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Assessment of the TOPEX altimeter performance 
using waveform retracking 

Ernesto Rodriguez and Jan M. Martin 
Jet Propulsion Laboratory, California Institute of Technology, Pasadena 

Abstract. To assess the accuracy of the TOPEX altimeter data, we have reprocessed 
the raw altimeter waveform data using more sophisticated algorithms than those 
implemented in the altimeter hardware. We discuss systematic contamination Of the 
waveform which we have observed and its effect on very long wavelength errors. We 
conclude that these systematic errors are responsible for a very long wavelength error 
whose peak-to-peak magnitude for the Ku band altimeter is of the order of 1 cm. We 
also examine the ability of retracked data to reduce the repeat pass variance and 
correct for significant wave height (SWH) and acceleration dependent errors. We find 
that the ground postproce•ssing contains SWH dependent biases which depend on the 
altimeter fine height correction. 

1. Introduction 

The TOPEX altimeter [Zieger et al., 1991] is the latest in 
a distinguished line of altimeters used for oceanographic 
studies. As such, it has inherited many well-tested features 
of previous altimeters, such as the Seasat and Geosat 
altimeters, but it also has new features, such as fully digital, 
on-board signal processing. The purpose of this paper is to 
provide an independent assessment of the performance of 
the TOPEX altimeter sea surface height measurements by 
reprocessing the raw altimeter waveform data using a more 
optimal algorithm than was possible to implement with the 
on-board satellite hardware and subsequent postprocessing 
corrections. 

In order to provide a statistically meaningful assessment 
of the altimeter performance, we use in this study repro- 
cessed or "retracked" data for cycles 3 to 27 of the TOPEX 
mission, excluding cycle 20 when the POSEIDON altimeter 
was turned on. The use of retracking for assessing and 
improving altimeter performance has been previously advo- 
cated by Hayne and Hancock [1990] and by Brenner et al. 
[1993]. The technique we use here is different from theirs, 
allowing for faster than real-time retracking of the entire 
TOPEX data set. We are continuing to retrack the data, in 
order to make an improved data product available to the 
oceanographic community, after its quality has been fully 
ascertained. The use of waveform retracking may be of some 
importance in enhancing the TOPEX data in light of the 
systematic contamination found in the TOPEX waveform 
postlaunch. What we know of this contamination is de- 
scribed below, and one of the primary goals of this paper is 
to assess the order of magnitude biases that such distortions 
may introduce in the data currently available from the 
TOPEX project. 

In order to correct for known biases in the on-board 

tracker, ground processing corrections have been applied to 
correct for effects due to altimeter mispointing, significant 
wave height (SWH), and the tracker "acceleration lag" 
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described below. It is also the purpose of this paper to assess 
the efficacy of these corrections since they were imple- 
mented in the early phase of the mission, when a very limited 
data set was available. Hayne et al. [this issue] provide a 
fuller description of the methods used to obtain those 
corrections. Our main aim in this paper, however, is to 
characterize the differences in height estimates between the 
geophysical data record (GDR) and the retracked data with 
respect to magnitude and scale size, in order to allow the 
individual user of the TOPEX data to decide on that basis 

whether the retracked data are required for his purpose. 

2. Estimation Procedure and Waveform 
Features 

The mean waveform for any altimeter can be expressed as 
a convolution of the following three terms [Brown, 1977]: the 
surface impulse response, the specular point probability 
density function, and the instrument point target response 
(PTR). A typical theoretical waveform is shown in Figure 1, 
where we have defined three regions as follows: (1) thermal 
noise, where there is no signal and the waveform is flat, (2) 
the leading edge, and (3) the trailing edge. It is the detailed 
shape of the leading edge and trailing edge and the precise 
position of the waveform in the data window relative to the 
altimeter track point location which allow estimation of the 
various parameters, the mean height correction, the signifi- 
cant wave height H1/3, the skewness of the specular point 
PDF [Lipa and Barrick, 1981], the off-nadir angle, the radar 
cross section, and the thermal noise level. In the following 
paragraphs we offer a brief description of the estimation 
algorithm we used to estimate these parameters from the 
TOPEX waveform data. A fuller description of the method is 
given by E. Rodriguez and J. M. Martin (A fast algorithm for 
altimeter waveform retracking with applications to the Geo- 
sat altimeter, submitted to Journal of Oceanic Technology, 
hereinafter referred to as submitted manuscript, 1993), 
where the algorithm with its expected theoretical perfor- 
mance is described in detail. 

In principle, the most accurate method available for esti- 
mation of these parameters is a maximum likelihood (ML) 
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Figure 1. A typical altimeter waveform generated using 
the triple-convolution theory and TOPEX point target re- 
sponse approximated by 127 Gaussians. Other parameters 
are also consistent with TOPEX values. 

method which makes full use of the statistics of the wave- 

form returns, including any pulse-to-pulse and bin-to-bin 
correlations [Rodrœguez, 1988]. This method may be ex- 
pressed as the minimization of 

N 

-In fML = • Z (In e i -F vi2/ei) 
i=1 

where, for uncorrelated waveform samples, 

Vi -- Pi -- Pi(a) (2) 

where fML is the maximum likelihood function, N is the 
number of observations, a is the vector of parameters, e i is 
the eigenvalue of the return waveform correlation matrix, P i 
is the measured return values, and P i(a) are the values of the 
theoretical waveform. While accurate for waveforms uncon- 

taminated by systematic distortions, this method is compu- 
tationally expensive. Rodriguez and Martin (submitted 
manuscript, 1993) introduce a computationally efficient al- 
ternative at a small expense in performance. If the bin-to-bin 
correlation of the waveform is neglected, then the maximum 
likelihood method reduces to a weighted least squares 
(WLS) method which minimizes 

-In fwI•s =/•• Pi - Pi(a) (3) 

In fact, the correlation between bins is expected to be small 
for TOPEX on theoretical and experimental grounds [Rod- 
rœguez and Martin, 1994], so (3) is, in fact, very close to 
optimal. 

Since the noise on the waveform is multiplicative, the 
maximum likelihood method described above puts the most 
weight on the regions with the least power. This is appropri- 
ate when the data conform with the theoretical model. 

However, should the instrument itself introduce systematic 

distortions of the waveform which affect strongly the low- 
power regions, the method will bias the estimated parame- 
ters. As we discuss below, we have evidence that the 
TOPEX altimeter does, in fact, introduce such distortions, 
so that the relative noise in different parts of the waveform 
no longer conforms to the multiplicative noise model. Since, 
as of the date of writing, the instrument systematic distor- 
tions remain to be fully characterized, we have chosen to 
weight the data uniformly; i.e., set (p i) = 1 in (3) for all i. A 
fuller discussion of the loss of precision incurred by imple- 
menting a simple least squares is presented by Rodriguez 
and Martin (submitted manuscript, 1993). 

The following is a brief description of the implementation 
of the fast retracking algorithm described in detail by Rod- 
riguez and Martin (submitted manuscript, 1993). First, the 
thermal noise is estimated using only waveform values in the 
thermal noise region, and this result is subtracted from the 
input waveform for subsequent processing. Second, the least 
squares function is linearized around an initial set of guesses 
for the parameters provided by the geophysical data record 
(GDR) data, initially, and after a data outage or by values 
produced by a simple tracker internal to the algorithm when 
continuous data are available. Finally, the linearized mini- 
mization problem is quickly solved by singular value decom- 
position. 

Even this linearized problem is, in general, very compu- 
tationally intensive since the derivatives of the theoretical 
waveform with respect to the parameters must be calculated 
by differencing waveforms generated by numerical triple 
convolutions, as no closed form solutions exist for the 
theoretical waveform for realistic forms of the PTR. How- 

ever, by approximating the PTR by a set of Gaussians (for 
which we can analytically calculate both P and OPj/Oai) , we 
can develop analytic expressions for the waveform and its 
derivatives and so greatly increase the speed of the matrix 
generation and the speed of the whole retracking process. In 
fact, on our Hewlett-Packard 735 desktop workstation we 
are able to retrack the two-frequency TOPEX waveform 
data at the full rate (10 waveforms per second for Ku band 
and 5 waveforms per second at C band) three times faster 
than real time. 

The accuracy and error variance of this method are very 
good in Monte Carlo trials with Gaussian noise added 
(Rodriguez and Martin, submitted manuscript, 1993), but the 
results are still subject to systematic errors if the waveform 
does not conform to its theoretical model, and this can skew 
its parameter estimates. This remark is also true for the 
on-board altimeter tracker, and until the waveform distor- 
tions are fully characterized it is an open question which will 
offer the more robust estimates. 

We will now discuss some of the deviations of the TOPEX 

waveform from the ideal of Figure 1 and the modifications to 
the retracking procedure we generated to reduce the influ- 
ence of those deviations. First, the ground measurements of 
the TOPEX instrument PTR were not accurate, apparently 
due to multiple reflections in the test setup. This remark 
applies also to the PTR obtained using the internal calibra- 
tion mechanism on the satellite. In the absence of additional 

information we have assumed an ideal sine 2 PTR which 
matches the measurements in the main lobe and the first two 

side lobes. As discussed above, a set of 127 Gaussians was 
used to model this PTR for the fast algorithm, and the 
observed waveforms seem consistent with this model. 
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RODRIGUEZ AND MARTIN: ASSESSMENT OF TOPEX ALTIMETER PERFORMANCE 24,959 

Figure 2 shows the average of all waveforms in cycle 5, 
pass 22, a descending pass, with SWH less than 1.5 m. The 
more rapid decrease in power in the trailing edge of the 
waveform compared with Figure 1 is caused by a data 
compression algorithm implemented for the TOPEX wave- 
forms. For high resolution in time At the TOPEX waveforms 
have initially 128 samples separated by/xt = 3.125 ns, and 
to preserve that accuracy, those samples are preserved as 
they are in the region surrounding the leading edge. To 
reduce the total data volume to 64 samples/waveform, sam- 
ples 1-16 and 47-64 are averaged two at a time (/xt for those 
samples is 6.25 ns) and samples 65-128 are averaged four at 
a time, yielding /xt of 12.5 ns. This algorithm thus has the 
effect of compressing the trailing edge and producing an 
apparently steeper trailing edge than is actually present. 
These features are easily implemented in our estimation 
algorithm. 

The solid curve in Figure 2 shows data from the northern 
hemisphere, while the dashed curve represents southern 
hemisphere data. A similar figure for an ascending pass 
would show exactly the reverse trend. Note that some 
features in this waveform show latitude dependence and 
others do not. This behavior can be understood by the 
following considerations. The TOPEX altimeter uses two 
different ways of keeping the leading edge in the tracking 
window. To make large corrections, the timing of the trans- 
mit chirp itself is shifted (the "coarse range correction") by 
a quantized amount; when smaller corrections need to be 
made, such as the correction to compensate for the contin- 
uous change in the height due to the Earth's ellipsoidal 
shape, a "fine-height" correction is applied. The fine-height 
correction consists of shifting the waveform data by multi- 
plying with a ramp in the frequency domain after deramping 
and band pass filtering [Chelton et al., 1989]. This correction 
is continually being applied on board, and it may be impos- 
sible to recover the original data completely since the only 
thing that the tracker sees (also the only thing sent down in 
the telemetry) is an average of many waveforms, all of them 
with slightly different fine-height corrections. In addition to a 
time shift, the fine height will cause a wraparound of the 
trailing edge of the waveform into the thermal noise region. 
For TOPEX, in order to accommodate the finite bit length of 
the on-board computer hardware, the way the fine height 
was implemented digitally depended on the sign of the height 
rate and the relative velocity between the satellite and the 
geoid. Thus the fine-height implementation was the same for 
ascending (descending) passes in the southern hemisphere as 
for descending (ascending) passes in the northern (southern) 
hemisphere since they both had the same positive (negative) 
height rate. The waveform features that move from northern 
to southern hemisphere do so because their position in the 
data window is dependent on the fine-height time offset. The 
patterns shown here are systematic and repeatable, and they 
shift between ascending and descending passes. The station- 
ary features are features of the digital filter response, which 
is not affected by fine height. 

Figure 2a illustrates three systematic waveform errors 
which required algorithm modification. First, the oscillations 
just past the leading edge (samples 23-41) are caused by 
quantization error in the digital filter bank [Hayne et al., this 
issue] and are independent of the fine-height adjustment. 
These fluctuations are also present in the calibration wave- 
form, and since they are stationary, they may be removed 
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Figure 2. (a) Average of TOPEX waveforms for cycle 5, 
pass 22, significant wave height H1/3 • 1.5 m for northern 
(solid curve) and southern (dashed curve) latitudes. Note 
deviations from ideal waveform of Figure 1. The more rapid 
decrease of power in the latter part of the trailing edge is due 
to TOPEX compression of two and four bins averaged 
together in that part of the waveform. The very steep roll-off 
at the very end of the trailing edge is the analog filter 
response. (b) Close-up of the thermal noise region and 
beginning of the leading edge. 

through normalization by the noise only calibration measure- 
ments. Second, the analog filter passband response causes a 
rapid decrease in amplitude at the end of the trailing edge, 
but owing to the variation in the fine-height offset and the 
signal wraparound due to data sampling, a portion of that 
high-frequency energy is aliased into the first few bins. Since 
the passband moves with fine height, the response in the last 
three bins and the first three bins (due to wraparound) varies 
considerably. This variation is not included in the waveform 
model, and we omitted these bins from the fitting process. 

We also note spurious fine-height dependent signals in the 
waveform, both in the trailing edge and in the thermal noise 
region of the waveforms. The large-magnitude peak in the 
trailing edge, centered on bins 43 and 44, is due partly to a dc 
bias present in the quantizer and partly to an additional 
spurious signal of unknown origin which moves with fine 
height and produces the breadth of five bins observed in the 
average waveforms. This error would produce significant 
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Figure 3. (a) The amplitude-squared response of the a-/3 tracker for TOPEX. The solid curve is the 
tracker alone, and the dashed curve includes the acceleration correction. Note the significant variation in 
the 0.2- to 0.$-Hz range. (b) The ratio of the spectrum of the geophysical data record (GDR) height 
correction with (pluses) and without (triangles) the acceleration correction to the spectrum of the 
retracked height correction. Note the significant suppression by the acceleration correction of all 
high-frequency height variation. 

errors in the attitude estimates if not compensated; our 
solution is, again, to mask off the effected bins and not 
include them in the fit. 

The close-up of the thermal noise region and the first part 
of the leading edge shown in Figure 2b shows yet another 
spurious signal which moves with fine height and signifi- 
cantly affects the form of the initial part of the leading edge 
and thus may modify any parameters sensitive to this region. 
Since this signal extends over a significant part of the 
thermal noise region and into the leading edge, we could not 
simply mask off the effected bins. The main effect of the 
contamination of the thermal noise region will be to cause 
the estimation algorithm to overestimate the amount of 
thermal noise and subtract an amount which will artificially 
lower the power in the leading edge relative to the true value. 
To partially remove the effect of this localized additional 
power, we compensated by subtracting only 70% of the 

estimated thermal noise level. This percent was selected by 
minimizing the residuals in the region away from the anom- 
aly (bins 3-12). 

In addition to the large deviations from the ideal wave- 
form, as shown in Figure 2, there is a pair of peaks related to 
the signals near the dc bin which also move with the 
fine-height adjustment (C. Purdy, private communication, 
1992). These features were observed on an actual test of the 
altimeter hardware and its mock-up. A possible cause for 
their existence is leakage into the altimeter of another 
satellite signal and its harmonics, which may show up as the 
peaks observed in the residuals in the thermal noise region 
and early parts of the leading edge, but this is only conjec- 
ture. Careful measurements suggest that the spikes are 
present at times within the leading edge of the Ku band 
waveform and, for large fractions of the time, in the leading 
edge of the C band waveform. The estimation results pre- 
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sented below are consistent with that assertion, showing 
different behavior for the first and last half of each pass and 
consistently opposite behavior between ascending and de- 
scending passes. 

The C band waveforms are subject to similar errors and 
corrections, but the presence of the spurious signals in this 
case is more serious. The waveform in the C band data 

window is moved to the right two bins, which puts the 
spurious signals right in the leading edge for a substantial 
part of the time. Owing to these distortions, the ocean 
parameters estimated from the C band data have significant 
errors, but since we only use the height estimates, which are 
relatively robust, errors in other parameters, such as skew- 
ness and attitude, are of lesser consequence. In addition, 
since the C band height is only used to calculate the 
ionospheric correction, the effect of C band height error is 
reduced by 6.4, the ratio of the Ku band to C band frequen- 
cies squared. 

3. Dynamic Tracker Response and the 
Acceleration Correction 

For every tracker period the altimeter estimates its range 
above the ocean surface using the on-board height error 
estimation algorithm. Owing to thermal and speckle wave- 
form noise, this height estimate is noisy, and rather than 
report it directly, the instrument reports the location of the 
"track point," the point where its tracking loop expects the 
true range to be. The track point is derived by passing the 
raw range estimates through a causal smoothing filter, the 
"a-/3 tracker." This procedure implies that even for noise- 
less range estimates, the output spectrum of the altimeter 
signal will be distorted from the input spectrum. 

As far as we know, this distortion has not been fully 
characterized for altimeter dynamic tracking over a real 
geoid. In the appendix we show that for typical timescales of 
oceanographic interest (which are much greater than the 
tracker update period r = 0.05 s) the output signal Fourier 
coefficients c(w) are related to the input signal spectrum 
b(w) by the relation 

c(w) = 2 b(w)-= T(w)b(w) (4) 
1- 

/3l r2 + iao•lr 

This implies that the output signal spectrum will be multi- 
plied by a spectral distortion factor I T(o•)l 2. In addition, 
since T(w) is complex, the phase of c(w) will be shifted 
relative to that of b(w). In Figure 3a the solid curve 
represents a plot of the spectral distortion factor for the 
frequencies of interest for TOPEX 1-s data. For low frequen- 
cies, i.e., when w << 131at • 2rrl(5 s) and w << (13)l/2/r • 
2r#(2.5 s), the transfer function (T) can be approximated as 

r(w) • 1 + (wr)2//3 (5) 

or equivalently, the output signal r is related to the input 
signal r' by 

r 2 d2r , 
r(t) • r'(t) (6) 

13 dt 2 

The estimated range lags behind the true range by a term 
proportional to the range acceleration. This effect is called 

the tracker acceleration lag, and the TOPEX GDR process- 
ing makes an acceleration correction to try to remove this 
error. The GDR correction is obtained by estimating the 
tracker range acceleration using a moving 3-5 data window 
to estimate the acceleration at a 1-s rate. This correction has 

the effect of further distorting the output spectrum. Given a 
perfect estimate of the true acceleration, the transfer func- 
tion for the acceleration corrected output signal T' is given 
by 

T'(w) [1 (wr)21 = r(w) (7) 

In Figure 3a the dashed curve represents a plot of the 
modulus squared of T'(w). As can be seen from this figure, 
applying the acceleration correction has the effect of se- 
verely attenuating the spectrum in the 0.1-Hz to 0.5-Hz (12 
km-60 km) frequency (spatial) range. This attenuation will 
distort the spectrum of both the true input signal and any 
contaminating noise as well. The retracked height estimates 
are not passed through a tracking filter and will therefore not 
distort the input spectrum, aside from introducing uncorre- 
lated estimation noise. Therefore the tracker spectral distor- 
tions may be observed by taking the ratio of the altimeter 
height output spectrum to the retracked height spectrum. 

The TOPEX GDR does nor directly report the accelera- 
tion correction. Rather, it reports a net instrument correc- 
tion which consists of low-frequency offsets and the higher- 
frequency acceleration correction. To duplicate the 
acceleration correction, we repeated the fitting procedure 
outlined in the TOPEX GDR Handbook [Callahan, 1992] 
and verified the procedure by checking that it coincided with 
the high-frequency excursions of the GDR net height correc- 
tion to better than 2 mm. We are thus able to recover the 

tracker height estimates, prior to the application of the 
acceleration correction. Figure 3b shows the ratios of the 
TOPEX tracker height spectra, before and after the applica- 
tion of the acceleration correction, to the retracked height 
spectra. This figure closely resembles Figure 3a, and the 
departures can be attributed to the presence of estimation 
noise for the tracker, retracking, and the acceleration cor- 
rections. 

Since the acceleration correction attenuates the spectrum 
in the 0.1-Hz to 0.5-Hz frequency range, we have removed 
the GDR acceleration correction and replaced it with a 
smoothed acceleration correction obtained by convolving 
the acceleration correction with a Hanning (cosine) window 
whose half-power width is 5 s. The resulting ratio of this 
spectrum to the retracked spectrum is shown in Figure 4, 
which is very similar to the ratio with no acceleration 
correction. Careful examination shows that the effect of the 

smoothed acceleration correction is to improve the spectral 
distortion for frequencies smaller than 0.2 Hz, while avoid- 
ing excessive spectral attenuation for higher•requencies. An 
examination of the acceleration correction spectrum shows 
that neglecting the high-frequency part of the acceleration 
correction introduces very small errors for most cases en- 
countered in practice. We will use this corrected height in all 
the comparisons presented below. 

4. The Estimated Skewness 

The sea surface skewness A is the estimated parameter 
most sensitive to noise. As such, we expect any systematic 
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Figure 4. The ratio of the spectrum of the GDR height correction with the acceleration correction 
smoothed by a 5-s Hanning window to the spectrum of the retracked height correction. Result is similar 
to Figure 3b with no acceleration correction but shows decrease in ratio for frequencies less than 0.2 Hz. 

waveform distortion effects due to the fine-height dependent 
contamination to show most clearly in this parameter. Figure 
5 shows Ku band estimated skewness, averaged over all 
cycles and longitudes, and segregated by whether the pass is 
ascending or descending. A sudden transition at the equator 
is apparent, the sense of the transition depending on the 
sense of the transition of the fine-height rate at the equator. 
This is exactly the type of transition found in the waveform- 
fitting residuals and in the bench test of the TOPEX hard- 
ware [Hayne et al., this issue]. What we suspect is happen- 
ing is the following: hardware tests have shown that for Ku 
band a power spike migrates in and out of the leading edge 
region, depending on the sign of the relative velocity be- 
tween the satellite and the Earth's surface. The effect of the 

true surface skewness is to remove power from the center of 
the leading edge and redistribute it to the edges of the leading 
edge. The effect of a contaminating power spike will be to 
lower the value of the estimated skewness if it happens to be 
in the center of the leading edge and to raise it if it happens 
to be in one of the sides of the leading edge. We speculate 
that the very low values, including some negative ones, for 
the estimated skewness observed in the southern hemi- 

sphere in ascending passes and the northern hemisphere on 
descending passes are due to this waveform distortion. To 
estimate the magnitude of the jump, we fit a function of the 
form 

f= a0 + a l sign (0) + a2 sin (20) - a 3 cos (20) (8) 

where a with subscripts are fitting coefficients and 0 is the 
latitude. The results, also displayed in Figure 5, show that 
the main effect of the waveform distortion, assuming that the 
averaged skewness has a global mean value, is to introduce 
a jump of approximately -+0.02 at the equator. This is not a 
very large jump, but it does introduce uncertainties about the 
true mean value of the sea surface skewness. 

To test whether the estimated skewness behavior is phys- 

ically reasonable, aside from the discontinuity at the equa- 
tor, we examined its behavior against the parameter p 
defined by 

p __ U/(•iH1/3) 1/2 (9) 

where U is the wind speed estimated from the GDR rr 0 using 
the model function of Witter and Chelton [1991] with •0 
corrected for TOPEX-Geosat calibration difference [Calla- 
han, 1992], •7 is the acceleration due to gravity 9.8 m/s 2, and 
H1/3 is the significant wave height. This parameter, propor- 
tional to the square root of the ratio between the wind kinetic 
and wave potential energies, has been shown to be empiri- 
cally related to the wave age for maturing seas [Hasselman 
et al., 1976] and for surprisingly large values of the wave age 
[Glazman and Pilorz, 1990]. Following Hasselman et al. 
[1976] and Kahma [1981], we will assume that the lowest 
wavenumber of a wind-driven sea spectrum can be written 
as 

k0 = (20) 2 •/ -2/3 • X (10) 
where x is the dimensionless fetch. We further assume that 

the following well-known'relationship [Hasselman et al., 
1976; Kahma, 1981] between the dimensionless fetch and 
H1/3 and U holds: 

x • 3.9 x 105p -4 (11) 

This allows us to estimate k0 as a function of the altimeter 
observables alone. Given this parameter, then s, the signif- 
icant slope [Huang and Long, 1980] for the spectrum can be 
expressed as 

s = ko/2 •r(H1/3) (12) 

Srokosz and Longuet-Higgins [ 1986] have derived limits for 
the value of A as a function of significant slope. For a surface 
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RODRIGUEZ AND MARTIN: ASSESSMENT OF TOPEX ALTIMETER PERFORMANCE 24,963 

wave spectrum F(k) • k -p characterized by a spectral 
decay constant p the sea surface skewness was shown to be 
bounded by the relation 

0.44 12rrs -<A-< 1.01 12rrs p . 2p - 3 2p - (13) 
Figure 6 shows the behavior of the data and the theoretical 

bounds for two values of p, p = 4 (the Phillips [1980] 
spectrum) and p = 3.5 (a spectral form proposed by 
Kitaigordskii [1983] and Phillips [1985]). Figure 6 shows that 
aside from an overall constant bias, the estimated skewness 
follows the theoretical trend quite closely. Certainly, the 
variation in the A level with hemisphere and pass direction is 
an artifact of the waveform distortions, but the form of the 
estimated skewness dependence on U/(t7H1/3) 1/2 follows 
the theoretical trend quite closely. This suggests, without 
proving, that the skewness we estimate has components due 
to both true ocean skewness (producing some true mean 
value and the variation with significant slope) and waveform 

Ascending Pass Global Average 

0.20I • • • • ' • ' ' ' ' aO = 0.066 +/- 0.001 
al--0.014 +/- 0.004 

0.15 [- a2 -- 0.027 +/- 0.005 

f a3--0.004 +/- 0.003 
•, 0.10 - - - - 

ca 0.05 

I • • , I • , , I , , , I , I , , , I • • , I 

-60 -40 -20 0 20 40 60 
Latitude 

Descending Pass Global Average 

0.20 1 • • • • • • , , , • , aO-• 0.072 +/- 0.002 
al =-0.014 +/- 0.005 

0.15 [- a2---0.022 +/- 0.006 a3---0.002 +/- 0.003 - 

•, 0.10[ 
ca 0.05 

,, 
I • • • I , • , I , t • I • I 0 • , , t • • , I -60 -40 -20 0 2 40 60 

Latitude 

Figure 5. Mean (solid curve) of skewness estimates for 
(top) ascending and (bottom) descending data passes aver- 
aged over 0.5 ø of latitude and all longitudes plotted versus 
latitude. Pluses represent the variance of the skewness value 
after averaging over 0.5 ø x 0.5 ø latitude-longitude boxes. 
The dashed curves plot the results of fitting a sinusoidal, two 
cycles per orbit function with an offset at the equator. The 
results clearly show a dependence on range-rate sign, which 
makes estimating surface, rather than effective, skewness 
problematical. 

0.20 

0.15 

• 0.10 
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0.00 

0.0 

Ku Band Skewness 
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•x Northern Hemisphere Ascending 
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Figure 6. Ku band skewness estimates separated by north/ 
south and ascending/descending and binned by parameter p. 
Theoretical bounds on expected skewness for a power law 
ocean with p = 4 (long-dashed curve) and p = 3.5 (short- 
dashed curve) are also shown. Note the relative consistency 
of the pre- and postequator parts of each pass. Though the 
absolute values of the skewness are just barely consistent 
with theory, the form of the p dependence is consistent. 

distortions (producing the large-scale variation of the mean 
with pass direction and hemisphere). 

Figure 7 presents the longitude-averaged skewness results 
for the C band altimeter. We notice that the equatorial 
transition is greatly enhanced, giving rise to larger disconti- 
nuities and an overall shift of the mean skewness value 

toward greater skewness. The C band altimeter leading edge 
is placed at a different location relative to zero frequency 
than the Ku band waveform. The location has, in fact, been 
shown to be contaminated by power leakage to a greater 
extent than its Ku band counterpart (C. Purdy, personal 
communication, 1993). We suspect this is the cause for the 
greater contamination of the skewness estimate. This will be 
corroborated below, where we discuss the effects of the 
height rate on the height measurements. 

5. Assessment of TOPEX Height Estimation 
Performance 

The retracked height correction can be thought of as 
consisting of the following five parts (1) a correction to the 
tracker dynamic response, including the acceleration lag; (2) 
a correction to the on-board tracker H1/3 and attitude 
dependent biases; (3) a correction to the bias induced on the 
on-board tracker by the (surface or effective) skewness; (4) a 
correction to the on-board tracker jitter; and (5) estimation 
noise. To compare against the GDR heights, we look at the 
residual between the retracking correction and the two 
corresponding corrections in the GDR, the acceleration and 
the SWH attitude correction. 

Long-Wavelength Behavior 
The residual and skewness results lead us to examine the 

behavior of the residual between the retracked and GDR 

corrections as a function of latitude, segregated by ascending 
or descending pass direction. Figures 8a and 8b show the 
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Figure 7. Mean (solid curve) and standard deviation (plus- 
es) of latitudinal average of C band skewness estimates for 
(top) ascending and (bottom) descending passes. Dashed 
curves show fits as in Figure 5. 

behavior of the difference between the retracking correction 
and the GDR SWH attitude correction, not including the 
GDR acceleration. For long wavelengths the acceleration 
correction is dominated by the ellipsoidal shape of the geoid. 
For a circular orbit the sea surface height correction 8h due 
to the tracker lag as a function of latitude 0 can be shown to 
be 

2 

8h = (R - Rp)O, 2 cos (20) (14) • e 

8h • -0.7 cos (20) (15) 

where R e and R e are the Earth equatorial and polar radii, 
respectively, and II is the angular frequency of the satellite. 
We have fit each residual curve with a function of the form 

given by (8), and the results (presented in Figure 8) show that 
the cosine term is indeed of the right magnitude and sign for 
both ascending and descending passes. A small discontinuity 
(---2 mm) can be seen at the equator, but the main additional 
effect is due to a sin (20) term which switches sign, depend- 
ing on whether the pass is ascending or descending, i.e., 
depending on the sign of the height rate. These results are 
emphasized in Figures 8c and 8d, which present the residual 
correction after using the GDR SWH attitude correction and 

the GDR acceleration correction. The cosine term due to the 

geoid has been removed, but the sin (20) term (a2) remains as 
a residual error whose peak-to-peak magnitude is ---1 cm. 

To investigate the source of this term, we studied the 
behavior of the residual correction as a function of H•/3, 
again segregating the data into ascending and descending 
passes. The result is shown in Figure 9. There is a clear 
separation of the results by both SWH and the sign of the 
height rate. The discontinuities shown are due to the fact 
that the on-board tracker behaves differently for each track- 
ing mode (or gate selection index) chosen [Zieger et al., 
1991]. We speculate that these systematic differences are 
due to changes in the degree of waveform contamination, as 
the leading edge broadens to include more fine-height depen- 
dent distortions. Notice that, by happenstance, the system- 
atic errors are such that if all the data are averaged, only a 
very small H•/3 dependent bias will be observed. 

Theoretically [Srokosz and Longuet-Higgins, 1986], skew- 
ness (ocean or waveform) should bias the on-board tracker 
by an amount whose upper bound is given by AH•/3/24 if no 
provisions have been made to account for, the skewness bias. 
For TOPEX the height corrections were calculated on the 
assumption of a constant waveform skewness of 0.1 (G. 
Hayne, personal communication, 1993). This will have the 
effect of shifting the origin of the skewness bias versus 
AH•/3/24 but leaving the linear trend the same. Figure 10 
presents a plot of the residual height error against AH•/3. The 
linear trend is clear, although the slope is a little smaller than 
the upper bound and is greatly reduced when the SWH is large, 
as can be seen by the sudden transition which corresponds to 
a transition in gate index to higher SWH. These features were 
discussed at great length by Rodrfguez [1988], and the reader 
should refer to that paper for further details. 

This dependence of height error on H•/3 and A, combined 
with their latitude distribution, produces the latitude depen- 
dence of the correction difference. Since the values of H•/3 
and X tend to increase with latitude, we see that the 
correction difference will, for an ascending (descending) 
pass, run from a relatively large negative value, through 
zero, to a positive value as the pass progresses from south to 
north (north to south). Owing to the zero crossing, this type 
of signal has a significant sin (20) component which changes 
sign with pass direction, just as observed. 

Figure 11 presents the average latitude behavior of the C 
band height residual errors. The discontinuity at the equator 
is the clear dominating feature. Its greater magnitude was 
expected from the degree of contamination exhibited by the 
C band skewness. The C band residual height error has a 
peak-to-peak signature of---2 cm. Since this height is only 
used to estimate the ionospheric correction, these errors will 
be diminished by a factor of 6.4, the ratio of the Ku and C 
band frequencies squared, and will not be apparent as a jump 
at the equator. 

Short- and Medium-Wavelength Behavior 

To study the intermediate wavelength (10 km-6000 km) 
signature of the residual errors, to characterize the improve- 
ments offered by retracking, and to offer an independent 
verification of its efficacy, we studied the spectral character- 
istics of the residual error and the sea surface height and sea 
surface height variability spectra. Figure 12 presents the 
spectra of the retracking height correction and the GDR 
acceleration and SWH attitude corrections, as well as the 
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Figure 8. Means (solid curves) and standard deviations (pluses) of difference of retracked height 
correction and GDR significant wave height (SWH) attitude height correction for (a) ascending and (b) 
descending passes. Dashed curve is fit of differences to equation of the form of (8) with parameter values 
shown. Data are dominated by a large-scale geoid contribution to the acceleration error. Acceleration 
corrections for (c) ascending and (d) descending passes are included; this reduces error to 1 cm peak to 
peak. 
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Residual Height Error vs SWH 
I I 
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-4 , . , i , , , , , , , 
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Figure 9. Same data as Figure 8c and 8d, again separated 
by latitude and path direction and binned by SWH. Note 
differences, as before, between pre- and postequator parts of 
the pass and differing dependence on SWH. 

Residual Height Error vs SWH x Skewness 
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Figure 10. Comparison of height residuals with theoretical 
skewness bias of AH1/3. The change in the slope of the 
curves is due to a change in the tracking gate size, as 
discussed by Rodriguez [1988]. 
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Figure 11. C band height correction residuals and standard 
deviations including acceleration correction for (top) ascend- 
ing and (bottom) descending passes. Errors show peak-to- 
peak variation of 2 cm and jump of 1 cm at the equator. 
Anomalous value at 22 ø is due to a single point and may be 
ignored. Symbols are same as in Figure 7. 

spectrum of the residual correction. The retracking correc- 
tion has more power at higher frequencies for two reasons. 
(1) It contains estimation noise, and (2) it must correct for 
the tracker jitter noise. We have observed that the retracking 
correction is anticorrelated with the GDR sea surface height 
measurement for scales smaller than 60 km, after which the 
ocean signal is much larger than the tracker jitter. This 
anticorrelation is what we would expect if the retracking 
correction is, in fact, a correction, rather than just additional 
noise. The residual correction is greatest at the longest 
frequencies, and this difference is probably due to both the 
SWH and skewness trends discussed above. 

If the retracking correction reduces noise and improves on 
the low-frequency acceleration correction, then one should 
observe a drop in the spectrum of sea surface height, where 
we expect little or no oceanographic signature. To confirm 
this, we calculate the spectrum of height obtained by sub- 
tracting the Rapp mean sea surface [Callahan, 1992] from 
the altimeter measurements using track segments for which 
1024 s of contiguous data were present in the GDR. The 
results are shown in Figure 13, where the ratios of the "raw" 
(no acceleration or SWH attitude corrections) height spec- 

trum to various corrected height spectra are displayed. As 
we mentioned above, the SWH attitude and the smoothed 
acceleration correction we applied improves on the raw 
height for scales greater than 30 km. The improvements 
made by the raw retracking correction and a version of the 
retracking correction, which has been smoothed with the 
same Hanning window as the acceleration correction, are 
greater. The reduction in variance made by the retracking 
correction over the GDR heights is presented in Figure 15a, 
where we plot the quantity 

1/2 Ar = f FGDR(k ) --FRetrack(k ) dk (16) 
where F(k) represents the sea surface spectrum. This figure 
shows that the raw retracked height decreases the variance 
by ---(1.2 cm) 2, while the smoothed retracked correction 
reduces the variance by ---(0.8 cm) 2. Most of the gains are 
made at the higher frequencies, although there is a further 
improvement at lower frequencies, as should be expected 
from the long-wavelength results. 

As a further verification of the retracking improvements, 
we calculated the sea surface height variability spectrum by 
taking the difference of the sea surface heights with a mean 
sea surface calculated by averaging the data over all the 
cycles used and using the technique for mean estimation in 

1000.0 

0.1 

Spectra of Height Corrections 

drSWHATr Correction 

Acceleration Correction 

Retracking Correction 

100 

1 

10 

Figure 12. 

lOO 1000 

1/Frequency (km) 

Spectrum of Residual Height Correction 
I 

b 

, , , , , ,,I , I 

I/Frequency •km) 

(a) Spectra of GDR SWH attitude, acceleration, 
and retracked height corrections versus inverse spatial fre- 
quency. (b) Spectrum of difference of total GDR correction 
and retracked correction. 
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RODRIGUEZ AND MARTIN: ASSESSMENT OF TOPEX ALTIMETER PERFORMANCE 24,967 

the presence of data gaps introduced by Chelton et al. 
[1990]. The results are shown in Figure 14. The raw re- 
tracked height shows an improvement at high and low 
frequencies but a slight deterioration for scales around 60 
km. This can be understood as follows: for variability studies 
the acceleration correction cancels out since the error is 

mainly dependent on latitude and independent of sea state. 
The remaining retracking correction contributions attack the 
following sources of error: (1) the tracker jitter, which is 
reduced significantly at the smallest scales by the retracking, 
and (2) SWH attitude error, which is very small at scales 
around 60 km. The retracking also introduces additional 
estimation noise, which is an important error source at 
60-km scales. These considerations motivate us to apply the 
smoothed retracking correction for variability studies since 
the filtering will supress the estimation noise, which should 
yield lower variability. Figure 14 shows that is, in fact, the 
case, and the extent to which the variability variance is 
reduced is shown in Figure 15b, which is the variability 
counterpart of Figure 15a. Notice that for the purpose of 
variability studies the GDR SWH attitude and acceleration 
corrections make no reduction in the repeat pass variance. 
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Figure 13. (a) Spectral density of the sea surface height 
calculated from retracked data. (b) Ratio of spectrum of 
GDR height with no corrections to the height spectra for 
heights corrected by the full (raw) retracked height correc- 
tion (diamonds), spectra of heights corrected by a Hanning- 
smoothed retracked height correction (triangles), and GDR 
heights using a smoothed acceleration correction (pluses). 
Note the greatest reduction in variance is produced by the 
full retracked result. 
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Figure 14. (a) Spectra of difference between retracked 
(solid curve) or GDR (dashed curve) sea surface height 
estimates and the mean height values at that position (vari- 
ability spectrum). (b) Ratios of raw (uncorrected) altimeter 
height spectrum to raw retracked (diamonds), smoothed 
retracked (triangles), and GDR (pluses) height variability 
spectra. The greatest reduction in variability variance is 
achieved with the smoothed retracked data. 

6. Conclusions 

We have examined the accuracy of the TOPEX GDR 
height data using retracking of the altimeter raw waveform 
data, which allows for a more optimal extraction of the sea 
surface information. In agreement with hardware tests we 
found that the on-board waveform had been contaminated 

with leakage whose characteristics depended on the sign of 
the height rate. For the main altimeter channel, Ku band, the 
retracking differed from the GDR heights by a long- 
wavelength signal whose peak-to-peak signature is of the 
order of 1 cm. For shorter wavelengths we showed the 
variance reduction capabilities of the retracked data at the 
1-cm level. We also pointed out potential problems at high 
frequencies due to the way the acceleration correction is 
applied in the GDR and suggested an alternative approach. 
Finally, we showed that the estimated sea surface skewness, 
while contaminated by the waveform artifacts, showed qual- 
itative agreement with theoretical predictions. We are pres- 
ently investigating ways of removing the fine-height depen- 
dent corrections from the waveform data in order to provide 
high-quality sea surface height. 
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Figure 15. (a) Integral of height variance reduction spec- 
trum for raw retracked data (dashed curve) and smoothed 
retracked data (solid curve). (b) Same as Figure 15a, but 
variability spectra instead of absolute height spectra. Note 
the consistency with results of Figures 13 and 14. 

Appendix 
The a-/• tracker implemented in TOPEX is quite complex 

when described on timescales of the tracker update time (, = 
0.05 s). However, for longer times the tracker can be 
adequately modeled by the coupled pair of difference equa- 
tions for the range r,• and range rate v n 

rn+ 1 = r n + Vn, + c•[p(t) -- rn] (17) 

Un+ 1 = 7• n d- 13/,[p(t) - rn] (18) 

where p(t) is the input range, a = 1/4, and/3 = 1/64. For p(t) 
consisting of frequencies much smaller than 1/, we can 
replace these equations by the coupled set of differential 
equations 

dr/dt = a/,[p(t) - r] + v (19) 

dv/dt =/5/, 2[p(t)- r] (20) 

This is equivalent to the following second-order differential 
equation for the tracker range 

d2r ot dr 13 a dp 
dt 2 + -- • + r = -- • + (21) ßdt •-• ßdt •-• p 

The homogeneous solution to this equation is a decaying 
exponential with a time constant of 0.4 s, which is shorter 
than the typical periods we will be concerned with, and we 
will neglect this term henceforth. 

We solve this equation by taking the Fourier transform of 
both sides and solving for c(w), the Fourier coefficient of the 
tracker range, in terms of b(w), the Fourier coefficient of the 
input range, to get 

c(w) = 2 b(w)-- T(w)b(w) (22) 
1- 

In the derivation above we have used the Fourier trans- 

form convention 

r(t) = • dw c(w)e iøøt (23) 
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