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Abstract. For a significant range of offshore wave conditions and foreshore slopes, 
run-up observations are compared to semiempirical formulations and predictions 
of an existing numerical model based on the depth-averaged one-dimensional 
nonlinear shallow water equations with bore-like breaking wave dissipation and 
quadratic bottom friction. The numerical model is initialized with time series of 
sea surface elevation and cross-shore velocity observed in 80 cm mean water depth 
(approximately 50 m offshore of the mean shoreline) on a gently sloping beach 
and in 175 cm water depth (100 m offshore of the shoreline) on a steep concave 
beach. Run-up was measured with a stack of resistance wires at elevations 5, 10, 
15, 20, and 25 cm above and parallel to the beach face. At sea swell frequencies 
(nominally 0.05 < f <_ 0.18 Hz), run-up energy is limited by surf zone dissipation 
of shoreward propagating waves so that increasing the offshore wave height above 
a threshold value does not substantially increase the predicted or observed sea 
swell run-up excursions (e.g., run-up is "saturated"). Existing semiempirical 
saturation formulations are most consistent with the observations and numerical 

model predictions of run-up excursions nearest the bed. In contrast, at infragravity 
frequencies (0.004 < f _< 0.05 Hz) where surf zone dissipation is relatively weak and 
reflection from the beach face is strong (e.g., saturation formulas are not applicable), 
the run-up excursions increase approximately linearly with increasing offshore wave 
height. The numerical model also accurately predicts that the tongue-like shape 
of the run-up results in sensitivity of run-up measurements to wire elevation. For 
instance, run-up excursions and mean vertical superelevation (above the offshore 
still water level) increase with decreasing wire elevation, and continuous thinning 
of the run-up tongue during the wave uprush can result in large phase differences 
between run-up excursions measured at different wire elevations. Numerical model 
Simulations suggest that run-up measured more than a few centimeters above the 
bed cannot be used to infer even the sign of the fluid velocities in the run-up tongue. 

1. Introduction 

On the basis of laboratory observations of breaking 
monochromatic waves on a planar beach, Micke [1951] 
hypothesized that run-up, loosely defined as the time- 
varying location of the shoreward edge of the water on 
the beach face, can be saturated (i.e., independent of 
the offshore wave height). Shoreward propagating wave 
energy exceeding a threshold value is assumed dissi- 
pated by wave breaking within the surf zone, so run-up 
oscillations do not increase in magnitude above a limit 
which depends on the wave frequency and beach slope. 
The shoreward propagating energy which is not dissi- 
pated is assumed to reflect from the beach face and form 
standing waves. Carrier and Greenspan [1958] showed 
analytically that on a planar beach, a monochromatic 
standing wave solution (e.g., nonbreaking) to the invis- 
cid nonlinear shallow water equations exists when 

(1) 

where •, is a nondimensional constant, a, is the verti- 
cal swash amplitude at the shoreline, w is the primary 
wave frequency (f) in radians, g is gravitational accel- 
eration, and fl is the beach slope. Combining Miche's 
saturation hypothesis with (1) to determine the max- 
imum run-up amplitude, using linear theory to relate 
wave amplitudes at the shoreline and deep water, and 
assuming a gentle beach slope (tan/• • fl), the vertical 
run-up height, P•, normalized by the deep water wave 
height of the shoreward propagating wave, H0, is given 
by 

Rv (•I 1/2 ' •ø-•c ' reflective - 
Ho /•o •o < •c saturated 
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where/jo - fi/v/Ho/Lo is the Irribarren number, Lo is 
the deep water wavelength, and •c - [•rS/2fi[ •/4. Note 
that when the run-up is saturated (2), /k, is indepen- 
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dent of H0. Alternatively, on the basis of laboratory ob- 
servations of monochromatic wave run-up, Hunt I1959] 
proposed a linear dependence, in engineering practice 
known as "Hunt's Formula," between normalized run- 
up and (0: 

R• 
(3) 

Ho 

Assuming saturation and unattenuated propagation 
of the seaward going reflected wave, the squared reflec- 
tion coefficient, Re •' (defined as the ratio of seaward to 
shoreward propagating energy), outside the surf zone is 
approximately (from (2, •0 < 

ß Re•p • M ß t•o <,•,: (4) 
where M- (16g•'•5)/(2•Ho•w 4) -((0/(•) 4. Studies of 
the run-up and reflection of monochromatic waves show 
qualitative agreement with (1)- (4) (and with slightly 
modified versions of them) [Moraes, 1970; Batties, 1974; 
Guza and Bowen, 1976; Kobayashi and Watson, 1987; 
Kobayashi et al., 1987, 1988]. 

It is unclear how to extend the above semiempirical 
results for monochromatic waves to random waves. In 

analogy to (1), Huntley et al. [1977] suggested that the 
saturated vertical run-up spectrum for random waves, 
R•(w), is given by 

nv•(w) - e•'g•'•4w -4. (5) 

where e is a dimensional constant (units Hz -•/•') per- 
haps related to the bandwidth of the saturated spec- 
trum. The gross features of the Miche saturation hy- 
pothesis, extended to random waves, have been quail 
tatively verified. Consistent with (5), laboratory obser- 
vations on planar beaches showed that spectral levels of 
random wave run-up at sea swell frequencies vary ap- 
proximately as f14 and W -4 [Sawaragi and Iwata, 1984; 
Mase, 1988]. Furthermore, comparisons of field mea- 
urement to < (with H0 pproximted by 
the offshore significant (defined as 4a where a•' is the to- 
tal variance) wave height, Hs, Lo approximated by the 
deep water wavelength at either the peak or centroidal 
frequency, and fl approximated by the foreshore slope) 
and (5) suggested that run-up on ocean beaches is often 
saturated at sea swell frequencies [Huntley et al., 1977; 
Guza and Thornton, 1982; Guza et al., 1984; Mizugushi, 
1984]. In other studies, wave run-up observations are 
consistent with a form of Hunt's Formula (3) modified 
for random waves [e.g., Van 0orschot and d'Agremond, 
1968; Ahrens, 1981; Holman and Sallenger, 1985]. El- 
gar et al. [1994] showed that in 13 m depth the "bulk" 
squared reflection coefficient (i.e., based on the seaward 
and shoreward propagating energy integrated over the 
sea swell frequency band, nominally 0.05-0.20 Hz) is 
roughly consistent with (4), where •0 is based on the 
sea swell band-integrated significant wave height and 
centroidal frequency (see also Tatavarti et al. [1988]). 

The observations of random wave run-up qualita- 
tively confirming Miche's saturation hypothesis differ in 
detail (e.g., the measured frequency dependence varies 

between f-3 and f-4), possibly owing to differences in 
run-up measurement techniques. Holman and Sullenget 
[1985] used video images in which the run-up location 
corresponds to the location of the foamy (high bright- 
ness contrast) edge of the waterline. Other data were 
collected with run-up wires, supported above and paral- 
lel to the beach face, which measure the most shoreward 
location at which the water depth equals the wire ele- 
vation. Comparisons of video- and wire-based run-up 
observations show that (on a moderately sloped beach 
with relatively low energy swash excursions) video mea- 
surements roughly correspond to data acquired with 
wires supported less than a few centimeters above the 
beach face and that, owing to thin run-up tongues, run- 
up wire measurements are sensitive to wire elevation 
[e.g., Holland et al., 1995]. 

It has not been demonstrated that the semiempirical 
formulas for the run-up, (2, (0 < (•), (3), and (5), and 
reflection (4) of random waves are consistent with dy- 
namical models. Kobayashi and Wurjanto [1992] and 
Raubenheimer et al. [1995] showed that run-up proper- 
ties (including spectral shapes) observed on several nat- 
ural beaches were predicted at least qualitatively well by 
a numerical model (hereinafter referred to as Rbreak) 
based on the depth-averaged nonlinear shallow water 
equations with bore-like dissipation and quadratic bot- 
tom friction [Wuvjanto and Kobayashi, 1991]. In these 
studies the model was initialized with observations ac- 

quired in 1 to 4-m water depth, between 50 and 300 
m from shore, and wave properties were predicted at 
shoreward locations. The complications of the natu- 
ral environment did not significantly degrade the per- 
formance of Rbreak relative to that for normally inci- 
dent random waves over an impermeable bed in a nar- 
row laboratory flume [Kobayashi et al., 1990; Wise et 
al., 1991; Coz et al., 1992]. However, the conditions 
for model initialization were only approximately known 
in the model-field data comparisons of Kobayashi and 
Wurjanto [1992]. The range of beach slopes and off- 
shore wave heights considered by Raubenheimev et al. 
[1995] was too small to determine whether the observa- 
tions and Rbreak model predictions are consistent with 
saturation formulas. In the present work, a larger data 
set is used to further validate Rbreak and to show that 

both the observations and Rbreak model predictions in 
the sea swell frequency band are qualitatively consis- 
tent with semiempirical saturation expressions for run- 
up and reflection. 

Consistent with previous studies [e.g., Suhayda, 1974] 
the present results suggest that infragravity waves in 
the surf zone are often dominated by free cross-shore 
standing waves that are nearly completely reflected at 
the shoreline. Infragravity frequency run-up energy lev- 
els fall below the f-4 levels of the sea swell band (e.g., 
are unsaturated) and therefore cannot be predicted by 
saturation models. Rbreak (initialized in 1 to 3-m wa- 
ter depth) accurately predicts run-up in the infragravity 
frequency band. 

Detailed field observations of the shape of the run-up 
tongue and the fluid velocities within the tongue are 
very sparse, owing to the difficulty of obtaining accu- 
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rate measurements in this relatively thin, high-velocity, 
sediment-laden fluid layer. Rbreak results suggest that 
run-up tongues thin owing to mass conservation and 
fluid velocities which are largest at the run-up tip. Con- 
tinuous thinning of the run-up tongue during wave up- 
rush sometimes results in offshore directed run-up mea- 
sured (and predicted) at 25 cm above the bed, while 
near-bed run-up and velocities within the run-up tongue 
are directed onshore. 

The observations and numerical model are briefly dis- 
cussed in sections 2 and 3, respectively. Model-data 
comparisons are presented in section 4, followed by a 
discussion and conclusions. 

2. Observations 

Pressure and current fluctuations within the surf •one 

and run-up were measured at two sites in southern Cali- 
fornia. In both experiments, run-up was measured with 
five resistance wires, stacked vertically with the bottom 
wire 5 cm above and parallel to the bed and 5 cm sep- 
aration between wires. Each run-up wire measures the 
most shoreward location where the water depth equals 
the wire elevation. Horizontal run-up locations were 
converted to vertical elevations using the beach profile 
and the wire elevation (e.g., Figure lc). Beach profiles, 
measured daily, varied little (typically • 10 cm) during 
the experiments. Foreshore slopes, calculated over the 
section of beach face spanned by a typical swash excur- 
sion (about 20-m width), changed by less than 0.004 at 
any location. 

In June 1989, a pressure sensor and an electromag- 
netic current meter were collocated in about 80-cm wa- 

ter depth on the fine-grained (mean sediment diameter 
about 0.2 ram) Scripps Beach, about 50 m offshore of 
the mean shoreline (Figure la). Beach slopes in the 
swash region (measured daily) ranged from 0.02 to 0.05 
depending on tidal stage, and the offshore Mope was 
approximately 0.01. Offshore significant wave heights 
measured in approximately 7-m depth ranged from 50 
to 82 cm and peak frequencies were approximately 0.10 
I-I•. Six 68-min-long data runs were acquired at an 8- 
H• sample rate over 4 days. Holland et •1. [1995] and 
Ra•benkeimer et •1. [1995] further describe the run-up 
wires and the Scripps experiment. 

In October 1993, nine pressure sensors were deployed 
on a cross-shore transect between the shoreline and a 

mean water depth of 175 cm at San Onofre State Beach 
(Figure lb). Current meters were collocated with the 
pressure sensors in mean depths of 175 and 139 cm 
(about 100 and 40 m offshore, respectively). Owing 
to the steep concave beach and tide levels that varied 
by as much as 2.5 m, foreshore Mopes in the swash re- 
gion (measured daily) ranged from 0.04 to 0.11, while 
the offshore slope was similar to that at Scripps (0.01). 
Typical grain sizes increased from about 0.1 mm at the 
elevation of the lowest spring tide to 0.3 mm at the berm 
crest. Offshore significant wave heights, measured in ap- 
proximately 10-m depth a few kilometers southeast of 
the experiment site, ranged from 45 to 134 cm and peak 
frequencies ranged from 0.06 to 0.09 Hz. Considerable 
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Figure 1. Foreshore slopes, 13, and locations of pres- 
sure sensors (circles), current meters (asterisks), stacked 
run-up wires (dotted lines), and mean sea level (dashed 
line) at (a) Scripps and (b) San Onofre. (c) Schematic 
illustration of instantaneous run-up locations measured 
by each wire. The z axis, positive onshore, is zero at the 
sensor location where the numerical model is initialized. 

effort was required to keep the wires free of kelp and 
debris, especially during high tides when waves broke 
on the steep beach face. During the 10-day experiment, 
forty-three 68-min-long data runs were acquired at a 
2-Hz sample rate. 

Data from San Onofre and Scripps were processed 
similarly. Sea surface elevations were estimated as- 
suming that the measured pressure field is hydrostatic. 
Data runs were quadratically derrended to remove tides 
and other motions with periods longer than roughly 1 
hour. Offshore significant wave heights (e.g., in 7 to 10- 
m water depth), peak frequencies, and foreshore slopes 
(somewhat arbitrarily defined as the slope between the 
Rbreak predicted maximum and minimum run-up at 5 
cm above the beach face) were used to compute •0 ((2, 
•0 < •), (3), and (4)). (Similar foreshore slope esti- 
mates can be obtained by assuming a "setup" of 0.3H, 
and a vertical swash height of H, rather than using 
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Rbreak predictions.) On the basis of (2, •o < •c) the 
sea swell run-up excursions are expected to be saturated 
for •o less than roughly 3.4, a condition satisfied for all 
runs considered here. 

Run-up wires will be identified by their elevation (in 
centimeters) above the bed (e.g., R05 and R25 are the 
bottom and top wires, respectively). Pressure sensors 
will be identified by their distance (in meters) from the 
most offshore pressure sensor (e.g., P0 and P100 are the 
offshore and onshore gages at San Onofre, respectively). 

3. Model 

Many analytical and numerical models of wave prop- 
agation in shallow water and the subsequent run-up are 
based on the one-dimensional depth-averaged nonlinear 
shallow water equations (here with quadratic friction), 

O• + •(hu) - 0 (6) 
- 

s• e•pJ•Jc•l [•Jc•Jo• coe•cJe• [e.g., C•e• 
•ee••, 1958; •Ae• •g •e•e•, 1963; •Ae•, 1992]. 
•ollo•J•g •bbe•g •g Pe•e•e [1979] •d P•c•oog 
[1980], •o•y•s•J •a colleagues [e.g.,•d•o 
•ob•M, 1991] developed • •u•e•Jc•l model 

DJssJp•Jo• o•J•g •o •e b•e•J•g J• •e model (see 

•e• equations [e.•., A•cA•e• • •o•o•, 1967; 

[•ob•M e• •., 1989; A•be•Ae•e• e• •., 1995], •s 

1987; •o•, 1987•]. O•e purpose o[ •e p•ese• 
study is to better establish the applicability of Rbreak 
to random wave run-up on natural beaches. 

Rbreak is initialized at the model seaward bound- 

ary (see Appendix) with observations from the most 
offshore collocated pressure sensor and current meter 
(Figure 1). For each 68-min data run, the observed 
time series of pressure and cross-shore current fluctu- 
ations used to initialize Rbreak were low-pass filtered 
to include only long waves ((kh) • << 1, where k is 
the wavenumber), consistent with the derivation of (6) 
and (7). The high-frequency cutoff was 0.18 Hz at both 
Scripps and San Onofre and the largest (kh) • at the 
initial conditions was 0.38. The predicted band-passed 
(0.004 < f • 0.18 Hz) run-up and reflection coefficients 
are not sensitive to the filtering of the initial condi- 
tions. The still water depth input to the model was 
determined from the observed pressure time series ev- 
ery 17 min. Only the final 51 min of each observed and 
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Figure 2. Observed spectra at the most offshore 
sensor, P0 (Figures 2a and 2c), and observed (lines) 
and predicted (lines with solid circles) spectra at the 
bottom run-up wire, R05 (Figures 2b and 2d), for three 
51-min-long data sets from San Onofre with H• -- 1.07 
m,/3 -- 0.09, •o -- 1.63 (solid lines); H, - 1.07 m,/3 - 
0.06, •o - 1.14 (dotted line); H, - 0.48 m,/3 - 0.09, •o 
= 2.12 (dashed line). Smooth solid lines indicate f-4 
slopes in Figures 2b and 2d and are separated in Figure 
2b by a distance proportional to/34. 

predicted 68-min time series were analyzed to eliminate 
transients owing to the intial condition of no wave mo- 
tion. On the basis of previous calibrations and model 
tests [e.g., Kobayashi et al., 1989; Coz et al., 1992; 
Kobayashi and Wurjanto, 1992; Raubenheimer et al., 
1995], a friction coefficient fc = 0.015 and a normalized 
step size Az • = 0.01 (see Appendix) were used for all 
predictions shown here (the predictions are not sensitive 
to these values). 

4. Model-Data Comparisons 

Pressure at the initial conditions (P0) and run-up 
spectra at the lowest wire (R05) are shown in Figure 
2 for three selected runs with similar peak frequencies 
(m 0.06 Hz). For the data shown in Figures 2a and 
2b the offshore significant wave height is approximately 
constant and the foreshore slope varies (owing to differ- 
ent tidal stages), whereas for the data shown in Figures 
2c and 2d the foreshore slope is approximately constant 
and the offshore significant wave height varies. Con- 
sistent with previous field and laboratory observations 
(discussed in section 1) and with existing heuristic for- 
mulations (2, •o < •) and (5), run-up energy levels in 
the sea swell frequency band are saturated (independent 
of the offshore wave height when the foreshore slope is 
approximately constant, Figures 2c and 2d), decay ap- 
proximately as f-4 (Figures 2b and 2d), and, for similar 
offshore wave conditions, increase approximately as f14 
(Figures 2a and 2b). 
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For all runs, observed (Figure 3b) and predicted (Fig- 
ure 3c) R05 run-up spectral levels at frequencies greater 
than about 0.05 Hz decrease approximately as f-4 sim- 
ilar to the three example runs (Figures 2b and 2d). 
In contrast, the infragravity run-up energy levels are 
roughly constant with frequency and fall below the f-4 
levels of the sea swell band. The somewhat arbitrary 
0.05-Hz division between infragravity and sea swell fre- 
quency bands was selected to be below the offshore spec- 
tral peak frequency of all runs (Figure 3a). Since run- 
up energy at frequencies greater than 0.18 Hz is small 
(Figure 3b) and may be influenced by the filtering of the 
model initial conditions or difficulties with the run-up 
wires (e.g., kelp and see Holman and Guza [1984]), all 
further comparisons to the empirical parameterizations 
((2, (0 < (c) and (3)) will be made for the sea swell 
frequency band 0.05 < f _< 0.18 Hz. Predicted and 
observed sea swell significant run-up excursions, 
(based on the run-up variance in the sea swell frequency 
band), increase with •3 •' as predicted by (2, (0 < (c) 
(Figure 4). Variations in offshore wave steepness (which 
are much smaller than the variations in foreshore slope 
in this data set) likely contribute to the scatter about 
the •3 •' trend (e.g., (2, (0 < (•)). 

At the lowest wire, tt•'/H, is observed and predicted 
by Rbreak to increase with increasing/•0 (Figure 5c). 
Prediction errors are typically less than 20% (Figure 
5d). The observed and predicted dependence of R• ' on 
/•0 is somewhat scattered and is approximately equally 
well described by linear (3) [e.g., Hunt, 1959; Holman 
and Sallenger, 1985] and quadratic (e.g., (2, 
and Figure 4) fits. Linear fits to the present and Holman 
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Figure 3. (a) Observed spectra at the model initial 
conditions (P0) and (b) observed and (c) predicted R0S 
run-up spectra for all runs. The dotted lines have an 
f-4 slope (e.g., (5)). The vertical dashed lines at 0.05 
Hz indicate the division between infragravity and sea 
swell frequency bands. 
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Figure 4. Observed (open circles) and Rbreak pre- 
dicted (solid circles) sea swell (0.05 < f _< 0.18 Hz) 
significant run-up excursions, R• • at R05 versus fore- 
shore slope, •3. The solid line represents the empirical 
•32 dependence (2, (0 < (•). 
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Figure 5. For all 49 data runs, observed (open circles) 
and predicted (solid circles) (a) normalized infragravity 
(0.004 _• f ( 0.05 Hz) run-up excursion and (b) predic- 
tion error (triangles, (Rpred- Rob,)/Rob,), (c) normal- 
ized sea swell (0.05 ( f _• 0.18 Hz) run-up excursion 
and (d) prediction error, and (e) normalized mean ver- 
tical run-up superelevation and (f) prediction error ver- 
sus Irribarren number, •0. Least squares linear fits are 
shown for the present observations (solid lines) and the 
infragravity, sea swell, and mean high tide run-up su- 
perelevations reported by Holman and Salleritter [1985] 
(dotted lines). In Figure 5c, the short dashed line rep- 
resents the Miche hypothesis ((2, •0 (•c) and the long 
dashed line represents the "Hunt Formula" (3). The 
linear fits (and correlations, r) to the present data are 
R•G/H• - 0.65 -{- 0.07•0, r - 0.26 (Figure 5a); R•/H• 
=-0.31 -{- 0.97•0, r - 0.75 (Figure 5c); and R•mea•/H• 
=-0.02 + 0.17•0, r - 0.73 (Figure 5e), where R• • is 
the significant run-up height in the sea swell frequency 
band, R• G is the significant run-up height in the infra- 
gravity band, and R• m•a• is the mean run-up superele- 
vation. 

and Sallenger [1985] observations are qualitatively sim- 
ilar (compare solid and dotted lines in Figure 5c). The 
Hunt Formula (3) gives an approximate upper bound to 
the observed and predicted normalized sea swell run-up 
and well describes the total normalized run-up (e.g., 
S•o•/n• - •/(S:•/n•)•' + (S•/n•)•') (no• s•own). 
(Note that all formulas based on •0 are sensitive to the 
definitions of H0, L0, and/5.) 

The observed normalized significant infragravity run- 
up at the lowest wire, R•a/H• (based on the run-up 
variance in the infragravity frequency band), is nearly 
constant, independent of •0, corresponding to an ap- 
proximately linear relationship between R• a and H• 
(Figure 5a). The 0.65 constant of proportionality is 
similar to the 0.71 value reported by Guza and Thorn- 
ton [1982] based on observations acquired within 50 km 
of the present experiment sites. The observed and pre- 
dicted linear relationship between R• a and H• is (per- 
haps coincidentally) similar to that observed for solitary 
waves on planar beaches (e.g., R oc H s/4) [S•tnolakis, 
1987b]. Infragravity wave heights observed at many lo- 
cations on the continental shelf (in depths 10-30 m) are 
also linearly related to sea swell heights. However, there 
is considerable variation in the constant of proportional- 
ity between sites in the same water depth, but on shelves 
with different widths [Herbets et al., 1995]. Offshore in- 
fragravity energy levels may also depend on features of 
the surf zone bathymetry such as sand bars and low- 
tide terraces [Okihiro and Guza, 1995]. These studies 
suggest that the functional dependence of infragravity 
run-up on •0 may be site specific and that generaliza- 
tions of the present observed dependence of infragrav- 
ity run-up on •0 may not be appropriate. For instance, 
video run-up observations acquired on a North Carolina 
beach bordered by a broad (• 100 km) shelf [Holman 
and Salientlet, 1985] show a different dependence on 
•0 than the present observations, acquired on South- 
ern California beaches bordered by a narrow (• 10 km) 
shelf (see Figure 5a). (Instrumental differences may also 
play a role.) Although the parametric fits of the present 
data to •0 differ in detail from those of Holman and Sal- 
Ientlet [1985], the overall results are qualitatively simi- 
lar. In both data sets, sea swell excursions dominate the 
observed near-bed run-up motions for •0 greater than 
about 1.5 (e.g., compare Figures 5a and 5c), whereas 
infragravity excursions dominate the run-up for smaller 
•0. The errors in the Rbreak predictions of R• a are less 
than 40% (Figure 5b). Observations and predictions of 
run-up at the wires higher above the beach show sim- 
ilar trends, although the infragravity run-up is smaller 
(e.g., Figure 8, discussed below). 

Rbreak assumes normal wave incidence. However, 
previous studies suggest that at infragravity frequen- 
cies, obliquely propagating low-mode edge waves may 
be significant very near the shoreline [e.g., Oltman-Sha•t 
and Guza, 1987]. Lacking longshore observations, the 
edge wave mode mix in the present data sets cannot 
be quantified; however, low-mode edge waves trapped 
shoreward of the model initial conditions (e.g., mode 
0 in Figure 6a) will cause an underprediction of en- 
ergy near the shoreline. Since all waves are assumed 
normally incident, low-mode edge waves in the model 
initial conditions (e.g., mode 1 in Figure 6a) as well as 
in the run-up will result in prediction errors owing to 
the difference between the cross-shore amplitude struc- 
ture of the assumed (normally incident) and observed 
(edge) waves (e.g., compare mode 1 and leaky ampli- 
tude structures in Figure 6a). The cross-shore struc- 
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displacement (f = 0.045 Hz) predicted by inviscid lin- 
ear theory for mode 0 (dotted line) and mode 1 (dashed 
line) edge waves and leaky waves (solid line) on the mea- 
sured San Onofre bathymetry. (b) Typical cross-shore 
distribution of normalized variance error (the difference 
between the observed and predicted variance divided 
by the variance error at R05) (circles, for a 51-min run 
with H, = 0.48 m,/? = 0.09, and/•0 = 2.12) and vari- 
ance for a linear combination of mode 0, 1, and 10 edge 
waves (dashed line) with amplitudes selected to fit ap- 
proximately the error. 

ture of the variance error, the difference between the 
observed and Rbreak predicted infragravity variance, 
is qualitatively consistent with low-mode edge waves in 
the observations. Figure 6 shows the variance for a com- 
bination of low-mode edge and normally incident stand- 
ing waves (based on linear theory) and errors at 0.045 
Hz for an example run. Although low-mode edge waves 
contribute to model errors, the observed infragravity 
run-up excursions are predicted qualitatively well (Fig- 
ures 5a and 5b and see below). In these observations, 
infragravity motions are not dominated by low-mode 
edge waves with cross-shore (between the run-up and 
the model initial conditions) amplitude structures sig- 
nificantly different from those of leaky waves. 

The normalized mean vertical R05 run-up superele- 
vation (e.g., wave "setup" measured by run-up wires) 
above the mean water level (MWL) (measured at e0) 
is observed and predicted by Rbreak to increase approx- 

imately linearly with increasing/•0 (Figure 5e). Holman 
and Sallen!7er [1985] observed a similar, but steeper, 
trend at high and mid tides (compare solid and dot- 
ted lines in Figure 5e). The differences could be owing 
to differences in measurement technique since video es- 
timates of mean run-up are considerably larger than 
estimates from wires 5 cm above the bed [Holland et 
al., 1995, Figure 2a]. In contrast to the observations of 
Holman and Sallen!7er [1985], the tidal stage does not 
affect the present observed mean run-up superelevation. 
Rbreak predicts a weaker increase in normalized mean 
superelevation with increasing /•0 than observed (Fig- 
ure 5e), and thus Rbreak typically underpredicts the 
observed superelevation of the mean run-up (Figure 5f). 

Observed and predicted squared reflection coef- 
ficients, Re 2, at San Onofre at P60 were crudely esti- 
mated using collocated sea surface elevation and cross- 
shore current fluctuations [Raubenkeimer et al., 1995]. 
At the model seaward boundary (P0), the observed and 
predicted Re 2 are equal and determined by the observed 
sea surface elevation and cross-shore velocity time se- 
ries used to initialize the model. Similar to Re 2 at P0 

(not shown), surf zone Re 2 (based on the band-passed 
seaward and shoreward propagating energies) are high 
(• 1.0) at low infragravity frequencies (0.004 < f _< 
0.03 Hz), variable at high infragravity frequencies (0.03 
< f < 0.05 H•,), and relatively small (usually < 0.4) at 
sea swell frequencies (Figure 7a). The increase in sea 
swell Re •' with increasing •0 (Figure 7b) is qualitatively 
consistent with Miche's empirical reflection formula (4). 
Reflection coefficients in the surf zone typically increase 
in the onshore direction, consistent with strong dissipa- 
tion of shoreward propagating energy relative to sea- 
ward propagating energy. For example, observed and 
predicted sea swell Re •' (Figure 7c) are larger at P60 
than at P0 (at the model seaward boundary at San 
Onofre), except at low/•0 where Re •' are very small (Fig- 
ure 7b) and errors in both observed and predicted Re •' 
are large relative to Re •' itself. 

As previously observed [Holraa• a•d Guza, 1984; 
Holland et al., 1995], thin run-up tongues cause a sen- 
sitivity to wire elevation (e.g., bottom wires measure 
larger total run-up excursions and mean superelevations 
than top wires), and run-up measured at different eleva- 
tions can be used to infer the shape of the run-up tongue 
[Raube•l•eiraer et al., 1995]. Ratios between measure- 
ments at different wires are shown for all five wires for 

three example runs in Figure 8 and for top and bottom 
wires for all runs in Figure 9. The ratio of infragrav- 
ity run-up excursions measured by the top and bottom 
wires is predicted and observed to be approximately in- 
dependent of/•0 and near unity (Figures 8a and 9a). 
Errors in the predicted ratio are less than about 0.3 
(Figure 9b). Predicted and observed normalized sea 
swell and vertical mean run-up superelevation are more 
sensitive to wire elevation (Figures 8b, 8c, 9c, and 9e). 
As previously reported [Holland et al., 1995; Raube•- 
l•eiraer et al., 1995], on the low-sloped Scripps Beach 
where sea swell run-up excursions are small (Figure 5c, 
/•0 • 0.6), significant sea swell excursions are sometimes 
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larger at R25 than at R05 (ratios > 1.0), possibly owing 
to dissipation of sea swell energy in the run-up (Figure 
9c, •0 < 0.6). However, on the steeper San Onofre 
Beach (where/•0 > 0.6) the ratio of sea swell run-up ex- 
cursions measured by R25 to those measured by R05 is 
generally about 0.5 (Figure 9c). That is, owing to thin 
run-up tongues, sea swell excursions measured by the 
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upper wire are about half those measured by the low- 
est wire. The model tends to underpredict the ratios, 
with predictions and observations typically differing by 
less than 0.2 (Figure 9d). Rbreak estimates run-up os- 
cillations at each wire with comparable accuracy (not 
shown). Observed ratios between vertical mean run-up 
superelevation measured by R25 and R05 (Figure 9e) 
are scattered from about 1.0 (corresponding to a hori- 
zontal mean sea surface in the swash zone) to less than 
zero (corresponding to a mean run-up at R25 that is be- 
low the MWL measured at P0). Predicted differences 
increase slightly with increasing •0 from about zero to 
about 0.5. The reasons for the large errors in mean run- 
up superelevation (Figures 9e and 9f) are unknown. 

The small vertical separation (20 cm) between top 
and bottom wires may result in large (up to about 20 
m) horizontal separation of measured mean run-up lo- 
cations. Therefore there may be significant frequency 
dependent phase differences observed between run-up 
time series measured at different wires (Figure 10) [Hol- 
land et al., 1995; Raubenheimer et al., 1995], similar to 
the phase difference observed between sea surface eleva- 
tion time series measured at fixed horizontal locations 

separated by 0(20 m). Standing waves result in phase 
differences of either 0 ø or 1800 (e.g., simultaneous run- 
up on the bottom wire and run-down on the upper wires 
[Rauber•heimer et al., 1995]), whereas approximately 
nondispersive progressive waves (e.g., run-up owing to 
the collapse of shoreward propagating bores) result in 
phase differences which increase approximately linearly 
with frequency. Consistent with high reflection coeffi- 
cients at P60 (Figure 7a), at low infragravity frequen- 
cies (f _• 0.04 Hz) the run-up motions are standing and 
the observed zero phase lag between wires is well pre- 
dicted by both inviscid (e.g., nonbreaking) linear theory 
[e.g., Holland et al., 1995] and Rbreak (Figure 10). The 
phase (relative to the bottom run-up wire) and ampli- 
tude structure across the surf zone (not shown) is also 
consistent with linear free waves at low infragravity fre- 
quencies (see also Raubenheimer et al. [1995]). At high 
•o (Figure 10, dashed lines), standing wave energy in 
the run-up may be significant at swell frequencies (e.g., 
0.08 Hz), consistent with relatively high Re •' (Figure 
7b). However at lower •0 (Figure 10, solid lines), con- 
sistent with surf zone Re •' which are typically much less 
than 1.0, shoreward progressive waves at swell frequen- 
cies (e.g., 0.08 Hz) may distort the phase differences 

Figure 7. (a) Predicted versus observed squared re- 
flection coefficients, Re •', at P60 for 0.004 < f < 0.03 __ __ 

Hz (solid squares), 0.03 < f <_ 0.05 Hz (triangles), and 
0.05 < f <_ 0.18 Hz (crosses). The solid 450 line repre- 
sents perfect agreement between predictions and obser- 
vations. (Re •' is based on the ratio of seaward to shore- 
ward propagating energy, with the energies integrated 
over the indicated bands). (b) Predicted (solid circles) 
and observed (open circles) sea swell (0.05 < f <_ 0.18 
Hz) reflection coefficients versus f0. The solid curve rep- 
resents (4). (c) Prediaed (solid circles) and observed 
(open circles) ratio of sea swell Re •' at P60 to that at 
P0 versus •0. Points above the dotted line represent in- 
creasing reflection coefficients in the onshore direction. 
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resentative 51-min runs are shown: H, - 1.07 m, fl - 
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= 1.63 (circles); and H, - 0.48 m, •- 0.09, •o - 2.12 
(squares). 

from the standing wave values and the observed and 
Rbreak predicted phases diverge from inviscid linear 
theory. Phase lag prediction errors of Rbreak are usu- 
ally less than 25ø(not shown). 

Predicted and observed band-passed (0.004 < f _< 
0.18 Hz) horizontal run-up locations at 5 and 25 cm 
above the bed are shown in Figure 11a for a typical 
uprush and downrush. The Rbreak-predicted depth- 
averaged velocities at six locations and the shape of the 
run-up are shown at four times during this 14-s period 
(Figures lib-lie). Previous studies have shown that 
the depth-averaged swash velocities are accurately pre- 
dicted by Rbreak for laboratory monochromatic waves 
[van der Meet and Breteler, 1990]. The good agreement 
between predicted and observed run-up in the present 
study suggests that random wave swash velocities may 
also be accurately modeled. 

Similar to previous predictions and observations of 
solitary [Synolakis, 1987b; Svendsen and Grilli, 1990] 
and random wave run-up [Raubenheimer et al., 1995], a 
bore moves up the beach (Figure 11b), collapses to form 
a thin concave tongue (Figures 11c and 11d), and re- 
tains this shape during the run-down (Figure 11e). The 
predicted thinning of the run-up tongue results from 
mass conservation and velocities which are largest at the 
run-up tip (Figures 11c and 11d). Since run-up wires 
measure the changing location of a particular depth of 
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Figure 9. Predicted (solid circles) and observed (open 
circles) ratio between run-up on top (R25) and bottom 
(R05) wires versus •o for infragravity and sea swell fre- 
quency band (Figures 9a and 9c, respectively) excur- 
sions and mean vertical run-up superelevation (Figure 
9e). Figures 9b, 9d, and 9f show the prediction errors, 
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Figure 10. Phase lags observed (solid and dashed 
lines), predicted with Rbreak (lines with solid circles) 
and predicted with linear standing wave theory (lines 
with crosses) between run-up at 25 and 5 cm above the 
bed versus frequency for two data runs: H5 - 0.53 m, 
/• - 0.11, •0 - 2.74 (dashed lines) and H5 - 1.07 m,/• 
= 0.09, •0 - 1.63 (solid lines). 

water rather than sea surface elevation fluctuations (r/) 
as in the nonlinear shallow water equations, fluid veloc- 
ities are not simply related to run-up observations. In 
fact, while the flow is directed onshore, the thinning of 
the run-up tongue may result in simultaneous measure- 
ment of "run-down" by the upper wire and "run-up" 
by the bottom wire (e.g., Figure 11a at t = 4 s and 
Figure l 1 c). In other words, although run-up measured 
a few centimeters above the bed (e.g., by the bottom 
wire) may be closely related to the depth-averaged wa- 
ter velocity near the run-up tip, the measurements 25 
cm above the bed (by the upper wire) cannot be used 
to infer even the sign of the fluid velocities within the 
run-up tongue. 

6. Conclusions 

Numerical model predictions of run-up based on the 
one-dimensional depth-averaged nonlinear shallow wa- 
ter equations agree well with both heuristic models 
and observations with vertically stacked run-up 
wires. Semiempirical saturation formulations are con- 
sistent with numerical model predictions and observa- 
tions of sea swell run-up excursions and reflection (Fig- 
ures 2-4, 5c, 5d, and 7b). The relative amount of re- 
flected energy at sea swell frequencies is observed and 
predicted by the model to increase both with increasing 
Irribarren number (Figures 7b and 10) and decreasing 
distance from shore (Figure 7c). At infragravity fre- 
quencies, run-up excursions are observed to be unsat- 
urated (e.g., to increase with increasing offshore wave 

height, Figure 5a), and the numerical model accurately 
predicts the dominance of waves standing in the cross 
shore (Figures 7a and 10). Thin concave run-up tongues 
cause a sensitivity of measured run-up excursions and 
means to sensor elevation above the bed and phase lags 
between measurements at different elevations (Figures 
8-10). 

Appendix: Model Revision and 
Dissipation 

At the seaward boundary, Rbreak requires time series 
of the cross-shore velocity u(0, t) and the total water 
depth, 

•(0, t) = a + •(0, t): a + •(t) + •(t) (a•) 

where d is the still water depth and rli(t) and r/,(t) are 
the shoreward and seaward propagating wave fields, re- 
spectively. In previous studies, d was calculated from 
observations, r/i(t) was estimated using observed time 
series of either the sea surface elevation at several lo- 

cations [e.g., Koba•tashi et al., 1990] or collocated sea 
surface elevation and cross-shore velocity measurements 
[e.g., Raubenheimer et al., 1995], and r/,(t) was approx- 
imated using the characteristic equations (assuming 
subcritical flow conditions and negligible friction) and 
linear wave theory [Koba•tashi et al., 1989; Wurjanto 
and Koba•tashi, 1991]. Previous studies have shown 
that r/•(t) was approximated at least qualitatively well 
[Koba•tashi et al., 1990; Koba•tashi and Raichle, 1994; 
Raubenheimer et al., 1995]. The time series of the cross- 
shore velocity was also calculated from the characteris- 
tic equations. 

In this study the model has been revised and is 
initialized directly with observations of d, v(O,t) and 
u(0, t), eliminating the linear and characteristic approx- 
imations. This method forces the predicted and ob- 
served frequency-dependent reflection coefficients Re 2 
to be equal at the seaward boundary. Run-up variances 
predicted with the original and revised models differ by 
less than 15%. 

Wave dissipation is included in the model both by 
the quadratic bottom friction and bore dissipation [e.g., 
Stoker, 1947]. Previous model calibrations have shown 
that run-up predictions are not sensitive to friction co- 
efficients in the range 0.01 _< fc _< 0.05 [Coz et al., 
1992; Raubenheimer et al., 1995] and, consistent with 
other run-up models based on the nonlinear shallow 
water equations [e.g., Titov and SZtnolakis, 1995], total 
dissipation is dominated by wave breaking [Koba•tashi 
and Wurjanto, 1992]. The nonlinear shallow water 
equations (6) and (7) predict that unbroken waves will 
steepen within a few wavelengths forming shocks (or 
bores) [e.g., Me•ter and Ta•tlor, 1972]. Here the bore 
dissipation is modeled by using a bore-capturing Lax- 
Wendroff numerical scheme [œaz and Wendroff, 1960]. 
The theoretical and predicted dissipation are approx- 
imately equal so long as the bore front is nearly ver- 
tical and covers only a relatively small distance [e.g., 
Ritchm•ter and Morton, 1967; Me•ter and Ta•tlor, 1972]. 
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Figure 11. (a) Observed (lines) and predicted (lines with solid circles) run-up at 5 cm (solid 
lines) and 25 cm (dashed lines) above the bed for a single swash event during an example run 
= 1.07 m, fi - 0.06, •0 - 1.14) versus time. The predicted swash zone sea surface elevation (dotted 
lines), locations of run-up measured by R25 (crosses) and R05 (open circles), and velocities at 
six locations across the swash zone (arrows) are shown for (b) t - i s, (c) t- 4 s, (d) t- 5 s, 
and (e) t- 8 s. (Velocities are not shown for locations that are not submerged.) The scale of 
the velocity vectors is shown in the upper right corner of Figure 11b. 

Since the Lax-Wendroff method spreads the bore front 
across a few horizontal grid points, the normalized step 
size, Az', must be small, Az' - (Az/Tgx/•) << 1, 
where Az is the dimensional step size. Previous results 
showed that predicted run-up time series, variance, and 
skewness do not significantly vary for a plausible range 
of As' [Raubenheimer et al., 1995]. Long wavelength 
(e.g., infragravity) waves are not necessarily predicted 
to form shocks (and dissipate) within the model do- 
main, whereas shorter wavelength sea swell waves are 
nearly always predicted to break, as is observed. 
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