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SAR Altimeter Backscattered Waveform Model
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Abstract—The backscatters power single-look waveform
recorded by a synthetic aperture radar altimeter is approximated
in a closed-form model. The model, being expressed in terms of
parameterless functions, allows for efficient computation of the
waveform and a clear understanding of how the various sea state
and instrument parameters affect the waveform.

Index Terms—Closed-form solutions, Earth observation sys-
tems, radar remote sensing, radar signal processing, sea level, sea
surface, synthetic aperture radar.

I. INTRODUCTION

A RADAR altimeter measures the distance between the
instrument and a surface by recording the time delay

between the emission of a pulse and the reception of its echo.
Raney applied synthetic aperture radar (SAR) techniques to
altimetry in an effort to improve measurement quality [1]. A
review of SAR altimetry can be found in the literature [2].

The first test of a SAR altimeter was the NASA-funded
Delay/Doppler Phase Monopulse (D2P) project [3] of The
Johns Hopkins University Applied Physics Laboratory. The
D2P instrument was an airborne SAR altimeter and interfer-
ometer and aimed to evaluate the efficacy of a SAR altimeter.
At the same time, the European Space Agency (ESA) began
to investigate the feasibility of a high-resolution satellite-based
SAR altimeter, which led to the design and implementation of
the Synthetic Interferometric Radar ALtimeter (SIRAL), the
instrument currently flying onboard the Cryosat-2 satellite [4].
Cryosat-2 represents the first proof of concept of a satellite-
based SAR altimeter, but its main objective is to monitor land
and marine ice. Nevertheless, the capabilities of the new sensor
for improved ocean observations have led to the selection
by ESA of a SAR-based altimeter on board the forthcoming
Sentinel-3 mission [5] of the European Global Monitoring for
Environment and Security program, which will build on the
strong heritage of the instrument techniques implemented for
SIRAL on board Cryosat-2.
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The extraction of ocean parameters from conventional al-
timetry waveforms relies on fitting the return echo with a theo-
retical model. The waveform model commonly used in classical
radar altimetry was originally described in [7] and then in [6].
A closed-form analytical expression for the altimeter echo is
provided (through some approximations) as the convolution of
the average flat surface impulse response, the radar system point
target response, and the probability density function of surface
scattering elements [6], [7]. This model is the one adopted by
the altimetry community to retrack the waveforms [8], and its
closed-form formulation makes it perfectly suited for retracking
a large number of echoes at an operational level.

Similarly to what has been developed for standard altimetry,
studies have been carried out in recent years on the devel-
opment of a theoretical model for SAR altimetry waveforms.
These differ from the classical pulse-limited waveforms as
a result of along-track processing and integration [9]. Their
approach is very similar to that found in [6] and [7], in that the
waveform is still modeled as a convolution of three different
terms.

Some of the SAR altimeter response echo studies rely on
a fully numerical calculation of the modeled waveforms [10],
[11], whereas some others rely on a semianalytical model,
where a closed-form expression is obtained for the three terms,
and only the final convolution is numerically evaluated [12]–
[14]. However, to date, no closed-form expression for the SAR
altimeter return echo has been provided. As for conventional
altimetry, a closed-form formulation is advantageous compared
with numerical solutions, in that the amplitude and shape of the
waveform can be directly linked to geophysical parameters, and
a simple inversion procedure can be then used to retrieve these
parameters. The aim of this paper is to provide a derivation
of a compact closed-form model for the SAR altimetry return
waveform from the ocean, along with some simulation results
and comparison with real waveforms from Cryosat-2 data ac-
quired over open ocean. This model has been developed within
the framework of an ESA-funded project on the Development
of SAR Altimetry Mode Studies and Applications over Ocean,
Coastal Zones and Inland Water (SAMOSA).

II. INSTRUMENT MODEL

Here, we develop a mathematical model of the SAR al-
timeter and its backscattered waveform. The derivation of
this model has been carried out specifically using parameters
similar to those of the SIRAL instrument on board Cryosat.
However, such derivation is here presented in a generalized
form and should be applicable to a wide range of SAR
altimeters.
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Fig. 1. Delay-Doppler altimetry block diagram.

A block diagram for a SAR altimeter is shown in Fig. 1
[1]. For a detailed explanation of the processing steps for
SAR altimetry and its differences with respect to conventional
altimetry, the reader is referred to [1] and [2].

The diagram has the following principle elements:

• generation and transmission of a burst of chirp pulses;
• reception of the echo from this burst and the multiplication

of this signal by the complex conjugate of a delayed copy
of the transmitted burst;

• discrete sampling of the product signal;
• Doppler correction;
• SAR processing [along-track fast Fourier transfrom

(FFT)] to focus into beams in the along-track direction.
• range cell migration correction (RCMC);
• decoding of frequency encoded range [across-track inverse

FFT (IFFT)].

In the sections to come, the model is developed following the
steps of the block diagram.

A. Chirp Signal and Deramping

In order to allow SAR processing, a burst of Nb chirp pulses
is transmitted from the altimeter. A single chirp pulse can be
written as

χ(t) =

{
ei2π(fct+

1
2 st

2), if − τp
2 ≤ t ≤ τp

2
0, otherwise

(1)

where fc is the center frequency, s is the chirp slope, and τp is
the chirp pulse duration. The bandwidth of the signal is Bt =
sτp. The transmitted burst of pulses can be written as

ST (t) =

Nb/2∑
m=1−Nb/2

χ(t−m/fp + h/c) (2)

where fp is the pulse repetition frequency, Nb is the number
of pulses in a burst, c is the speed of light, and h is the
presumed distance between the instrument and the sea surface
as estimated by the altimeter’s onboard tracker. Note that t = 0
corresponds to the time when the center of the burst strikes the
surface, not the time of transmission.

B. Range History of a Single Scatterer

Consider a single scatterer on the sea surface. From the rest
frame of the satellite, the scatterer will be moving (along with
the rest of the Earth’s surface) so that the distance between the
satellite and the scatterer r(t) will change with time.

Using a right-hand coordinate system with an origin at the
specular point on the sea surface and with z normal to the
surface and x in the plane formed by the satellite velocity and
z, we can write the range as

r(t)

c
≈ h

c
+

1

2

[
α

hc
(x2 + y2)− 2z

c

]
− 1

2

[
2xvt
hc

− 2vr
c

]
t

=
h

c
+

1

2
τs −

1

2
μt with the obvious def (3)

where α = 1 + (h/R), with R being the local radius of curva-
ture of the Earth’s surface; the initial location of the scatterer
is (x, y, z); vt and vr are the tangential and radial velocities
of the satellite as measured from an Earth-centered frame,
respectively; and τs and μ are the collection of constants in
the square brackets. In the preceding approximation, terms that
contribute less than 4 ps have been dropped since this is small
compared with the smallest scale in the system, the carrier
period of 73 ps. It is worth noting that if we let xs be the position
of the Doppler zero relative to the specular point, then we can
write μ = 2(x− xs)vt/(hc).

C. Reflected Signal

The signal at the scattering point is delayed by an amount
r(t)/c, so that at a time t, the signal at the scattering point is

SP (t) = ST (t− r(t)/c). (4)

This signal is then reflected back to the satellite and is thus
delayed a further r(t)/c, so that the signal received at t+ r(t)/c
is the same (apart from amplitude) as the signal at the point at
time t, i.e.,

SR (t+ r(t)/c) = SP (t) = ST (t− r(t)/c) . (5)

Thus, we see we can write the received signal in terms of the
transmitted

SR (t+ r(t)/c) =ST (t− r(t)/c)

SR

(
t+

h

c
+

τs
2

− μt

2

)
=ST

(
t− h

c
− τs

2
+

μt

2

)

SR

((
1− μ

2

)
t+

τs
2

+
h

c

)
=ST

((
1 +

μ

2

)
t− τs

2
− h

c

)

SR

(
t′ +

h

c

)
=ST

(
2 + μ

2− μ
t′ − τs

1− μ
2

− h

c

)

SR

(
t′ +

h

c

)
=ST

(
t′ − h

c
− τd

)
(6)

with t′ = (1− μ/2)t+ (1/2)τs and τd = τs − μt′. In the
above, we have ignored terms that contribute less than 1 ps
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to the times since it is small compared with the carrier period
of 74 ps.

D. Deramping

The first step after reception of the reflected signal is to
multiply the signal with the complex conjugate of a copy of the
transmitted signal delayed by 2h/c. This is called deramping
since it removes the frequency ramp of the chirp signal. The
deramped signal is

D(t) = SR(t+ h/c)S∗
T (t− h/c). (7)

The range of the scatterer is encoded as the frequency of
the deramped signal. Using (6), we can write the deramped
signal as

D(t) =ST (t− h/c− τd)S
∗
T (t− h/c)

=

Nb/2∑
m=1−Nb/2

χ(t−m/fp − τd)χ
∗(t−m/fp). (8)

E. Discrete Sampling

Each burst is sampled by an analog-to-digital converter.
Sample n of pulse m occurs at time tn,m, with

tn,m =
m

fp
+

n

fs
(9)

where fs is the sample rate; the index n is within the range with
1− (Np/2) ≤ n ≤ (Np/2), and Np is the number of samples
per pulse. For future reference, we define the usable pulse
length to be τu = Np/fs. With τn = n/fs, we can write

Dn,m =D(tn,m)

=χ(τn − τd)χ
∗(τn)

= ei2π(fc(τn−τd)+
1
2 s(τn−τd)

2)e−i2π(fcτn+ 1
2 sτ

2
n) (10)

= ei2π(−fcτd−sτnτd+
1
2 sτ

2
d). (11)

By the definition of τd, we have τd = τs − μtn,m. Putting
this into the above and deleting terms that contribute less than
a quarter of a cycle in phase, we arrive at

Dn,m ≈ eiφ0e−i2πsτsn/fsei2πfcμm/fp (12)

with φ0 = 2π((1/2)sτ2s − fcτs). The multiplicative term eiφ0

is a unit magnitude constant, independent of the indexes n and
m and will be ignored from now on since it does not effect the
power.

F. Doppler Correction

Because the satellite velocity is not perfectly tangent to the
surface, the specular point does not naturally fall in the central
Doppler bin. We can correct for this by multiplying the data ma-
trix Dn,m by a Doppler correction factor ei2πfc((2vr)/c)(m/fp),
i.e.,

D̂n,m = e
i2πfc

2vr
c

m
fp Dn,m = e−i2πsτs

n
fs e

i2π x
Lx

m
Nb (13)

with the definition

Lx =
chfp

2vtfcNb
. (14)

G. Along-Track FFT

The next step in the signal processing chain is the SAR
processing, which focuses the instrument in the along-track
direction into Nb narrow beams. This is accomplished via a
Fourier transform (FFT) across the different pulses of the burst.
Sample n of beam � is computed as follows:

D̃n,� =

Nb/2∑
m=1−Nb/2

wmD̂n,me−i2π�m/Nb

= e−i2πsτs
n
fs

Nb/2∑
m=1−Nb/2

wmei2π(
x

Lx
−�)m/Nb

= e−i2πsτs
n
fs NbΥNb

(
x

Lx
− �

)
(15)

where wm is the windowing function employed in the FFT, and
we define the function

ΥN (ξ) =
1

N

N/2∑
m=1−N/2

wmei2πξm/N . (16)

In the case that wm = 1, we have that

ΥN (ξ) = eiπξ/N
sin(πξ)

N sin(πξ/N)
≈ eiπξ/N sinc(ξ). (17)

In general, the function ΥN (ξ) is strongly peaked at zero;
thus, beam � will be strongly peaked at the along-track position
x = Lx�.

H. RCMC

The frequency of each beam � needs to be offset in order for
a particular range bin to correspond to the same across-track
position for all beams. To this end, we multiply beam � by the
correction factor ei2πs((αL

2
x�

2n)/(hcfs)). The corrected beam is

Cn,� = ei2πs
αL2

x�2n

hcfs D̃n,� = NbΥNb
(u) e−i2πk�n/Np (18)

with

u =
x

Lx
− � (19)

k� =
L2
x

L2
y

(u2 + 2�u) +
y2

L2
y

− z

Lz
(20)

Ly =

√
ch

αsτu
Lz =

c

2sτu
. (21)

I. Across-Track IFFT

The final step in the processing chain is to compute the
IFFT of each beam. This decodes the frequency encoded range.
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Range k of beam � is given by

C̃k,� =
1

Np

Np/2∑
n=1−Np/2

wnCn,�e
i2πnk/Np

=NbΥNb
(u)ΥNp

(k − k�). (22)

The quantity |C̃k,�|2 gives the contribution by a point
source at position (x, y, z) to the power in range bin k of
beam �. As a function of the scatterer position (x, y), the
function Ck,� is strongly peaked at the position (x, y) =

(Lx�,±Ly

√
k + z/Lz), so that the power in cell (k, �) is only

due to scatterers near this position. In the case of k < −z/Lz ,
the peak occurs at y = 0.

J. Backscattered SAR Altimeter Power Waveform

Following Brown [7], we assume that the total backscattered
power is the sum of the power of all the scatterers across the sea
surface, as implied by the standard radar equation [16]. Thus,
the total power in cell (k, �) is given by

Pk,� =

∞∫
−∞

dz p(z)

∞∫
−∞

dx

∞∫
−∞

dy
λ2
0G

2(x, y)σ0(x, y)

4πr4
|C̃k,�|2

(23)

where p(z) is the probability density distribution of the height
of the point scatterers, G is the antenna power gain, and σ0 is
the normalized radar cross section.

K. Symmetrization

For notational convenience, we define the function Γ as the
product of the gain and the radar cross section, i.e.,

Γ(x, y) = G2(x, y)σ0(x, y). (24)

Using the definitions Γe(x, y) = Γ(x, y) + Γ(x,−y) and
Γo(x, y) = Γ(x, y)− Γ(x,−y) can rewrite Γ as follows:

Γ(x, y) =
1

2
Γe(x, y) +

1

2
Γo(x, y). (25)

The utility of this expression is that the first term Γe is an
even function in y, whereas the second term Γo is odd. This
is useful because, in computing the power Pk,�, the function Γ

is integrated over y with |C̃k,�|2/r4, which is itself even in y;
thus, the odd part of Γ will integrate to zero, i.e.,

∞∫
−∞

dy Γ(x, y)
|C̃k,�|2
r4

=

∞∫
−∞

dy
1

2
Γe(x, y)

|C̃k,�|2
r4

=

∞∫
0

dyΓe(x, y)
|C̃k,�|2
r4

. (26)

Thus, we can write the power as follows:

Pk,� =

∞∫
−∞

dz p(z)

∞∫
−∞

dx

∞∫
0

dy
λ2
0Γe(x, y)

4πr4
|C̃k,�|2. (27)

This has the computational advantage that C̃k,� has a single
peak over this domain instead of the double peak over the full
range of y.

L. Sea Height Model

We use the skewed Gaussian sea height probability density
developed by Rodriguez [15], which can be written in the
following form:

p(z) =
1√
2πσz

(
1 +

λs

6
(ζ3 − 3ζ)

)
e−ζ2/2

with

ζ =
z − 〈z〉+ zEM

σz
. (28)

The distribution is written in terms of the sea height mean 〈z〉,
standard deviation σz , electromagnetic bias zEM, and skewness
λs. We assume the significant wave height to be Hs = 4σz .

III. APPROXIMATE MODEL

Here, we make approximations to the model waveform [see
(23)] that will allow us to arrive to a closed-form expression of
the waveform.

A. Slowly Varying Functions Approximation

Now, we recall that C̃k,� is sharply peaked around the
point (x, y) = (Lx�, Ly

√
k + z/Lz), acting much like a 2-D

δ-function in the x, y plane compared with the slowly varying
functions Γ and 1/r4. Indeed, 1/r4 is very nearly a constant
over the entire antenna footprint where 1/r4 = 1/h4 within
0.04%. For this reason, we approximate

Pk,� ≈
λ2
0

4πh4

∞∫
−∞

dz p(z)Γk,�(z)

∞∫
−∞

dx

∞∫
0

dy|C̃k,�|2 (29)

with

Γk,�(z)=

{
Γe

(
Lx�, Ly

√
k + z/Lz

)
, if z > −Lzk

Γe(Lx�, 0), if z < −Lzk.
(30)

Over the width of |C̃k,�|2, the function Γe varies by at most 2%,
which we expect to lead to an error in the power significantly
less than this because Γe is overestimated on one side of the
center of |C̃k,�|2 and underestimated on the opposite side.

B. Linear Approximation of Γk,�(z)

A linear approximation to Γk,�(z) can be made, i.e.,

Γk,�(z) ≈ Bk,�(1 + Tk,�z/Lz) (31)

with the following definitions:

Bk,� =

∞∫
−∞

dz
e−z2/2σ2

√
2πσ

Γk,�(z) (32)
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Fig. 2. Slope term of the linear approximation to Γe, for various significant
wave heights (Hs) and roll mispointings (θR). Notice that |Tk,�| is at most
0.015 and is thus a small parameter. In the case that the antenna gain can be
approximated by a Gaussian, Tk,� is independent of � and is nearly independent
of � in any case.

Fig. 3. Error caused in |C̃k,�| by the k� approximation. We can see that there
is up to a ±3% error, but that the error is in a balanced way, except near � = 0,
k = 0.

Tk,� =
Lz

Bk,�σ2

∞∫
−∞

dz
e−z2/2σ2

√
2πσ

zΓk,�(z) (33)

with σ = 1.0 m. The function Tk� is computed and graphed in
Fig. 2. We see that its magnitude is at most 0.015, indicating
that the next order term will be even smaller and, thus, that the
linear approximation is sufficient.

C. k� Approximation

Because |C̃k,�| is strongly peaked at u = 0, we know that
u will be small over the nonzero region of integration. Thus,
within the integral, we can expect the u2 term to be small
compared with u. For this reason, we are led to make the
following approximation for k� [see (20)]:

k� ≈
L2
x

L2
y

2�u+
y2

L2
y

− z

Lz
. (34)

In Fig. 3, we see the error in |C̃k,�| caused by this approximation.

Fig. 4. Gaussian fit to Υ in the case of a hamming window.

D. Gaussian Approximation of Υ2

We can approximate the function Υ(ξ) by a Gaussian, i.e.,

Υ2(ξ) ≈ Age
−ξ2/2σ2

g . (35)

In the case that a hamming window is used in the FFT, the
Gaussian fit is quite good, with an RMS error of 0.76% over
the region with the greatest error (see Fig. 4).

E. Final Expression

With the approximations listed above and discarding terms
that have a coefficient λsTk�, it is possible to arrive at the
following form of the waveform:

Pk,� = KBk,�
√
gl

[
(1 + Tk,�koff)f0(g�κ) + Tk,�glσ

2
sf1(g�κ)

+ λs
g3l σ

3
s

6
(3f1(g�κ) + f3(g�κ))

]
(36)

with

K =
λ2
0N

2
b LxLy

4πh4

√
2πA2

gσ
2
g , σs =

σz

Lz
(37)

koff =
〈z〉 − zEM

Lz
κ = k + koff (38)

g� =
[
σ2
g +

(
2σg�L

2
x/L

2
y

)2
+ σ2

s

]−1/2

(39)

fn(ξ) =

∞∫
0

dv(v2 − ξ)ne−(v2−ξ)2/2. (40)

The combination g�σs < 1 under all conditions; thus, we see
that the third term has magnitude less than λs/6. Typical values
of skewness are very small so that, in most cases, this term can
be ignored, leading to

Pk,�=KBk,�
√
gl
[
(1 + Tk,�koff)f0(g�κ) + Tk,�glσ

2
sf1(g�κ)

]
.

(41)

If the onboard tracking is working correctly, then we expect
|koff | < 0.5 so |Tk,�koff | < 0.0075. Thus, if a 1% error is
acceptable, the waveform can be written as follows:

Pk,� = KBk,�
√
gl
[
f0(g�κ) + Tk,�glσ

2
sf1(g�κ)

]
. (42)

The last term has a coefficient Tk,�glσ
2
s , and |Tk,�glσ

2
s | <

0.015σs = 0.015(Hs/(4Lz)) = (Hs/(125 m)). Thus, we find
that the f1 term is only insignificant if the significant wave
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Fig. 5. Basis functions of the altimeter waveform.

Fig. 6. Waveforms for a significant wave height of 0.5 m and for various
Doppler beams �. The solid line is the approximate model, and the circles are
the full model.

height is less than a meter or two, in which case the waveform
is simply

Pk,� = KBk,�
√
glf0(g�κ). (43)

Notice that this implies that the waveforms in all of the beams
are dilated version of the same function f0(g�κ) with the
only difference being the dilation rate g�. Having an analytical
expression for this scaling factor g� should be useful in the
analysis of the waveform.

In addition, notice that Bk,� and Tk,� depend only on the an-
tenna gain, antenna pointing, and the backscatter cross section;
whereas g� depends only on the configuration of the instrument
and the significant wave height, and fn(ξ) does not depend on
any parameters at all. Thus, the effects of the various influence
on the waveform have been isolated in (36).

IV. EVALUATION OF MODEL

A. Comparison of the Approximate Model With the Full Model

Here, we evaluate the error caused by the approxima-
tions made in the previous section by comparing the wave-

Fig. 7. Waveforms for a significant wave height of 4.0 m and for various
Doppler beams �. The solid line is the approximate model, and the circles are
the full model.

Fig. 8. Waveforms with skewness.

forms produced by numerically integrating the full model
[see (23)] with the waveform of the approximate model [see
(36)]. In Figs. 6–11, both models are plotted for beams � =
0, 10, and 20. The full model is plotted as circles, and the
approximate model is plotted as a solid line. Both models have
been plotted with the same amplitude scaling factor so that the
amplitude of the approximate model is 1. Three measures of
the difference are computed, i.e., the RMS difference ε, the
maximum difference δ, and the range bias b. The values for
ε and δ shown in the graphs have been multiplied by 100. The
value of b is given in centimeters.

The figures plotted are typical. We can make the following
general observations. The errors are remarkably constant over
different parameters, indicating that the model accurately fol-
lows the changes caused by changing these parameters. The
maximum error is less than 3%. The RMS error is less than 1%
and typically less than 0.5%. The bias ranges from −1.5 cm
for � = 0 to 5 cm for � = 20.

It was found that, with an improved but more complicated
computation of Γk,�(z), the bias at � = 20 was reduced to
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Fig. 9. Waveforms with mispointing in pitch.

Fig. 10. Waveforms with mispointing in roll.

Fig. 11. Waveforms with a tracking point offset.

0.5 cm, but the bias at � = 0 was unaffected. In contrast, with a
different k� approximation, the bias at � = 0 was removed. For
this reason we, conclude that, for large �, the Γe approximation

Fig. 12. Measured waveform from Cryosat-2 data, along with its best fit
model waveform.

Fig. 13. Comparison of along-track SWH measurements as a function of
latitude. The diamonds correspond to the SWH as measured by buoys; the
bars indicated the distance of the buoy from the track. The small dots are the
estimated SWH using the model waveform.

is causing the error in the leading edge of the waveform that
causes the bias, whereas for small �, the bias is caused by the
k� approximation.

V. COMPARISON WITH CRYOSAT DATA

We provide now a preliminary comparison of the model
with real data. A careful analysis of the usability of the model
for waveform fitting has been performed by the others in the
SAMOSA team and will be separately presented. The model
waveform was used to retrack SAR altimeter waveforms from
data collected by the Cryosat satellite on May 23, 2011, as it
passed by the coast of Ireland. In Fig. 12, a typical best fit model
multilook waveform is shown together with the measured wave-
form from Cryosat-2 data. The skewness was assumed to be
zero for the fitting. The significant wave height (SWH) and 〈z〉
were estimated from the Cryosat-2 recorded waveforms. The
SWH estimates have then been plotted in Fig. 13, along with
plots of collocated buoy measurements. The distance between
the buoys and the track has been represented as an uncertainty
bar on the buoy location, although it is indeed a distance in
longitude not latitude.
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TABLE I
PARAMETERS OF THE SYSTEM AND SENSOR, TYPICAL OF

THE SIRAL ALTIMETER ON BOARD CRYOSAT,
USED TO PRODUCE THE SIMULATIONS

VI. CONCLUSION

A closed-form expression for the SAR altimeter waveform
has been developed. The waveform is expressed in terms of
a set of basis functions fn(ξ) that do not depend on any
parameter of the system. The dependence of the waveform on
the instrument and sea state parameters is clearly expressed.
The most important result from this work is the observation
that, to a good approximation, the waveforms in the different
Doppler beams are dilated versions of the same waveform and
that the scale of the dilation is set by the parameter g�.

PARAMETERS

The system parameters assumed in this paper are listed in
Table I.
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