale waves. The division criterion is known (Bass & Fuks, 1979): The ratio of the incident radiation
wavelength to the curvature radius of large-scale waves should be much less than unity:
-8
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Figure 22. RCS,,(¢) for the Ku band (a), the incidence angle is 39.8°, and for the C band (b), the incidence angle is
40°. The black curve is the Karaev2000 spectrum, the green curve is the Kudryavtsev2013 spectrum, the dark blue one is
the Elfouhaily1997 spectrum, the light blue one is the Hwang2015 spectrum, the purple curve is the modified spectrum,
and the red curve is the geophysical model function for the corresponding wavelength. RCS = radar cross section.
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Figure 23. RCS,(p) for the L band (a), the incidence angle is 38.44°, and X band (b), the incidence angle is 40°. The black
curve is the Karaev2000 spectrum, the green curve is the Kudryavtsev2013 spectrum, the dark blue one is the
Elfouhaily1997 spectrum, the light blue one is the Hwang2015 spectrum, the purple curve is the modified spectrum, and
the red curve is the geophysical model function for the corresponding wavelength. RCS = radar cross section.

s/ A1 1
(E E) cos6y <1, (33

k
where 2, = fob k*S(k)dk, k is a boundary wave number and 6, is an incidence angle. However, the meaning
of “much less than unity” is not defined.

The MSSs of large-scale waves in Ku and Ka bands were measured when analyzing the data of Dual-fre-
quency Precipitation Radar and buoy data (Panfilova & Karaev, 2016). Fully developed wind waves were
considered. On the other hand, the total MSS of large-scale waves can be calculated from the wave spectrum
by the formula

o = j'g”kzs(k)dk, (34)

here S(k) is omnidirectional wave spectrum ((A2)). Knowing the MSS of large-scale waves, we can determine
the boundary wave number for the Ku band.

There are no measurements of the MSS of large-scale waves in C, X, and L bands, that is, the above approach
is not applicable and a different approach is proposed. We determine the boundary wave number for the Ku
and Ka bands and find the condition for curvature smallness. The condition of smallness depends on the
peak wave number. For Ku- and Ka-bands and for 6,= 0-10° (cosf, is considered to be equal 1 for
0° < 6y < 10°), the division criterion between large and small waves (in terms of a two-scale model) is

Jra ,
—— |=2.6376-k7 —0.9241-k 0.3437
(271'R) 6376-k;,—0.9 m 1 0.3437, (35)

here k,, = w? /g, w,, is calculated using ((3b)) and ((8a)). We assume that this is a universal smallness

Table 2
RCS,,, (0)-RCS,,, (7t/2) for Spectra and GMFs (dB)

Elfouhaily Hwang Kudryavtsev Karaev Ryabkova
Bands 1997 2015 2013 2000 2019 GMF

Ku 3.30 3.30 6.21 3.52 3.52 5.96 (SASS2)

X 3.26 3.26 6.51 3.28 3.28 3.6 (XMOD2)

€ 2.73 2.73 6.13 2.97 2.97 5.55 (CMOD4); 1.80 (CMOD5n)
L 1.73 1.73 0.09 2.49 2.49 0.91 (AQUARIUS)

Note. GMF = geophysical model function.
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criterion and use it for other electromagnetic wavelengths. As a result, we obtain the dependence of the
boundary wave number on the peak wave number; therefore, these formulas may be applied for developing
wind waves also. The dependences of boundary wave numbers on the peak wave number for 6,= 0-10° for
the bands are as follows:for the Ku band (2.2 cm)

In(kn) 0.42195392
ky = 68.126886 + 72.806451 -k, + 12.93215-k2 -In(k;)—0.39611989- "I(c m) _ . ,
m m

for the C band (5.6 cm)

1.7039154 In(k
ky = 2.7367946—2.2640513 -k, + 15.497567-+/ ky, + —————0.0009902319- n(kn )

Eom 2,

for the X band (3.1 cm)

1.9827813  0.099565741

+ 3
Vi K,

ky = 25.817117 + 25.425253-k,,—16.426717-kp-In (k) +

for the L band (23.8 cm)

0.0067571611-In(ky,) n 0.0059406387
K Kin:

3
ky = 0.72021748 + 2.5587343-k,—1.1346396-k3, +

and for the Ka band (0.8 cm)
ky = 24833-k2,—2624.9-k, + 570.9.

The dependences of the wave number of the incidence radiation (k. = f—’:) to the boundary wave numbers

ratio on the peak wave number for 8,= 0-10° for the bands are as follows:for the Ku band (2.2 cm)

Kine  —0.28772736 + 201.154-k,, + 5029.3442-k; —1084.0284-k; —508.2843-k,,
ky 14 51.599988-k,, + 1226.2775-k%, + 946.45102-k>,—425.83084-k*

)

for the C band (5.6 cm)

k,
% = 87.175187 + 112.10344-k,,—79.291411-\/ kpy-In (K, ) —152.90596- 1/ k1 —109.55633-¢57 |
b

for the X band (3.1 cm)

Kine —1.4741293 + 331.62483-k,, + 661.8967-ka

ky 14 48.325056-k,, -+ 200.92632-k?, + 12.384079-k>

for the L band (23.8 cm)

k; 1.2950102  0.006541626
k‘"” = 122.08408—109.36945-k, + 98.430374-/kpy-In (k) — . + 2 ,
b m m

and for the Ka band (0.8 cm)

kinc 1
ky — 0.72689246—3.3421265-k,, + 31.618358-k2,

Figure 24a shows the dependences of the boundary wave number on the peak wave number for 6y= 0-10° for
Ku, Ka, C, X, and L bands. Figure 24b shows the dependences of the wave number of the incidence radiation
to the boundary wave number ratio on the peak wave number for 8,= 0-10° for Ku, Ka, C, X, and L bands.
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Figure 24. The dependences of the boundary wave number on the peak wave number (left plot); the dependences of the
wave number of the incidence radiation to the boundary wave number ratio on the peak wave number (right plot).

6p= 0-10°; red curve denotes Ku band, purple curve Ka band, blue curve C band, green curve X band, and black

curve L band.

Equation (35) is valid for incidence angles close to zero (<10°), because the dependences of the MSS on the
wind speed for Ku and Ka bands from Panfilova and Karaev (2016) were obtained from the Dual-frequency
Precipitation Radar data, its incidence angles are in the range 0-17°. The variation of boundary wave num-
bers on the incidence angle is a topic for another research.

It is seen from Figure 24 that boundary wave number for Ka band is not consistent with boundary wave num-
ber for other ranges. It happened due to the fact that incidence radiation of the Ka range (0.8 cm) corresponds
to wave number 785 rad/m, while the spectrum measurements by Yurovskaya et al. (2013) for wave numbers
larger than 500 rad/m have relative error (Eq. (9) in the paper) larger than 40%. The capillary spectrum mea-
surements are required for correct approximation of the high-frequency part of the spectrum.

Note that except for the range near the peak, the spectrum has a power law form S(w)~w", which simplifies
analytical transformations and the study of the contribution of a particular spectral range to various
integral characteristics.

6. Swell

The proposed wind wave spectrum enables to model developing wind waves and fully developed wind waves
that correspond to the case of a dimensionless wind fetch more than 20,170. If the wind speed has decreased
or wind has changed its direction, swell begins to form.

In result, the most frequent sea state is the mixed sea. In this case we observe the sea surface wind waves
and swell.

A simple spectrum model of gentle swell is described by the formula (Neumann, 1952):

Swvn(@) = omo(22) e texp{ -1.2(2)" . (36)

where my is the first moment of the wave spectrum, that is, the significant wave height (SWH) is SWH
= 4,/my. The significant wave height of swell reduces in propagation. There is a maximum value of m,
for every w,, (dominant wavelength L,,), it determines the upper limit of the swell height. The simplest
formula to estimate this value is Sgywen(®m) = Sx:(@,,), where S(w) is the spectrum for the fully developed
wind waves. Thus my is calculated as follows: my = 224" and the SWH maximum for swell of the domi-

6wy, ?
nant wavelength L,, is equal to
—0.025
swH = 48— 2L
w;, 6

Therefore, we can simulate mixed seas by presenting their spectra as the sum of wind waves and swell: S
(@) = Sy (w)+Sewen(w).
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We know w,, and k,,, of wind waves and the SWH of swell. Swell has the same w,,, as the initial wind wave. By
varying the SWH of swell from the SWH of the initial wind wave (initial stage) to 0 (final stage), we obtain
swell of the required intensity.

7. Conclusions

Numerical simulation of sea waves is actively used to study the microwave electromagnetic wave scattering
from the sea surface and to solve inverse problems, that is, to determine the wave parameters and the surface
wind speed from remote sensing data. Numerical experiments enable one to study the features of the scat-
tered radar signal in a wide range of conditions that often cannot be established in the experiment. The accu-
racy of modeling largely depends on the quality of the employed wave spectrum model.

At the beginning of the 1990s, wave spectrum models applicable for modeling were developed by oceanogra-
phers, for example, the spectrum by Donelan et al. (1985). However, the application of the wave spectrum
models in radar problems has shown that they have a number of significant drawbacks, which stimulated
the development of spectrum models focused on remote sensing problems, for example, the Elfouhaily spec-
trum. Some drawbacks were eliminated in new wave spectrum models, and then these models were used to
simulate the energy characteristics of a scattered radar signal (radar backscatter cross section).

However, in modeling scatterometers and assessing the accuracy of algorithms for determining the surface
wind speed, GMF were used (Karaev et al., 2013; Karaev et al., 2015). The GMF yield an unambiguous rela-
tionship between the wind speed and the backscatter radar cross section, which is in contrary to fact. Studies
have shown that the degree of wave development has a strong impact on the accuracy of the surface wind
speed retrieval from altimeter and scatterometer data (e.g., Karaev et al., 2002; Karaev et al., 2016).

To study this effect by numerical simulation, one should use a wave spectrum model. The requirements to
the wave spectrum model were formulated, and the correspondences of the most popular wave spectrum
models to these requirements were analyzed. The available models do not meet these requirements in full
and are not capable of providing a realistic simulation of the effect of the wave climate on the precise deter-
mination of the surface wind speed.

To solve the problem, the available wave spectrum model (Karaev, 2000) was modified on the basis of new
data. In the experiment on the offshore platform installed in the Black Sea, the short-wave part of the wave
spectrum was measured (Yurovskaya et al., 2013).

As a result of the study, a modified wave spectrum model has been developed, which meets all the require-
ments for the numerical modeling of scatterometer measurements to estimate the effect of wave parameters
and the degree of wave development on the accuracy of the algorithm for the wind speed retrieval.

Oil slick influences the spectral density of short waves; therefore, the sea wave spectrum model with
improved part of resonant ripple opens new possibility for numerical simulation of oil slicks.

For the convenience of using the modified wave spectrum model, the boundary wave number dependences
were calculated, which, in accordance with a two-scale model of the scattering surface, divide the wave spec-
trum into large-scale and small-scale components.

Except for the range near the peak, the formula for the modified wave spectrum model has a simple analy-
tical form, which is convenient for transformation and numerical simulation.

Swell is added to the model, so it can be used for mixed sea modeling.

Appendix A: Terminology

The frequency spectrum Sy-(w) and the frequency-angular spectrum ¥(w, ¢) = Sy ()P, (w, ¢) are usually
used in oceanography to describe surface waves, where Sy(w) is the frequency distribution of the wave
energy, ?,(w, ) is the spreading function, and ¢ is the azimuth angle measured from the wind direction axis.

The transition from the frequency-angular wave spectrum to the spatial spectrum of the wave numbers
Y(k, p) is performed taking into account the dispersion relation; in all the spectra considered in this paper,
the dispersion relation for gravity-capillary waves in deep water is used (kH > 1,H is the depth):
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w :gk(1+—k)7 (A1)
8p
where T is the coefficient of water surface tension, p is the water density, and g is the acceleration due to grav-
ity. The coefficients T and p depend on the observation conditions. In the calculations, we accept
T = 0.0074 H/m, p = 1,000 kg/m>, and g = 9.81 m/s>.
The relation between omnidirectional and directional elevation spectra is
S(k) = |79 (k, p)kdp. (A2)
The directional elevation spectrum is given by
1
Pk, ) = 1 Sk)D(k, @) = ¥ (ke ky ). (A3)
where the spreading function is
k¥ (k,
ok ) = o) (ad)
[k (ke 9)dgp
with the normalization condition imposed on it
" 0(k, p)dp = 1. (AS)
The directional curvature spectrum can be determined as
X(k,p) = k' (k, p), (A6)
the omnidirectional curvature (saturation) spectrum is
B(k) = k*S(k). (A7)
The upwind MSS is determined as
Oup® = ffmfiﬂk2c0s2¢q/(k, @)kdkdg, (A8)
and the crosswind MSS is
2 j‘x’ y” K2sin?
O’ =) _o) _ K sin“p¥(k, )kdkde. (A9)
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The total MSS has the form

02 = gy’ + 0 = | [T KW (k, p)kdkdg. (A10)

More detailed derivation of formulas is given in Elfouhaily et al. (1997) and Holthuijsen (2007).

The wide frequency range of the sea wave spectrum can be divided into several ranges. It is generally
accepted that waves of a length of more than 7 cm (k = 90 rad/m, w ~ 30 rad/s) refer to gravity ones, waves
of a length from 0.6 cm (k ~ 1,050 rad/m, w =~ 310 rad/s) to 7 cm to gravity-capillary ones, and waves of a
length of less than 0.6 cm to capillary ones (Davidan et al., 1985). The boundary between the ranges is
conventional, since it depends on the quantitative determination of the criterion of smallness of the surface
tension effect on the dispersion relation.
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