MODULATION OF SHORT WAVES BY LONG WAVES
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Abstract. The amplitude, wavelength, and frequency of short waves in the presence of waves of a longer
scale vary in a manner that is related in phase to the long-wave profile. The purpose of this study is to
observe and quantify the change in the variance of short-wave slope that occurs as a result of the change
in short-wave position along a coincident long wave, during the active generation of the short-wave field
by wind. To this end, measurements of wave-slope time series are made in a laboratory environment
where the long-scale waves are generated mechanically and the short scale are generated primarily by
air flow. The frequency variation of the short waves, as measured along the long-wave profile, is
described by considering the waves to be linearly advected by the longer waves. The peak-to-peak
variation along the long-wave profile of the short-wave slope variance for a given frequency band is
commonly found to be 100% of its mean value. The magnitude of the excursions become smaller as
short-wave frequency increases, and larger as wind speed increases. The maximum value of the
short-wave slope variance generally leads the long-wave profile curve by 45° to 180°.

1. Introduction

An understanding of how short waves evolve and interact with other waves is
essential to the advancement of two principal areas of oceanographic research.
Firstly, the field of remote sensing of oceanic parameters is presently undergoing a
period of intense development. In many instances short waves are sensed remotely.
Of special interest here is the remote sensing of atmospheric and oceanic
parameters by airborne and spaceborne radar. Transmitted microwaves interact
with water waves of short wavelength through the mechanism of Bragg scattering
(Crombie, 1955). If the response of the short waves to the wind and wave condi-
tions were known, the wind and sea state could be inferred from the radar return.

Secondly, short-wave activity can play a major role in the development of an
ocean-wave spectrum. Short-wave modulation by long waves is now considered a
possible mechanism for transmission of energy to longer waves through a variable-
stress mechanism. Longuet-Higgins (1969) demonstrated that a fluctuating
tangential stress at the free surface is dynamically equivalent to a normal stress
fluctuation lagging the tangential stress by 90°. This results from a change in
boundary-layer thickness brought about by the fluctuation in the tangential stress.
Wu (1968) found experimentally that, at low wind speeds at least, surface rough-
ness is related to short-wave size and distribution. Many investigators over a long
period of time (Keller and Wright, 1975; Cox, 1958; Russell, 1844) have observed
that short waves do vary along a long-wave profile. If the short waves were to vary
cyclically along a sinusoidal long-wave profile in such a manner that the wind shear
reached a maximum near the long-wave crest, a normal stress maximum would
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appear on the rear face of the long-wave crest. The correlation product of this
pressure with the local vertical surface velocity would lead to an additional net
inflow of energy to the long-wave motion.

The thrust of the present study is toward the investigation of cyclic short-wave
energy changes, related in phase to the long wave, which occur during active
generation of the short-wave field by wind. To accomplish this objective, experi-
mental measurements of time series of the short-wave slope were made in a
laboratory, where the basic long-wave parameters could be controlled as desired
and the wind speeds could be accurately reproduced.

2. Wave Tank and Instrumentation

Wave-slope measurements were undertaken in the University of Florida wave tank
(see Figure 1) to observe the relationship between periodic modification of the
short-wave system and long-wave phase. The measurement of slope is ad-
vantageous, as it emphasizes the high-frequency portion of the spectrum.

Waves of two scales were created in the wave tank. Waves of 2.0-s period and
10-cm height were generated by a hydraulically powered, mechanical system.
Smaller scale waves were generated by an air flow. Wave slopes were measured
using a laser-optical system, which senses the results of optical refraction at the
air-water interface at a fetch of 7.3 m. Figure 2a illustrates the measurement
configuration. The measured angle of laser-beam deflection away from the vertical,
¢, is related to the local surface slope, 6;, by

sin ¢ (1) J ,

n—cos ¢(t) (1)

6:(¢)=tan™" [
where n is the relative index of refraction. Figure 2b schematically depicts the
receiver portion of the measurement system. It consists of an aluminum housing
containing four essential components: the objective lens, diffusing screen, imaging
lens, and photodiode detector. The refracted laser beam passes through the ob-
jective lens and is incident on the diffusing screen placed in the rear focal plane.
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Fig. 1. Plan and side view of wind-wave facility.
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Fig. 2. (a) Schematic diagram of laser beam refraction geometry at air-water interface. (b) Schematic
view of the receiver of the optical wave slope measurement system.

The deflection distance of the light beam from the instrument axis is directly
proportional to the deflection angle, ¢, of the light beam. The light scatters from
the screen to the imaging lens and is focused on the small 3.56-cm square area of
the detector photodiode, to yield electrical signals that are proportional to the
deflection distance of the light beam from the axis of the instrument.

3. Data Acquisition and Reduction

The signals for long-wave height, upwind-downwind slope component, and sum
and difference output of the slope detector were recorded on a Hewlett Packard
FM tape recorder model 3960A. The data were then sampled at 400 Hz without
prefiltering, and recorded on digital magnetic tape. The digitized data were used to
obtain mean short-wave spectra and the modulation of short-wave spectra over the
profile of a long mechanically-generated wave. A central aim of the analysis was to
produce stable estimates of short-wave slope spectra at selected regions along the
long-wave profile. This was done by averaging ensembles of spectra, each of which
was calculated from a length of record corre§ponding to a specific phase location
along the long-wave profile.

The experimental conditions under which data were taken are shown in Table I.
For each of the nine test conditions, sufficient data were recorded to obtain 133
long-wave cycles for use in the analysis. The analysis, designed to obtain spectral
estimates along the long-wave profile, proceeded as follows. The positive-going
zero crossing of long-wave height was located for each long-wave cycle. Starting at
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TABLE 1

Experimental test conditions

Experiment Reference Local wind U, at Wave
designation wind at 7.3-m fetch 7.3-m fetch Period Height
(ms™) (ms™") (ms™) (s) (cm)
1 3.8 2.7 0.099 2.0 10.0
2 4.4 34 0.110 2.0 10.0
3 4.9 3.5 0.127 2.0 10.0
4 5.6 4.0 0.145 2.0 10.0
5 5.9 4.2 0.153 2.0 10.0
6 7.2 5.1 0.187 2.0 10.0
7 8.3 5.7 0.223 2.0 10.0
8 9.2 6.5 0.239 2.0 10.0
9 10.1 7.2 0.262 2.0 10.0

Date: September 18, 1975; Time: 12:00 p.m.

each positive-going zero crossing, the total wave-slope time series was divided into
eight overlapping segments, as shown in Figure 3. A cosine bell function was
applied to the first and last 10% of the data points in each segment, to prepare the
segment for conversion to the frequency domain. A Fast Fourier Transform (FFT)
algorithm provided the conversion. For tests when the wind speed was less than
5.9ms™", it was felt that since spectral resolution was low, it would be prudent to
remove the large, low-frequency component of slope introduced by the long-wave
profile. So the trend appearing in each segment, due to long-wave slope, was
removed by fitting a polynomial to the segment and subtracting it from each data
point. At higher wind speeds, the wind-wave slopes were large enough to obscure
the long-wave trend. The eight spectra that result from this analysis are each
assumed to be representative of the wind-waves at the phase location central to the
corresponding time series segment.

Eight spectra were calculated for each of the 133 long-wave cycles. Each of the
256 point spectra had a frequency resolution of 1.56 Hz. Eight ensembles were
formed, each containing spectra from a common phase location along the long-
wave profile. The average of the 133 spectra contained in each ensemble provided

WIND AND WAVE
DIRECTION

Fig. 3. Wave-record segmenting scheme used to produce short-wave-slope time series at specific
long-wave-phase locations for subsequent spectral analysis.
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the final estimate for the short-wave slope spectrum to be associated with a given
phase location along the long-wave profile. The stability of the spectral estimates
obtained in this manner is specified in terms of equivalent degrees of freedom of the
approximating chi-square distribution (Welch, 1967). The number of equivalent
degrees of freedom were found to be 266. The associated 80% confidence limits,
expressed as ratios of the limits to the average values, are 0.88 and 1.13 (Blackman
and Tukey, 1958).

4. Experimental Results

TIME SERIES DATA

The time series displayed in Figure 4 illustrate the effects that the long-wave
motion has on the short-wave field at a friction velocity, U, of 18.7cms ', A
reference air flow velocity was measured at the center of the channel cross-section
at a point 8-m upstream of the measurement location. For this particular case, the
reference wind speed was measured to be 7.2 ms"'. The interdependence of the
long- and short-wave fields results in two distinguishable effects on the short-wave
field. Firstly, if one considers the envelope containing the slope maxima and
minima, it is clearly seen that the envelope width is not constant and is, in fact,
related to the long-wave phase. Secondly, the frequency range of the short-wave
field varies along the long-wave profile. Both wind-wave frequencies and slope
envelope widths reach maximum values in the vicinity of the front face of the long
waves. We designate these effects frequency and amplitude modulations.
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Fig. 4. Wave slope, measured along the axis of the mean wind, and wave height as functions of time for
a fetch of 7.3 m and a reference wind speed of 7.2ms™.
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MEAN WAVE-SLOPE SPECTRA

Mean wave-slope spectra are calculated using an FFT algorithm on the entire
wave-slope time series, and are used to establish a reference value for the short-
wave steady-state energy. The spectral transformation provides a frequency
resolution of about 0.1 Hz and a stability of 93 equivalent degrees of freedom. The
associated 80% confidence limits, expressed as ratios of the limits to the average
values, are 0.81 and 1.19 (Blackman and Tukey, 1958).

Figure 5 illustrates the effects of changing wind speed on the slope spectra, The
error bars on the dotted curves mark the 80% confidence limits, and apply to the
other two curves as well. All of the spectra show an increase in the slope variance
with increasing wind speed. It is seen from the series of spectra that the first and
second harmonics of the long wave, appearing at 0.977 and 1.465 Hz, respectively,
are altered at the higher wind speeds, while the fundamental, which appears at
0.488 Hz, remains unchanged. The intensity level of the first harmonic increases
slightly at the highest wind speeds, while the second harmonic decreases with
increasing wind; so that above 10.1 m s~! wind speed, it is reduced to the level of
the wind-driven portion of the spectrum. X

The data in time-series form indicate an abrupt increase irf the slope amplitudes
for a reference wind speed around 5.0ms™'. A frequency-by-frequency
comparison of the spectra calculated for 4.9 and 5.6 ms™' shows that from the
lower to the higher speed, substantial increases in slope variance occur in the
frequency regions from 2.0 to 10.0 Hz and 20.0 to 60.0 Hz. The 2.0 to 10.0 Hz
region shows the most striking increase.

The highest value of the wind-driven portion of the spectrum is reached in the
frequency band at 3.22 Hz. In the region from 2.0 to 10.0 Hz, the spectra tend to
develop a plateau, where the spectral values do not vary greatly with frequency. In
the middle range of wind speeds, a second plateau begins to form in the 20.0 to
70.0 Hz region. As wind speed increases further, the region between the two fills in,
as a result of rising slope amplitudes, and eliminates the second plateau.

SPECTRAL MODULATIONS

In order to use the available spectral information to quantify short-wave modula-
tion, it is necessary to discriminate between the effects of amplitude and frequency
modulation. The overall change in the shape of the short-wave slope spectra, as a
function of phase along the long-wave profile, is illustrated in Figure 6 for a wind
speed of 4.9 ms '. The error bars in the figure apply for each curve and represent
the 80% confidence limits. Note that the curve representing the spectrum cal-
culated at the long-wave crest is similar in shape to, but located considerably to the
right of, the curve representing the spectrum calculated for the trough.

If the shift in frequency of each spectral estimate were quantified, it would be
possible to identify the remainder of the spectral variation related to the long wave
as an amplitude modulation of the intensity level within a selected frequency band.
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Fig. 5. Averaged wave-slope spectra for the complete wave system. Wind speed ranged from 3.8 to
10.1ms™".

The frequency modulation may be approximated by the calculation of local
frequency based on the changing short-wave phase speed, C,(x), corresponding to
the local wavenumber, k,(x). For this formulation, the long-wave orbital velocity,
Ui(x), is specified at the surface, to first order, by

U,(x)=a,o-1 sin (k,x), (2)

where a;, o, and k; are the long-wave amplitude, frequency, and wavenumber,
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Fig. 6. Phase-averaged spectra of short-wave slope from crest and trough regions of the long wave for

a wind speed of 4.9 ms™', long-wave height of 10.0 cm and a period of 2.0 s. ———— short-wave

spectrum at long-wave crest; ———————————— short-wave spectrum at long-wave trough;
............ short-wave spectrum at long-wave crest, frequency corrected for advection.

respectively. x represents the distance from the zero crossing on the rear of a crest
of a steady long-wave profile. The wind-drift velocity, U,, is assumed to be constant
at the surface. The velocity of propagation of a short wave, C,(x), to first order in
wave slope, may be written

Ci(x)= Co+ Ui(x)+U,, 3)

where C, is the short-wave phase speed calculated from linear theory. Retaining
terms of order (a;, k;)°, the corresponding frequency modulation may be written

ws(x) = wo(ko)+ ko{Ui(x)+ Us}, “)

where kj is the unmodified short-wave wavenumber and w, is the frequency from
the linear wave-dispersion relation relating to ko. The dotted curve of Figure 6
represents the spectrum calculated at the long-wave crests shifted in frequency, by
the amount indicated by Equation (4), to the long-wave troughs, using a wind-drift
velocity of 3% of the reference wind speed (Shemdin, 1972). Sinitsyn’s (1973) good
results with the linear expression for frequency above indicate that it is reasonable
to use it here to approximate the frequency shift.

AMPLITUDE MODULATION OF THE SPECTRUM

Figure 7a illustrates, for the test at 4.9 m s ' wind speed, the total spectral variation
that occurs along the long-wave profile for the selected frequencies, wo/27 =9.38,
12.50, and 15.63 Hz. To construct Figure 7a, the values of spectral density cor-
responding to the frequencies shown in the figure key are plotted at each of the
eight phase locations along the long-wave profile at which they were calculated.
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Fig. 7. Short-wave-slope energy density modulated by long waves. Wind speed=4.9ms™’, long-
wave height=10.0 cm, long-wave period=2.0s. (a) Without correction for advection, (b) With
correction for advection.

The spectral values are obtained from the spectra computed at each phase location
without regard to the fact that the frequency of an individual wave, if it existed,
would be modified according to position along the long-wave profile. The figure
shows that the excursions of the spectral values are large relative to the mean value
of each selected frequency band, and that the peaks occur in the region of the
long-wave crests. Figure 7b displays the results from the same test as Figure 7a, but
the frequencies are corrected for advection in accord with Equation (4). The wave
frequency, w,(x), related to wo by Equation (4), is then used to obtain spectral
values from each of the eight spectral calculations along the long-wave profile. The
curves of Figure 7b are identified by their relation to wo, but are actually associated
with w,(x) and take into account the effect of advection by the underlying flow. The
spectral variations indicated in Figure 7b represent the amplitude modulation of
the short-wave slope spectrum induced by the long wave in the frequency band
identified by the frequencies in the figure key.

The amplitude modulation values at different unmodified frequencies, w,, are
shown in Figure 8 for wind speeds of 4.4 and 10.1 ms™". The corresponding phase
shifts with respect to the long wave are shown in the top part of the figure. For both
wind speeds, the amplitude modulation decreases with increasing frequency. The
phase shifts vary between 45° and 180° downwind of the crest.

The wind dependence of the amplitude modulation values is depicted in Figure 9
for the two frequencies wo/27 =9.38 and 20.0 Hz. The spectral modulation am-
plitude increases with increasing wind speed.
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Fig. 9. Wind-speed dependence of short-wave-slope energy spectrum modulation magnitude and
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One may do a rough comparison of these results with those of Keller and Wright
(1975). The radar that they used in their experiment responded to changes in short
water waves with an unmodified frequency of 10.4 Hz. Their data indicate that for a
U, of 20cms™", the ratio of slope spectral excursion from its mean value to its



MODULATION OF SHORT WAVES BY LONG WAVES 213

mean value is approximately 0.305. In the present experiment at a U, of
18.7cms™ ', the 10.0-Hz wave varied in the ratio of 0.338. At a U, of 10cms™’,
the Keller and Wright wave-slope energy varied in the ratio of 0.333. In the present
experiment at a Uy of 11.0 cms™', the 10.0-Hz wave varied in the ratio of 0.726.
The results show order-of-magnitude agreement; in addition there is agreement that
the ratio increases with decreasing friction velocity.

§. Conclusions

The results contained in this paper apply to wind-generated waves with frequencies
from 5.0 to 20.0 Hz superimposed on a mechanical wave with wave height of
10.0cm and wave period of 2.0s, while the wind speed ranged from 4.4 to
10.1 ms™". Within these experimental bounds, the short-wave slope variances were
found to exhibit cyclic variations that are related to the phase of the long wave. The
variations result from two combined effects: the short-wave frequency is varied by
the long-wave orbital velocity; and the energy of the short waves is modulated by
the actions of aerodynamic and hydrodynamic couplings that operate on the short
waves in a manner that is related to long-wave phase.

The frequency modulation of the short waves, although complicated by un-
certainties in the local wind drift and the local long-wave orbital velocity, is
described by considering the waves to be linearly advected by the longer waves.
The mean frequency shift is that due to the steady underlying wind-driven current.
The mean shift was found to vary from 40 to 126% of the unadvected frequency,
increasing as the unadvected frequency increased and as the wind speed increased.
The frequency modulation was predicted to increase with an increase in w, the
unadvected frequency, and to equal 58% of that frequency for the long wave
considered.

The amplitude of the wave-slope energy modulation is considered after
compensating for the frequency modulation based on surface drift and orbital
velocities. The peak-to-peak variation of the energy in a frequency band of the
wave-slope spectrum due to the amplitude modulation effect is commonly 100% of
the mean value of the energy found as the average of all values for that frequency
band along the wave profile. The magnitude of the excursions become smaller as
short-wave frequency increases, and larger as wind speed increases. The experi-
mentally determined phase relationship between the long-wave profile and the
slope energy variation of a short-wave frequency band falls between 45° and 180°
with the intensity modulation leading. There is a slight trend toward larger phase
angles with increasing wind speed.
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