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A model is analysed that describes the initial formation of nearshore oblique bars as
a result of inherent instabilities in the coupling between the wave-driven nearshore
circulation and the erodible bottom. The aim is to gain fundamental knowledge
about the sensitivity of bar generation to the formulation for sand transport.
Three well-known transport formulas (Bailard bedload, Bailard suspended load
and Engelund-Hansen total load) have been used in the limit of weak currents
compared to wave orbital velocities. The differences in the cross-shore distribu-
tion of their wave stirring functions results in different characteristics of the fastest
growing modes. Results are also sensitive to the angle between the net sediment
transport and the net current: anisotropic transport causes bar shapes to change
and growth rates to increase substantially.

1. Introduction

Patches of nearshore oblique sand bars are sometimes observed in the
nearshore zone of coastal seas. These bars have elongated crests oriented at
a certain angle with respect to the coastline. They mainly emerge during
periods of obliquely incident waves, which drive longshore currents. Spac-
ings between successive crests range from tens to hundreds of meters and
typical migration celerities can be of the order of meters per day in the
direction of the current (see Ref. 4 for field observations). As the pres-
ence or absence of these bars affect coastal stability it is important to gain
fundamental knowledge about their dynamics.

The emergence of nearshore rhythmic bars has often been related to
the sediment transport induced by standing low-frequency edge waves ©.
An alternative explanation for their generation is based on the concept of
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morphodynamical self-organization. Coupling between topographic pertur-
bations superimposed on an alongshore uniform beach profile and the re-
sulting hydrodynamic perturbations can lead to convergence of sand trans-
port over the bars, hence producing a positive feedback. Linear stability
analysis (LSA) is a convenient tool to investigate this possible feedback,
vielding information about the shape, growth rate and migration celerity
of the initially emerging modes. It also allows for a systematic exploration
of the sensitivity of bar dynamics to the formulation of different physical
processes.

In recent studies, LSA has been employed to investigate the generation
of nearshore oblique bars on planar reference beach profiles (Refs. 1 and
6). They demonstrate that self-organization can exist and that the com-
puted topographic patterns resemble those of observed oblique bars. The
existence of persistent obliquely incident waves is crucial for the formation
of these bars. A systematic exploration of the sensitivity of bar character-
istics to different physical conditions was examined in Ref. 6. The highly
idealized model used there contains a sand transport proportional to a spe-
cific power of the depth- and wave-averaged current. It was found that the
shape and dynamics of the emerging bars strongly depend on the specific
formulation of the sediment transport.

Motivated by these results, the present contribution aims at further
exploring the sensitivity of bar characteristics to more realistic sediment
transport formulations, in case of wave-dominated conditions and planar
reference profiles. Therefore, the dynamical equations presented in Ref. 6
have been used. They are briefly presented in section 2. Section 3 de-
scribes the method used to perform the linear stability analysis. The re-
sults, presented in section 4, show the dependence of bar characteristics on
differences in the cross-shore distributions of the wave stirring and in the
angle between the net sediment transport and the net current (anisotropic
transport). Section 5 gives a physical interpretation of the results and the
conclusions are listed in section 6.

2. Model formulation

The model used in this study describes feedbacks between mean currents,
waves and an erodible bed in a nearshore zone bounded by a straight coast.
The alongshore averaged beach profile is assumed to be planar (no shore-
parallel bars). The y-axis is chosen to coincide with the coastline, z-axis
and z-axis point in the seaward and upward directions, respectively. Fluid
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motions are based on the wave and depth-averaged momentum and mass
conservation equations,
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Here, ¥ = (v1,v2) is the wave- and depth-averaged horizontal velocity,
%1 = &, o = y and repeated indexes are assumed to be summed. Further-
more, g is the acceleration due to gravity, p is the water density, 2, is the
mean free surface elevation and D = z; — 2; is the total depth, where the
sea bottom level is defined by z = 2. The bed shear stresses in the z- and
y-direction are described by 71 and 732, respectively. The wave radiation
stresses are denoted by &’;; and 8”;; are the Reynolds turbulent stresses.

To close the hydrodynamical model, explicit formulations of the stresses
8'i;, Ti and S”;; are needed. This study focuses on the fundamental phys-
ical mechanisms that can lead to bar formation (‘bottom-up approach’)
and this motivates the following simplifications regarding the description
of waves: (a) shallow water kinematics, (b) small angle of wave incidence
with respect to shore-normal, (¢) regular monochromatic waves, (d) satu-
rated waves inside the surf zone, H = ~, D (where v, ~ 0.8 is a constant),
and (e) no wave forcing out of the surf zone, H = const. Details of these
agsumptions can be found in Refs. 5 and 6. Furthermore, only refraction
of waves due to the depth-varying alongshore-uniform beach profile is con-
sidered (using Snell’s law). Finally, the net currents are assumed to be
weak with respect to the wave orbital velocity amplitudes (weak current
limit) and the effects of currents on wave propagation are neglected. Con-
sequently, the wave radiation stresses read

S = EE’ S = -;—E , S'i=-F Hg sinéy .
b

Here, E = % pgH? is the energy density of waves, whilst Hj, and 8, are the
wave height and the angle of wave incidence at the breaker line. Bed shear
stresses are parameterized as being proportional to the mean flow. They
are the first order approximations of the stresses described by the standard
quadratic friction law, in the case of weak current limit,
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They include a drag coefficient, ¢4 (assumed to be constant) and the am-
plitude of the wave orbital velocity near the bed, u,, (which follows from
linear wave theory). The turbulent Reynolds stresses, §”;;, are computed
with the depth-averaged eddy viscosity approach. The lateral turbulent
mixing coefficient is parameterized as v; = Nz+/gD inside the surf zone,
where N is the turbulence parameter, and has an exponential decay beyond
the breaker line.

Finally, mass conservation of sediment yields the bottom evolution equa-
tion,

8z,  Og;
ot bz,

(1-p) =0, ®3)
where p ~ (.5 is the porosity and ¢; and ¢» are the two components of the
depth- and wave-averaged volumetric sediment transport (m3m=1s71). A
general formulation for ¢; in the weak current limit is

7]
g =Q (a-Az'jUj - ’Ya—?j + q;“) - (4)

Here, Q is a constant, a(u,) is the wave stirring function, A;;(#) are the
components of a second-rank tensor, v(u,,) is the bed-slope coefficient (also
depending on the stirring by waves). Finally, g} describes the net sediment
transport caused by wave asymmetry and depth-dependent processes that
are not explicitly accounted for in the present model; its formulation is
discussed later on. The first term on the r.h.s. of Eq. (4) describes the joint
effect of waves (stirring sediment from the bed) and currents (causing the
transport). The components A;;(f) account for the fact that net sediment
can be transported in a direction different than that of the net current (they
are called anisotropy tensor components from now on). For instance, Ref. 7
suggests that the direction of measured net transport in the nearshore can
deviate up to 15° from the direction of the net current due to wave effects.
The second term in Eq. (4) models the preferred downslope transport of
the sand.

Indeed, three well-known transport formulations can be reduced to this
form in the weak current limit: Bailard bedload (BB-formula from now
on), Bailard suspended load (BS-formula) and Engelund-Hansen total load
(EH-formula) 7. The two Bailard formulas were originally developed for
coexistence of waves and currents. On the contrary, the EH-formula was
designed for current-dominated conditions and no downslope contribution
was supplied. In the present study, however, the total instantaneous current
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Table 1. Expressions for @, a and v in the four different sediment transport for-
mulations used (Eq. 4). The fraction v/a is also given. The parameters and their
default values are the drag coefficient, ¢4 = 0.007, the reduced gravitational accel-
eration, ¢’ = g(ps — p)/p = 14.7 ms™2, the grain size of the sand, d = 0.2 mm, the
settling velocity, ws = 0.02 ms™!, and the angle of repose of the grains, ¢ = 45°.

Q a ¥ z
Engelund-Hansen formula 0'?; cz/2 2 ud, % ud) i‘szf_r Uy
Bailard suspended formula 9—;317‘:4 3i7r ud, 1;11-“13‘ ud, 5;)2-;105 w2,
Bailard bedload formula Sied  Lul AUl i

in all the original formulas has been replaced by the depth- and wave-
averaged current plus the wave oscillatory contribution and a Bailard-like
version for the downslope transport has been added to the EH-formula.
After averaging over the wave period, the expressions for ¢}, o and y shown
in Table 1 are obtained. The anisotropy tensor components, A;;(f), are
also different for each formulation, with different dependencies on the angle
of wave incidence. However, in case of angles up to 20°, the expressions

can be approximated as
144 0
a=(*79), ©

with the values § = 4, 3,2 corresponding to the three formulas given in
Table 1, respectively.

3. Linear stability analysis

Equations (1), (2) and (3), together with the parameterizations used, define
a dynamical system of four equations for the unknowns @, 25 and 2. The
linear stability approach to the formation of bars by self-organization starts
by defining an equilibrium (i.e. steady) and alongshore uniform reference
state (without oblique bars). In this study, we assume that the reference
profile is planar, 27 (x) = —pz, with § being the slope. The obliquely inci-
dent waves generate a longshore current, 7 = (0,V°(z)), and an elevation
of the mean free surface, z; = 22(x). This state represents a morphody-
namic equilibrium in case the net cross-shore sediment flux vanishes. This
requires the flux ¢f in Eq. (4) to be
[
@ =gt
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where u9, is the orbital velocity in this equilibrium state. As the parame-
terizations used are the same as in Ref. 5, the resulting equilibrium state
is the analytical solution described in that paper.

Once the reference or basic state has been computed, stability analysis
can be applied in a standard way. A small perturbation assumed to be
periodic in time and in the alongshore coordinate is added to this basic
state,

(UI y VU2, Zg, zb) = (Oa Voa Z:, zl?) + éRe{ei(mj-“ﬂ) (U(.’L'), ’U(IIJ), 77(50), h({L'))} s

where & is the alongshore wave number. By inserting these expressions
in the governing equations and linearizing with respect to the pertur-
bations, we arrive at an eigenproblem. For each &, different eigenval-
ues w exist, where w = w, + ¢w;, and the complex eigenfunctions are
(u(z),v(z),n(z), h(z)). The growth rate of the emerging bedforms is given
by w;, so that w; > 0 means growth and hence an unstable basic state. The
migration celerity is ¢y, = —wp/k. The alongshore wavelength of the bars
is 2m/x and their shape is given by Re{e**¥ h(z)}. In a similar way, the
associated flow and the mean free surface elevation are obtained from u(x),
v(z) and n(z). In case of an unstable basic state, some perturbations with a
positive growth rate are found. The growth rate curves show these positive
w; for different values of the wave number, k. The pattern associated to
the wave number with the maximum growth rate will initially amplify the
fastest and it will determine the initial appearance of the beach.

Out of equilibrium, the dynamics of the cross-shore profiles (2D) is
typically slower than the dynamics of the bars we pretend to describe.
Therefore, we assume that the perturbations in the wave-driven cross-shore
transport gf are negligible in comparison with the perturbations in the
transport driven by the depth-averaged circulation. The functions & and ¥
are not perturbed, either.

4. Results

The present contribution aims at investigating the effect of using the dif-
ferent transport formulas, thereby the model has been only run for the
default parameter setting shown in Table 2. The values of the parameters
related to the transport formulas have been given in the caption of Table 1.
Values for the offshore wave height, Hy, and the surf zone width, X3, are
also shown in Table 2, together with a reference value for the wave orbital
velocity, Uy, computed at the breaker line. The angle of wave incidence at
the breaker line is the only hydrodynamic parameter that has been varied
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Table 2. Default parameter setting used in the study, see the text for details.

Symbol B Yo cq N [/ 8 H, X Uy

Value 001 0.8 0.007 0.01 10° 0 08m 100m 1.25ms™?!

in this study, from 3° to 20°. A more detailed description of the results can
be found in Ref. 8.

4.1. Wave stirring

In the following series of experiments, different cross-shore distributions of
the wave stirring function « and the bedslope coefficient + are used (see
Table 1). The anisotropy parameter & is assumed to be equal to 0, so the
transport is isotropic.

Using the EH-formula for the default parameter setting, the results pre-
sented in Fig. 1 are obtained. In the figures displayed throughout this
paper, the growth rates and migration celerities of the two fastest growing
modes are shown for different wave numbers (solid line is the dominant
mode, dashed line is the secondary mode). The shape of the topographic
perturbation corresponding to these two fastest growing modes is also plot-
ted. In order to visualize the final shape of the beach bottom, the reference
sloping profile 2 should be added. In the plots of the topographies, waves
approach the coast from the bottom left corner so the induced reference
longshore current is directed from left to right (big arrow in the top right
corner). Small arrows indicate the main trend in the deviations of the long-
shore current due to the hydrodynamic circulation induced by the growing
bars. The dot-dashed horizontal lines denote the position of the breaker
line. In Fig. 1, the growth rate curve of the first mode has a maximum
for an alongshore wavelength of A = 157 m. The corresponding bottom
perturbation grows with a characteristic e-folding time of T, = 14 days
and migrates down-flow at 5.6 m per day. The bottom shape consists of
alternating shoals and troughs at both sides of the breaker line, with the
inner bars having a down-current orientation, i.e. the seaward end of the
bars is shifted down-current with respect to their shoreward end. The an-
gle of orientation is about 60° with respect to the shore normal. This type
of topography is called ‘crescentic/down-current bars’ from now on. The
secondary mode shows no maximum in its growth rate curve, but a rep-
resentative value for saturation is reached for an alongshore wavelength of
A = 63 m. It grows in Ty = 16 days and migrates down-flow at 0.2 m
per day. The bars generated now are only located in the inner surf zone
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Figure 1. Growth rates, migration celerities and emerging patterns of the two most
dominant modes obtained with the EH-formula and the default parameter setting.
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Figure 2. Growth rates, migration celerities and emerging patterns of the two most
dominant modes obtained with the BS-formula and the default parameter setting.

and show a down-current orientation, again with an angle of 60° with re-
spect to the shore normal. This type of topography is called ‘small-scale
down-current bars’.

Using the BS-formula for the default parameter setting gives the result
shown in Fig. 2. Now, the ‘small-scale down-current bars’ are the most
preferred mode. The growth rate curve has no maximum again and the
result is shown for a representative wavelength of A = 63 m. Compared
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to the previous case the bars now grow with a slower e-folding time of
T, = 85 days and migrate down-flow at 0.3 m per day. No secondary modes
are obtained, hence the ‘crescentic/down-current bars’ obtained before are
sensitive to the changes in the cross-shore distribution of the wave stirring.
Using the BB-formula no instabilities are found: the growth rates are always
negative for all the range of parameter values. In the results for the two first
transport formulas, instabilities are only found for 8, < 15°. The number
of growing modes and their growth rate increase when the angle of wave
incidence diminishes. The topographic shapes for very small angles can
change but the orientation with respect to the current is the same. The
main trend of the velocity perturbations induced by the emerging bars in
all the solutions is an onshore deflection of the longshore current over the
crests and an offshore deflection over the troughs (inside the surf zone).
The contrary applies outside the surf zone: offshore deflection over crests,
onshore deflection over troughs (see the topographic plots).

4.2. Anisotropic sediment transport

Model runs have been performed using the anisotropic versions of the EH-
formula and the BS-formula; i.e. by introducing the appropriate values for
4 in Eq. (5) (6 = 4 for EH-formula and § = 3 for BS-formula). The results
obtained are different from the ones described in the section above: the
number of growing modes, their growth rates and their migration celerities
strongly increase and the topographic patterns change significantly. In
order to examine the role of anisotropic transport, a smaller value of § = 0.5
has been also employed. This allows for a better quantitative comparison
with the isotropic case (§ = 0), so that an interpretation of these new
solutions can be found.

As an example, Fig. 3 displays the results using the BS-formula with
the default parameter setting and § = 0.5. The dominant mode consists of
‘down-current bars’ (crossing the breaker line) with a wavelength of 79 m,
an e-folding growth time of 2.6 days and a down-flow migration celerity of
10 m per day. The second mode has a spatial pattern that also resembles
‘down-current bars’, but with a more discontinuous shape. The wavelength
is 126 m, the growth time 4.2 days and it migrates down-flow at 15 m per
day. Comparing these results with those obtained using the isotropic BS-
formula (see Fig. 2) shows that the overall orientation of the bars remains
the same, but the appearance is quite different. Additionally, the growth
rates and migration celerities increase significantly. The main trend of the
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velocity perturbations in all the solutions obtained in case of anisotropic
transport is characterized by the circulation cells plotted over the bars in
Fig. 3. These cells always lead to a strong deceleration of the cross-shore
component of the velocity in the offshore direction (both inside and outside
the surf zone).

5. Discussion and physical mechanism

Firstly, the results obtained for isotropic transport are compared to the
solutions presented in Ref. 6. The transport formulation used in that paper
(called RF-formula from now on) can also be reduced to Eq. (4), with the
following expressions for the functions @, a and v,

0.04c%/? 3, (H\® 3 H\?
Q=QT;’ GZEU:'(E) ’ 7=§WORU$(E) .
Here, Vion is the maximum value for the equilibrium longshore current
(Vion = 0.4 ms~ for the default parameter setting) and the exponent p can
have the different values: 2, 1.5, 1 and 0. As can be seen, the RF-a with
p = 2 corresponds to the EH-a inside the surf zone (where H = 3 D), as in
this region EH-« increases with u, ~ H? (see Table 1). However, they differ
outside the surf zone (where H = const.), as EH-a decreases with ul ~
D2 while RF-a remains constant. The two bed-slope coefficients are also
slightly different, both their cross-shore distribution and their maximum
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value. In particular, the maximum value of the fraction v/« is 2 times larger
in the EH-formula. This fraction determines the importance of the damping
mechanism because the downslope transport always causes erosion of the
bars. A similar correspondence can be found between the RF-formulation
with p = 1.5 (p = 1) and the BS-formula (BB-formula). Using a value p = 0
in the RF-a describes a situation of constant wave stirring along the surf
zone, which is not reproduced by the formulas used in the present work.

The topographic patterns for the two fastest growing modes obtained
with the EH-formula (Fig. 1) are similar to the ones obtained with the
RF-formula with p = 2 (described in Ref. 6). More differences are found in
the growth rates and migration celerities. In particular, the growth rates of
the ‘crescentic/down-current bars’ and the ‘small-scale down-current bars’
obtained with the EH-formula are 6 and 2 times smaller than using the
RF-formula, respectively. The fact that the maximum of the fraction v/«
is 2 times larger in the EH-formula explains why the growth rates are about
two times smaller. The growth rates of the ‘crescentic/down-current bars’
have an additional decrease by a factor of 3, due to the realistic decrease
of o outside the surf zone in the EH-formula. Hence, the specific cross-
shore distribution used for the « function, specially outside the surf zone,
strongly affects the dynamics of this pattern.

The results obtained with the BS-formula using isotropic transport are
also comparable to the ones with the RF-formula using p = 1.5. This p
value was not used in Ref. 6, but additional runs with the RF-formula have
been done. In both cases, the growth rates decrease more than one order
of magnitude with respect to the results for the two previous cases (EH-
formula and RF-formula using p = 2). In general, following the physical
mechanism described in Ref. 6 for these solutions, the smaller the exponent
of p in a, the weaker the instability. Moreover, the Q in the BS-formula is
10 times smaller than the @ in the EH-formula. These two facts explain
why the growth rates are so small. Again, the change in o has a stronger
effect in the ‘crescentic/down-current bars’ (this mode even disappears for
the BS-formula, see Fig. 2) than in the ‘small-scale down-current bars’.
Using either the BB-formula or the RF-formula with p = 1, no instabilities
are found.

Another interesting result of the present work is the strong effect of
anisotropic sand transport on the characteristics of the bars. The growth
rates increase by a factor of 30 with respect to the isotropic case and the
patterns change (compare Fig. 3 with Fig. 2). This indicates that including
the anisotropy generates a new physical mechanism that leads to the domi-
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nance of different patterns. A convenient way to study this mechanism is to
derive an equation from combining conservation of water mass (Eq. 2) and
conservation of sediment mass (Eq. 3), and linearizing it with respect to
small perturbations superimposed on the equilibrium solution. The result
is called Bed Evolution Equation (BEE from now on) and reads

[
%ﬁ%g—z = —a ((1+5)u(% (n2) +5%) . (©)
Here, V?° is the equilibrium longshore current, D° = 22 — 27 is the reference
water depth, and h and u are the perturbations in the bottom level and in
the cross-shore velocity, respectively.

The first term on the Lh.s. of the BEE represents the growth or decay
of bedforms. The second term describes the alongshore migration of bed-
forms with a local celerity V' °/D°. The downslope transport has not been
included in Eq. (6) for the sake of simplicity, as it only causes damping of
bed perturbations. Only positive terms on the r.h.s. can initiate growth
of the bedforms (i.e., 8h/8t > 0 in areas where A > 0). The first term in
the r.h.s. of the BEE describes the growing mechanism that explains the
solutions in the isotropic transport case (§ = 0) and the effect of changing
« (see 6 for more details).

When anisotropy is included in the model (§ > 0), a second term appears
on the r.h.s. of Eq. (6), related to the cross-shore acceleration of the current
(Ou/8z). This term is dominant because the scale of the changes in u
(given by the cross-shore span of the bars) is quite smaller than the scale
of changes in a/D° (the surf zone width). In order to have growth, a
cross-shore deceleration must occur over the bars (du/dz < 0), which can
be observed in all the solutions for the anisotropic transport (see Fig. 3).
In order to understand the correlation between du/dz and h, the crucial
hydrodynamic mechanism is the generation of vorticity by bars and pools
(see Ref. 2). Notice that other mechanisms may also be important, for
example the bed-flow and bed-surf interactions described in Ref. 6.

6. Conclusions

Two main conclusions arise regarding the sensitivity to the transport for-
mulas. Firstly, the growth rates of the emerging bars depend on the cross-
shore distribution of the wave stirring functions, which is different in the
three formulations tested. Secondly, the introduction of a small anisotropy
affects strongly the characteristics of the bars, both their growth rates and
their topographic shapes.
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Using the EH-formula two patterns are found: ‘crescentic/down-current
bars’, with wavelengths of 1 — 2 times the surf zone width and growth
times of the order of days and ‘small-scale down-current bars’, with wave-
lengths of 0.5 times the surf zone width and similar growth times. Using
the BS-formula (without anisotropy) only the ‘small-scale down-current
bars’ emerge and their growth times are of the order of a few months.
Hence, the cross-shore distribution of the stirring function strongly affects
the results, specially for the patterns with bars at both sides of the breaker
line. Using the BB-formula, no instabilities are found. A new kind of bot-
tom mode is found when the directions of the net sediment transport and
net currents are different (anisotropic transport). The patterns are mostly
‘down-current bars’ of different wavelengths, which grow in a few days. The
physical mechanism that causes the emergence of these new bars is related
to frictional torques that induce strong vorticity patterns over the bars.
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