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Introdu
tion générale
Le 
ontexte : L'hydrodynamique 
�tière et de surfa
eAvant de parler de vagues et de 
ir
ulation o
éanique, je souhaiterais introduire le
ontexte générale de 
ette étude. L'étude de la 
ir
ulation o
éanique, et de l'o
éan engénéral, est au 
arrefour de nombreux enjeux, et il semble opportun d'en dresser uneliste rapide pour avoir une idée des appli
ations pratiques de la présente re
her
he.À l'é
helle du globe, la 
ir
ulation o
éanique intéresse parti
ulièrement pourson impa
t sur le 
limat. À l'é
helle 
�tière, les intérêts sont plus divers, depuis la
onnaissan
e et la prévision des mouvements des masses d'eau pour appli
ation à labiologie, à la biogéo
himie, l'halieuthique, à la défense sous-marine, jusqu'au suivides pollutions et au sauvetage en mer. En�n à l'é
helle littorale, l'hydrodynamiquede l'o
éan est étudiée prin
ipalement pour ses appli
ations à l'érosion des 
otes, autransport sédimentaire.Pour beau
oup d'appli
ations parmi 
elles 
itées 
i-dessus, un des pré-requis estde posséder un modèle de l'o
éan qui représente 
orre
tement les transports parti-
ulaires près de la surfa
e (suivi des pollutions, sauvetage en mer, étude des dérivesde larves en halieuthique), qui représente 
orre
tement le mélange des 
ou
hes desurfa
e o
éaniques , ave
 les 
y
les diurnes et saisonniers (études 
limatiques, bio-géo
himie), et qui représente 
orre
tement la 
ir
ulation aux abords immédiats desplages, dans la zone de déferlement des vagues et au-delà, sur le plateau interne(érosion des plages, transport des sédiments, suivi des polluants rejetés de la 
�te).En fait une grande partie des a
tivités de re
her
he o
éanographiques né
essitentune bonne 
onnaissan
e de l'hydrodynamique près de la surfa
e et près de la 
�te,et 
e n'est pas surprenant puisque l'essentiel des a
tivités humaines et animales s'y
on
entrent.Voila 
e qui 
onstitue la motivation pour étudier l'hydrodynamique de 
ettepartie de l'o
éan, et plus pré
isément l'impa
t des vagues sur 
elle-
i.11



12 Introdu
tion généraleProblématique : L'impa
t des vaguesLes vagues jouent un r�le prépondérant dans la dynamique de l'o
éan au niveaulittoral. Par exemple, des vagues d'in
iden
e oblique gênèrent des 
ourants le long desplages, et 
es 
ourants sont généralement plus importants que les 
ourants 
rées parle vent, la marée ou les 
ourants du large. Les modèles hydrodynamiques littorauxintègrent don
 les vagues 
omme un forçage essentiel.Au 
ontraire, dans les modèles 
�tiers d'o
éan, à des é
helles de grandeur del'ordre d'une baie, d'une région ou d'un bassin o
éanique, l'o
éan évolue uniquementen réponse au vent, à la marée et aux di�érents forçages sur la température etsur la salinité. Les vagues, et plus généralement l'état de mer, ne sont pas prisen 
ompte. Hors de la zone de déferlement bathymétrique, les vagues sont ainsilargement ignorées.Pourtant, l'énergie 
inétique turbulente (TKE) produite par le déferlement desvagues est supérieure, au moins d'un ordre de grandeur, à la produ
tion de TKEpar le 
isaillement du 
ourant d'Ekman (Terray et al., 1996). De même, la pseudo-quantité de mouvement des vagues, intégrée verti
alement (
.à.d. le transport deStokes des vagues) est de l'ordre de grandeur du transport d'Ekman 
orrespondantau vent qui les a 
réées : M
Williams and Restrepo (1999), ainsi que Polton etal. (2005), ont donné une première estimation de 
e transport de Stokes à 40% dutransport d'Ekman aux moyennes latitudes. Cependant, une analyse plus réalistetenant 
ompte du fait que les vagues sont rarement 
omplètement développées parvent fort serait 
ertainement plus pro
he de 10%. En surfa
e, la dérive de Stokesdes vagues de vent a été estimée par Kenyon (1969) à plus de 3% de la vitesse duvent à 10 m, une vitesse 
omparable à la dérive due au vent des parti
ules d'eau à lasurfa
e. En�n, le transfert de la quantité de mouvement du vent vers l'o
éan passegénéralement à plus de 80% par les vagues, alors que 20% ou moins sont dus auxfrottements visqueux à la surfa
e (Donelan, 1998; Banner and Peirson, 1998).Ces diverses observations et analyses ont amené à re
onsidérer l'importan
e desvagues dans la des
ription de l'o
éan, y 
ompris loin de la 
�te. En parti
ulier pourdes problématiques liées aux dérives près de la surfa
e ou liées au mélange près dela surfa
e, les vagues doivent jouer un r�le important, 
ompte tenu des ordres degrandeurs pré
édents.Également il apparaît un fossé entre la des
ription littorale, ave
 vagues, et lades
ription 
�tière, sans vagues, de l'o
éan. Pourtant, la zone intermédiaire, au-delàde la zone de déferlement des vagues et que nous nommerons pré-littorale 
ommeDenamiel (2006), est d'importan
e 
ru
iale en terme de transports de sédiment, dematériel biologique ou 
himique, puisque 
'est dans 
ette zone que se retrouvent tous



Introdu
tion générale 13les matériels issus de la zone littorale. Une des
ription 
ohérente des 
ourants induitspar les vagues, depuis la plage jusqu'au large, au même titre que les 
ourants induitspar les autres forçages tels le vent ou la marée, est ainsi né
essaire pour modéliser
ette zone pré-littorale.Plan de l'exposéPar
e que l'impa
t général des vagues sur l'hydrodynamique est à 
heval surdi�érents 
hamps d'investigations, depuis la 
l�ture turbulente et le mélange verti
aljusqu'à la 
ir
ulation littorale, la bibliographie n'a pas été, 
omme il est d'usagehabituellement, regroupée dans une partie spé
i�que. Au 
ontraire, 
ha
une desdi�érentes parties traite de sa bibliographie spé
i�que.Notre exposé s'arti
ule en 3 parties.Les aspe
ts généraux seront rappelés dans un 
hapitre préliminaire. J'y ferainotamment une des
ription simple des vagues et du transport de masse qui leurest asso
ié. La séparation du 
hamp de vitesse en une partie vagues et une partie
ourant moyen y sera présentée, ainsi que la for
e de Stokes-Coriolis. Ces deuxnotions reviendront de façon ré
urrente tout au long de 
e travail.Ensuite une première partie traitera plus pré
isément de l'e�et des vagues surl'hydrodynamique loin de la 
�te. L'étude sera alors à une dimension verti
ale ets'atta
hera à dé
rire de façon 
ohérente les 
ourants d'Ekman et la dérive près de lasurfa
e sous l'e�et des vagues. On y abordera également les problèmes de mélangeinduit par les vagues et de 
l�ture turbulente, et ses 
onséquen
es sur les pro�ls devitesse près de la surfa
e.Une deuxième partie reviendra sur le mélange lié aux vagues, mais 
ette fois surson impa
t sur la profondeur de la 
ou
he de mélange. Les modèles et les paramètrespour prendre en 
ompte 
e mélange induit par les vagues seront dis
utés, ainsi quel'impa
t sur la formation et l'érosion des thermo
lines.En�n une troisième partie présentera une des
ription de la 
ir
ulation induite parles vagues depuis la zone de déferlement jusqu'au plateau 
ontinental. Les aspe
ts liésà la non-uniformité du 
hamp de vagues, 
onnus par exemple sous le terme "tensionsde radiation", seront abordés. L'analyse séparée des vagues et des 
ourants, ainsique ses 
onséquen
es sur la 
ompréhension des 
ourants de la zone infra-littorale,sera abordée.
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General introdu
tion in english
The 
ontext: The hydrodynami
s near the 
oast andnear the surfa
eBefore dis
ussing the waves and their impa
t on the o
ean 
ir
ulation, I would liketo introdu
e the general 
ontext of this study. The study of the o
eani
 
ir
ulation,and more generally the study of the o
ean, might bene�t to many a
tivities and ashort review might be helpful to understand the possible appli
ations of the presentthesis.At global s
ale, the o
ean 
ir
ulation is under parti
ular interest for its impa
ton the 
limate. But at 
oastal s
ale, the motivations are more diverse, from theunderstanding and fore
asting of the water mass transport for appli
ations to biol-ogy, bio
hemistry, halieuti
, submarine defense, to pollutants monitoring and sear
hand res
ue. Also at nearshore s
ale, the o
ean hydrodynami
s is mainly studied forappli
ations to 
oastal erosion or sedimentary transport.For many of the appli
ations 
ited above, one ne
essary step is to build an o
eanmodel whi
h 
orre
tly des
ribes the transports of parti
les 
lose to the surfa
e (pol-lutants monitoring, sear
h and res
ue, drift of larvae), whi
h 
orre
tly des
ribes themixing in the upper o
ean with the resolution of the diurnal and seasonal 
y
le (
li-mati
 studies, bio
hemistry), and whi
h 
orre
tly represents the 
ir
ulation in thevi
inity of the shore, in the surf-zone and beyond in the inner-shelf zone (
oastal ero-sion, sedimentary transport, monitoring of the pollutants reje
ted from the 
oast).A
tually a large part of the o
ean resear
h a
tivities need an a

urate understandingof the near-surfa
e and nearshore hydrodynami
s, and this is not surprising sin
emost animal and human a
tivities 
on
entrate in those areas.This sets up a motivation to study the hydrodynami
s of this part of the o
ean,and more pre
isely to study the impa
t of waves on it.15



16 General introdu
tion in englishThe issue: The impa
t of wavesWaves play a dominant role in the o
ean dynami
s 
lose to the shore. For instan
e,obliquely in
ident waves 
reate alongshore 
urrents, and those 
urrents are generallylarger than the 
urrents 
reated by the wind, the tides or the o�-shore 
urrents.Therefore nearshore hydrodynami
s models use the waves as an essential for
ing.On the 
ontrary in the 
oastal models, at the s
ale of a bay, of a region or ofan o
ean, the o
ean evolves only in response to the wind, the tide and the di�erentfor
ings of the temperature and the salinity. Waves, and more generally the seastate, are then largely ignored outside of the surf-zone.Nevertheless, the turbulent kineti
 energy (TKE) produ
ed by the wave breakingis at least an order of magnitude larger than the TKE produ
ed by the shear of theEkman 
urrents (Terray et al., 1996). Also the verti
ally-integrated waves pseudo-momentum (i.e. the Stokes transport of the waves) is of the order of the Ekmantransport 
orresponding to the wind whi
h 
reated those waves. M
Williams andRestrepo (1999) and Polton et al. (2005) gave a �rst estimation of this Stokes trans-port around 40% of the Ekman transport at mid-latitude. We note however thata more realisti
 estimation would be 
lose to 10% given that the waves are seldomfully-developed under strong winds. At the surfa
e, the Stokes drift was estimatedby Kenyon (1969) to be more than 3% of the wind speed at 10 m, a velo
ity ofthe same order as the drift velo
ity of parti
les at the surfa
e. Finally, the momen-tum from the wind transfers to the o
ean generally through the wave �eld at 80%,whereas only 20% or less are due to the vis
ous fri
tion at the surfa
e (Donelan,1998; Banner and Peirson, 1998).All those observations have lead us to re
onsider the importan
e of waves inthe des
ription of the o
ean, even far from the 
oast. In parti
ular for studies ofnear-surfa
e drift or near-surfa
e mixing, waves might play an important role giventhe previously listed orders of magnitude.Also there is a gap between the nearshore des
riptions (with waves) and the
oastal des
riptions (without waves) of the o
ean. Yet the intermediate zone, theinner-shelf zone, is of 
ru
ial importan
e in terms of sedimentary transport, 
hemi
alor biologi
al transport, sin
e all the materials 
oming from the surf-zone �nally endup there. A 
oherent des
ription of wave-indu
ed 
urrents, from the shore to theopen o
ean, as well as the 
urrents indu
ed by the other for
ings, is a ne
essary stepto build a model of that inner-shelf zone.



General introdu
tion in english 17ContentsAs the general impa
t of waves on the hydrodynami
s deals with many di�erenttopi
s, ranging from the turbulent 
losure and verti
al mixing to the nearshore
ir
ulation, the bibliography has not been, as it is 
onventionally done, gathered ina spe
i�
 part. On the 
ontrary, ea
h part deals with its spe
i�
 bibliography.The thesis is split into three parts.The general 
on
epts will be re
alled in a preliminary 
hapter. I will made asimple des
ription of the waves and of the asso
iated mass transport. The separationof the velo
ity �eld into a wave part and a mean �ow part will be presented, as wellas the Stokes-Coriolis for
e. Those 
on
epts will appear all along the thesis.Then a �rst part will deal more pre
isely with the e�e
ts of waves on the dynami
sin the open o
ean. The study in
orporates only one (verti
al) dimension and willtry to des
ribe in a 
oherent manner the Ekman 
urrents and the drift 
lose to thesurfa
e in the presen
e of waves. Also the verti
al mixing due to the waves will beparameterized with an appropriate turbulen
e 
losure. Its impa
t on the velo
itypro�les 
lose to the surfa
e will be dis
ussed.A se
ond part will also fo
us on the wave-indu
ed mixing, but more pre
iselyon its impa
t on the mixed layer depth. Models and parameters to in
lude thewave-indu
ed mixing will be dis
ussed, as well as the impa
t on the thermo
lineformation and erosion.Finally, a third part be devoted to the des
ription of the wave-indu
ed 
ir
ulationfrom the surf-zone to the shelf. Aspe
ts linked to horizontally non-uniform wave�elds, for instan
e known as radiation stress e�e
ts, will be dis
ussed. The separatedanalysis of waves and 
urrents, as well as its 
onsequen
e on the understanding ofthe inner-shelf 
urrents, will be dis
ussed.
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Chapter 1General 
on
eptsThis 
hapter aims to introdu
e general 
on
epts used in this study. We �rst re
allthe typi
al length and time s
ales of the waves, and the impli
ations for the wavemodelling. Then we introdu
e the Stokes drift of the waves and we dis
uss on asimple example the two major di�
ulties whi
h appear for the modelling of wavesand 
urrents. The �rst di�
ulty is the motion of the free surfa
e, for whi
h a spe
ialaveraging is needed. The se
ond di�
ulty 
omes from the quite di�erent physi
s ofthe mean �ow and of the waves Stokes drift, for whi
h a separation of waves andmean �ow is needed to obtain suitable parameterizations. Finally, emphasis is madeon the fa
t that the mean �ow dynami
s is di�erent than the total drift dynami
s,for instan
e with the appearan
e of the Stokes-Coriolis for
e for an horizontallyuniform 
ase.1.1 Lengths and time s
alesThe present thesis investigates the role of the waves on the 3D dynami
s of theupper o
ean, and also on the 3D dynami
s of the nearshore and 
ostal o
eans.We re
all here that the waves, i.e. short gravity waves at the surfa
e, have typi
alwavelengths of 100 m, heights of 1 m and periods of 10 s. Those s
ales are rathersmall 
ompared to the typi
al length and time s
ales of the o
ean 
ir
ulation, butit should be noted that the large s
ale variations of the wave �eld are mu
h largerthan the s
ale of a single wave and are 
omparable to those o
ean 
ir
ulation s
ales.The variety of o
eani
 phenomenons in�uen
ed by waves is large, the typi
alhorizontal s
ales spanning the range from hundreds of kilometers for large s
alevariations of the wave �eld to a meter for the energy 
ontaining eddies of the wave-stirred turbulent surfa
e layer, and even less for the mi
ros
ale breaking of thesmallest waves. 19



20 Chapter 1Be
ause of the limited numeri
al resour
es and be
ause one also needs to analyzethe physi
al features, it is 
ustomary for the purpose of o
ean 
ir
ulation to 
onsiderhorizontal length s
ale smaller than a hundred of meters horizontally and one meterverti
ally as subgrid phenomenons. The present study will keep in mind thesetypi
al s
ales and try to �nd adapted des
riptions and parameterizations, of smalls
ale wave-indu
ed turbulen
e for instan
e.Also, we fo
us in the present thesis on wave-driven 
urrents with time variationsslower than the wave period. We therefore use a spe
tral approa
h, without resolv-ing the phase of the waves, following the method employed in most of the wavepredi
tion systems whi
h simulate the generation, the propagation and the dissipa-tion of the waves. In this kind of des
ription, the sea state is 
onsidered as a sumof mono
hromati
 waves, spread over a frequen
y-dire
tional energy spe
trum (e.gKomen et al., 1994).
1.2 Waves, Stokes drift, averagingLet us take a mono
hromati
 wave propagating in the x dire
tion, in deep waterand without 
urrent. The equations of motion, valid for z < η, are (e.g. Mei, 1989)





η = a cos(ωt− kx)

u = aω cos(ωt− kx) exp(kz)

w = aω sin(ωt− kx) exp(kz),

(1.1)where a is the amplitude, ω the radian frequen
y, k the wavenumber, η the surfa
eelevation and u, w the horizontal and verti
al 
omponents of the wave motion. Notethat the previous expressions, as well as most formulae in this 
hapter, are valid inthe limit of small wave slope ka ≪ 1. For simpli
ity, I will not dis
uss further theorder of ea
h approximations.Now let us average in time this velo
ity, de�ning the time average u = 1
T

∫ T
0 udtover a wave period T . Assuming u = 0 for z ≥ η, we get




u ≃ aω

π

√
1 − z

a
2 for − a < z < a,

u = 0 for z < −a.
(1.2)In that Eulerian des
ription, the Stokes drift, i.e. the time-averaged mass transport,is 
on
entrate between the 
rests and the troughs of the waves (�g. 1.1, upperpanel).
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on
epts 21However the Lagrangian mean speed of a parti
le moving with the wave is
uL = u(x(t), z(t), t)

=
∂u

∂x
x(t) +

∂u

∂z
z(t), (1.3)where (x(t), z(t)) are the 
oordinates of the parti
le. The 
orrelation between thedispla
ement and the non-uniform velo
ity �eld yields a residual motion of the �uidparti
les. In other words, the orbits of the parti
les are not 
losed. The residualdrift is the Stokes drift and is equal to

Us = a2ωk exp(2kz), (1.4)where the verti
al 
oordinates z represents this time the mean position of a parti
leof water.This simple example illustrates the 
ompli
ations whi
h appear due to the mov-ing surfa
e, even for linear waves, and the ne
essity of a 
areful averaging 
lose tothe surfa
e. The 
hoi
e of 
oordinates to des
ribe both wave-indu
ed motion andmean 
urrent is of great importan
e and must be dis
ussed here.Most �eld measurements are time averages made at almost �xed lo
ations.Therefore the Eulerian des
ription is traditionally used for o
eani
 
ir
ulation, andhas been 
hosen in many studies on wave-driven mean �ows. In the Eulerian de-s
ription, the interfa
e is distributed between the 
rest z = a and the trough z = −a.When 
onsidering the mean �elds, it is usually assumed that they 
an be analyti-
ally extended between the trough and the mean surfa
e z = η = 0. For example,the verti
al integral of the velo
ity is de�ned as
Tm =

∫ η

−h
udz. (1.5)In the same time, the wave mass transport of the waves is either assumed to be asurfa
e mass transport (Hasselmann, 1971; Stive and Wind, 1986; Newberger andAllen, 2007b) equal to

Mw =
∫ η

η
udz, (1.6)or to be distributed a

ording to the Lagrangian Stokes drift pro�le (M
Williamset al., 2004). Clearly, the Eulerian averaging pro
edure presents some oddities inits surfa
e representation. The analyti
al extension of the �elds is made whereasthe phase relations between the �eld and the surfa
e is of great importan
e. For



22 Chapter 1the example of the velo
ity, it leads to the wave Stokes drift. Although Eulerianaveraging might give 
orre
t representation of the Stokes drift with a 
areful analysis(e.g. M
Williams et al., 2004), a not so detailed analysis might miss the full verti
aldistribution of the Lagrangian motion (Hasselmann, 1971; Stive and Wind, 1986;Newberger and Allen, 2007b).For this reason, many authors have 
hosen to use a 
hange of 
oordinates tomake a proper averaging of the waves (e.g. Jenkins, 1986). The most simple one wasre
ently proposed by Mellor (2003). It is simply the use of a parti
ular σ-
oordinatesystem, the one following the �uid verti
al motion (to lowest order in the waveslope), to bring the parti
les ba
k to their �xed verti
al mean lo
ation and thento average in time the velo
ity (�g. 1.1, middle panel). For the 
ase of the wavemotion dis
ussed above, the mean velo
ity obtained by this method is in agreementwith the Lagrangian des
ription of the Stokes drift. More 
ompli
ated but along thesame idea, Andrews and M
Intyre (1978a) introdu
ed the Generalized LagrangianMean (GLM). In that 
ase, the parti
les are also horizontally displa
ed ba
k totheir mean position during a wave period (�g. 1.1, lower panel). The 
omplexity ofthe mapping of Andrews and M
Intyre (1978a) is 
ompensated by the simpli
ity ofexa
t phase-averaged equations.1.3 Wave / Mean �ow separationA key point of the present work is the separation between the wave part and themean �ow. If we go ba
k to the mono
hromati
 waves of the previous se
tion, on
ea proper wave-averaging pro
edure is applied (Mellor (2003) or GLM), one gets amean Lagrangian velo
ity equal to the Stokes drift of the waves. Now adding abarotropi
 
urrent brings no di�
ulties. One gets then a mean Lagrangian velo
ityequal to the Stokes drift of the waves plus the mean 
urrent. The mean 
urrent isthen similar to the Eulerian mean 
urrent below the troughs.On that simple example of mono
hromati
 waves over a mean barotropi
 
urrent,we 
an noti
e that the Lagrangian �ow is verti
ally sheared be
ause it in
ludesthe residual Lagrangian drift due to the wave motion, i.e. the waves Stokes drift.However, applying on the shear of that residual drift a verti
al mixing term equalto the verti
al mixing we would applied on a 
omparably sheared mean 
urrentwould be physi
ally meaningless. In fa
t the turbulen
e does not a
t similarly onthe 
urrent and on the waves residual Stokes drift. In addition, the Stokes driftpropagates with the waves group speed, whereas the mean 
urrent is adve
ted atthe mu
h smaller 
urrent velo
ity. This leads us a 
entral idea of this thesis, theseparation of the mean �ow and of the wave part. By separating them, and by
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Figure 1.1: This �gure was taken from Ardhuin et al. (2007b). Averaging pro
edures(left) and examples of resulting velo
ity pro�les (right) in the 
ase of (a) Eulerianaverages (e.g. Rivero and Ar
illa, 1995; M
Williams et al., 2004), (b) the GeneralizedLagrangian Mean (Andrews and M
Intyre, 1978a), and (
) sigma transform (Mellor,2003; Ardhuin et al., 2007
). The thi
k bla
k bars 
onne
t the �xed points x wherethe average �eld is evaluated, to the displa
ed points x+ ξ where the instantaneous�eld is evaluated. For averages in moving 
oordinates the points x + ξ at a givenverti
al level ξ are along the gray lines. The drift velo
ity is the sum of the (quasi-Eulerian) 
urrent and the wave-indu
ed mass transport. In the present illustrationan Airy wave of amplitude 3 m and wavelength 100 m in 30 m depth, is superimposedon a hypotheti
al 
urrent of velo
ity u(z) = −0.5− 0.01z m/s for all z < η(x). The
urrent pro�le is not represented in (
) sin
e it is not dire
tly given in Mellor'stheory, although it 
an obviously be obtained by taking the di�eren
e of the othertwo pro�les.parameterizing them separately be
ause they are physi
ally di�erent, one 
an expe
tsigni�
ant improvement of the modelling of 
ombined waves and 
urrent.That waves / mean �ow separation is easy with a depth-uniform mean 
urrent,



24 Chapter 1as mentioned above. But the dis
ussion is strongly 
ompli
ated if we introdu
e averti
ally varying 
urrent. Both averaging of Mellor (2003) and the GLM give theLagrangian motion uL. That Lagrangian motion 
an be separated into a residualwave motion P and a mean �ow û.
uL = P + û. (1.7)It should be noted that the mean �ow is des
ribed in quasi-Eulerian 
oordinates. Itis di�erent from the Eulerian mean (at a �xed lo
ation).Related to this, the residual wave part

P =
∂ul

∂x
xl(t) +

∂ul

∂z
zl(t) (1.8)has been 
alled the wave pseudo-momentum (see M
Intyre, 1981, for a full dis
us-sion). Here ul is the perturbation of the velo
ity �eld from the Lagrangian mean,and xl, zl is the displa
ement. P might be di�erent from the Stokes drift de�ned asthe Lagrangian motion uL minus the Eulerian mean u.Also, in the 
ase of verti
ally varying 
urrent, the residual motion P of the wavesis di�erent than the residual motion without 
urrent, be
ause the verti
al shear ofthe mean 
urrent 
an add to the verti
al shear of the wave motion, modifying the
orrelation between the velo
ity and the displa
ement in formula 1.3. For simpli
ity,the rest of the thesis will ignore this distin
tion ex
ept in part III.A more detailed des
ription of the GLM separation of waves and mean �ow hasbeen made in Ardhuin et al. (2007b).1.4 The Stokes-Coriolis e�e
tThere is a mass transport asso
iated with the wave motion. A

ording to the linearwave theory, the verti
al integral of the Stokes drift of a mono
hromati
 wave (equ.1.4) is

Mw =
∫ 0

−H
Usdz

=
a2ω

2
. (1.9)For large swells (i.e. waves not related to the lo
al wind), this transport 
an be ofthe order of the Ekman transport of a moderate wind at mid-latitude, as noted byM
Williams and Restrepo (1999) and Polton et al. (2005).However it was outlined by Ursell (1950) that in an invis
id o
ean, horizontally
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epts 25uniform, in in�nite depth, and in a rotation frame, irrotational waves 
annot havea steady net mass transport. This paradox was resolved by Hasselmann (1970),introdu
ing a for
e 
alled later the Stokes-Coriolis for
e or Hasselmann for
e. Xuand Bowen (1994) made apparent the physi
al meaning of this for
e. They madea simple 
al
ulation of the impa
t of the Earth rotation on the wave dynami
s andshowed that there is slight tilting of the orbits of the parti
les under passing waves.As a 
onsequen
e there is an asso
iated supplementary �ux of momentum to themean �ow, equivalent to a for
e equal to fUs and oriented to the right of the wavepropagation. In other words, the Coriolis for
e a
ts on the wave pseudo-momentum,but the 
orresponding �ux of momentum is released from the wave part to the mean�ow as a the body for
e. This for
e drives a verti
ally integrated transport opposedto the Stokes transport of the waves.Now examining the verti
al distribution of the wave mass transport and of theStokes-Coriolis for
e, two typi
al length s
ales appears, the Stokes s
ale δs = 1/2kand the Ekman s
ale δe (equal to √2Kz/f if the verti
al vis
osity Kz is supposeduniform). As showed by Polton et al. (2005), if δs ≫ δe, then û = −P so that themean �ow totally 
ompensates the Stokes drift of the waves (�g. 1.2, upper panel).This might be the 
ase for a long swell, as studied in Part III. However the Stokesdrift of a spe
trum of wind waves is strongly surfa
e trapped so that, in the presen
eof a strong verti
al mixing, δs ≪ δe and the mean �ow driven by the Stokes-Coriolisfor
e 
annot 
ompensate the Stokes drift of the waves 
lose to the surfa
e (�g. 1.2,lower panel). Then the net wave-indu
ed drift is approximately equal to the Stokesdrift, whi
h 
an be signi�
ant as shown in Part I.
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al pro�les of the Stokes drift, of the mean �ow 
omponent in thewaves dire
tion and of the resulting Lagrangian drift. The Stokes drift is 
al
ulatedwith the wind waves assumed to be fully-developed with a wind speed of 10 ms−1,the mean �ow shown is driven by the Stokes-Coriolis for
e only (no wind stress). Theupper panel has no verti
al mixing whereas the lower panel in
orporates a verti
almixing. In the 
ase of no verti
al mixing, the mean �ow 
ompensates the Stokesdrift at ea
h depth whereas it does not when the verti
al mixing is in
luded. Thereader is referred for further details to the 
hapter 2 and to the �g. 2.10.



Part IImpa
t of waves on the near-surfa
edynami
s of the open o
ean.One-dimensional study.
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One-Dimensional study:Introdu
tionWe start with the study of the impa
t of waves on the near surfa
e o�-shore dynam-i
s, in its most simple des
ription : a wind sea without any horizontal variations ofthe wind, waves or strati�
ation.First, the Stokes drift of the waves of a wind sea is evaluated. Previous evalu-ations were made using the spe
trum of Pierson and Moskowitz (1964) by Kenyon(1969), Lewis and Bel
her (2004) and Polton et al. (2005), leading to surfa
e valuesof the Stokes drift around 3% of the wind speed at 10m. However the high frequen
yrange of the spe
trum, i.e. the small waves, makes a large 
ontribution to the Stokesdrift at the surfa
e (see �gure 4.1). Therefore we used a more realisti
 spe
trum,the one of Kudryavtsev et al. (1999), were the high frequen
y range was 
arefullydesigned for appli
ations to remote sensing. It leads to values of the surfa
e Stokesdrift mu
h smaller, around 1.2% of the wind speed at most.Se
ondly, the mean �ow driven by the wind, i.e. the Ekman 
urrent, is evalu-ated using re
ent observations (e.g. Agrawal et al., 1992) and models (e.g. Craig andBanner, 1994; Noh, 1996) of the strong near surfa
e mixing, attributed to breakingwaves, in moderate and strong winds. Essentially, these models use a TKE 
al
u-lation with a surfa
e �ux of TKE and use a mixing length with a pres
ribed largevalue at the surfa
e. The 
onsequent Ekman 
urrent is quite weak at the surfa
e inthe presen
e of wave breaking.The impa
t of the Stokes-Coriolis for
e on the mean 
urrent is also estimated.This impa
t is quite weak given that the wind stress is always mu
h larger than theequivalent Stokes-Coriolis stress of the 
orresponding wind waves.The surfa
e drift, whi
h is the sum of the Stokes drift of the waves and themean 
urrent, appears then mainly due to the Stokes drift of the waves, raisingthe question of dire
t parameterization from the wind speed, a 
ommon engineeringpra
ti
e (see Spaulding, 1999).Finally, available observations of surfa
e 
urrents are dis
ussed in the light of thepresent physi
al des
ription. Essentially, observations are separated into Lagrangian29



observations with drifters and observations of mean 
urrents with 
urrent meters.Most of the data are useless for a detailed investigation be
ause of no 
lear separationbetween mean �ow and wave part (e.g. S
hudli
h and Pri
e, 1998), or be
ause ofno available informations on waves (e.g. Chur
hill and Csanady, 1983). Previouslyused observations, namely, observations of mean 
urrent shears very 
lose to thesurfa
e during SMILE (Santala, 1991) and of mean Ekman spirals during LOTUS3(Lewis and Bel
her, 2004; Polton et al., 2005) are reanalyzed to �nd eviden
e of theexposed physi
s.The 
hapter 2 treats the 
ase of an uniform o
ean without strati�
ation. Thebasi
s of this physi
al des
ription are outlined and brie�y 
ompared to observations.The 
hapter 3 adds the strati�
ation, 
omments on its e�e
t on the net wave-indu
eddrift, and makes a more rigorous 
omparison with the observations.



Chapter 2One-Dimensional des
ription: Part 1:without strati�
ationThis 
hapter is written as an independent paper :Drift and mixing under the o
ean surfa
e. A
oherent one-dimensional des
ription withappli
ation to unstrati�ed 
onditions
Ni
olas Ras
le(1), Fabri
e Ardhuin(1), Eugene A. Terray(2)Published in Journal of Geophysi
al Resear
hMar
h 2006

(1) Centre Militaire d'O
éanographie, SHOM, BREST, Fran
e
(2) Dept. of Applied O
ean Physi
s and Engineering, Woods Hole O
eanographi
Institution, Woods Hole, Massa
husetts, USA
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32 Chapter 2Abstra
tWaves have many e�e
ts on near surfa
e dynami
s : breaking waves enhan
e mixing,waves are asso
iated with a Lagrangian mean drift (the Stokes drift), waves a
t onthe mean �ow by 
reating Langmuir 
ir
ulations, and also a return �ow oppositeto the Stokes drift, and, last but not least, waves modify the atmospheri
 surfa
eroughness. A realisti
 o
ean model is proposed to embra
e all these aspe
ts, fo
usingon near surfa
e mixing and surfa
e drift asso
iated with the wind and generatedwaves. The model is based on the Generalized Lagrangian Mean that separatesthe momentum into a wave pseudo-momentum and a quasi-Eulerian momentum.A wave spe
trum with a reasonable high-frequen
y range is used to 
ompute theStokes drift. A turbulent 
losure s
heme based on a single evolution equation forthe turbulent kineti
 energy in
ludes the mixing due to breaking wave e�e
ts andwave-turbulen
e intera
tions. The roughness length of the 
losure s
heme is adjustedusing observations of turbulent kineti
 energy near the surfa
e. The model is appliedto unstrati�ed and horizontally uniform 
onditions, showing good agreement withobservations of strongly mixed quasi-Eulerian 
urrents near the surfa
e, when wavesare developed. Model results suggest that a strong surfa
e shear persists in thedrift 
urrent, due to the Stokes drift 
ontribution. In the present model the surfa
edrift only rea
hes 1.5% of the wind speed. It is argued that strati�
ation and theproperties of drifting obje
ts may lead to a supplementary drift as large as 1% ofthe wind speed.2.1 Introdu
tionThe o
ean surfa
e is where the vast majority of marine a
tivities take pla
e, anddi�erent dynami
al des
riptions have been invoked to des
ribe the 100 m that strad-dle both sides of the air-sea interfa
e. Di�erent solutions have been developed forappli
ations su
h as wave fore
asting for safety at sea [e.g. Komen et al., 1994℄,fore
asting of drift for sear
h and res
ue or pollution mitigation [e.g. Youssef andSpaulding 1993℄, or modelling of the general o
ean 
ir
ulation with appli
ations to
limate studies [e.g. Semtner, 1995; Ble
k, 2002℄.Unfortunately, these des
riptions of the upper o
ean are often in
oherent, notalways based on �rst prin
iples, and may not give parameters 
ompatible availablemeasurements that 
ould 
onstrain numeri
al fore
asting models. Work for ea
hof the three appli
ations listed above have often fo
used on one key parameter,the signi�
ant wave height Hs, the surfa
e drift 
urrent Uς=0, or the mixed layertemperature Ts. The advent of the Global O
ean Observing System (GOOS), and



1D Des
ription without strati�
ation 33e�orts towards operational modelling of the o
ean on global and regional s
ales, aregood opportunities for �nally a
hieving a 
ommon des
ription of the o
ean interfa
ethat would involve all the relevant dynami
 pro
esses : geostrophi
 
urrents, o
eanwaves, tides, internal waves, and known turbulent stru
tures su
h as wind rolls in theatmospheri
 boundary layer, and both breaking waves and Langmuir 
ir
ulations inthe o
ean mixed layer [Ardhuin et al., 2005℄. Many good fundamental 
ontributionshave studied one or two of these pro
esses, in
luding joint e�e
ts of wave motionand mean 
urrents [e.g. Weber, 1981; Jenkins, 1987℄, wave breaking and Langmuir
ir
ulations e�e
ts on upper o
ean mixing [Agrawal et al., 1992; Craig and Banner,1994; Thorpe et al., 2003; Mellor and Blumberg, 2004℄.A re
ent 
onvergen
e of di�erent approa
hes to the upper o
ean dynami
s showsa 
lear in
onsisten
y. Mellor and Blumberg (2004) demonstrated that a parameter-ization for the strong mixing due to wave breaking, previously observed by Agrawalet al. (1992) and others, leads to improved hind
asts of mixed layer depth and tem-perature of the 
lassi
 dataset from the Gulf of Alaska station Papa. This strongmixing also leads to a rather uniform Eulerian 
urrent pro�le, whi
h has to be small,be
ause the depth-integrated transport is the known Ekman transport. Mellor andBlumberg (2004) �nd surfa
e 
urrents less than 0.6% of the wind speed. Su
h avalue of the Eulerian 
urrent may be larger than the quasi-Eulerian 
urrent ob-served by Santala and Terray (1992), but it is paradoxi
ally small for experts in thefore
asting of surfa
e drift, for whom it is well established that the drift velo
ity isoften 
lose to 2 or 3% of the wind speed at 10 meters, U10 [Spaulding, 1999℄. Botha strong mixing and a strong velo
ity shear at the surfa
e should be obtained whensurfa
e waves are a

ounted for in a 
onsistent way, in
luding both wave breakingand wave-indu
ed Stokes drift.The goal of the present paper is to evaluate how well a simple but 
oherent modelof the upper o
ean performs in terms of drift velo
ities, Eulerian velo
ities, eddyvis
osities and turbulent dissipation. Sin
e waves are 
learly an important part ofthe o
eani
 mixed layer, we shall also explore whi
h wave parameters are importantand how the mixed layer is modi�ed. In parti
ular the e�e
t of the Hasselmannfor
e [Hasselmann, 1970℄ that was reported to be signi�
ant by Lewis and Bel
her(2004) is re-examined with a realisti
 parameterization of near-surfa
e mixing. Thepresent paper fo
uses on 
onditions that are statisti
ally stationary and homogenousin the horizontal dimensions. The wave for
ing and resulting wave properties aredes
ribed in se
tion 2. These drive a model for turbulent and mean Eulerian proper-ties, as des
ribed in se
tion 3. That model is based on the approximation, to se
ondorder in the wave slope, of the Generalized Lagrangian Mean (GLM2, see Andrewsand M
Intyre (1978a), and Groeneweg (1999)) applied to the Reynolds-Averaged



34 Chapter 2Navier-Stokes (RANS) equations. This GLM2-RANS formalism 
an be obtained bysubtra
ting the wave pseudo-momentum from the total momentum equation givenby Mellor (2003), and valid for horizontally-uniform 
onditions. This step, as wellas a derivation from the equations of Andrews and M
Intyre (1978a), is des
ribedby Ardhuin (2005). The numeri
al 
al
ulations use the 
omputer 
ode by Craig andBanner (1994), extended to a

ount for wave e�e
ts spe
i�
 to our GML2-RANSequations. In se
tion 4, the various e�e
ts of the waves on the turbulent, Eule-rian and Lagrangian properties are 
ompared to observations of turbulent kineti
energy dissipation, quasi-Eulerian and Lagrangian velo
ities. Con
lusions follow inse
tion 5.
2.2 Wave dynami
s2.2.1 Spe
tral wave evolutionO
ean surfa
e waves, generated by the wind, have a large in�uen
e on air-sea �uxes.In parti
ular, waves are generally believed to absorb more than 50% the wind-to-o
ean momentum �ux τa [Donelan, 1998;Banner and Peirson, 1998℄. This largefra
tion of the wind stress τa is the wave-indu
ed stress τ in. However, only a smallfra
tion of τ in, possibly up to 5%, is radiated in the wave �eld momentum �ux,the vast majority is 
ontinuously lost by waves as they dissipate, essentially due towave breaking [Donelan, 1998; Janssen et al., 2004; Ardhuin et al., 2004℄. Anothere�e
t of interest to 
oastal o
eanographers is that for a given wind speed, τa 
an bein
reased by as mu
h as a fa
tor three in 
oastal areas, due to the di�erent natureof the wave �eld [e.g. Drennan et al. 2003; Lange et al. 2004℄.Be
ause o
ean waves are generated by the wind, many authors have sought adire
t parameterization of wave e�e
ts from the wind �eld. However, waves are notuniquely de�ned by the lo
al wind speed and dire
tion, in parti
ular in 
oastal areasand marginal seas (like the Mediterranean sea), where wave development is limitedby the fet
h, but also in the tropi
s and mid-latitudes where a large part of thewave energy is due to long period waves (swell) that have propagated from distantstorms, sometimes half-way round the Earth [Snodgrass et al. 1966℄. In general,one needs to take into a

ount the wave dynami
s that are, on these large s
ales,statisti
ally well de�ned by the dire
tional wave spe
trum E(k, θ), that distributesover wavenumbers k and dire
tions θ the wave energy Ew = ρwg

∫
E(k, θ)dkdθ. Theevolution of the spe
trum is generally modelled using the energy balan
e equation
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ation 35[Gel
i et al., 1957℄,
d

dt
E(k, θ) = S in(k, θ) + Snl(k, θ) + Sds(k, θ) + Sbot(k, θ), (2.1)where the Lagrangian time derivative in
ludes propagation e�e
ts, and S in, Snl, Sds,

Sbot are `sour
e terms' (either positive for true sour
es or negative for a
tual sinks)that represent the energy given to the spe
tral 
omponent (k, θ) by the atmosphere,the other wave 
omponents, the o
ean turbulen
e in the water 
olumn and surfa
eboundary layer, and the bottom boundary layer and sediments, respe
tively. Thisequation is easily extended to take into a

ount varying 
urrents [Komen et al. 1994;White 1999℄. Ea
h energy sour
e terms 
an be 
onverted in a momentum sour
eterm [e.g. Phillips 1977℄,
τ i = ρwg

∫
Si(k, θ)

C
dkdθ, (2.2)where C is the wave intrinsi
 phase speed. Of parti
ular interest will be τ in and

−τds, the momentum �uxes, per unit surfa
e of the o
ean, input to waves from thewind, and delivered to the mean �ow by the waves, respe
tively.2.2.2 The Stokes driftIt is also well known that waves possess a pseudo-momentum that is equal to themass transport velo
ity or Stokes drift Us [e.g. M
Intyre 1981℄. This drift arises asthe wave-indu
ed orbits of parti
les are not exa
tly 
losed. From an Eulerian pointof view this drift is zero everywhere below the wave troughs, and the wave-indu
edmass transport o

urs between the deepest troughs and the highest 
rests. However,su
h an Eulerian view `di�uses' the air-sea interfa
e over a verti
al distan
e of theorder of the signi�
ant wave height Hs, whi
h is not pra
ti
al for investigating thesurfa
e gradient of any quantity. We shall thus prefer the Lagrangian point of view[e.g. Andrews and M
Intyre, 1976℄, that yields, 
orre
t to se
ond order in the waveslope, the following expression [Kenyon, 1969℄ for deep-water waves,
Us (z) = 2

∫ 2π
0

∫
∞

0 uθkσe
2kzE(k, θ)dkdθ

= 2
g

∫ 2π
0

∫
∞

0 uθσ
3e2kzE(k, θ)dkdθ. (2.3)That expression uses the intrinsi
 wave radian frequen
y, as given by the deep waterdispersion relation for linear gravity waves, σ =

√
gk, g is the a

eleration of gravity,and uθ = (cos θ, sin θ) is the unit ve
tor in the dire
tion of propagation. The originof the verti
al 
oordinate z is at the mean water level.



36 Chapter 2
Us is 
learly mu
h smaller than the orbital wave velo
ity, by a fa
tor ε that is thewave slope, typi
ally less than 0.1. Us is also strongly sheared at the surfa
e be
ausethe 
ontribution of ea
h wave 
omponent de
ays exponentially over its Stokes depth

1/(2k), and the high-wavenumber 
omponents give a signi�
ant 
ontribution to Us,but near the surfa
e only (�gure 1). Using a spe
tral shape proposed by Kudryavtsevet al. (1999), a wind of U10 = 10 m s−1 yields a surfa
e drift of Us(z = 0) =

0.11 m s−1, when only wave 
omponents with 2π/k > 5 m are in
luded , whereasall 
omponents up to 2π/k = 0.1 m yield up to 0.13 m s−1. The 
omparisonwith a mono
hromati
 
omponent shows the di�eren
es between wind sea and swell
ontributions : the swell-indu
ed Stokes drift at the surfa
e is typi
ally less than
30% of the drift asso
iated with a wind sea of same peak period and signi�
ant waveheight. A large swell and a wind sea due to a weak wind 
an then produ
e surfa
eStokes drifts of the same order.The Stokes transport

Mw =
∫ 0

−H
Usdz =

∫ 2π

0

∫
∞

0
uθσE(k, θ)dkdθ (2.4)is slightly less in�uen
ed by the short (and slower) waves. Nevertheless the shortwaves 
ontribute relatively more to Mw than to the wave energy, as the 
ontributionof ea
h spe
tral 
omponent to Mw is its surfa
e elevation varian
e divided by theintrinsi
 phase speed.2.2.3 Pra
ti
al 
al
ulation of wave parametersBe
ause short waves are important, with Us(z = 0) and Mw proportional to thethird and �rst moments of the frequen
y spe
trum, respe
tively, a numeri
al esti-mation of Us based on (2.3) should use a wave spe
trum that is well de�ned inthat range. For general appli
ations using numeri
al wave models su
h as WAM[WAMDI Group, 1988℄, the expli
itly resolved spe
trum 
an be 
arefully extendedby a high-frequen
y tail. In the present study, we use the family of spe
tra proposedfor remote-sensing appli
ations by Kudryavtsev et al. (1999), and governed by thetwo main parameters that are the wind speed and the stage of wave development.These spe
tra have been 
arefully designed to reprodu
e both the long wave spe
-trum, with a spe
tral shape similar to that of Donelan et al. (1985), and the shortwave spe
trum with, in parti
ular, a se
ond moment of the wavenumber spe
trum(or fourth moment of the frequen
y spe
trum) that is well 
onstrained by the op-ti
al measurements of the mean sea surfa
e slope by Cox and Munk (1954). One
an thus assume that the intermediate third moment that is the Stokes drift is well
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Figure 2.1: Stokes drift pro�le for a wind speed U10 = 10 m s−1 and a fet
h largerthan 1000 km (fully developed sea), based on the KMC spe
trum [Kudryavtsev etal. (1999)℄ , and the integral (2.3). Di�erent pro�les are shown that only in
ludewavelengths longer than a minimum value λmin. For 
omparison, the drift due toa single wave 
omponent is also indi
ated. That single 
omponent has same peakwavelength and surfa
e elevation varian
e (period Tp = 8s, Hs = 2.8m) as the wavespe
trum.



38 Chapter 2represented by this model.These spe
tra yield values of Us(z = 0) that 
an be larger than typi
al mean Eu-lerian 
urrents, with a transport Mw of the order of the Ekman (1905) transport atmid-latitudes, ex
ept for short fet
hes or weak winds (�gure 2). For fully developedwaves, Us(z = 0) = 0.0125U10 is 
onsistent with re
ent observations of the drift ofnear-surfa
e 
louds of bubbles by Smith (manus
ript submitted to JPO, 2005). In
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(b) 100 Us(z=0)/U10

(c) 100 Mw/MEckFigure 2.2: (a). Signi�
ant wave height at full development given by several param-eterizations of the wave spe
trum E(k, θ): PM is Pierson and Moskowitz (1964),AB is Alves and Banner (2003), DHH is Donelan et al. (1985), JONSWAP is Has-selmann et al. (1973), ETCV is Elfouhaily et al. (1997), and KMC is Kudryavtsevet al. (1999). For DHH and JONSWAP, full development is obtained by setting thepeak frequen
y fp to 0.123g/U10. (b) Surfa
e Stokes drift as a fun
tion of fet
h andwind speed U10 for the KMC spe
trum, expressed as a per
entage of U10. (
) Mag-nitude of the verti
ally-integrated Stokes mass transport Mw as a fun
tion of fet
hand U10, expressed as a per
entage of the 
orresponding Ekman (1905) transport
u2
∗
/f at mid-latitudes, with f = 10−4.the following 
al
ulations, the wind speed at 10 m height U10 is taken to be in thedire
tion θ = 0. The fri
tion velo
ity u⋆ is determined from U10 using Charno
k'sexpression [1955℄,

U10 =
ua⋆

κ
log

(
z

za0

)
, (2.5)with

za0 = 0.018 u2
a⋆/g, (2.6)
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ription without strati�
ation 39where z = 10 m, τa = ρwu
2
⋆ = ρau

2
a⋆ is the wind stress, ρw and ρa are the densities ofwater and air. However it is well established that the sea-state and the wind speedare 
oupled, be
ause of the dependan
e of the wind pro�le on the roughness of thesea [e.g. Janssen, 2004℄. Donelan (1998) gives a parameterization of za0 that usesthe wave age cp/U10 (where cp is the phase speed at the peak of the wave frequen
yspe
trum) and the signi�
ant wave height Hs,

za0/Hs = 1.67 ∗ 10−4 (U10/cp)
2.6 . (2.7)This e�e
t will be evaluated in se
tion 2.4.3.2.3 Wave-averaged mixed layer equationsO
eani
 motions are separated in three 
omponents, mean �ow, waves and tur-bulen
e. Turbulen
e is separated from other motions by a an average over �owrealizations for given wave phases. The mean �ow and wave motions are then av-eraged with a Lagrangian mean so that the mean momentum is separated into amean �ow and a wave part. The verti
al mean wave momentum is zero while thehorizontal total mean momentum ρwU is split in a quasi-Eulerian mean ρwû and aStokes drift,

U = û + Us. (2.8)This separation 
omes naturally with the de�nition of the Generalized LagrangianMean [Andrews and M
Intyre, 1978℄. Please note that U and Us are U
L and p intheir notations and are evaluated at a slightly displa
ed verti
al position [M
Intyre,1988℄. In measurements, this separation may be di�
ult to a
hieve [e.g. Santalaand Terray, 1992; Hristov et al., 1998℄. Although the Stokes drift Us 
orrespondsto the wave-indu
ed drift that arises from the 
orrelations of wave-indu
ed dis-pla
ements and wave-indu
ed velo
ity gradients, as de�ned by Phillips (1977), thequasi-Eulerian velo
ity û is more di�
ult to interpret. û is the mean velo
ity ofa water parti
le U, minus Us, but it is not easily related to Eulerian mean velo
-ities. Another interesting velo
ity, in parti
ular in remote-sensing appli
ations, isthe mean of the velo
ity at a point that is �xed horizontally but moves up and downwith the surfa
e elevation ζ . That mean surfa
e velo
ity is û(ζ) = û(ζ̂) + Us(ζ̂)/2,at se
ond order in the wave slope.If waves do not intera
t with the mean �ow, û is the mean �ow velo
ity in thelimit of vanishingly small wave amplitudes. However, waves do generally intera
twith the mean �ow.



40 Chapter 22.3.1 The in�uen
e of waves on the mean �owWe will use now the equations established in Ardhuin et al. (2004b), whi
h arean extension of Mellor's [2003℄ equations, valid for horizontally-uniform 
onditions.These are essentially a generalization in three dimensions of the equations of Garrett(1976), also dis
ussed in Ardhuin et al. (2004a). These equations are also equivalentto the Generalized Lagrangian Mean equations as given by Groeneweg and Klopman(1998), negle
ting the modulations of turbulent properties on the s
ale of the wavephase [Ardhuin, 2005℄. Following Ekman (1905) we assume that the wave, velo
-ity, and turbulent properties are uniform horizontally. In this 
ase, the horizontalmomentum 
onservation simpli�es as
∂û

∂t
= −fez × (û + Us) +

∂

∂z
û′ŵ′ − Tds(z), (2.9)with the following boundary 
onditions, de�ning our verti
al 
oordinate so that themean sea level is at z = ζ̂ = 0,

û′ŵ′

∣∣∣
z=0

=
τa

ρw
− τ in

ρw
(2.10)and

u|z=−H = 0. (2.11)Here Tds is a verti
al distribution of τds, so that τds = ρw

∫ 0
−H T

dsdz.The in�uen
e of the wave motion on the quasi-Eulerian �ow appears with theHasselmann for
e −fez × Us [Hasselmann, 1970℄, that 
ombines the Coriolis pa-rameter and the Stokes drift [e.g. Xu and Bowen, 1994℄, and in the momentumtransfer from wind to the mean �ow. One part of the momentum from the windgoes dire
tly to the mean �ow via the surfa
e shear stress ρw û′ŵ′

∣∣∣
z=0

. It is the dire
tmean vis
ous drag of air on water. The other part τ in goes to the wave �eld, it isthe form drag of wind over water plus the wave-indu
ed modulations of the vis
ousstresses [Longuet-Higgins, 1969℄. Then the wave �eld is also dissipated, releasingits momentum to the mean �ow. This is the for
e −Tds(z). This latter for
e is
onstituted by vis
ous dissipation (the virtual wave stress is part of it), intera
tionsof waves with the turbulen
e [e.g. Teixeira and Bel
her, 2002℄, and wave breaking[Melville et al., 2002℄.Observations of wave growth with fet
h shows that the momentum retained bythe wave �eld is around 5% of the momentum input (see se
tion 2.2.1). This leads tothe good approximation τds ≃ −τ in. Furthermore, supposing that the momentumis released by the wave �eld at the surfa
e (i.e. T ds = τdsδ(z)/ρw), equations for
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ation 41the mean �ow appear now with their usual form (T ds = 0 and τ in = 0 in eq.2.9 and2.10), ex
ept for the Hasselmann for
e.2.3.2 Turbulent 
losureEq.2.9 involves the divergen
e of the Reynolds stresses û′ŵ′ that should now be
omputed or parameterized. We will use the turbulent 
losure model of Craig andBanner (1994). It is a "level 2.5" turbulent 
losure s
heme adapted from Mellorand Yamada (1982), with the dissipation of surfa
e waves taken into a

ount byintrodu
ing a near-surfa
e inje
tion of turbulent kineti
 energy (TKE).The Reynolds stress is assumed to be linearly related to the shear : û′ŵ′ =

Kz∂u/∂z, with the eddy vis
osity Kz = lqSm, where b = q2/2 is the TKE per unitmass, and l the mixing length. The later is parameterized as
l = κ(z0 − z), (2.12)where κ = 0.4 is the von Kármán's 
onstant and z0 is a roughness length.The bottom has almost no e�e
t on the near surfa
e dynami
s, provided thatthe depth is substantially greater than the Stokes depth (see se
tion 2.2.2) and theEkman s
ale, whi
h is u∗/4f be
ause the turbulent vis
osity varies nearly linearlywith depth [Craig and Banner, 1994℄. Therefore, the bottom boundary layer ofCraig and Banner (1994) is not des
ribed here.The equation for the evolution of TKE is :

∂b

∂t
=

∂

∂z

(
lqSq

∂b

∂z

)

︸ ︷︷ ︸
a

+ lqSm



(
∂û

∂z

)2

+

(
∂v̂

∂z

)2



︸ ︷︷ ︸
b

− q3

Bl︸︷︷︸
c

−ϕds(z)︸ ︷︷ ︸
d

, (2.13)where Sm, Sq and B are model 
onstants for whi
h the appropriate values are 0.39,0.2 and 16.6. û and v̂ are the 
omponents of the quasi-Eulerian velo
ity û.The TKE evolution 
omes from a transport term(a), a produ
tion term by theshear of the mean �ow (b), a dissipation term (
) and a wave-indu
ed sour
e term(d). The transport term is parameterized by the eddy di�usivity lqSq.The 
onversion of wave kineti
 and potential energy into TKE is the non-vis
ous



42 Chapter 2wave "dissipation" Φoc (per unit mass and unit surfa
e) of the wave �eld,
Φoc = g

∫
Sds(k, θ)dkdθ. (2.14)

Sds is distributed over depth as
∫ 0

−H
ϕds(z)dz = Φoc. (2.15)Alternatively [Craig and Banner, 1994℄, Φoc may be pres
ribed as a surfa
e �uxof TKE and parameterized by Φoc = αu3

∗
with α ≃ 100, 
onsistent with the knownloss of energy from the waves. How the pres
ription as a surfa
e �ux modi�es theTKE pro�les will be studied in se
tion 2.4.1. The 
onsequen
es of negle
ting thevariations of α with the wave age (from 50 for young waves and fully-developedwaves to 150 otherwise) will be dealt with in se
tion 2.4.3. The boundary 
onditionfor the TKE is then :

lqSq
∂b

∂z

∣∣∣∣∣
z=0

= αu3
∗
, (2.16)whi
h 
loses the model.We will now fo
us our attention on the steady state solutions, when wind- andwave-indu
ed inertial os
illations are damped. The sea state is again modelled byKudryavtsev et al.'s [1999℄ spe
trum. It is assumed that the wave �eld is lo
allyuniform even if the sea is not fully developed. In other words, the gradients ofthe radiation stresses are supposed mu
h smaller than the leading terms in themomentum balan
e that are the Coriolis for
e, the Hasselmann for
e and the verti
almixing (see Ardhuin et al. (2004a) for a dis
ussion of the impa
t of the radiationstress tensor in fet
h limited 
onditions).2.4 Model results and validation2.4.1 Calibration of the model with observed pro�les of TKEdissipationTwo parameters remain unknown in this model : the roughness length z0 and thes
ale α of the surfa
e �ux of TKE. α may pra
ti
ally 
ome from a wave model, andis therefore supposed to be known [e.g. Janssen et al., 2004℄. z0 is determined frommeasurements of TKE dissipation near the surfa
e.In terms of TKE, the surfa
e layer 
an be divided in a "produ
tion layer" and a"di�usion layer" [Craig and Banner, 1994℄. In the deeper layer, the TKE equationis dominated by shear produ
tion and dissipation. Closer to the surfa
e, the TKE
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e is between di�usion from the surfa
e �ux and dissipation. One importantmodi�
ation brought by the present model to the one of Craig and Banner is theaddition of the Stokes-Coriolis e�e
t (the Hasselmann for
e). This e�e
t modi�esthe Eulerian velo
ities over the whole water 
olumn (see se
tion 2.4.2). But inthe di�usion layer, the TKE produ
tion due to the shear of the mean �ow has noimportan
e. Therefore, the TKE is expe
ted to remain un
hanged near the surfa
eby the addition of the Stokes-Coriolis term. The Numeri
al model results 
on�rmthis expe
tation, with relative 
hanges in the magnitude of q less than 2% near thesurfa
e.As a result, we 
an rely on previous works without the Stokes-Coriolis e�e
t,providing a parameterization of z0 based on measurements of TKE dissipation ǫ inthe di�usion layer. Terray et al. (1996) proposed a s
aling of the roughness lengthwith the signi�
ant wave height Hs. It 
omes from the physi
al hypothesis that thesurfa
e mixing is proportional to the height of the breaking waves, whi
h 
an beevaluated by Hs. Other s
alings of z0, linked to the wind speed or to the fri
tionvelo
ity are reported to fail [e.g. Soloviev and Lukas, 2003℄ be
ause of no expli
it de-pendan
e on the wave development. Terray et al. (2000) used the model of Craig andBanner (1994) to �t z0 using dissipation data from several �eld experiments, withvarious stages of wave development [Drennan et al., 1996℄. They found z0 = 1.6Hs.As was pointed out by the authors, the model does not �t very well the data atdepths of the order of Hs. Therefore they proposed a modi�ed length s
ale whi
hseems to �t better the observations. However, if we attempt a Lagrangian inter-pretation of their Eulerian measurements, there is water between their uppermostdata points and the surfa
e where TKE dissipation also o

urs. Even if we supposethat ǫ de
ays linearly from 2Φoc/Hs at z = −Hs to Φoc/Hs at z = 0, the verti
allyintegrated dissipation rate in the �gure 1 in Terray et al. (2000), between the surfa
eand −Hs, is greater than the wave input �ux Φoc of TKE. This 
annot be explainedby the produ
tion of TKE by the shear of the mean �ow, whi
h is negligible near thesurfa
e. Besides, a de
rease of ǫ between z = −Hs and the surfa
e is not supportedby the Lagrangian averaged data of Soloviev and Lukas (2003). The data and themodi�ed mixing length of Terray et al. (2000) are not 
ompatible, unless eviden
eis shown of very small dissipation rate between z = −Hs and the surfa
e. Thereforewe do not take the modi�ed form of the mixing length, as did Mellor and Blumberg(2004), and sti
k to (2.12). Soloviev and Lukas (2003) also used measurements ofdissipation to estimate z0, and found z0 = 0.6Hs. However the 
ontribution of swellto the signi�
ant wave height was not evaluated, whi
h may have lead to an under-estimation of the ratio z0/Hs.



44 Chapter 2As the TKE equilibrium near the surfa
e is between inje
tion, dissipation anddi�usion, one may wonder if a better representation of inje
tion may not improvethe model. The external sour
e of TKE is the dissipation Sds of the wave �eld, whi
his, in the 
ase of a wind-sea, due to breaking Sbreak and wave-turbulen
e intera
-tions Sturb. The vis
ous dissipation, whi
h is negligible, does not 
onstitute a sour
eof TKE. The separation between breaking and turbulen
e e�e
ts is not simple, butthese two e�e
ts probably yield di�erent depths of TKE inje
tion, whi
h 
an modifythe pro�les of TKE and of TKE dissipation.Teixeira and Bel
her (2002) used rapid distorsion theory to derive an expres-sion for the produ
tion of TKE due to intera
tions between turbulen
e and highfrequen
y waves,
ϕturb(z) = û′ŵ′ ∂Us/∂z. (2.17)Using Lagrangian average of the Reynolds-average Navier-Stokes equations, Ardhuinand Jenkins (2006) extended this expression to low frequen
y waves with the assump-tion that the turbulent �uxes are not 
orrelated with the wave phases. The sameexpression was used in di�erent studies of Langmuir 
ir
ulations [e.g. M
Williams etal., 1997℄, this time derived from the equations of Craik and Leibovi
h (1976). Theresulting pro�le of TKE inje
tion follows the pro�le of ∂Us/∂z sin
e the momentum�ux is often more uniform than Us over the Stokes depth, whi
h is typi
ally smallerthan the Ekman depth. The use of a spe
tral distribution of waves leads to a pro�leof ∂Us/∂z mu
h more sheared at the surfa
e than the pro�le of Us, whereas theuse of a mono
hromati
 wave would strongly over-estimate the depth of inje
tion ofTKE (see �g.2.3). It follows from this 
al
ulation that

Φturb
oc ≃ û′ŵ′ Us(z = 0) ≃ 10 × u3

∗
, (2.18)whi
h is around 10% of Φoc = αu3

∗
. That means that the dissipation of the wavesby intera
tions with turbulen
e is only 10% of the total waves dissipation. Howeverthe 
orrelations between wave groups and enhan
ed breaking [Banner et al., 2000℄may lead to a greater fra
tion of the total dissipation.In the 
ase of dissipation by breaking, an inje
tion over a 
ertain depth linkedto the wavelength of the breaking wave may be more realisti
. Sullivan et al. (2004)proposed a pro�le for the inje
tion of momentum by a breaking wave, based on thelaboratory data of Melville et al. (2002). That pro�le 
an be approximated, after
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f(z) = 4.227

(
1 +

5z

λ

)2

exp

(
−5

(
5z

λ

)2
)
. (2.19)With this expression, most of momentum of breaking waves is released between thesurfa
e and a depth of λ/5, where λ is the wavelength of the breaking wave. We willsuppose that, for a given wavelength, the inje
tion of TKE and momentum followthe same depth pro�les. To determine whi
h waves are breaking, we will determinethe spe
tral distribution of dissipation as in Donelan (1998), by supposing that thepredominant terms in eq.2.1 are the input and the dissipation,

Sin + Sds = 0, (2.20)whi
h is formally valid only at the peak of the wave spe
trum. Then the spe
traldistribution of dissipation 
an be obtained from Sin. The formulation of Makin andKudryavtsev (1999) is, negle
ting the sheltering e�e
t [Hara and Bel
her, 2002℄,
Sin =

∫
β(k, θ)E(k, θ)dkdθ, (2.21)with

β = 32
ρa

ρw

(
1 − 1.3

(
c

U10

)5
)(

u∗
c

)2

cos(θ)|cos(θ)|. (2.22)Using (2.19)-(2.22) provides an estimation of ϕbreak(z).The appropriate surfa
e boundary 
ondition is now a zero �ux of TKE, lqSq∂b/∂z =

0. Figure 2.3 shows the pro�les of ϕds assuming that the dissipation of wave �eld
omes entirely from breaking (ϕds = ϕbreak) or entirely from wave-turbulen
e inter-a
tions (ϕds = ϕturb). Both pro�les are 
on
entrated near the surfa
e, mu
h moreso than the Stokes drift. A realisti
 
ase would be that wave dissipation 
omes fromboth phenomena with a ratio of the order of 20% for the wave-turbulen
e inter-a
tions (ϕds = 0.8ϕbreak + 0.2ϕturb). Resulting pro�les of dissipation are shown in�g.2.4, as well as pro�les of dissipation with surfa
e �ux of TKE and di�erent valuesof the roughness length.As expe
ted, in the extreme 
ase of total dissipation due to wave-turbulen
eintera
tions, the TKE penetrates deeper whi
h leads to more uniform dissipationpro�les. The e�e
t of depth inje
tion is 
omparable to an in
rease of the roughnesslength. This is also true for the momentum, when the surfa
e sour
e is distributedover depth (not shown). The roughness length, whi
h is �tted to measurements ofdissipation, is supposed to take this e�e
t into a

ount. It 
an be seen from �g.2.4



46 Chapter 2that a surfa
e roughness at least of the order of Hs is needed, even if all the TKE isdeeply inje
ted with the pro�le of ∂Us/∂z.
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Dimensionless profileFigure 2.3: Pro�les of normalized inje
tion of TKE by wave breaking
ϕbreak(z)/ϕbreak(z = 0), and by intera
tions with turbulen
e ϕturb(z)/ϕturb(z = 0),in the 
ase of fully developed waves with a wind of U10 = 10 m s−1. Also shown isthe pro�le of the Stokes drift Us(z)/Us(z = 0).2.4.2 Eulerian hodographs and shearsThe most obvious e�e
t of waves on the mean �ow is the enhan
ement of mixing.This e�e
t gets stronger as waves be
ome developed, be
ause the roughness lengthis proportional to the wave height. Fig.2.5 shows the expe
ted di�eren
e between ayoung sea (wave age Cp/U10 = 0.46) and a fully-developed sea (Cp/U10 = 1.25).Another e�e
t, in appearan
e less important, 
omes from the Stokes-Coriolisterm. We 
an 
ompute this e�e
t by subtra
ting the results of the quasi-Eulerian
urrent û′ from model without the Hasselmann for
e to the results of the full model
û. This net 
ontribution δu = û− û′ of the Hasselmann for
e for the quasi-Eulerianvelo
ity is shown on �gure 2.6. Polton et al. (2005) made detailed analysis of theimpa
t of this Stokes-Coriolis term on the pro�le of û, with 
onstant and linearlyvarying eddy vis
osities. They showed that the detailed pro�le of the Stokes driftdoes not matter as soon as the Ekman depth is mu
h larger than the Stokes depth.
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Figure 2.5: Evolution of pro�les with an in
reasing fet
h (wave heights from 0.6 mat 10 km o�shore to the fully-developed value 2.5 m). (a) Quasi-Eulerian velo
itypro�les be
ome more uniform. (b) Turbulent vis
osity in
reases. The wind is set to
U10 = 10ms−1, and the water depth is 300m.In this 
ase, they showed that the 
ontribution of the Hasselmann for
e is similar tothe addition of a surfa
e stress to the right of the wind, with a magnitude related tothe Stokes transport Mw. This is also true in our model sin
e we are 
onsidering anunstrati�ed water 
olumn (large Ekman depth) and a wind sea (small Stokes depth).Using a full spe
trum to 
ompute the Stokes drift is not important when looking atthe Stokes-Coriolis e�e
t on the quasi-Eulerian velo
ity û. Eulerian velo
ities spiralin an Ekman fashion, and vanish at a depth given by the Ekman depth u∗/4f . TheHasselmann for
e has thus an in�uen
e mu
h deeper than the Stokes drift [Xu andBowen, 1994℄. Be
ause the transport indu
ed by this Stokes-Coriolis term is equalto the Stokes transport [Hasselmann, 1970℄, an estimation of the importan
e of thise�e
t is the ratio of the Stokes transport to the Ekman transport (�g.2.2), whi
h
an be more than 30% for mid-latitudes.Substantial modi�
ations at the surfa
e (20%) and over the whole water 
olumn(30% at 100m) are found in the 
ase of a developed sea (�g.2.6).Lewis and Bel
her (2004), and also Polton et al. (2005), studied the impa
t ofthe Stokes-Coriolis term on the Eulerian Ekman spiral, with an unstrati�ed water
olumn and with an eddy vis
osity that varies linearly with depth. They reportedthat this Stokes-Coriolis term 
ould explain the tenden
y of the spiral to be shifted
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Figure 2.6: Quasi-Eulerian velo
ities driven by the wind stress (û′) and driven bythe Hasselmann for
e (δu = û − û′). Velo
ities are 
omputed respe
tively fromthe model without the Hasselmann for
e and from the full model minus the modelwithout the Hasselmann for
e. The wind is set to U10 = 10ms−1 and sea is developed(fet
h > 1000km).



50 Chapter 2in the dire
tion opposite to the wind, as observed in some �eld experiments, su
h asLOTUS3 [Pri
e and Sundermeyer, 1999℄. We must noti
e that they took small valuesof z0, of the order of 1cm. Su
h values are 
ommonly used in order to �t surfa
e driftobservations (see se
tion 2.4.3) with the Eulerian surfa
e 
urrent (around 3% of thewind speed U10, e.g. q = 0.03 in table 3 of Lewis and Bel
her (2004)). The presentmodel was used to simulate 
onditions observed during the LOTUS3 experiment.The model mixing Kz is enhan
ed by breaking (z0 ≃ 2.5m), whi
h leads to quasi-Eulerian 
urrents near the surfa
e mu
h redu
ed 
ompared to Polton et al. (2005)(less than 1% of the wind speed U10, �g.2.7). Polton et al. (2005) reported minors
hanges of velo
ity in the bulk Ekman layer to the values of z0. But they used
z0 ≃ 1
m, whi
h is two orders of magnitude below the values of the present model.Also it is the near-surfa
e dynami
s, within the �rst 10m, that is of interest hereand it is quite sensitive to values of z0 larger than 1m, as pointed out by Craig andBanner [1994, se
tion 5℄, due to a very large in
rease in Kz. Therefore the goodagreement found by Lewis and Bel
her (2004) and by Polton et al. (2005) for the twouppermost 
urrent-meters (z = −5 and z = −10 m, �gure 7) is not obtained withthe present model. The value of the 
rosswind 
omponent of the model's velo
ityis only 50% of the observed value at z = −5 m. If the sub-surfa
e de�e
tion ofthe quasi-Eulerian velo
ity due to the Stokes-Coriolis e�e
t is still signi�
ant, theverti
al pro�les and velo
ity spiral are more di�erent from the observations thanwith the models of Lewis and Bel
her (2004) and Polton et al. (2005). This mis�tmay be explained by the strati�
ation : the mixed layer was only 10 to 25m thi
kduring LOTUS3 [Pri
e and Sundermeyer, 1999℄, with a strong diurnal 
y
ling.Terray et al. (2000) 
ompared results of the Craig and Banner model (without theStokes-Coriolis term) to quasi-Eulerian velo
ity pro�les and shears, obtained with awave-follower mu
h 
loser the surfa
e [Santala and Terray, 1992℄. The addition ofthe Stokes-Coriolis term does not substantially modify the shear, but the magnitudeof the 
urrents is modi�ed. However the �eld data used in Terray et al. (2000) wasobtained with relatively young waves (Cp/U10 ≃ 0.74), so that 
urrents driven bythe Hasselmann for
e are one order of magnitude smaller than 
urrents driven by thewind. Therefore this dataset is not ideal for highlighting the Stokes-Coriolis e�e
t(�g.2.8). A dataset with fully-developed waves would have been more useful for thatpurpose. Moreover, the water 
olumn was strati�ed below 20m depth. Thereforethe present 
omparison of their data and the model remains qualitative. Howeverroughness length one order of magnitude smaller than Hs is 
learly not 
ompatiblewith this dataset.M
Williams et al. (1997) used Large Eddy Simulations (LES) to study the im-pa
ts of Langmuir 
ir
ulations (LCs) on the mixed layer in a weakly strati�ed
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Figure 2.7: Hodographs of quasi-Eulerian and Lagrangian velo
ity. Curves are for
u∗ = 8.3 × 10−3ms−1 and a fully developed sea (Hs = 1.6 m). Also shown is themean pro�le from LOTUS3 [Pri
e and Sundermeyer, 1999℄ at 5, 10, 15 and 25mand, for 
omparison with Polton et al. (2005), the Eulerian 
urrent from the modelwith a small surfa
e mixing (small roughness length z0=1.6 × 10−3m). Solid linesare model results with the Hasselmann for
e, dashed lines without.

ase.They did not take surfa
e wave breaking into a

ount but they used an in-put of TKE, given by the shear of the Stokes drift (2.17). Some 
omparison 
an bemade between our present model with a simple turbulent 
losure s
heme and theirLES results : in parti
ular they 
omputed the impa
t of the Hasselmann for
e onthe Eulerian 
urrent (their �g. 2). We must noti
e that their Stokes transport (amono
hromati
 wave of H = 2.3m and λ = 60m) is 4 times larger than expe
tedat full development (they use U10 = 5ms−1). In their 
ase, the Ekman transportand the Stokes transport are of the same order. Fig.2.9 shows the present modelresults using the same Stokes drift as in M
Williams et al. (1997) and a Stokes driftfrom developed waves with U10 = 5ms−1. These results are similar to the LES ex-periment, ex
ept for the u 
omponent in the near surfa
e region that is mu
h moreuniform in their 
ase. In spite of a 
lose agreement between their bulk eddy vis
osityand our eddy vis
osity, the mixing due to LCs is signi�
antly di�erent to the oneof our simple model. Kantha and Clayson (2004) used an intermediatly 
omplexturbulen
e 
losure model based on two equations for q2 and q2l, and simulated thesame LES experiment. As they noti
ed, their model also underestimate the nearsurfa
e mixing of the Langmuir 
ells.
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54 Chapter 22.4.3 Lagrangian driftThe mean drift velo
ity U is the sum of the quasi-Eulerian �ow û, 
omputed withthe model des
ribed above, and the Stokes drift Us. Now 
onsidering the net wave-indu
ed mass transport, the Stokes-Coriolis term is of prime importan
e. In terms ofmass transport in the downwind dire
tion, that term 
reates an Eulerian return �owwhi
h 
ompensates the Stokes transport, leading to a zero wave-indu
ed transportin steady 
onditions given by eq.2.9 [see also Hasselmann, 1970℄. Be
ause turbulen
edi�uses verti
ally the momentum sour
e that is the Hasselmann for
e, the return�ow is less sheared than the Stokes drift. Therefore the return �ow does not 
om-pensate the Stokes drift near the surfa
e, and over
ompensates it below. Instead ofquasi-Eulerian and Lagrangian , �g.2.10 shows a de
omposition into quasi-Eulerian
urrent driven by the wind û′ and Stokes drift plus quasi-Eulerian 
urrent driven bythe Hasselmann for
e Us + δu = Us + û − û′.
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'Figure 2.10: Details of the velo
ity pro�les in the downwind dire
tion. Left: La-grangian drift indu
ed by wave mass transport Uw, equal to Stokes drift Us plusquasi-Eulerian 
urrent driven by the Hasselmann for
e δu = û − û′. Right: Wind-driven quasi-Eulerian 
urrent (ie the model result without the Stokes-Coriolis term)
û′. Left plus right, i.e. Uw +û′ = Us + δu+ û′ gives the total Lagrangian velo
ity U.Curves are for U10 = 10ms−1 and fully developed waves (fet
h superior to 1000km).Bottom panels are shown on a logarithmi
 s
ale.It 
an be seen that near the surfa
e the downwind drift in the present model is
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ation 55essentially due to the Stokes drift (at least 80%), for fully-developed waves. Thepra
ti
al simpli�
ation that takes the surfa
e drift to be the sum of the usual EkmanEulerian 
urrent, from an o
ean 
ir
ulation model without the Stokes-Coriolis term,plus the Stokes drift [e.g. Annika et al., 2001℄, leads to slight over-estimations (lessthan 5%), for fully-developed waves. For very young waves, the Eulerian 
urrent isof same order as the Stokes drift but the Hasselmann for
e is redu
ed so that itse�e
t 
an also be negle
ted in terms of surfa
e drift.In the 
rosswind dire
tion, the wave-indu
ed drift is the quasi-Eulerian 
urrentdue to the Stokes-Coriolis stress. Although the total transport is zero in this dire
-tion, the velo
ity is not zero at ea
h depth, leading to a small wave-indu
ed drift tothe right of the wind near the surfa
e and to the left below (see �g.2.6 and se
tion2.4.2).The mean wind-indu
ed drift of a water parti
le at the surfa
e is not well known.Huang (1979) reviewed �eld and laboratory experiments about surfa
e drift of water,i
e, oil and obje
ts, but laboratory experiments or �oating obje
ts observations arenot supposed to give the same drift than water parti
les in presen
e of developedwaves. The di�erent results are s
attered roughly around 3% of the wind speed U10.Chur
hill and Csanady (1983) studied Lagrangian motions of drogues and driftersand found surfa
e drifts between 2 and 2.5% of the wind speed U10. The presentmodel yields smaller velo
ities, around 1.5%.This ratio of 1.5% does not vary mu
h with fet
h (�g.2.11 and 2.12). For shorterfet
hes, the Stokes drift is small and the Eulerian velo
ity is larger, thanks to a smallmixing (�gure 2.12, dotted lines). Note that we 
omputed the Stokes drift for veryshort fet
hes with Kudryavtsev et al.'s [1999℄ spe
trum, whereas this spe
trum is notexpe
ted to behave 
orre
tly for su
h young seas (B. Chapron, personal 
ommuni-
ation). The e�e
t of the dependen
e of the atmospheri
 roughness length with thesea state is also shown : a wind-waves 
oupling represented by (2.7) is used insteadof the Charno
k relation (2.6). This 
oupling leads to an in
rease of the surfa
estress for young seas, and thus to a in
rease of the Eulerian 
urrent (dashed-dottedlines). Furthermore, the TKE �ux is Φoc = αu3
∗
, where α is also known to depend onthe wave age. We use here an analyti
al �t to the distribution of α as a fun
tion of

cp/u∗a of �g.8 in Terray et al. (1996). α 
an be taken around 60 for very young waves(age Cp/u∗a ≃ 5). It in
reases to 180 for developing waves (10 < Cp/u∗a < 20), andthen de
reases to 80 for fully-developed waves (Cp/u∗a ≃ 30). As this e�e
t slightlyredu
es the mixing for very young waves and for fully-developed waves, the quasi-Eulerian 
urrent at the surfa
e slightly in
reases. It is the 
ontrary for developingwaves, for whi
h the mixing is slightly enhan
ed (�gure 2.12, solid lines). However,
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Figure 2.11: (a) quasi-Eulerian 
urrent downwind û, (b) 
rosswind v̂ and (
) totalLagrangian drift |û + Us| at the surfa
e, as fun
tion of wind speed and fet
h. Theresults are shown as per
entages of the wind speed U10. The wind-wave 
oupling(equ. 2.7) and an estimation of α as a fun
tion of the wave age are used.
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ription without strati�
ation 57it is the in
rease of the roughness length z0 that dominates the evolution of the nearsurfa
e mixing with wave development, as expe
ted from Craig and Banner (1994) :
Kz ∝ u∗α

1/3z0.8
0 (z0 − z)0.2. (2.23)The Lagrangian surfa
e drift appears to be almost independent of the fet
h(�gure 2.11). This drift strongly depends on the depth, due to the verti
al shearof the Stokes drift (and also, for short fet
hes, to the shear of the quasi-Eulerian
urrent).
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Figure 2.12: Quasi-Eulerian drift |û|, Stokes drift Us and total drift U = |û + Us|at the surfa
e, as fun
tion of fet
h. Dashed lines : using Charno
k's formula anda TKE �ux Φoc = αu3
∗
with α = 100. Dashed-dotted lines : using the 
oupling ofDonelan (1998) and α = 100. Solid line : using the 
oupling of Donelan (1998) anda variable α from Terray et al. (1996). The wind is set to U10 = 10ms−1.

2.5 General dis
ussionClearly, the surfa
e drift is more sensitive to the surfa
e mixing of the model thanto the Stokes-Coriolis term. Near surfa
e pro�les are, as pointed out by Craig andBanner (1994), strongly dependent on the roughness length. However, if the s
alingof Terray et al. (1996) is valid, i.e. z0 and Hs are of the same order, whi
h is
on�rmed by observations, then the un
ertainty on the quasi-Eulerian velo
ity is



58 Chapter 2not that large. A mu
h smaller roughness length like z0 = 0.6Hs, as pres
ribed bySoloviev and Lukas (2003), leads to Eulerian surfa
e 
urrents 1,5 times larger thanwith the present value z0 = 1.6Hs. In terms of Lagrangian surfa
e drift, the under-estimation would be smaller, from 10% for long fet
hes to 20% for short fet
hes.Thus a hopefully more physi
ally sound de�nition for z0, su
h as an average size ofbreaking waves, is not expe
ted to give signi�
ant di�eren
es in drift.Although there is a reasonable agreement between the present model and quasi-Eulerian velo
ity shears measured by Santala and Terray (1992), there is a largedi�eren
e between predi
tions of Lagrangian drift and drifter observations. It ispossible that a se
ond order approximation may not be a

urate enough for steepwaves, and wave-wave intera
tions (modulations) may enhan
e the Stokes drift in arandom wave �eld. Melsom and Sæatra (2004) have in
luded fourth-order terms intheir estimation of the Stokes drift for mono
hromati
 waves but the e�e
t of theseterms is typi
ally less that 10% of the se
ond order terms, even for the steepestwaves. It is more likely that turbulent stru
tures asso
iated with breaking frontsmay 
ontribute to the drift at the surfa
e, and need to be parameterized.Breaking wave fronts may 
over an area of the order of a few per
ent of the seasurfa
e. One may use empiri
ally derived distributions Λ(C)dC for the length ofbreaking 
rest with a phase speed between C and C + dC per unit area [Melvilleand Matusov, 2002 ℄, one �nds that obje
ts randomly distributed at the surfa
e ofthe o
ean will have an extra drift of
u =

∫
LCΛ(C)dC, (2.24)with L the displa
ement at the passage of a breaker. Sin
e breakers propagate at aspeed of about 0.8 C and the breaker lifetime is about the wave period T = 2πC/g,one �nds that u is of the order of 6 × 10−3 m s−1 for U10 = 10 m s−1, and thisvelo
ity in
reases with the 
ube of the wind speed. Therefore this e�e
t may be
omesigni�
ant for large wind speeds, but it only a�e
ts depths down to a small fra
tionof the wavelength, typi
ally a few per
ent [Melville et al., 2002℄. This 
al
ulationonly in
ludes transient large-s
ale breakers. Mi
ro-s
ale breakers, with a relativelylonger lifetime, may yield a larger 
ontribution.The other turbulent stru
tures that are likely to a

ount for most of the dis
rep-an
y between observed drift speeds and the model are the Langmuir 
ir
ulations.These stru
tures extend down to the base of the mixed layer and have been re-peatedly observed as soon as the wave and winds and steady enough that the 
ells
an develop, even in shallow water [e.g. Marmorino et al., 2005℄. LCs are 
hara
-terized by strong variations ∆u of the downwind velo
ity with maxima asso
iated
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ation 59with 
onvergen
e zones at the surfa
e. ∆u is reported to be of the order of 1�3%of the wind speed by Smith (1998). As a slightly buoyant obje
t would tend tobe trapped in the 
onvergen
e zones, it 
an easily drift with a mean velo
ity largerthan the a
tual mean by 1% of the wind speed. This "Langmuir bias" 
ould thusbe the prin
ipal reason why measured drift velo
ities are larger than given by thepresent model, and also larger than the HF-radar measurements by Dobson et al.(1989). Langmuir 
ir
ulations further raise the issue of the adequa
y of the tur-bulent 
losure with a k − l model to model mixing due to su
h organized vorti
es
reated by wave-
urrent intera
tions. Re
ent studies [e.g. Noh et al., 2004℄ haveinvestigated Langmuir 
ir
ulations with Large Eddy Simulations that do not usesu
h a simple 
losure s
heme. However, these studies still need to be validated with�eld observations su
h as those of Smith (1999).Finally, the impa
t of a density strati�
ation 
an be in
luded in the presentmodel. A redu
ed mixed layer depth leads to an in
rease of the quasi-Eulerianvelo
ity be
ause the Ekman transport is 
onserved. As shown in �g.2.8, it mayin
rease the quasi-Eulerian velo
ity by a fa
tor 2 or 3, whi
h would be signi�
antalso in terms of Lagrangian surfa
e drift.2.6 Con
lusionWe presented here a model of a uniform and homogeneous o
ean driven by wind andasso
iated waves. Distin
tion is made between wave motion, in
luding the Stokesdrift, and a quasi-Eulerian motion, driven by the momentum �ux from atmosphere,by the Coriolis for
e and by the Hasselmann for
e (also 
alled "Stokes-Coriolis ef-fe
t"). The waves are supposed to be a linear superposition of mono
hromati
 
om-ponents whi
h satisfy the usual dispersion relation. The sea state is thus modelledby a dire
tional spe
trum of sea surfa
e elevation varian
e. The Stokes drift and theverti
ally integrated Stokes transport are respe
tively the third and �rst momentsof the frequen
y spe
trum, and are therefore sensitive to the high frequen
y part ofthe spe
trum, i.e. the short waves. Thus a spe
trum designed for remote-sensingappli
ations (�tted to reprodu
e the fourth moment of the spe
trum) is supposedto give reasonable results for the Stokes drift 
al
ulation. This Stokes drift is foundto be around 1.2% of the wind speed U10, and the 
orresponding Stokes transportaround 20 to 30% of the Ekman transport at mid-latitudes, for developed waves.The use of a mono
hromati
 wave 
annot represent well the surfa
e drift value, theverti
ally integrated transport, and the depth involved.The wave �eld in�uen
es the quasi-Eulerian motion via two di�erent e�e
ts :the Stokes drift, in a rotating frame, 
reates the Hasselmann for
e whi
h drives an



60 Chapter 2Eulerian return �ow to 
ompensate the Stokes transport. The presen
e of waves alsoin
reases the near surfa
e mixing. A simple turbulent 
losure s
heme gives an eddyvis
osity that 
an be used to represent the latter e�e
t. The roughness length for this
losure s
heme is evaluated a

ording to observations of TKE dissipation near thesurfa
e. The model result is then examined and we 
an summarize it by 
omparisonto the near surfa
e physi
s of most o
ean 
ir
ulation models (OCMs), whi
h usesmall mixing at the surfa
e (represented here by a small roughness length z0 < 0.1m).(i) A surfa
e mixing at least one order of magnitude greater than in 
urrent OCMs(and dependant on the sea state) seems realisti
. Signi�
ant 
onsequen
es on the seasurfa
e temperature are expe
ted [Mellor and Blumberg, 2004℄. (ii) As a 
onsequen
eof this strong mixing, there is a strong redu
tion of the verti
al shear of the quasi-Eulerian velo
ity near the surfa
e (see �g.2.13). (iii) However, Lagrangian driftvelo
ity is highly sheared due to the shear of the Stokes drift near the surfa
e (see�g.2.13), leading to near surfa
e pro�les quite 
lose to those of the Eulerian 
urrentin some OCMs. (iv) Although observations of surfa
e drift and 
omparisons withthe wind speed are not very reliable, an important part of the surfa
e drift of obje
tsmay be still missing in the present formulation. The "Langmuir bias", whi
h is the
orrelation of surfa
e 
onvergen
e and in
reased velo
ity, should explain some of thismissing drift, as well as the strati�
ation whi
h was not taken into a

ount. (v) TheHasselmann for
e has a signi�
ant impa
t in terms of verti
al pro�les of Eulerianvelo
ities (this for
e leads to 
urrent magnitudes of 20 to 30% of the magnitude of
urrents driven by the wind stress). This impa
t is relatively small on the surfa
eLagrangian drift, whi
h 
ould be approximated by the sum of the Stokes drift plusthe Eulerian 
urrent driven only by the wind stress. (vi) In terms of Lagrangiandrift at di�erent depth, stationary waves 
reate a mass transport in the wind-wavesdire
tion near the surfa
e, and in the opposite dire
tion below, until a depth ofthe order of the Ekman depth. If properties are homogeneously distributed in thissurfa
e layer then wave transport 
an be ignored. Otherwise it should be 
omputed.(vii) For really young seas, as it happens in some 
ostal areas or lakes, the nearsurfa
e dynami
s are 
loser to that des
ribed by traditional OCMs, with a smallStokes drift and a relatively weak mixing.In 
on
lusion, the surfa
e drift and mixing 
annot be understood without thewaves. However there still are very few datasets that are 
omplete. The reason isthat �elds experiments on Ekman 
urrents or mixed layers and studies on wavesare rarely made simultaneously. Furthermore near surfa
e Lagrangian, Eulerian orquasi-Eulerian averaging are often signi�
antly di�erent but hardly well identi�ed.The present study demonstrates the need for more near surfa
e measurements togather all this information.
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64 Chapter 3Abstra
tA model of the o
ean surfa
e 
urrents is presented. It in
ludes the enhan
ed near-surfa
e mixing due to the waves, the Stokes drift of the waves, the Stokes-Coriolise�e
t and the strati�
ation. The near-surfa
e 
urrent shears from this model are
ompared with the shears of the quasi-Eulerian 
urrents measured using a wave-following platform during the Shelf Mixed Layer Experiment (SMILE). It is shownthat the downwind 
urrent shears observed during SMILE are well modelled. How-ever, the observed 
rosswind shears are in poor agreement with the model. TheStokes-Coriolis (SC) term 
ould qualitatively explain this mis�t but it is one orderof magnitude too weak. The Ekman-Stokes spiral of the model are 
ompared tothe spiral observed during the long time series of measurements Long Term UpperO
ean Study 3 (LOTUS3). The e�e
ts of strati�
ation are 
arefully treated. Themean velo
ity pro�les of the model 
losely agree with observations. However, we�nd no eviden
e of the SC e�e
t on the shape of the observed Ekman spiral. Theobserved shape is found to be a 
onsequen
e of the re
ti�
ation due to the strati�-
ation. The SC e�e
t 
al
ulated from an a

urate numeri
al wave hind
ast is weak,but should have been observed. In fa
t, it is estimated that the wave-indu
ed biasin the 
urrent measurements is larger than the SC e�e
t. Finally, it is shown thatthe wave age e�e
t on the surfa
e drift, whi
h was found to be small in unstrati�ed
onditions, is important in the presen
e of shallow mixed layers.3.1 Introdu
tionWaves are known to dramati
ally enhan
e the near-surfa
e mixing. This was inferredfrom turbulent kineti
 energy (TKE) dissipation measurements (Agrawal et al., 1992;Terray et al., 1996), and it was also observed in measurements of downwind 
urrentverti
al shear very 
lose to the surfa
e during the Shelf Mixed Layer Experiment(SMILE) (Santala, 1991; Terray et al., 2000). A

ordingly, the surfa
e mean 
urrentis rather weak, around 0.5% of the wind speed at 10 meters U10 when the o
ean is notstrati�ed and when the waves are developed. This quasi-Eulerian mean 
urrent isde�ned as the Lagrangian drift minus the wave Stokes drift (see for details Jenkins,1987; Ras
le et al., 2006; Ardhuin et al., 2007b). This small quasi-Eulerian drift
an be overwhelmed by large surfa
e drift due to the wave Stokes drift, whi
h 
anbe as large as 1.2% of U10 (Ras
le et al., 2006, hereinafter Part 1). However, thesepro
esses may not be well represented or, more likely, other pro
esses are importantfor the drift of surfa
e-trapped buoyant obje
ts to rea
h surfa
e drifts of the orderof 2 or 3% of U10 (Huang, 1979). The surfa
e trapping of the Ekman 
urrent in the
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e of strati�
ation may be an important fa
tor.Waves are also asso
iated with a Stokes-Coriolis 
urrent (Hasselmann, 1970; Xuand Bowen, 1994; M
Williams and Restrepo, 1999). Namely, in a rotating frameof referen
e, a wave-indu
ed stress perpendi
ular to the waves propagation modi�esthe pro�le of the Ekman 
urrent. In an invis
id o
ean, this stress drives a mean
urrent whi
h 
ompensates the Stokes drift of the waves when averaged over theinertial period. However, in the presen
e of a strong verti
al mixing, this return�ow is made verti
ally uniform. Be
ause the Stokes drift of a wind sea is stronglysurfa
e trapped, the return �ow only 
ompensates the Stokes drift when verti
allyintegrated over depth, and there is a net drift at every depth. This was shown inPart 1 without any strati�
ation, and the question raised is to whi
h extend thisremains valid if the Ekman 
urrent is also surfa
e trapped, by a shallow mixed layerfor instan
e.Furthermore, when 
onsidering verti
ally integrated transports, the Stokes-Coriolise�e
t do 
ompensate the Stokes transport in a steady state. It is also the only me
h-anism invoked to 
ompensate it. Observations have been made by Smith (2006a), inwhi
h the modulations of the Stokes drift by the passing wave groups was 
ompletely
ompensated, presumably by the �ow asso
iated with long infra-gravity waves. Wealso note that laboratory measurements fail to reprodu
e the Stokes drift (Moni-smith et al., 2007). However, the steady Stokes transport and the Stokes-Coriolise�e
t on it have never been 
learly observed yet. Eviden
e of this e�e
t has beensought by Lewis and Bel
her (2004) and Polton et al. (2005) in the observations ofthe sub-surfa
e Ekman 
urrent during Long Term Upper O
ean Study 3 (LOTUS3)(Pri
e et al., 1987). Unfortunately, neither the wave-enhan
ed surfa
e mixing northe quite shallow diurnal mixed layer during LOTUS3 have been taken into a

ountin these previous works, although they 
an radi
ally 
hange the interpretation ofthe observed Ekman spiral (Pri
e and Sundermeyer, 1999). Also, eviden
e of theStokes-Coriolis for
ing have not been sought yet in measurements mu
h 
loser tothe surfa
e, su
h as those of SMILE.In this paper the e�e
t of strati�
ation will be added to the model presented inPart 1 in order to make a quantitative 
omparison with some available observationsof near-surfa
e 
urrent. More pre
isely the remaining issues are : How well thismodel 
an reprodu
e the verti
al shears observed 
lose to the surfa
e, both in thedownwind and the 
rosswind dire
tion? What is the impa
t of the Stokes-Coriolise�e
t on the Eulerian and Lagrangian 
urrents pro�les in shallow mixed layers? Isthere any observational eviden
e of this e�e
t? Is the surfa
e drift rea
hing realisti
values in the presen
e of shallow mixed layers?The model used for this study is introdu
ed in se
tion 3.2. The near-surfa
e



66 Chapter 3shears of the quasi-Eulerian 
urrents observed during SMILE are analyzed in se
tion3.3. The Ekman-Stokes spirals from the LOTUS3 data are analyzed in se
tion 3.4.Finally, the surfa
e drift of the model in the presen
e of waves and strati�
ation isdis
ussed in se
tion 3.5.3.2 The modelFor the sake of simpli
ity and be
ause we want to simulate a period of hundredsof days, a simple one dimensional eddy vis
osity model with a TKE 
losure s
hemewill be used. This model is adapted from Craig and Banner (1994), as dis
ussedin Part 1. It was 
hosen be
ause it is able to reprodu
e the wave-enhan
ed nearsurfa
e mixing by the addition of a TKE �ux at the surfa
e and the spe
i�
ationof a large roughness length z0. A

ording to Terray et al. (1996), the TKE �ux isparameterized as Φoc = αu3
∗
, with α = 100 and where u∗ is the waterside fri
tionvelo
ity. The roughness length is set to z0 = 1.6Hs, as in Terray et al. (2000), with

Hs the signi�
ant wave height of the wind sea, a proxy for the s
ale of the breakingwaves that are responsible for the mixing. The extension to a strati�ed o
ean istaken from Noh (1996). The parameterization of the e�e
ts of strati�
ation on theeddy di�usivities is made via a turbulent Ri
hardson number, where the destru
tionof turbulen
e by strati�
ation is made regardless of the origin of turbulen
e, byshear produ
tion or by downward di�usion from the wave layer. This model was
hosen for its ability to reprodu
e the diurnal thermo
line. Justi�
ation for theuse of su
h a simple eddy vis
osity model 
an be found by 
omparing the velo
itypro�les of the model to the velo
ity pro�les of more sophisti
ated models like thelarge eddy simulations (LES) of M
Williams et al. (1997) or Noh et al. (2004). Su
h
omparisons have shown reasonable agreement (e.g. Kantha and Clayson, 2004).3.3 Analysis of the near-surfa
e shears - The SMILEdata3.3.1 The experimentThe SMILE data of Santala (1991) are of parti
ular interest be
ause one buoy (theSASS) in
luded measurements of the velo
ity very 
lose to the surfa
e, at depthssmaller than Hs. These unique measurements of the mean 
urrent used a surfa
efollower and were 
orre
ted for a wave bias due to 
orrelations between the SASSmeasurements and the waves motion. The most useful measurements o

urred on
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ation 6727 and 28 February 1989. The wind speed was 13.6 m s−1 and the wave height was
2.3 m, both approximately aligned and steady. The mixed layer depth was 20 m.More information on this data 
an be found in Santala (1991) and Terray et al.(2000).3.3.2 The modelFor 
omparison with these data, the model is run with a steady wind of the ob-served wind speed. The temperature is initialized to �t the observed pro�le, with athermo
line around 20 m, and a zero surfa
e heat �ux is used in order to reprodu
ethe neutral mixed layer and its slow deepening. To 
ompute the Stokes-Coriolisfor
e, waves are 
al
ulated using a JONSWAP spe
trum (Hasselmann et al., 1973),assuming a fet
h of 100 km, giving the observed signi�
ant wave height. The peakperiod of the waves is slightly underestimated with this method, giving 6.4 s whereas
7.8 s was observed. The Stokes transport of the waves, important to measure themagnitude of the Stokes-Coriolis for
e, might then be slightly overestimated. Themodel results, averaged over an inertial period, are plotted on �g. 3.1 (upper panel).For 
omparison, the model results without strati�
ation are plotted on �g. 3.1 lowerpanel.3.3.3 Previous analysisThe measurements have already been analyzed by Santala (1991), and part of its re-sults were used by Terray et al. (2000) and in Part 1. Here we will brie�y summarizetheir analysis and the di�erent te
hnique used in the present analysis.Four sensors were mounted on the SASS buoy, at depths from 1 to 5m. Theverti
al shear 
an be estimated between ea
h pair of adja
ent sensors by a �nitedi�eren
e. Santala (1991) s
aled the depth with u2

∗
/g, whi
h is equivalent to s
alewith the signi�
ant wave height Hs if one supposes a full development and if oneomits the swell in Hs. The shear was s
aled with u∗/z, the law of the wall s
aling.This leads to their �gure 7-5, whi
h we reprodu
e here for the SASS data only (�g.3.2).The analysis of this plot, together with deeper measurements from a 
onventionalmooring, leads these authors to infer a des
ription of the downwind shear in a 3layer stru
ture, namely an upper layer with almost no shear, a lower layer followinga log-law and a transition layer in between. However, su
h a transition is hardlyper
eptible with only the SASS data, be
ause the lowest shear estimate falls inthe transition region (�g. 3.2, upper panel). In the 
rosswind dire
tion, the shearwas found roughly 
onstant with depth. This analysis leads to the �gure 7-11 in
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tion velo
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tion of the Figure 7-5 of Santala (1991), for the SASS data only.Nondimensional variation of shear with depth for the downwind (upper panel) andfor the 
rosswind (lower panel) dire
tions. The + and thin lines are measurementsfrom the SASS, the thi
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ussion of Santala (1991).3.3.4 A less 
onstraining analysisIt is not obvious from �g. 3.2 that the �t to the s
atter of �nite di�eren
e 
al
ulatedshears should produ
e a reliable estimation of the mean shear. Given that larges
atter, one 
an wonder if a di�erent analysis of the shears 
lose to the surfa
e 
annotlead to a di�erent des
ription of the near surfa
e velo
ity pro�les. For instan
e, sin
ewe are fo
using our analysis on the near-surfa
e, where the mixing is enhan
ed bythe waves, the shear should better be s
aled with u∗/Hs or g/u∗, a

ording to Craigand Banner (1994)'s eq. 30. But whatever the s
aling used for the depth or for theshear, the verti
al pro�les remain quite noisy (�g. 3.3).A smoother estimation of the mean verti
al shear 
an be obtained with a linearregression of the 
urrent pro�le over the 4 sensors depths and is shown on �g. 3.4and �g. 3.5. The observed shear in the downwind dire
tion (�g 3.5, upper panel)
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SASS dataFigure 3.3: (Upper panel) Shear of the downwind 
omponent u of the 
urrent,normalized with u∗/Hs, plotted as fun
tion of the depth normalized with Hs. Shearsof the model are 
al
ulated by �nite di�eren
e and shears of the SASS data are
al
ulated by �nite di�eren
e between ea
h pairs of adja
ent sensors. In addition tothe default model results, we plotted the results of the model without the Stokes-Coriolis e�e
t (SC) or/and without the wave-indu
ed surfa
e mixing (SM= SmallMixing), obtained with a roughness length of z0 = 0.05 m and no TKE surfa
e�ux. (Lower panel) Same as upper panel but for the 
rosswind 
omponent v of the
urrent. As an upper bound of the Stokes-Coriolis e�e
t, the model results whensupposing the wave �eld fully developed (FD) is also shown.is in relatively good agreement with the shear of the model, this way validatingthe enhan
ed near surfa
e mixing as was noted in Terray et al. (2000) and Part 1.
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ription with strati�
ation 71However the observed shear in the 
rosswind dire
tion (�g. 3.5, lower panel) is oneorder of magnitude larger than the model predi
tion.
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Figure 3.4: Shears observed with the SASS buoy. The shears are 
al
ulated witha linear regression over the 4 
urrents meters and are plotted as thin line segmentsover the 
urves of �g. 3.1, upper panel, and with an arbitrary o�-set.The Stokes-Coriolis for
e, oriented in the 
rosswind dire
tion, is a possible ex-planation for that large 
rosswind shear. Qualitatively, the Stokes-Coriolis for
e is agood 
andidate, be
ause it is oriented to the right of the waves propagation, as is theobserved bias. Therefore we made a quantitative evaluation of the Stokes-Coriolisimpa
t on the 
rosswind 
urrent. The wave �eld was not fully developed. TheStokes transport is around 10% of the Ekman transport, whi
h means, a

ording toPolton et al. (2005), that the Stokes-Coriolis e�e
t is equivalent to a surfa
e stressof 10% of the wind stress. The 
onsequent 
rosswind shear (�g 3.5, lower panel) isquite small, given the strong wave-indu
ed mixing of the model. An upper bound ofthe Stokes-Coriolis stress 
an be found by supposing the wave �eld fully developed.The equivalent stress is then of 35% of the wind stress. But even in this 
ase (�g3.5, lower panel), the Stokes-Coriolis for
e is too weak to explain the large 
rosswindshears observed.Another possible explanation for those observations is a smaller mixing in the
rosswind dire
tion than in the downwind dire
tion. From looking at the verti
al
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Figure 3.5: (Upper panel) Linear regression of the downwind 
urrent u between
1.1 m and 5.8 m deep, the measurement depths of the SASS buoy. The 
urrent isnormalized with u∗ and the depth with Hs. The SASS data are plotted, as wellas di�erent model results. In addition to the default model results, we plotted theresults of the model without the Stokes-Coriolis e�e
t (SC) or/and without the wave-indu
ed surfa
e mixing (SM= Small Mixing), obtained with a roughness length of
z0 = 0.05 m and no TKE surfa
e �ux. (Lower panel) Same as upper panel but forthe 
rosswind 
omponent v. The SASS data are plotted, as well as di�erent modelresults. (As in �g 3.3, lower panel, SC is Stokes-Coriolis, SM is Small Mixing andFD is Fully Developed waves.)pro�les of the di�erent LES simulations of the Langmuir turbulen
e (M
Williams etal. (1997), Noh et al. (2004), ...), it is 
lear that the mixing due to Langmuir 
ells
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ription with strati�
ation 73is not isotropi
. However none of these simulations are fo
used enough on the near-surfa
e dynami
s to provide any reliable pi
ture of what the mean surfa
e 
urrentsand mixing should be.Also, if Langmuir 
ir
ulations were present, the SASS buoy 
ould have beentrapped into surfa
e 
onvergen
e zones. Santala (1991) investigated the verti
alvelo
ity re
ords and did �nd a non-zero downward velo
ity, interpreted as eviden
e ofa non-uniform sampling of the Langmuir 
ells. The 
onsequent bias of the horizontalvelo
ity measurement 
annot be ex
luded to explain the observed large 
rosswindshear.3.4 Analysis of the 
urrent magnitude - The LO-TUS dataThe impa
t of the Stokes-Coriolis e�e
t and of the strati�
ation is small on the
urrent shear, but is more apparent on the magnitude of the 
urrent : the Ekmantransport is trapped in the mixed layer, leading to large values of the 
rosswind
urrent, while the Stokes-Coriolis e�e
t gives small values, if not negative, of thedownwind 
urrent (see e.g. �g. 3.1, upper panel). Are the observed 
urrent inagreement with that expe
ted shape?Field measurements of the Ekman 
urrents always in
lude a lot of noise, whi
h�nds its origins in inertial os
illations and in the diverse transient phenomenons,some of them being surfa
e-trapped. It is thus di�
ult to separate other pro
essesfrom the mean wind-driven 
urrent. During SMILE (previous se
tion), the 
urrentswere averaged over 40 mn. This allows an analysis of the verti
al shears but it isinsu�
ient to investigate the magnitude of the 
urrent. One solution to get rid ofthis noise is to average the 
urrent over a long time period. This method has beenemployed by Pri
e et al. (1987) with the LOTUS3 data set. The measurement tookpla
e in the summer of 1982, under light to moderate winds and a strong diurnalheating. The 
urrent measurement 
ame from a 
onventional mooring, with theupper measurement at 5 m depth. In the typi
al light wind en
ountered, the waveswere not really large so that the wave bias, i.e. the 
orrelation between the motion ofthe mooring and the orbital motion of the waves, was �rst estimated to be small atthe measurement depths using Ve
tor Measuring Current Meters (VMCM) instru-ments (S
hudli
h and Pri
e, 1998). We will further dis
uss this point below. FinallyPri
e et al. (1987) used a 
oherent averaging method to follow the low frequen
y
hanges in wind dire
tion. The resulting 
urrent pro�le 
an then be quantitatively
ompared to theoreti
al models of the Ekman 
urrent. These observed 
urrent have



74 Chapter 3the expe
ted pro�le of an Ekman spiral, with a depth integrated transport in agree-ment with the Ekman transport. However some features of these 
urrents wereunexpe
ted. First, the sub-surfa
e de�e
tion is quite large, around 75◦ at a depthof 5 m. Se
ond, the de
ay with depth is stronger than the 
lo
kwise rotation (thespiral is '�at').To explain this �atness of the spiral, Pri
e and Sundermeyer (1999) invoked thetemporal variation of strati�
ation. The mixed layer depth varied typi
ally from
10 m during the day to 25 m at night. The mean 
urrent, time-averaged over thediurnal 
y
le, should then show a di�erent verti
al pro�le than the 
urrent inferredfrom the mean verti
al strati�
ation. This di�eren
e is a problem of re
ti�
ation ofthe Ekman layer (see e.g. M
Williams and Hu
kle, 2006).However, Lewis and Bel
her (2004) reported potential problems in this inter-pretation. Mainly, the approa
h of Pri
e and Sundermeyer (1999) is not able tore
on
ile the observed large sub-surfa
e de�e
tion of 75◦ and a small surfa
e de-�e
tion of 10 to 45◦ typi
ally observed (Huang, 1979). Lewis and Bel
her (2004),followed by Polton et al. (2005), argued that the Stokes-Coriolis for
e 
an explain thelarge sub-surfa
e de�e
tion, together with a small surfa
e de�e
tion. The agreementbetween their models and the LOTUS3 observations is then quite good.Other problems appear in turn in these models. First, the small surfa
e de-�e
tions reviewed in Huang (1979) partly 
omes from observations of Lagrangiansurfa
e drift. As noted in Part 1, the Lagrangian surfa
e drift is the sum of theStokes drift and the quasi-Eulerian 
urrent. A large surfa
e de�e
tion of the quasi-Eulerian 
urrent is not 
ontrary to a small surfa
e de�e
tion of the Lagrangian drift,be
ause of the Stokes drift. In relation to this, the surfa
e mixing in the modelsof Lewis and Bel
her (2004) and Polton et al. (2005) is likely to be several ordersof magnitude too small. But, as noted in Part 1 without strati�
ation, a realisti
surfa
e mixing gives a quasi-Eulerian 
urrent mu
h more uniform than modelledby the previous authors, ruining the agreement with the data (see Part 1, �g. 7).Strati�
ation is therefore needed to reexamine the LOTUS 3 data. Here we alsoreexamine whether or not the LOTUS 3 data o�er an observational eviden
e of theStokes-Coriolis e�e
t on the Ekman 
urrent.3.4.1 A simple model of the diurnal 
y
leFollowing the idealized model of Pri
e and Sundermeyer (1999), the present model isrun with the mean wind stress observed during the period, u∗ = 0.0083 m s−1. Thewaves are expe
ted to be fully developed with that wind stress, whi
h gives a signif-i
ant wave height of Hs = 1.6 m, based on the JONSWAP spe
trum (Hasselmann
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ription with strati�
ation 75et al., 1973).The temperature is initialized with the temperature observed at the beginningof the �eld experiment. The surfa
e heat �ux is not 
al
ulated using a bulk formulabe
ause no measurement of the relative humidity was available (see Stramma etal., 1986). Instead, we use an analyti
al �t of the solar insolation measured during
lear sky days and we suppose that a steady heat loss equilibrates the surfa
e heatbudget,
Q = max

(
0, 1000 cos

(
2πt

Tday

))
− 1000

π
, (3.1)where t is the time and Tday is a period of one day. With these surfa
e �uxes,the mixed layer depth varies between 8 m and 35 m. Those values agree with theobservations of the strati�
ation during LOTUS3. However the verti
al pro�le ofthe 
urrent do not look like the observed 
urrent pro�le. The 
urrent of the modelis too large and too mu
h homogeneous within the mixed layer (�g. 3.6).The velo
ity pro�le is not well reprodu
ed when we use the observed solar �uxbut the mean wind stress, and it is not surprising. The re
ti�
ation over sub-periodswith weak wind should not leave a mean velo
ity pro�le homogeneous in the upper

8 m. Similarly, if a strong wind event o

urred during the period, its e�e
t must beapparent on the mean velo
ity pro�le below 30 m deep.3.4.2 A more elaborate model : 
onstraining the strati�
a-tionThe previous results are en
ouraging but the pro�le of the mean 
urrent exhibitsa large sensitivity to the mixed layer depth history. The temperature variability isnot well reprodu
ed with su
h a simple model of the diurnal 
y
le. We will thereforeattempt a more realisti
 simulation of the LOTUS3 data.Sin
e there is no 
lear indi
ation of what the damping of the inertial os
illationsshould be in a one dimensional model (e.g. Mellor, 2001), the wind is supposedto blow in a 
onstant dire
tion, in agrement with the 
oherent averaging of Pri
eet al. (1987). The bulk formulation of COAMPS (Patri
k Mar
hesiello, personal
ommuni
ation) for the atmospheri
 boundary layer is used to 
al
ulate the windstress. The relative humidity is set to 75%, as in Stramma et al. (1986). The windstress is set to the 6 hours low-pass �ltered 
al
ulated wind stress, updated every
15 mn. Using the averaged wind stress and not the averaged wind speed 
onservesthe stress. This minimizes the re
ti�
ation errors. Finally, the 
urrent of the model,averaged over one hour, is stored and used to 
al
ulate the mean over the wholetime period (170 days).
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Figure 3.6: Results of an idealized simulation of the diurnal 
y
le during LOTUS 3:the wind stress is set to the observed mean wind stress over the period and the heat�ux is set to a simple diurnal 
y
le in agrement with the observed solar insolation(equ. 3.1). (Upper panel) Verti
al pro�les of the mean 
urrent û, v̂ and of the Stokesdrift Us. (Lower panel) Spirals of the mean 
urrent. Velo
ities are normalized withthe waterside fri
tion velo
ity u∗ and depth is normalized with the signi�
ant waveheight Hs.



1D Des
ription with strati�
ation 77When one wants to reprodu
e the strati�
ation, both the heat budget and thelarge s
ale adve
tion of heat 
ome into play (see e.g. Gaspar et al., 1990). We willavoid those problems by 
onstraining the temperature to the observed temperature.A �rst simulation sets the temperature to the mean observed temperature every6 hours. The analyti
al �t (3.1) for the heat �ux is still used to reprodu
e thehigh-frequen
y diurnal 
y
le. The temperature of the simulation is therefore in
lose agrement with the observed temperature, in
luding the diurnal strati�
ation(shown for a few depths in �g. 3.7), ex
ept during a few episodes of ex
eptionallyweak solar insolation. As a 
onsisten
y 
he
k, a se
ond simulation uses a nudgingof the temperature to the 6 hours low-pass �ltered observed temperature. The times
ale of the nudging is 1000 s. The temperature of this se
ond simulation is also ingood agreement with the observed temperature, ex
ept that the diurnal warming issomewhat weakened by the nudging. The results in terms of mean Ekman 
urrent arequite similar between the di�erent methods to reprodu
e the temperature, validatingthe reprodu
tion of the impa
t of the strati�
ation on the 
urrent.
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Figure 3.7: Time series of the temperatures observed during LOTUS 3, at depths of
0.6, 15 and 35 m. Also shown is the temperature of the model, 
onstrained to thelow-pass �ltered observed temperature and with a typi
al solar insolation. Ex
eptduring rare events, the temperature is reprodu
ed in a satisfa
tory manner.The 
omparison between the modelled 
urrent averaged over the entire periodand the 
oherent averaging of Pri
e and Sundermeyer (1999) is very good (�g. 3.8



78 Chapter 3and 3.9). The 
rosswind 
urrent agrees very well with the observation. The 
ross-wind transport of the model is equal to the Ekman transport, 
orresponding to themean stress, while the 
rosswind transport 
al
ulated with a trapezoidal extensionof the data is slightly (8%) inferior (see also Pri
e et al., 1987). The downwind
urrent, if we omit the Stokes-Coriolis e�e
t, is also very 
lose to the observations.Both the downwind transports of the model and of the extrapolation of the data arenil.3.4.3 Validating the wave-indu
ed mixing parameterization.Su
h agreement between the model and the observations is surprising. It providesthe opportunity to 
he
k the sensitivity to the di�erent parameterizations of themodel. In parti
ular, one may wonder if the mean 
urrent pro�les observed duringLOTUS 3 are useful to verify the e�e
ts of the wave-indu
ed mixing on the 
urrent.We tested the model sensitivity to the roughness length. As shown in �g. 3.8,the mean velo
ity pro�le is mainly determined by the strati�
ation and the 
onse-quent re
ti�
ation e�e
t. The wave-indu
ed mixing is not dis
ernable on velo
itymeasurements below 5 m deep.3.4.4 The Stokes-Coriolis e�e
tThe Stokes drift has been 
al
ulated by supposing the wave �eld fully developedwith the 
orresponding wind averaged over 6 hours. This gives an upper bound ofthe Stokes-Coriolis e�e
t.A more realisti
 estimation of that e�e
t is also needed. The 
omplete histori
of the waves during the period is preferable, be
ause it in
ludes possible 
orrelationsbetween large wave events, strong wind events and parti
ular strati�
ation eventslike deep mixed layers. Therefore, a global wave model of 1◦ resolution is usedto produ
e the sea state at the LOTUS3 station (34.0N, 70.0W). The wave modelis based on the WAVEWATCH III (WW3) 
ode (Tolman et al., 2002), in whi
hthe wind-wave evolution parameterizations have been repla
ed by those of Bidlotet al. (2005). Although these parameterizations still have some problems in 
ostaland swell-dominated areas (Ardhuin et al., 2007a), they provide good results forthe mean parameters Hs and Tm02 when 
ompared to the North Atlanti
 buoysmeasurements (Ardhuin and Le Boyer, 2006, Jean Bidlot personal 
ommuni
ation).The 
omparison with the nearby buoy 41001 (34.7N, 72.7W) of the National DataBuoy Center (NDBC) shows an rms error of 0.43 m on Hs (25% of the rms Hs)and of 0.57 s on the mean period Tm02 (9.8% of the rms Tm02), for the period from14 May to 30 November 1982. Note that no wave data were available at that buoy
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Figure 3.8: Results of the LOTUS 3 simulation, without the Stokes-Coriolis for
e,with the observed wind stress and with the temperature 
onstrained to the data.(Upper panel) Verti
al pro�les of the mean 
urrent û, v̂. (Lower panel) Spirals ofthe mean 
urrent. Solid lines are the default model (z0 = 1.6HFD
s ), dashed line arethe model with a large surfa
e mixing (z0 = 5 m), and dotted lines, without thewave-indu
ed mixing (z0 = 0.005 m).from 6 June to 6 August. Our 
al
ulation might underestimate the Stokes transportsin
e there is a signi�
ant negative bias on the wave height Hs (−0.25 m), and a



80 Chapter 3

−8 −7 −6 −5 −4 −3 −2 −1 0 1 2
−60

−50

−40

−30

−20

−10

0

u/u
*

z/
H

s

u
v
u LOTUS3
v LOTUS3

−2 −1.5 −1 −0.5 0 0.5 1 1.5 2 2.5
−9

−8

−7

−6

−5

−4

−3

−2

−1

0

1

u/u
*

v/
u *

with S−C FD
without S−C
with S−C WW3
LOTUS3
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urrent û, v̂. (Lower panel) Spirals of the mean 
urrent. Dashed lines are themodel results without the Stokes-Coriolis e�e
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t. Solid lines are the models resultswith the Stokes-Coriolis e�e
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1D Des
ription with strati�
ation 81The wave spe
tra at the LOTUS3 station were used to 
ompute the Stokes drift.Sin
e the Stokes drift is a high moment of the spe
trum, it is often aligned withthe wind. Consistently with the average of Pri
e et al. (1987) whi
h follows thewind dire
tion, we used the norm of the Stokes drift and pres
ribed it aligned withthe wind. This avoids any dis
ussions between the observed wind dire
tion and thereanalyzed wind dire
tion.The numeri
al results with that lower bound of the Stokes-Coriolis term showthat its e�e
t, although small, should be observed from the 
urrent measurements.A

ording to the model, the downwind transport should be negative in the obser-vations.However the observed downwind transport is almost zero. Consistently, thedownwind 
urrent pro�le of the model is 
loser to the data when omitting the Stokes-Coriolis term. In this regard, the present work is 
onsistent with the work of Pri
eand Sundermeyer (1999), showing that the '�atness' of the spiral results from thestrati�
ation, 
ontrary to Polton et al. (2005) whi
h 
laimed it results from theStokes-Coriolis e�e
t.
3.4.5 The wave biasOne explanation emerges for that apparent mis�t of the model when in
luding theStokes-Coriolis e�e
t : the nearly zero observed downwind transport was supposedto be Eulerian but 
ould have been 
ontaminated by the wave-indu
ed buoy motion.S
hudli
h and Pri
e (1998) used the method of Santala (1991) to dis
uss the wavebias. In parti
ular, one 
an suppose that the buoy moves verti
ally with the surfa
eand that the mooring line was taut, a reasonable assumption given the large lengthof the 
hain 
ompared to the depths of the 
urrent meters 
onsidered. Then, forea
h mono
hromati
 wave train, one gets in addition to the quasi-Eulerian 
urrenta bias equal to

umin
bias(z) =

1

2
a2ωk exp(−kz), (3.2)where z is the elevation measured downward, a is the wave amplitude, ω is theradian frequen
y and k the wavenumber. This gives a lower bound of the wave-bias.If one supposes that the buoy moves both verti
ally and horizontally, then one getsan upper-bound of the wave-bias

umax
bias (z) = a2ωk exp(−kz). (3.3)



82 Chapter 3For 
omparison, the Stokes drift of a mono
hromati
 wave is
Us(z) = a2ωk exp(−2kz). (3.4)As the wave-indu
ed motions of the 
urrent meters are larger than the wave-indu
edmotions of the parti
les, the maximum bias is larger than the Stokes drift (theequality arises at the surfa
e only).The verti
al integral of the bias is bounded by
a2ω

2
≤
∫ 0

−H
ubiasdz ≤ a2ω, (3.5)while the verti
ally integrated Stokes transport is

Mw =
∫ 0

−H
Usdz =

a2ω

2
. (3.6)Therefore, if the unbiased theoreti
al downwind transport is equal to minus theStokes transport, we then expe
t to �nd a biased transport 
omprised between

0 and +Mw. The observed downwind transport in LOTUS 3 is approximatelyzero. It was interpreted by Pri
e et al. (1987) as an eviden
e that the Ekmantransport is 
rosswind. Furthermore, in the winter measurements of LOTUS 4, apositive downwind transport was found and was interpreted by S
hudli
h and Pri
e(1998) as a wave bias, 
oming from the large winter waves. The present des
riptionsupports the more nuan
ed 
on
lusion that both the LOTUS3 and the LOTUS4measurements are likely biased by the waves in the downwind dire
tion.3.5 Surfa
e driftOne aim of the present model is a better understanding of the surfa
e Lagrangiandrift, for appli
ations to sear
h and res
ue, �sh larvae re
ruitment or any otherstudies following �oating materials. The present model, following Garrett (1976)and Jenkins (1989), separates the �ow into a wave Stokes drift and an Eulerian
urrent. In parti
ular, the introdu
tion of the wave age should bring new insightin the near-surfa
e dynami
s. One remarkable result obtained in Part 1 is thatthe surfa
e drift is almost independent of the wave age : as the waves gets moremature, the Stokes drift in
reases. But the mixing is also more e�
ient and leaves anEkman 
urrent more homogeneous, thus redu
ing the surfa
e quasi-Eulerian 
urrentand 
ompensating the in
rease of the Stokes drift. This result is re
alled in �g. 3.10.
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Figure 3.10: E�e
t of the wave age on the surfa
e values of the Stokes drift, ofthe quasi-Eulerian 
urrent and of the Lagrangian drift, in unstrati�ed 
onditions.Velo
ities are expressed as a per
entage of the wind speed U10. The density issupposed uniform, as in Part 1. Cal
ulations are made for U10 = 10 ms−1, andfor di�erent stages of wave development (fet
hes varying from 1 km to 6000 km,
orresponding to signi�
ant wave height from 0.2 to 2.8 m). As the Stokes drift Usin
reases with more mature waves, the quasi-Eulerian 
urrent û de
reases due tothe more intense mixing, leading to a Lagrangian surfa
e drift U = Us + û almostindependent of the wave age, both in magnitude and in dire
tion.Whereas the wave age is a key parameter for the near-surfa
e mixing, it haslittle in�uen
e on the surfa
e drift. A simple parameterization of the surfa
e driftdire
tly from the wind might then be possible. Does this result extends to strati�ed
onditions?The surfa
e drift depends on the strati�
ation. As the mixed layer gets moreshallow, the quasi-Eulerian 
urrent in
reases in magnitude and rotates further fromthe wind dire
tion. As a 
onsequen
e, the Lagrangian drift does not vary mu
h inmagnitude, but the deviation angle in
reases (�g. 3.11) with an in
reasing stabilizingbuoyan
y �ux.
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Figure 3.11: E�e
t of the strati�
ation on the verti
al pro�les (upper panel) andon the surfa
e values (lower panel) of the Stokes drift, of the quasi-Eulerian 
ur-rent and of the Lagrangian drift, expressed as a per
entage of the wind speed U10.Cal
ulations are made for U10 = 10 ms−1, for fully developed waves (Hs = 2.80 m)and for di�erent mixed layer depths obtained with di�erent stabilizing surfa
e heat�uxes (from 0 to 1000 Wm−2). As the mixed layer gets more shallow, the quasi-Eulerian 
urrent in
reases in magnitude and rotates further from the wind dire
tion.As a 
onsequen
e, the Lagrangian drift does not vary mu
h in magnitude but thedeviation angle in
reases.The dependan
e of the surfa
e drift on the wave age in the presen
e of strongstabilizing buoyan
y �uxes is shown in �g. 3.12. For shallow mixed layers, the
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ation 85quasi-Eulerian 
urrent is almost 
rosswind. Consequently, the redu
tion of the quasi-Eulerian 
urrent, when waves get more developed and mixing more e�
ient, is not
ompensated by the in
rease of the Stokes drift of the waves, 
ontrary to whathappens in unstrati�ed 
onditions. In addition, the mixed layer of the model getsthi
ker with a larger wave-indu
ed mixing, whi
h in
reases furthermore the wave agedependan
e of the surfa
e drift during strong heating events. That latter behavioris physi
ally sound but requires further veri�
ations. This requires a full 
oupling ofthe mixed layer with the wave for
ing, a task that is beyond the s
ope of the presentstudy and is left for future work.3.6 Con
lusionA model of the surfa
e layer of the o
ean was presented in Part 1. Essentially, the
urrent was separated into a wave Stokes drift and a quasi-Eulerian 
urrent. Thatphysi
al des
ription leaded to a di�erent analysis of the observations of 
urrentspro�les 
lose to the surfa
e, whether the measurements are Eulerian or Lagrangian.That analysis agreed qualitatively with a few available data of Lagrangian driftpro�les, of Eulerian velo
ity pro�les and of TKE dissipation rates. Motivated bythese results, we added the strati�
ation to the model of Part 1 and tried a morequantitative validation of the 
urrent pro�les.We performed a reanalysis of the near-surfa
e quasi-Eulerian velo
ity measure-ments during SMILE. The near-surfa
e shears were previously investigated by 
om-parison to shears at greater depths obtained with an additional buoy (Santala, 1991).Here we made no hypothesis on the stru
ture of that shear. The near-surfa
e shearsobtained in this more general analysis are found to be in good agreement with thedownwind shears expe
ted in the presen
e of a strong wave-indu
ed mixing. How-ever, 
rosswind shears found are an order of magnitude larger than expe
ted. TheStokes-Coriolis for
e (or Hasselmann for
e) appeared as a good 
andidate but is tooweak in magnitude to produ
e su
h shears. Consequently, the physi
s of the presentmodel is still not su�
ient to explain the observed shears. Models and 
omple-mentary observations of Langmuir 
ells appear therefore to be ne
essary for furtherinvestigations of these 
urrents measurements.The long term observations of Ekman spirals during LOTUS 3 provide an oppor-tunity to investigate the Stokes-Coriolis e�e
t. The use of a long time series redu
esthe noise in the measurement, enabling an analysis of the magnitude of the wind-driven 
urrent. However, it introdu
es re
ti�
ation e�e
ts be
ause of the temporalvariations of the wind and of the strati�
ation. The wind variability was taken intoa

ount by using the 
oherent averaging of Pri
e et al. (1987), whi
h follows the
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Figure 3.12: E�e
t of the wave age on the verti
al pro�les (upper panel) and on thesurfa
e values (lower panel) of the Stokes drift, of the quasi-Eulerian 
urrent andof the Lagrangian drift. Velo
ities are expressed as a per
entage of the wind speed
U10. Here the surfa
e heat �ux is set to 1000 Wm−2, leading to very shallow mixedlayer, around 8 to 12 m thi
k, depending on the wave age. Cal
ulations are made for
U10 = 10 ms−1, and for di�erent stages of wave development (fet
hes varying from 1km to 6000 km, 
orresponding to signi�
ant wave height from 0.2 to 2.8 m). As theStokes drift in
reases with more mature waves, the quasi-Eulerian 
urrent de
reasesdue to the more intense mixing. For su
h shallow mixed layer, the quasi-Eulerian
urrent redu
tion dominates the in
rease of the Stokes drift, leading to a Lagrangiansurfa
e drift dependent of the wave age, both in magnitude and in dire
tion.
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ation 87wind dire
tion, and 
hanges in the strati�
ation were represented by 
onstrainingthe temperature to the observed temperature. The Ekman spiral of the model thenshowed very good agreement with the observations. However, we did not found anyeviden
e of the Stokes-Coriolis e�e
t, whereas a

urate wave hind
asts suggest thatit should be signi�
ant. The nature of the measurement is then in question, be-
ause the bias indu
ed by the waves on near surfa
e measurements from a buoy 
anbe larger than the Stokes transport. Seeking eviden
e of the Stokes-Coriolis e�e
tsu
h long time averaging, as attempted by Lewis and Bel
her (2004) and Polton etal. (2005), still appears to be feasible but preferen
e should be a

orded to mea-surements from �xed towers or bottom mounted A
ousti
 Doppler Current Pro�lers(ADCPs) to get rid of that wave bias.Finally, we investigated the surfa
e drift predi
tions of the model in the presen
eof strati�
ation. It is shown that the wave age e�e
t on the surfa
e drift, whi
h wasfound to be small in unstrati�ed 
onditions, is important in the presen
e of shallowdiurnal mixed layers. In su
h 
ase, 
onsidering separately the wave �eld and themean 
urrent should give signi�
ant di�eren
es on surfa
e drift predi
tions.A
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Chapter 4One-Dimensional study: Epilogueand Perspe
tives
4.1 Is the surfa
e drift due to the wind or due tothe waves ?It was shown in 
hapter 2 that the surfa
e drift, when the wind-waves are developed,is rather due to the Stokes drift of the waves than to the wind-driven mean 
urrent. Afast interpretation 
ould be that the surfa
e drift in the present des
ription is relatedto the waves and is not related to the lo
al wind anymore. This interpretation must
learly be nuan
ed.Firstly, it is true that the Stokes drift not only depends on the wind speed butalso depends on the wave age. Developed wind-waves have a larger energy and alarger surfa
e Stokes drift than young wind-waves. But what is the impa
t of thewave age on the surfa
e drift ? This question has been treated in the previous
hapters, showing in parti
ular that, at least in an unstrati�ed o
ean, the surfa
edrift is not mu
h modi�ed by the wave development (see �g. 2.12).Se
ondly, if the surfa
e drift mainly 
omes from the waves Stokes drift, is itpossible that the swell, i.e. waves not related to the lo
al wind and propagating farfrom their generation areas, has an important 
ontribution to the surfa
e drift ? Wewant here to dis
uss that issue, the impa
t of the swell on the surfa
e drift.The 
ontribution of the short waves to the surfa
e Stokes drift is important,be
ause the latter is a third moment of the frequen
y spe
trum (�g. 4.1). Thoseshort waves are less important for the Stokes transport as it is a �rst moment of thespe
trum (�g. 4.1). We note however that the dire
tional spreading of the shortwaves redu
es their 
ontribution to the surfa
e Stokes drift.Consequently, the Stokes drift of a low frequen
y swell with a sharp spe
tral89



90 Chapter 4distribution is mu
h smaller than the Stokes drift of a wind sea of the same energy,espe
ially if the swell period is large. For illustration purpose, we plotted in �g.4.2 the spe
tra 
orresponding to the varian
e of the surfa
e elevation (the energy,upper panel) and to the surfa
e Stokes drift (lower panel), for young wind-waves,old wind-waves, long period and small period swells. The swell were supposed tobe narrow-banded, with a Gaussian distribution of the energy around the peakfrequen
y, with a spreading of 0.02 Hz. The surfa
e Stokes drift of the young wind-waves (fet
h of 100 km, Hs = 1.6 m, Tp = 5.5 s) is 10.2 
m s−1, that of the developedwind-waves (fet
h larger than 1000 km, Hs = 2.8 m, Tp = 8 s) is 12.9 
m s−1, thatof the short period swell (Hs = 2.8 m, Tp = 8 s) is 5.2 
m s−1 and that of the longperiod swell (Hs = 2.8 m, Tp = 12 s) is 1.6 
m s−1.The surfa
e drift, even if it was found mainly due to the Stokes drift of thewaves, remains then 
orrelated to the lo
al wind, with only a small 
ontribution ofthe swell, typi
ally of the order of a few 
entimeters per se
ond in deep water.4.2 Further veri�
ations of the present des
ription4.2.1 The drifters observations and the model of Kudryavtsevet al. (2007)The major weakness of the model presented in this part is its high dependen
y on theroughness length, whereas that latter is poorly physi
ally de�ned. Su
h additionaltuning parameters might denote that the physi
s of the model fails to des
ribed thenear-surfa
e zone. One of the interpretation of this roughness length is that it isa substitute for the depth inje
tion of TKE and momentum due to wave breaking.In 
hapter 2, we used the model of Sullivan et al. (2004) and the observations ofMelville et al. (2002) to inje
t the momentum and the TKE over a 
ertain depth.Our 
on
lusion was that this 
annot substitute to the use of a large roughness length,of the order of Hs. Kudryavtsev et al. (2007) inje
ted the TKE and the momentumto a depth proportional to the wavenumber of the wave that dissipates and theyfound that their model is 
onsistent with previous observations of TKE dissipationrates 
lose to the surfa
e, and also with new observations of near-surfa
e drifters.Interestingly, they do not need a large roughness length to obtain this agreement(they set z0 to a few 
entimeters). The di�eren
es with our similar experiment madein 
hapter 2 are not 
lear. The depth inje
tion of TKE and momentum is around
λ/5 in our work and is around 1/k = λ/2π in their model.More interestingly, Kudryavtsev et al. (2007) argued that the quasi-Lagrangianmotion expe
ted for a drogue in the presen
e of waves, almost similar to the Stokes
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Figure 4.1: Frequen
y spe
trum integrated over the dire
tion ∫ E(f, θ)dθ, for a windsea with a wind speed of U10 = 10 m s−1 and a fet
h larger than 1000 km (fullydeveloped sea, period Tp = 8s, signi�
ant wave height Hs = 2.8m), based on theKMC spe
trum [Kudryavtsev et al. (1999)℄. Also shown is the �rst moment of thespe
trum f
∫
E(f, θ)dθ (
orresponding to the the Stokes transport), the third mo-ment f 3

∫
E(f, θ)dθ and the e�e
t of the dire
tional spreading on the third moment

f 3
∫
E(f, θ)cos(θ)dθ (
orresponding to the Stokes drift). Ea
h spe
trum is normal-ized with its integral over frequen
y. One 
an see that the Stokes drift depends onthe most energeti
 waves near the spe
tral peak but with non negligible importan
eof the small waves, although the dire
tional spreading of the small waves redu
esthis importan
e.
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Figure 4.2: (Upper panel) Frequen
y spe
trum integrated over the dire
tion∫
E(f, θ)dθ. The integrals over frequen
y gives the "energy" E, i.e. the varian
e ofthe surfa
e elevation, related to Hs by Hs = 4 ∗

√
E.(Lower panel) ∫ E(f, θ)2kωdθ,whi
h integrates over frequen
y to give the surfa
e Stokes drift Us. The wind speed isset to U10 = 10 m s−1. Four di�erent spe
tra are shown: in red, the waves are young(fet
h of 100 km, Hs = 1.6 m, Tp = 5.5s), in bla
k the waves are fully-developed(fet
h larger than 1000 km, Hs = 2.8 m, Tp = 8 s), based on the KMC spe
trum(Kudryavtsev et al., 1999). In blue, we show the 
ase of swells with a gaussianspe
tral distribution with the same energy than developed waves (Hs = 2.8 m) andfor two di�erent peak periods, Tp = 8 s in solid line and Tp = 12 s in dashed line.By 
omparing the areas below ea
h 
urves, one 
an see the in
rease of both thewave height and the surfa
e Stokes drift as the wind sea gets more developed. One
an also see that a narrow-banded swell, although of same energy than developedwind-waves, 
reates a small surfa
e Stokes drift, and even smaller as the swell periodgets larger.
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tives 93drift that would experien
e a perfe
t Lagrangian drifter, is mu
h smaller than theobserved displa
ements. Consequently, they analyzed the drifters motions in termsof mean 
urrent only, without any 
onsiderations of the Stokes drift of the waves.This approa
h would appear to 
ompletely 
ontradi
t the results obtained in 
hapter2 for fully developed waves. However, the quite small waves en
ountered during their�eld measurement (Hs ≤ 0.5 m) suggest that either the wind was quite low or thefet
h quite short. As noted in 
hapter 2, for short fet
hes, the Stokes drift is smalland the Eulerian 
urrent may dominate the surfa
e drift. Further work is 
learlyneeded to re
on
ile the two models.4.2.2 Other determinations of the roughness lengthWe essentially used the works of Terray et al. (1996, 2000) whi
h relates the rough-ness length to the signi�
ant wave height : z0 = 1.6Hs. These results were inferredfrom observations of TKE dissipation 
lose to the surfa
e.The same kind of 
al
ulation was 
ondu
ted by Soloviev and Lukas (2003) andthey found smaller value of the proportionality 
onstant z0 = 0.6Hs. However, if aswell was present in this Central Pa
i�
 experiment, this 
onstant might be slightlyunderestimated.Also, Gemmri
h and Farmer (1999) used measurements of temperature gradients
lose to the surfa
e and found smaller values of the roughness length, z0 ≃ 0.2m.Although this di�erent measurement te
hnique 
ould be argued to produ
e naturallydi�erent results, Gemmri
h and Farmer (2004) also estimated dissipation rates fromnear-surfa
e wavenumber spe
tra of velo
ity. These latter measurements are foundto be generally 
onsistent with smaller z0 values than expe
ted from Terray et al.(1996). In this 
ase, their measurement devi
e was following the up and down motionof the waves, and would thus be a more adequate measurement than those madeat �xed depth by Terray et al. (1996). We may only 
on
lude that measurementsof turbulen
e in the upper o
ean are 
learly 
onsistent with values of z0 that are asigni�
ant fra
tion of a meter, but with an elusive s
aling, logi
ally related to theheight of breaking waves, but only tentatively related to the wind sea wave height.
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Chapter 5Impa
t of waves on the o
ean mixedlayer
Part I of the present thesis analyzed the velo
ity pro�les in the surfa
e layer. Itwas made 
lear that the verti
al shear of the velo
ity 
lose to the surfa
e is mainlydue to the Stokes drift of the waves, rather than due to a sheared surfa
e 
urrent.This is a 
onsequen
e of the observed strong near-surfa
e mixing, likely due to wavebreaking, at moderate and high wind speeds.In parallel, sin
e this expe
ted strong wave-indu
ed surfa
e mixing has been a
-tually measured, several authors have dis
ussed its in�uen
e on the temperature ofthe surfa
e layers of the o
eans. Namely, the whole des
ription of the turbulen
e inthe near-surfa
e layer was modi�ed. The 
lassi
al view on the o
ean mixed layer isa transposition of the atmospheri
 boundary layer over land, whi
h is well des
ribedby Monin-Obukhov theory, as veri�ed in the Kansas experiments. Turbulent ki-neti
 energy (TKE) is produ
ed by velo
ity shears and unstable strati�
ation, andmay be destroyed by stable strati�
ation. In stably strati�ed 
ases, this leads toa des
ription of the mixed layer depth through a 
ompetition between the shearprodu
tion by the mean 
urrent and the buoyan
y damping, leading to de�nitionsof Ri
hardson numbers based on their ratio.A signi�
ant di�eren
e in the o
ean mixed layer is given by the surfa
e �ux ofTKE, asso
iated with wave breaking, whi
h dominates by far the produ
tion by themean shear (e.g. Terray et al., 1996). Noh (1996) showed that this surfa
e �ux ofturbulen
e is a ne
essary ingredient to obtain a thermo
line in the presen
e of bothwind and stabilizing buoyan
y �ux. This explain why the diurnal o
ean surfa
e layerexhibits a thermo
line while the no
turnal atmospheri
 bottom boundary layer doesnot.Li et al. (1995) studied the impa
t of Langmuir 
ells on the mixed layer depth.97



98 Chapter 5This impa
t was inferred from an investigation of the downward velo
ity due toLangmuir 
ells at the base of the mixed layer. This 
ause of thermo
line erosion wasthen 
ompared to erosion due to the shear 
urrent of inertial os
illations. However,the shear of the mean �ow was 
onsidered as the dominant sour
e of turbulen
e,whereas for shallow mixed layers, the downward di�usion from the surfa
e might
ertainly dominate.5.1 A methodology to study the impa
t of waves onthe mixed layer depthLarge Eddy Simulations (LES) are the most realisti
 models of the mixed layer.They are able to resolve the full 3D turbulen
e, in
luding wave-indu
ed turbulen
e,with a resolution of about 1 m. They are used to understand spe
ial aspe
ts ofthe near-surfa
e dynami
s, to interpret small s
ales observations, and even to sub-stitute to missing (be
ause di�
ult to a
hieve) measurements. But due to theirhigh 
omputational 
osts, they are not suited for seasonal or annual simulationsof mixed layers, and they also 
annot be implemented in a O
ean General Cir
u-lation Model (OGCM) to produ
e simulations and analysis of mixed layers wherehorizontal adve
tion is important.Therefore the traditional approa
h of mixed layers studies uses LES, in idealizedsituations, to analyze the impa
t of the di�erent important physi
al pro
esses :Langmuir 
ir
ulations (M
Williams et al., 1997), horizontal Coriolis for
e, wavebreaking (Noh et al., 2004), surfa
e heating (Min and Noh, 2004),...Results of these LES studies are used to 
onstru
t simpler and 
omputationallyless expensive parameterizations (e.g. Kantha and Clayson, 2004; M
Williams andSullivan, 2001; Smyth et al., 2002), and to implement them either in 1D verti
almodels or in full 3D OGCM to in
lude horizontal adve
tion. Long term, seasonalor annual, mixed layers predi
tions of su
h models are then 
onsidered as indire
t
he
ks of the role of the di�erent physi
al pro
esses in
luded (Gaspar et al., 1990;Large et al., 1994; Noh et al., 2005; Mellor and Blumberg, 2004).We note, however, that LES models of the o
ean mixed layer have failed so farto a
tually in
lude wave motions, and only phase-averaged parameterizations havebeen used with, in some 
ases, the addition of momentum and TKE pulses meantto represent breaking waves. Re
ent model results on breaking waves (Lubin etal.2006) 
ould likely be applied to this problem.Here we will not attempt another LES simulation to evaluate the impa
t ofwaves on the mixed layer depth. Instead, we will fo
us on the following step of the
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h des
ribed above : we will use previous theoreti
al works to identify whi
hparameters are useful to represent the wave-indu
ed mixing. Then we will turnour interest on an estimation of these parameters, using a global wave model. We�nally will evaluate the impa
t of su
h parameters on mixed layer depths 
al
ulatedwith an OGCM. In parti
ular, we want to examine whether waves are a plausible
andidate to explain mixed layer depths mis�ts of OGCMs 
ompared to unresolvedinertial os
illations, un
ertainty on the surfa
e �uxes, unresolved internal waves orothers.5.2 Whi
h parameters for wave-indu
ed mixing ?5.2.1 Wave-indu
ed mixing in the near-surfa
e zoneWhite
aps of surfa
e waves provide an intense sour
e of TKE 
ompared to the shearof the mean 
urrent. Also, waves are believed to be at the origin of the Langmuir
ells (Langmuir, 1938), whi
h generally dominate the verti
al mixing produ
ed bythe breaking waves (Noh et al., 2004), ex
ept probably in the near-surfa
e zone.Regardless of it physi
al origin, that near-surfa
e mixing, enhan
ed in the pres-en
e of waves 
ompared to the mixing 
lose to a rigid wall, has been su

essfullymodeled with simple Mellor-Yamada type TKE models, by adding a TKE surfa
e�ux Φoc and by setting the mixing length at the surfa
e z0 proportional to the waveheight (see Part I). The surfa
e �ux of TKE 
omes from the dissipation of waves.5.2.2 Wave-indu
ed mixing through the whole mixed layerObservations of Langmuir turbulen
e have revealed that the turbulent velo
ity wrmsasso
iated with the Langmuir 
ells s
ales with the surfa
e Stokes drift (Smith, 1998).Also, Langmuir turbulen
e is supposed to o

ur for small values of the Langmuirparameter La =
√
u∗/Us(z = 0). Nevertheless, we note that the verti
al shear ofthe Stokes drift is absent from these dimensional analysis, whereas the tilting of thevorti
ity of the mean �ow by the Stokes drift shear is a dominant me
hanism forthe generation of Langmuir 
ells. Re
ently, Har
ourt and D'Asaro (2006) proposeda revised Langmuir parameter LaSt, in whi
h the mean Stokes drift between thesurfa
e and one �fth of the mixed layer depth is used instead of its surfa
e value.That number was 
hosen to in
lude in the dimensional analysis the ratio of the mixedlayer depth to the Stokes depth, whi
h 
hara
terizes the verti
al shear of the Stokesdrift through the mixed layer. Based on LES simulations, the turbulent velo
ityof the Langmuir 
ells was found to depend on that modi�ed Langmuir number by
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−2/3
St . These authors further argued that the observationshardly exhibit su
h trend be
ause of inverse 
orrelations between winds speeds andwave ages in the �eld measurements.5.3 Estimations of the wave-related parametersWave-related parameters may be obtained from numeri
al models. One should be
arelful that su
h models are mostly veri�ed in terms of signi�
ant wave height andpeak or mean period only, so that other parameters, in parti
ular those related tothe high-frequen
y end of the spe
trum may not be well estimated. Here we have
hosen to use the spe
tral phase-averaged model WAVEWATCH III (Tolman, 2002),as modi�ed by Ardhuin et al. (2007a) to in
lude the generation and dissipation pa-rameterizations of Bidlot et al. (2005). Although these parameterizations still resultin large biases (about 30%) in the swell-dominated Eastern tropi
al Pa
i�
, due toa la
k of swell attenuation by the wind, they also provided the smallest randomerrors of all other parameterizations in use in operational wave models for mid andhigh latitudes (Jean Bidlot, personnal 
ommuni
ation). Our model 
on�guration isglobal (80◦S to 80◦N) with 1◦ resolution, and has been extensively validated againstall in situ buoys reporting to the WMO Global Transmission System and all satellitealtimeters (Fabri
e Ardhuin and Pierre Que�eulou, personnal 
ommuni
ation). Thismodel is for
ed here with 10-m winds and sea i
e 
on
entrations from the EuropeanCenter for Medium-Range Fore
asts (ECMWF) 40-year reanalysis (ERA40).5.3.1 The Stokes drift UsThe Stokes drift at the surfa
e was estimated by Kenyon (1969). He supposed thatthe waves are fully-developed and 
omputed the Stokes drift with the spe
trum ofPierson and Moskowitz (1964). He obtained values around 3% of the wind speed at

10 m. These results were reevaluated in Part I, using the more realisti
 spe
trumof Kudryavtsev et al. (1999), and we obtained that the Stokes drift 
an rea
h amaximum value of 1.2% of the wind speed. This ratio was found to be maximumfor high wind speeds. However, for strong winds, the waves are seldom fully devel-oped. Therefore we estimated the Stokes drift using the waves hind
asts. Here theStokes drift is only 
omputed over the frequen
y range of the spe
trum, i.e. witha maximum frequen
y of 0.4 Hz. The mean ratio over January 2004 is shown in�g. 5.2. This ratio is around 0.3% at low latitudes and about 0.6% at mid-latitude.Maximum values are only around 1.0%, in areas of large wind speeds.
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Figure 5.1: Wind speed U10 (m s−1) at 10m. Values shown are mean values overJanuary 2004.
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Figure 5.2: Ratio of the surfa
e Stokes drift Us(z = 0) to the wind speed U10 at 10m, in per
entage. Values shown are mean values of the ratio, < Us(z = 0)/U10 >,over January 2004.



102 Chapter 55.3.2 The Stokes transport TsThe Stokes transport (i.e. the verti
ally integrated Stokes drift) of a wind sea wasestimated by M
Williams and Restrepo (1999) and Polton et al. (2005), using thespe
trum of Pierson and Moskowitz (1964). It was shown to rea
h maximum valuesaround 40% of the 
orresponding Ekman transport, depending on the latitude. Inpart I, we reevaluated this ratio using the spe
trum of (Kudryavtsev et al., 1999)and found smaller values, around 30% at best at 45◦ of latitude. The ratio wasshown to rea
h maximum values for high wind speeds. However, on
e again, wavesare seldom fully developed for large wind speeds. Indeed, Pierson and Moskowitzonly found about 20 
ases of fully developed waves in several years of data (see alsoAlves et al. 2003). Therefore we reevaluated this ratio using a wave hind
asts. Theatmospheri
 boundary layer of the wave model is used to 
al
ulate the surfa
e stress.The �g. 5.3 shows that monthly mean values of the ratio are around 5%. Maximumvalues only rea
h 10%, and are found in the vi
inity of areas with large wind speeds.
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Figure 5.3: Ratio of the Stokes transport Ts to the Ekman transport TEk = u∗2/f ,in per
entage. Values shown are mean values of the ratio, < Ts/TEk >, over January2004. Values of the ratio as mu
h as 200 are obtained during parti
ular events of verylight wind and presen
e of swell. Su
h events introdu
e highly lo
alized bias in themonthly mean and were avoided by averaging only over the events with Ts/TEk < 1.
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ean mixed layer 1035.3.3 The roughness length z0The roughness length z0 is physi
ally understood as the s
ale of the breaking wavesresponsible for the high mixing levels 
lose to the surfa
e. It has been shown byCraig and Banner (1994) and by Mellor and Blumberg (2004) that this length s
aleis even more important in terms of mixing than the amount of TKE inje
ted. Thismeans that the a
tual size of the mixing pattern is important, even more than theenergy of this mixing. That length s
ale has been related to the signi�
ant waveheight Hs of the waves (Terray et al., 1996, 2000) with
z0 = 1.6Hs. (5.1)Given that the swells (waves not related to the lo
al wind) have a small surfa
e slopeand generally do not break, the wave height of the wind sea only (Hsws) is probablythe appropriate parameter in 5.1. We performed the separation between swell andwind-waves by imposing that wind-waves must experien
e a positive for
ing fromthe wind, namely

Hsws = 4

√∫

Sin(k)>0
E(k)dk, (5.2)where E(k) is the varian
e of the surfa
e elevation for a given wavenumber k and

Sin is the energy input term in the wave energy equation. For developped waves alarge fra
tion of the energy 
orresponds to waves propagating slightly faster than thewind and for whi
h Sin < 0. Our de�nition (5.2) thus yields a smaller height thanthe usual swell-sea partition based on the analysis of lo
al minima in the spe
trum.As a 
onsequen
e, for a young wind-sea without swell, Hsws = Hs, whereas for afully-developed wind sea, Hsws < Hs. This is 
onsistent with the Fig. 9 of Banneret al. (2000) whi
h showed observations that waves around the spe
tral peak do notbreak when the waves are fully-developed. It might also be 
onsistent with a smallervalue of z0/Hs found by Soloviev and Lukas (2003) for developed waves. The �g.5.4 shows the mean values of Hsws over January 2004.Mellor and Blumberg (2004) have related the roughness length z0 to the windstress u∗, using an approximate equation for the height of the waves as a fun
tionof the wind stress,



Hs = β

0.85
u∗2

g
,

β = 665
(

Cp

u∗

a

)1.5
,

(5.3)
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Figure 5.4: Signi�
ant wave height of the wind sea, Hsws (m), as estimated from thewave model with 5.2. Values shown are mean values < Hsws > over January 2004.where Cp/u
∗

a is the wave age, i.e. the ratio of the phase speed of the dominant wavesto the atmospheri
 fri
tion velo
ity.Note that Mellor and Blumberg (2004) did use the de�nition of the mixing length
l = κmax(z′0, |z|), with the 
orresponding roughness length z′0 ≃ 0.85Hs (Terray etal., 2000), whereas, as already dis
ussed in Part I, we stayed with l = κ(z0 + |z|)and z0 ≃ 1.6Hs. Be
ause of these di�erent de�nitions of the roughness length, wewill rather dis
uss here the values of the wave height.For a wave age of Cp/ua∗ = 30, i.e. fully developed waves, formula 5.3 gives




Hs = β

0.85
u∗2

g
,

β = 1.E5.
(5.4)Estimations of z0 by Sta
ey (1999), from velo
ity pro�les observations, gave value of

β even larger, β = 2.E5, although the waves were quite young during their Canadianfjord measurements. Therefore Mellor and Blumberg (2004) investigated values of
β between 1.E5 and 2.E5.Indeed, waves are not always fully-developed, and the 
omparison between theparameterization 5.4 of the wave height and the 
al
ulation from the wave model,using 5.2, shows a large dis
repan
y at mid-latitude (�g. 5.5). Note however that
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ean mixed layer 105the agreement is a

eptable at low latitude.The wave age Cp/u
∗

a is obviously missing in a dire
t parameterization of thewind-wave height from the wind. However, seeking for su
h a simple parameteriza-tion, why do the authors suppose fully developed waves ? Waves are always fully-developed under weak winds and are often quite young under strong winds (�g.5.6). Although we warmly re
ommend using wave parameters from a wave model,we nevertheless propose here a better approximation of the wind-wave height, forthose who do not want to use a wave model. This approximation supposes that thewave age is a fun
tion of the wind speed,
Cp

u∗a
= 30 tanh

u∗ref

u∗
, (5.5)where u∗ref is a typi
al fri
tion velo
ity above whi
h the wave growth is durationlimited (see �g. 5.8, left panel). Here we set u∗ref = 0.020. The wave height is then





Hs = β
0.85

u∗2

g
,

β = 665
(
30 tanh

u∗

ref

u∗

)1.5

.
(5.6)It is shown in �g. 5.7 that this parameterization 5.6 
orre
ts the overestimationof the wave height at mid-latitude.We modestly propose the use of the formula 5.6 instead of 5.4 to roughly pa-rameterize the wave-breaking e�e
t on the mixing, for instan
e for appli
ation to anOGCM.The next step to built a more a

urate simple formula 
ould be to supposethat the wave age is a fun
tion of both the wind speed and the spa
e, Cp/U10 =

f(U10, x, y). This would lead us to built a 
limatology of wave ages, and 
ouldroughly represent the young sea states in the west parts of the o
eans, due to thefet
h limited growths of the waves.However, as is emphasized in se
tion 5.4, the use of a wave model in additionto the o
ean 
ir
ulation model is by far preferable to su
h simple 
limatologi
alparameters.
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Figure 5.5: (Upper panel) Signi�
ant wave height (m), 
al
ulated from the windstress with 5.4. Values shown are mean values < βu∗2/(0.85g) >, with β = 1.E5,over January 2004. Color s
ale stops at 5m although values up to 10m are foundat mid-latitude. (Lower panel) Ratio of the signi�
ant wave height of the wind seaas inferred from 5.2 to the estimation with 5.4. Values shown are ratio of the meanvalues, < Hsws > / < βu∗2/(0.85g) >, over January 2004. The estimation supposingfully-developed waves is not bad at low latitudes but largely overestimates the waveheight at mid-latitudes.
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Figure 5.6: Signi�
ant wave height of the wind seaHsws as a fun
tion of the watersidefri
tion velo
ity u∗. One value 
orresponds to one wave model output, every 3 hours,for January 2004. Three lo
ations of the North Atlanti
 are shown, one from theTropi
al Atlanti
, one from the North-East Atlanti
 and one from the North-WestAtlanti
. Also shown is the signi�
ant wave height of the wind sea as inferred from5.4, whi
h supposes full development. At low wind speed, the waves are often 
loseto full development. However, for large wind speeds at mid-latitudes, waves are lessdeveloped, espe
ially in the west part of the o
ean. Therefore, we also show thesigni�
ant wave height obtained by supposing that the wave age is a fun
tion of thewind speed (equ. 5.5 and 5.6).
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Figure 5.7: (Upper panel) Signi�
ant wave height Hsnewfit (m) 
al
ulated from thewind stress with 5.6. Values shown are mean values < Hsnewfit > over January 2004.(Lower panel) Ratio of the signi�
ant wave height of the wind sea as inferred from5.2 to the estimation Hsnewfit with 5.6. Values shown are ratio of the mean values,
< Hsws > / < Hsnewfit >, over January 2004. The estimation supposing fully-developed waves is still good at low latitudes but the large overestimation of thewave heights at mid-latitudes, due to duration limited growths, has been 
orre
ted.
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t of waves on the o
ean mixed layer 1095.3.4 The TKE �ux αu∗3The TKE �ux Φoc to the o
ean 
omes from the dissipation of the waves. It hasbeen modelled during the past as Φoc = αu∗3. Terray et al. (1996) 
al
ulated thedissipation of the waves using the energy input from the wind, Sin, from Donelan andPierson (1987), integrated over a large variety of observed wave energy spe
trum.They obtained values of α between 50 and 150, depending on the wave age (see the�g. 8 of Terray et al. (1996)). Nevertheless, it should be noted that the wind-wavegrowth term of Donelan and Pierson (1987) was later revised by Donelan (1990),with the dimensionless growth 
onstant in
reased from 0.19 to 0.28. We thus expe
tsu
h a proportional in
rease to apply to Φoc. Mellor and Blumberg (2004) �ttedthe (underestimated) �ux data shown in Terray et al.'s �gure 8 (see �g. 5.8, rightpanel), with the expression
α = 15

Cp

u∗a
exp


−

(
0.04

Cp

u∗a

)4

 . (5.7)
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Figure 5.8: (Left panel) Wave age Cp/u
∗

a as fun
tion of the fri
tion velo
ity u∗/u∗ref ,from our estimation 5.5. (Right panel) Fit of the parameter α = Φoc/u
∗3 of the TKE�ux from the waves to the o
ean, as a fun
tion of the wave age Cp/u

∗

a. Bla
k line isthe �t made by Mellor and Blumberg (2004) over the �g. 8 of Terray et al. (1996),whi
h used the wind-wave growth term of Donelan and Pierson (1987). Blue line istwi
e the bla
k line, as the present wave model uses a larger growth term.Janssen et al. (2004) evaluated with the 2003 version of the ECMWF wave model(ECWAM) the monthly mean values of α. As shown by this author, the monthlymean value of this parameter, namely < α >=< Φoc/u
∗3 >, was of the order ofthe estimations of Terray et al. (1996), i.e. around 50 − 150 (Janssen et al., 2004,�g. 14). Our estimations of the monthly mean values of α is of the same order
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Figure 5.9: Monthly mean parameter α = Φoc/u
∗3 of the TKE �ux from the wavesto the o
ean. Values shown are mean values of α, 
al
ulated as < Φoc/u

∗3 >, overJanuary 2004.than the one of Janssen et al. (2004), also slightly larger, by a fa
tor of roughly 1.5.This might 
ome from a di�erent parameterization of the dissipation in the wavemodel, sin
e it was later 
hanged by Bidlot et al. (2005). But more importantly, themonthly mean largely hides the variability of the parameter α. Under strong winds,
α 
an rea
h values as large as 600 (�g. 5.10).Janssen et al. (2004) further highlighted the spatial distribution of the parameter
α, whi
h exhibits a strong latitude dependen
y, be
ause the wave �eld is often lessdeveloped at mid-latitudes (see their �g. 14). On
e again, the wave age is often
orrelated with the wind stress, leading to a 
orrelation between the parameter αand the wind stress (�g.5.10). Rather than supposing the parameter α 
onstant, asimple parameterization of α as a fun
tion of the wind stress would be more a

urate.Of 
ourse, we again insist that using a wave model to derive these parameters wouldbe better, sin
e su
h an empiri
al �t 
annot reprodu
e the full variability due to thewave �eld. If, as in the previous se
tion, one supposes that the wave-age dependson the wind stress via 5.5, then one 
ould use the formula 5.7 to estimate α dire
tlyfrom the wind stress. It is shown in �g. 5.10 that su
h estimation of α exhibitsthe good trend, and we propose its use in an OGCM instead of a �xed value of α.However, as already noted, the formula 5.7 seems to underestimate the wind input
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Figure 5.10: Parameter α = Φoc/u
∗3 of the TKE �ux from waves to the o
ean, asa fun
tion of the waterside fri
tion velo
ity u∗. One value 
orresponds to one wavemodel output, every 3 hours, for January 2004. Three lo
ations of the North Atlanti
are shown, one from the Tropi
al Atlanti
, one from the North-East Atlanti
 andone from the North-West Atlanti
. The parameter α, over 3 hours, largely overtakesthe usual values of 50−150, and so does the daily mean (not shown). Also shown inbla
k solid line is the parameter α by supposing that the wave age is a fun
tion ofthe wind speed (equ. 5.5), and with formula 5.7. As the latter formula appears tounderestimate the wind input of our wave model, we have also plotted a blue solidline equal to twi
e the bla
k line.



112 Chapter 5of our wave model, by a fa
tor 2 (�g. 5.10).
5.4 The spatial and temporal distribution of mix-ing events. A dire
t parameterization from thewind ?In the previous se
tion, we have evaluated the wave-indu
ed mixing parameters. Itwas highlighted that most of them are strongly 
orrelated to the wind speed, forinstan
e, the roughness length proportional to the height of the breaking waves, theTKE surfa
e �ux, the Stokes drift at the surfa
e. A rough approximation of thewave age as a de
reasing fun
tion of the wind speed was found to roughly representthe smallest wave development at mid-latitude, due to the short durations of thestorms. The main features of the wave �eld at a global s
ale were obtained, ex
eptthe short fet
hes e�e
ts in the west part of the o
eans in the westerlies regimes.However, for 
ostal studies or when details matter, a dire
t representation of themixing with the wind is 
learly not pre
ise enough. In this se
tion, we wish to insiston the di�erent features of the wave-related mixing 
ompared to a wind-relatedmixing.At a global s
ale, as already mentioned, the highest waves areas are shifted tothe west 
ompared to the highest wind speeds areas (�g. 5.6) at mid-latitudes.But su
h di�eren
es also o

ur at smaller s
ales. It is obvious, when 
onsideringthe wave height, that the wave �eld exhibits less spatial variability than the wind�eld. Waves a
t like a spatial �lter, damping the high wavenumber 
omponents ofthe wind stress. For instan
e, the spatial extension of a storm is largely thinner ifone 
onsiders the tra
k of the high winds areas than the tra
k of the large wavesareas (�g. 5.11). Note however that our stri
t de�nition of the wind-waves, aswaves experien
ing a positive for
ing from the wind, whi
h might be suited for thebreaking-waves, redu
es the spreading of the wave-indu
ed mixing 
ompared to thewind-indu
ed mixing.We also note �nally that the waves, in addition to the spatial �ltering, 
onstitutea temporal integrator of the wind. This has already been dis
ussed by Janssen etal. (2004), with the analysis of the 
ase of a passing front. Both the momentumand the TKE �uxes to the o
ean were shown to slowly relax after the sudden wind
hange.
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Figure 5.11: (Upper panel) Mean fri
tion velo
ity < u∗ >, averaged over the period8th-10th January 2004. The tra
k of a west propagation storm in the North Pa
i�
is apparent. (Lower panel) Se
tion along the longitude 200E, showing the meanwind stress < u∗2 >, signi�
ant wave height of the wind sea < Hsws >, and thetotal signi�
ant wave height Hs, averaged over the period 8th-10th January 2004.A similar storm in the early spring might 
onstitute an important mixing event andthus largely impa
t on the mixed layer depth.



114 Chapter 55.5 The di�erent kinds of verti
al mixing models forappli
ations in OGCMsThere are di�erent kinds of verti
al mixing models for the mixed layer of the o
ean.The bulk models 
onsider that the mixed layer is approximately uniform in termsof temperature and velo
ity. The mixed layer depth evolves then using 
onsidera-tions on buoyan
y 
ontent, depending on the surfa
e �uxes and the buoyan
y justbelow the mixed layer, and 
onsiderations on the TKE, with strong importan
e ofthe TKE at the base of the mixed layer to deepen the mixed layer.On the other hand, there are models whi
h solve a full verti
al distribution of themixed layer. These models generally parameterize the verti
al turbulent transportswith eddy di�usivities. These di�usivities are determined using the TKE and anadditional parameter, su
h as a mixing length or a dissipation rate.One of the major drawba
ks of these models is their use of eddy vis
osity. Theturbulent transport is then lo
ally parameterized as a down-gradient �ux. Thisremains true as long as the typi
al length s
ale of the important eddies is less than theverti
al dis
retisation of the model. Otherwise, larger but unresolved eddies (be
auseof hydrostati
 assumption for example) 
an 
arry �uxes whi
h are not ne
essarydown-gradient. For that reason, models have appear whi
h use bulk parameters ofthe mixed layer in addition to lo
al parametrization. The most widely used modelin that 
lass is the K-pro�le parameterization (KPP) of Large et al. (1994).5.6 A model to estimate the impa
t of waves on themixed layer depthIf, for any physi
al reason, waves are important in terms of the mixed layer depth,then all the di�erent models presented above might already in
lude, to some extend,an impli
it parameterization of the e�e
t of waves on the mixing, be
ause thesemodels are 
alibrated to give realisti
 values of the mixed layer depths 
ompared tothe observations.However, we wish here to isolate the wave e�e
ts on these models, in order toinvestigate the mixed layer stru
ture under di�erent wave 
onditions. We leaveaside the bulk models (e.g. Li et al., 1995), be
ause verti
al pro�les are her underinterest, but we also leave aside the KPP model, be
ause the mixed layer depth ofthe model is 
al
ulated using a bulk formulation with the near-surfa
e velo
ity anddensity. For instan
e, any modi�
ation of the di�usivity pro�le 
lose to the surfa
e tobetter parameterize the wave-breaking, su
h as the one proposed by M
Williams and
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kle (2006), modi�es the surfa
e velo
ity and 
onsequently the bulk Ri
hardsonnumber used to 
al
ulate the depth of the mixed layer. This modi�
ation is notphysi
ally sounded, be
ause in this 
ase the TKE �ux from the surfa
e dominatesthe TKE produ
tion by the shear of the 
urrent.In 
ontrast, the models with a TKE 
al
ulation, in
luding TKE di�usion, appearparti
ularly well designed for our purpose. Also, the wave breaking e�e
ts havealready been added to su
h models, with a surfa
e �ux of TKE and with a surfa
eroughness length (see part I).5.7 Preliminary results on the impa
t of waves onthe mixed layer depthThe model used in this se
tion is the model of Noh (1996). This model is quitesimilar to the model of Gaspar et al. (1990). The main 
ommon feature is thatthe roughness length is equal to the buoyant length s
ale when the strati�
ation isstrong.However, strange features of the model of Gaspar et al. (1990) were observed.The model was used with a verti
al grid of 1 m. Depending on the time step
dt, the mixed layer depth obtained under wind mixing (u∗ = 0.001 m s−1) andstabilizing buoyan
y �ux (500 W m−2) was either proportional to the Ekman depth(for dt ≃ 300 s) or proportional to the Monin-Obukov length (for dt ≃ 10 s), thistime without any dependen
y on the Coriolis parameter f . With the low temporalresolution, the thermo
line appears only after 1 day, whereas it appears immediatelywith the high temporal resolution. The reason for this is un
lear, but 
lari�
ationof this might be of importan
e for a high temporal resolution aiming to in
lude thediurnal 
y
le with this kind of model.The model of Noh (1996) was run, as in part I, with a time step dt = 10 s. Itis shown in �g. 5.12 that the mixed layer depth obtained with this model in thepresen
e of both wind- and wave-indu
ed mixing and a stabilizing buoyan
y �uxstrongly depends on the sea state. Also, in a 
ase without buoyan
y �ux, the rateof thermo
line erosion by the wind- and wave-indu
ed mixing depends on the seastate.This sensitivity study 
on�rms that, as the near surfa
e mixing depends on thesea state, the mixed layer depth also depends on the wave age. This result is relevantfor shallow mixed layers. An estimation of the depths rea
hed by the downward �uxof the TKE is around a few times z0 (see Craig and Banner, 1994, their equ. 27).That downward �ux of TKE due to surfa
e waves might then be important for



116 Chapter 5depths of the order of a few tens of meters.However at greater depths, other pro
esses might dominate the mixing. Amongthem one 
an 
ite the Langmuir 
ir
ulations and the 
urrent shear due to inertialos
illations (Li et al., 1995). Clearly, more sophisti
ated models are needed to
ompare the intensity and the depths those di�erent sour
es of mixing 
an rea
h.Similarly, the TKE dissipation measurements used to build simple TKE modelsof the near-surfa
e wave-indu
ed mixing where made at quite shallow depths (e.g.Terray et al., 2000). Extension of these results to greater depths must be 
he
kedwith other measurements.
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Figure 5.12: Impa
t of the wave development on the diurnal mixed layer depth, asinferred from a simple TKE model (Noh, 1996; Noh and Kim, 1999). The temper-ature pro�le is 
al
ulated from an initially uniform temperature of T = 20◦C, after6 hours of stabilizing buoyan
y �ux of 500Wm−2 and of mixing due to a wind of
10ms−1 and its asso
iated wind sea. Solid line is for fully developed waves (Hs = 2.8m) while dashed line is for a limiting fet
h of 100km (Hs = 1.5 m). Those are typi-
al on a 
ontinental shelf during onshore and o�shore wind events. More developedwaves provide more intense near-surfa
e mixing, whi
h 
reates a deeper diurnalmixed layer. Also shown is the impa
t of variations of the TKE �ux : dotted line iswith a parameter α twi
e as large.
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Figure 5.13: Impa
t of the wave development on the deepening of the mixed layer.The initial temperature is 
al
ulated from an initial pro�le T = 1 + 0.005z, where
z ≤ 0, after 120 hours of erosion of the strati�
ation without any buoyan
y �ux butof with mixing due to a wind of 10ms−1 and its asso
iated wind sea. Solid line is forfully developed waves (Hs = 2.8 m) while dashed line is for a limiting fet
h of 100km(Hs = 1.5 m). Also shown is the impa
t of variations of the TKE �ux : dotted lineis with a parameter α twi
e as large. It is shown that the di�erent stages of wavedevelopment may have an impa
t on the thermo
line erosion : more intense mixingprovides faster erosion.
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Chapter 6Nearshore and Shelf 
ir
ulation :Introdu
tion
6.1 Introdu
tionIn the previous parts of this thesis, the wave �eld was supposed horizontally homoge-neous. More pre
isely the gradients of the radiation stresses due to inhomogeneouswave �eld were supposed mu
h smaller than the leading terms in the steady o�-shore momentum balan
e that are the Coriolis for
e, the Stokes-Coriolis for
e andthe verti
al mixing. However, 
lose to the shore, variations of the wave �eld aremu
h more important, mainly be
ause of shoaling, refra
tion and intense breakingin the surf zone. Waves are then a dominant for
ing of the 
ir
ulation.I will attempt here a short review of the theories of wave-for
ed 
urrents. Iwill not fo
us on the feedba
k of 
urrents on waves, although it is to some extendin
luded in the wave momentum equation (see se
tion 6.4), whi
h is a ne
essary stepto pro
eed to the analysis of the mean �ow.To �x the ideas, I will take the following example : we suppose that the �ow isuniform in the y dire
tion along shore, and we 
an 
onsider a swell normally in
identin the x dire
tion, supposing that a steady state is rea
hed. I will shortly dis
ussthe verti
ally integrated equations, following Smith (2006b). Here I will only showa sket
h of the wave-driven momentum equations, with emphasis on the origin ofthe important terms. The 
omplete GLM equations 
an be found in 
hapter 7.6.2 Total �ow equationsThe radiation stress tensor is similar to the Reynolds tensor for the turbulent motion: the wave �u
tuations indu
e a �ux of momentum. Gradients in the wave �eld leads121



122 Chapter 6to gradients in that momentum �ux, whi
h is equivalent to a for
e. That for
e a
tson the total momentum M =
∫ η
−h u

Ldz, whi
h is the sum of the wave Pseudo-momentum Mw =
∫ η
−h Pdz and the mean 
urrent momentum Mm =

∫ η
−h ûdz.For our example, the total momentum balan
e is (e.g Smith, 2006b; Ardhuin,2005)





∂Mx

∂t
+ ∂UMx

∂x
− fMy = −

(
gD + pw

ρ

)
∂η
∂x

− ∂
∂x
Srad

xx
∂My

∂t
+ ∂UMy

∂x
+ fMx = − ∂

∂x
Srad

xy ,
(6.1)where pw is the mean Eulerian pressure, D = h+η is the water depth and U = Mx/Dis the barotropi
 
ross-shore velo
ity asso
iated with the mass transport. As thewaves are normally in
ident, the 2D form of the radiation stress is

Srad =


 Sj + CgM

w
x 0

0 Sj


 . (6.2)The isotropi
 part of the radiation stress is 
alled Sj,

Sj = gD
kE

sinh(2kD)
. (6.3). When the waves shoal on the inner-shelf and break in the surf zone, a supple-mentary for
ing arises from the divergen
e of the radiation stress Srad.Longuet-Higgins and Stewart (1962) �rst introdu
ed the 
on
ept of the radia-tion stress, for the verti
ally integrated equations. This 2D radiation stress 
on
epthas been widely used in nearshore modelling (see Battjes (1988) for a review). Inthese des
riptions, the total momentum is obtained, in
luding the wave Pseudo-momentum. The latter is then either ignored or subtra
ted from a separate 
ompu-tation. Several studies have used verti
al extensions of this theory (e.g. Stive andWind, 1986) or dis
ussed it (Rivero and Ar
illa, 1995), most of them in an Eule-rian frame. Re
ently, Mellor (2003) used a verti
al 
oordinate transformation toderive a more rigorous verti
al extension of the equations and found supplementaryterms for the 3D radiation stress, 
ompared to the previous extensions. Also, theGLM of Andrews and M
Intyre (1978a) was used by Groeneweg (1999) to obtain3D equations for the total momentum.



Nearshore and Shelf 
ir
ulation : Introdu
tion 1236.3 Mean �ow equationsThe radiation stress determines the evolution of the total momentum. But partof the radiation stress divergen
e is in fa
t a divergen
e of the wave momentum�ux. For various reasons (see se
tion 1.3), it is be advantageous to 
onsider theevolution of the mean �ow only, and to parameterize the evolution of the wavepseudo-momentum separately.The wave momentum equation is
∂Mw

x

∂t
+

∂

∂x
(u+ Cg)M

w
x =

1

ρ
τds
x − Sj

D

∂D

∂x
−Mw

x

∂u

∂x
, (6.4)where −τds

x is the momentum released by the waves to the 
urrent when they dissi-pate, and u is the adve
tion velo
ity of waves by the mean �ow, equal here to thebarotropi
 velo
ity u = Mm
x /D.The divergen
e of the radiation stress 
an then be written as a gradient of aBernoulli head plus the wave dissipation,

∂

∂x
Srad

xx =
∂

∂x
Sj +

∂

∂x
CgM

w
x − ∂Mw

x

∂t

=
∂

∂x
Sj − Sj

D

∂D

∂x
+

1

ρ
τds
x −Mw

x

∂U

∂x
− ∂Mw

x

∂t

= D
∂

∂x

Sj

D
+

1

ρ
τds
x −Mw

x

∂U

∂x
− ∂Mw

x

∂t
. (6.5)The two remaining terms on the right in 6.5 are an adve
tive term, whi
h 
ombineswith the total momentum adve
tion to give a vortex for
e, and the time variation ofthe wave �eld, 
ontained in the time variation of total momentum. One thus obtainfrom 6.1 and 6.4 an equation for the 
ross-shore mean �ow





∂Mm
x

∂t
+ ∂

∂x

(∫ η
−h uudz

)
−fMm

y = −
(
gD + pw

ρ

)
∂η
∂x

+D ∂
∂x

Sj

D
+1

ρ
τds
x

∂Mm
y

∂t
+ ∂

∂x

(∫ η
−h uvdz

)
+fMm

x = − (f + Ω)Mw
x

(6.6)This kind of equations for the mean �ow have been dis
ussed after the intro-du
tion of the radiation stress. Hasselmann (1971) introdu
ed the 
on
ept of theintera
tion stress to denote the part of the radiation stress that a
ts on the mean�ow. Also, the impa
t of waves on the mean �ow, written with a vortex for
e formu-lation, have been used for a long time to explain the Langmuir 
ir
ulation (Craik andLeibovi
h, 1976; Garrett, 1976). Smith (2006b) extended the initial 2D equationsof Garrett (1976) to deep water. A 3D extension was made by M
Williams et al.(2004), with a rigorous asymptoti
 expansion assuming small parameters (essentially



124 Chapter 6wave slope and 
urrent-waves ratio) and using an Eulerian frame (see also Newbergerand Allen, 2007b). Re
ently, Ardhuin (2005) tried to derive similar equations forthe mean �ow while avoiding the ambiguous Eulerian averaging 
lose to the surfa
e.The verti
al 
oordinate 
hange of Mellor (2003) was investigated but left aside forpra
ti
al reasons (Ardhuin et al., 2007
), as well as the GLM equations for the total�ow (Ardhuin, 2005). Finally the GLM equations for the mean �ow were 
hosen(Ardhuin et al., 2007b), leading to equations similar to those of M
Williams et al.(2004). This similarity between the two di�erent sets of equations 
an be 
onsideredas a veri�
ation of the di�erent derivations from the Navier-Stokes equations. It alsoprovides a physi
al interpretation to the not-quite-Eulerian average of M
Williamset al. (2004).6.4 On the 
oupling of waves and 
urrentIt must be noted that the equations for the mean �ow involve a vortex for
e and aBernoulli head. These equations are obtained in the di�erent theory by using thewave momentum equation. In parti
ular, the vortex for
e 
omes from the adve
tionof 
urrent by the waves. In other words, the equations for the mean �ow havein
luded a 
oupling between the waves and the 
urrent. Even if the waves arepres
ribed as a for
ing without any 
oupling with the 
urrent, this 
oupling is tosome extend in
luded via the use of the equations for the mean momentum (see alsothe dis
ussion in M
Williams et al. (2004) se
tion 14). Lane et al. (2007) showedthat the use of the de
omposition into a Bernoulli head and a vortex for
e, althoughequivalent with the intera
tion stress representation, in
orporates more informationon the wave-
urrent 
oupling, and therefore leads to approximations more 
onsistentthan the intera
tion stress formulations.6.5 Models and observationsFor histori
al reasons, there has been a gap between the large s
ale o
ean 
ir
u-lation resear
h 
ommunity and the nearshore 
ommunity. This gap applies bothto the model and to the observations : large s
ale models usually end at the o�-shore boundary of the surf zone, where begin the nearshore models. Re
ently, withthe apparition of 3D primitive equations for the wave-driven 
urrents, models haveappeared whi
h begin to �ll this gap : Delft 3D (Walstra et al., 2001), POM (New-berger and Allen, 2007a), Symphonie (Denamiel, 2006), ROMS (Warner et al., 2006,and the present thesis). Also in the �eld measurements, very few studies have fo-
used on the inner-shelf zone (i.e. between the surf zone, around 10 or 15m deep,
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ulation : Introdu
tion 125and the mid-shelf, around 50 to 100m). Among them, one 
an 
ite the work ofLentz et al. (1999), whi
h showed that the radiation stress is important for the mo-mentum balan
e even outside the surf zone. However a 
lear separation of the wavemomentum and of the mean momentum is still missing in their dis
ussion, espe
iallywhen they examine 
urrent measurements from �xed towers and interpret them astotal �ows, whereas the wave part is obviously absent from the measurement. Forinstan
e, Lentz et al. (1999) dis
ussed the un
orrelation between the alongshoreCoriolis for
e fu and the for
ings, fu being identi�ed to f(û+P ). If only the mean�ow was measured at the 4m and 8m depth lo
ations, then analysis in term of mean�ow momentum balan
e in
ludes di�erent terms, su
h as the Stokes-Coriolis term
fP whi
h is, as noted by Xu and Bowen (1994), of the order of the measured fûand might partly 
an
el it. The �gure 6.1 illustrates this in
onsisten
y. In passing,the �gure 6.2 shows the importan
e of the Stokes-Coriolis for
e on the wave-drivenvelo
ity pro�les.
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Figure 6.1: Results from a numeri
al simulation of the alongshore-uniform 
ir
ula-tion indu
ed by a normally in
ident swell (narrow-banded, with an o�-shore signif-i
ant wave height Hs = 3m and a period of T = 12s) over a narrow shelf (linearbea
h pro�le, with a slope of 0.1%). The reader is referred to the next 
hapterfor more details, with a similar simulation but with a di�erent bottom slope, withobliquely in
ident swell and more fo
used on the nearshore zone. Here we showthe sea surfa
e elevation. The set-down and set-up in the surf zone are visible onthe right. Solid line is the surfa
e elevation if the Coriolis and Stokes-Coriolis termare in
luded, dashed line is the one if the Stokes-Coriolis term is omitted but theCoriolis term in
luded. The mean �ow is seaward, as it 
ompensates the shorewardmass transport of the waves. If the Stokes-Coriolis term is omitted, as in Lentz et al.(1999), the Coriolis for
e a
ts on the mean �ow to 
reate an alongshore jet, whi
hin
reases in time. This jet is in geostrophi
 equilibrium with a surfa
e elevation.This surfa
e elevation do not appear if the Stokes-Coriolis for
e is in
luded.
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vFigure 6.2: Results from the same numeri
al simulation as des
ribed in �g. 6.1.Here we show the verti
al pro�les of the mean 
urrent (û, v̂), of the wave pseudo-momentum Px and of the Lagrangian drift û + Px. In solid lines, the Coriolis andthe Stokes-Coriolis terms are in
luded. In dashed lines, both are omitted. It isshown that the verti
ally integrated wave mass transport is 
ompensated by theseaward mean �ow, but if the two rotation terms are in
luded, the mean �ow tendsto 
ompensate the wave pseudo-momentum at ea
h depth and not only in termsof verti
ally integrated transport. This shows the transition between the nearshoredynami
s and the o�-shore dynami
s, as studied in part I.
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Chapter 7Nearshore and Shelf 
ir
ulation: Atwo dimensional studyThis 
hapter is written as an independent paper :Wave-for
ed shelf 
ir
ulation using approximateGLM equations
Ni
olas Ras
le(1),(2), Fabri
e Ardhuin(1)Paper in preparationJuly 2007
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130 Chapter 7Abstra
tAn approximate Generalized Lagrangian Mean (GLM) is used to modify a primitiveequation model, taking into a

ount the e�e
ts of surfa
e gravity waves. The modelis run here in a simple two-dimensional test 
ase. To the representation of wavee�e
ts by a vortex for
e and a Bernoulli head, the GLM theory adds the e�e
t ofthe 
urrent shear on the Bernoulli head. That latter e�e
t both modi�es the waveset-up and the strength of the nearshore 
ir
ulation. Also, the depth-distributedwave pseudo-momentum modi�es the momentum ex
hange between the waves andthe mean �ow 
ompared to a surfa
e wave pseudo-momentum often used. Finally,the e�e
t of the 
urrent shear on the wave pseudo-momentum is dis
ussed, as wellas a �nite amplitude e�e
t. The latter give rise to a large shoreward drift underin
ipient breaking waves, even outside the surf zone.7.1 Introdu
tionRe
ently, three-dimensional primitive equation models have been modi�ed to repro-du
e the wave-averaged nearshore 
urrents (Walstra et al., 2001; Newberger andAllen, 2007a; Denamiel, 2006; Warner et al., 2006). Advantageously su
h models
ould be used from the surf zone to the shelf, in
luding the important but still poorlyunderstood inner-shelf zone (Lentz et al., 1999). These models in
lude the e�e
ts ofwind, waves, Earth rotation and tides, thus �lling the gap existing between modelsof the nearshore 
ir
ulation, mainly wave-driven, and of the shelf 
ir
ulation, wherewaves are often ignored. These models might therefore bring a new framework forappli
ations to sediment transport, pollutants dispersion or larval migrations. They
ould also be embedded into larger s
ale 
ostal models, for instan
e for appli
ationto bio
hemistry of 
ostal waters. Furthermore, by properly representing the wave-
urrent intera
tions, these models might bring better parameterizations in existingnearshore models (e.g. Apotsos et al., 2007), and should also be relevant for theanalysis of rip 
urrents and surf-zone ma
ro-vorti
es (Büler, 2000; Bro

hini et al.,2004).To a
hieve su
h modelling, a number of theoreti
al developments have been madeto derive pra
ti
al equations for the wave-indu
ed for
ing on the wave-averaged mean�ow. Among the latest developments are the equations for the Lagrangian �ow ofMellor (2003), with a proper averaging of the moving surfa
e, the equations for themean �ow of Newberger and Allen (2007b) and the adiabati
 equations for the mean�ow of M
Williams et al. (2004), with an asymptoti
al derivation from an Eulerianaveraging. However, Ardhuin et al. (2007
) reported problems in the derivation of
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ulation : a two dimensional study 131the equations of Mellor (2003). In order to over
ome these limitations, Ardhuinet al. (2007b) approximated the Generalized Lagrangian Mean (GLM) equations ofAndrews and M
Intyre (1978a) to derive equations for the mean �ow, 
alled GLM2z.The latter equations are generally 
onsistent with the equations of M
Williams et al.(2004), derived for adiabati
 small amplitude waves. Both the equations of Ardhuinet al. (2007b) and of M
Williams et al. (2004) 
an be 
onsidered as extensions of thework of Newberger and Allen (2007b), with some relaxations of hypotheses. Namely,Newberger and Allen (2007b) represented the wave mass transport as a surfa
e mass�ux. They further assumed that the adiabati
 part of the wave for
ing was depth-uniform and also negle
ted e�e
ts of the verti
al shear of the mean 
urrent. Yet noattempt was made to implement the GLM2z equations for the mean �ow in a 3Dprimitive equations model and to des
ribe the physi
s of the di�erent terms. It isthe goal of this paper.Neither the equations of M
Williams et al. (2004), with an addition of the di-abati
 pro
esses, nor those of Ardhuin et al. (2007b) or those of Newberger andAllen (2007b), apply properly in the surf zone, mainly be
ause they all are derivedassuming small wave slope. But it is 
ommon pra
ti
e to assume that the physi
sderived theoreti
ally under simpli�
ations (linear wave theory for instan
e) is robustto a relaxation of the hypothesis, in spite of known large bias (e.g. Cokelet, 1977).However, be
ause the original GLM equations are exa
t, the GLM2z equations 
anbe 
orre
ted for errors made in the approximations.Newberger and Allen (2007a) have implemented in a 3D primitive equationsmodel the equations of Newberger and Allen (2007b) for the wave-for
ed mean �ow.They 
ompared its results to the �eld measurement obtained during DUCK94. Theresults in terms of undertow pro�le and alongshore jet were espe
ially evaluated anda sensitivity study to various parameterizations, su
h as the bottom boundary layer,the surfa
e layer, the in
lusion of a roller model and even the un
ertainty on thewave in
iden
e angle, was 
ondu
ted. Su
h a sensitivity study will not be repeatedhere. Instead, and be
ause the GLM2z equations are to some extend similar to thoseof Newberger and Allen (2007b), we shall fo
us on the physi
s added by the GLM2zequations. In addition to the results in terms of 
ross-shore mean undertow andalongshore jet, the results in terms of Lagrangian motion, essential for the pra
ti
alappli
ations of su
h nearshore models, will be dis
ussed.The GLM2z equations are re
alled in se
tion 7.2. The simple steady test 
asefor our numeri
al experiment is des
ribed in se
tion 7.3, as well as the wave modeland the 
ir
ulation model. The basi
 features of the solution, namely the alongshorejet, the set-up of the sea level, the undertow, and the asso
iated momentum andmass equilibrium, are des
ribed in se
tion 7.4. The model is 
ompared to the one



132 Chapter 7of Newberger and Allen (2007a) in se
tion 7.5. The e�e
t of the 
urrent shear onthe Bernoulli head and on the wave pseudo-momentum is dis
ussed in se
tion 7.6.Finally, the non-linear e�e
t on the pseudo-momentum of nearly breaking waves isdis
ussed in se
tion 7.7.
7.2 GLM des
ription of the �owIn this se
tion, the essential features of the work of Ardhuin et al. (2007b) arere
alled.7.2.1 Wave / mean �ow separationThe �ow is averaged using the GLM theory whi
h provides a 
lean averaging 
loseto the surfa
e and also separates the Lagrangian velo
ity uL into a wave pseudo-momentum P and a quasi-Eulerian mean momentum û = uL −P. Below the wavetroughs, that separation of uL into û + P is not very di�erent from the separationinto Eulerian mean �ow u plus Stokes drift uS.

P 
an be approximated using linear wave theory for weak 
urrent 
urvature,
Pα ≃ mE

sinh2(kD)

[
σkα cosh(2kz + 2kh) +mkα sinh(2kz + 2kh)uθ ·

∂u

∂z

+m2kα

σ
sinh2(kz + kh)

∣∣∣∣∣
∂u

∂z

∣∣∣∣∣

2

 , (7.1)where k is the wavenumber of the wave, σ the intrinsi
 radian frequen
y, a the waveamplitude, D the water depth, h the bottom elevation and m a shear 
orre
tionparameter here set to unity for the sake of simpli
ity. z is the verti
al 
oordinateoriented upward, uθ is a unit ve
tor in the dire
tion of wave propagation, α = 1, 2 isthe index for the horizontal 
omponents. The last two terms in 7.1 are 
orre
tions
oming from the verti
al shear of the mean �ow and are further dis
ussed in se
tion7.6.1.The verti
al 
omponent of the pseudo-momentum is

P3 ≃ −Pα(−h) ∂h
∂xα

−
∫ z

−h

∂Pα(z′)

∂xα

dz′, (7.2)where the summation is impli
it over repeated indi
es.
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ulation : a two dimensional study 1337.2.2 Equations of motionThe equations of motion are the following :1. The mass 
onservation is
∂ûα

∂xα

+
∂ŵ

∂z
= 0. (7.3)2. The horizontal momentum equation is

∂ûα

∂t
+ ûβ

∂ûα

∂xβ
+ ŵ

∂ûα

∂z
+ P3

∂ûα

∂z︸ ︷︷ ︸
+ǫα3βfûβ + ǫα3β (f + ω3)Pβ︸ ︷︷ ︸

= −1

ρ

∂pH

∂xα
+ Dh + Dv −

∂

∂xα

(
SJ + Sshear

)

︸ ︷︷ ︸
−Twc

α − T turb
α − T bfric

α︸ ︷︷ ︸,(7.4)where the underbra
e highlights the wave for
ing terms and where f is theverti
al Coriolis parameter, ω3 is the verti
al 
omponent of the vorti
ity,
ω3 =

∂û2

∂x1

− ∂û1

∂x2

, (7.5)
ρ is the water density, pH is the hydrostati
 pressure, Dh and Dv representhorizontal and verti
al di�usions of momentum, respe
tively. SJ and Sshearmake up the isotropi
 Bernoulli's head,

SJ =
gkE

sinh 2kD
, (7.6)

Sshear = − E


mσuθ ·

∂u

∂z
(ζ) tanh(kD) +

m2

2

∣∣∣∣∣
∂u

∂z
(ζ)

∣∣∣∣∣

2



−
∫ ζ

−h
ûα
∂Pβ

∂xβ

dz, (7.7)where g is the gravity and ζ is the mean surfa
e elevation.3. The verti
al momentum equation is redu
ed to the hydrostati
 equilibrium
∂pH

∂z
= −ρg, (7.8)be
ause the mean �ow is assumed hydrostati
 and the wave-modi�ed pressureterms are integrated to provide the terms SJ and Sshear.



134 Chapter 74. The tra
er equation, written here for the temperature T, is
∂T

∂t
+ ûβ

∂T

∂xβ

+ Pβ
∂T

∂xβ︸ ︷︷ ︸
+ŵ

∂T

∂z
+ P3

∂T

∂z︸ ︷︷ ︸
= FT + DT , (7.9)where FT and DT are for
ing and di�usive terms for the temperature, respe
-tively.7.2.3 Verti
al boundary 
onditionsThe verti
al boundary 
onditions 
an be pres
ribed as follows :1. The surfa
e kinemati
 
ondition is

∂ζ

∂t
+ ûα

∂ζ

∂xα
+ Pα

∂ζ

∂xα︸ ︷︷ ︸
= ŵ + P3︸︷︷︸ at z = ζ. (7.10)2. The surfa
e �ux of momentum is

ρwKz
∂ûα

∂z
= τa

α − τw
α︸︷︷︸− τds

α︸︷︷︸ at z = ζ, (7.11)where τw
α is the �ux of momentum from atmosphere to waves (the form drag),and τds

α is the release of wave momentum to the o
ean due to breaking, in-tera
tions with turbulen
e or vis
ous e�e
ts. It must be noted that we madeno separation between the dissipation o

urring at the surfa
e, like the vis-
ous virtual wave stress, and the other pro
esses o

urring through the water
olumn. Here, for simpli
ity, all the momentum 
oming from the wave �eld,mainly be
ause of breaking, is inje
ted at the surfa
e of the o
ean, although adepth-distributed mean for
e or depth-distributed intermittent breakers maybe more appropriate. However, the dissipation of waves due to bottom fri
tionis omitted in the term τds as, if the bottom wave boundary layer (where thestreaming o

urs) is not resolved, the �ux of momentum from the waves endsup dire
tly in the bottom (see Ardhuin, 2006, and Ardhuin et al., 2007b, fordetails).3. The surfa
e �ux of tra
er is
KT

∂T

∂z
= Q at z = ζ, (7.12)where Q is the heat �ux at the surfa
e.
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ondition is
uL

α

∂(−h)
∂xα

= ŵ + P3︸︷︷︸ at z = −h. (7.13)5. The bottom �ux of momentum is
ρwKz

∂ûα

∂z
= τ b

α at z = −h, (7.14)where the bottom stress τ b
α is 
al
ulated using a quadrati
 drag law. Thebottom �ux of momentum 
ould be modi�ed to in
lude the streaming, withoutresolving the wave bottom boundary layer, by spe
ifying a non-zero velo
ityat the bottom of the lowest grid box. However, we have negle
ted this e�e
tfor simpli
ity and let the latter velo
ity to zero.6. The bottom �ux of tra
er is zero,

KT
∂T

∂z
= 0 at z = −h. (7.15)7.3 Des
ription of the numeri
al experimentWe want to estimate the di�erent terms of the GLM2z des
ription, in a simple butrealisti
 
ase. We 
onsider a west 
oast, with the x axis to the east and y to thenorth. The bathymetry is uniform in the alongshore dire
tion. The swell is narrow-banded, with an o�-shore signi�
ant wave height Hs = 3m and a period of T = 12s.This swell is obliquely in
ident from the North-West, with an o�-shore angle of 20◦relative to the bea
h normal. The bea
h pro�le is linear, with a slope of 1%.7.3.1 The wave modelThe evolution of the wave energy and derived parameters is based on the modelof Thornton and Guza (1983), using a 
oe�
ient B = 1 (i.e. the dissipation in abreaking wave is given by the dissipation in a hydrauli
 jump of the same height),and a breaking to depth ratio γ given by Battjes and Stive (1985). Re
ent workssuggest that this latter expression is not optimal (Ruessink et al., 2003). However,the main sour
e of error in su
h a model is probably the underlying assumption oflinear wave theory that is used to estimate the energy �ux and the momentum �ux.We note in parti
ular that in re
ent investigations with su
h a model, the set-upis typi
ally underestimated by about 30% at the bea
h fa
e (Apotsos et al., 2007),
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h is of the order of the expe
ted bias on the momentum �ux (Cokelet, 1977,�gure 18).7.3.2 The o
ean modelThe Regional O
ean Modelling System (ROMS) has been modi�ed to resolve theGLM2z equations. More details are given in Appendix A. The temperature andsalinity are supposed homogeneous. For the sake of simpli
ity, the turbulen
e
losure s
heme is dis
arded and the verti
al vis
osity and di�usivity are set to
Kz = 0.03m2s−1. The bottom stress is quadrati
, with a roughness length of 10−3m.No wave-
urrent intera
tions were used in the bottom boundary layer. The Cori-olis parameter is set to f = 10−4. The horizontal resolution of the model is 10m,extending to 4km o� shore, and the model has 40 verti
al σ-levels. The baro
lini
time step is dt= 3s, and there are 50 barotropi
 time steps of the 2D submodelwithin one baro
lini
 step. The o
ean is initially at rest and the swell is added untila steady state is rea
hed. Close to the shore, the steady state is rea
hed after a fewhours, whereas o�-shore the Coriolis for
e gives a longer spin-up time.7.4 Analysis of the solution7.4.1 Des
ription of the di�erent terms of the equationsThe wave for
ing a
ts on the mean �ow in di�erent ways. As the wave pseudo-momentum is shoreward outside the surf zone and zero at the 
oast, the wave masstransport is 
onvergent in the surf zone. As a 
onsequen
e the mass 
onservationdrives a verti
ally averaged mean �ow seaward.The radiation stress adds on this e�e
t and is 
omposed of two parts : aBernoulli's head −∇(SJ + Sshear) and the diabati
 part τds. The latter 
omes fromthe release of momentum by the waves as they break, modelled here for simpli
ityas a surfa
e stress. The 
ross-shore 
omponent of this stress is responsible for theset-up of the sea level in the surf zone (�g. 7.1), and it also drives a verti
al re
ir-
ulation of the mean �ow, shoreward 
lose to the surfa
e and seaward 
lose to thebottom, the undertow (�g. 7.2). The alongshore 
omponent of this stress drives analongshore jet southward.The term −∇SJ is depth-uniform and 
orresponds to the modi�
ation of thepressure by the waves. It only modi�es the sea level. As the wave shoal outside thesurf zone, this term is negative (�g. 7.3) and therefore yields a set-down (�g. 7.1).In the surf zone, this term be
omes positive and gives a slight set-up.
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ribed in the se
tion 7.6.2.The vortex for
e −ǫα3βω3Pβ has a 
omponent in the 
ross-shore dire
tion, ω3Py,whi
h tends to 
on
entrate the jet. But this 
omponent is very small and negligible
ompared to the others 
ross-shore for
ings (�g. 7.3). On the 
ontrary the along-shore 
omponent −ω3Px is a dominant alongshore for
ing (�g. 7.6, upper panel). Itdrives the jet 
loser to the shore and in its absen
e the jet tends to widen (�g. 7.5).The Stokes-Coriolis term −ǫα3βfPβ is the only term subsisting o�-shore, wherethe horizontal gradients are small (Hasselmann, 1970). The momentum balan
ethen writes
ǫα3βfûβ + ǫα3βfPβ =

∂

∂z
Kz

∂ûα

∂z
. (7.16)This Stokes-Coriolis for
e is oriented to the right of the wave propagation and drivesa verti
ally-integrated mass transport whi
h 
an
els the verti
ally integrated wavesmass transport. In the limit of a Stokes length s
ale δs = 1/2k mu
h larger thanthe Ekman s
ale δe =

√
2Kz/f , this 
an
ellation is perfe
t at ea
h depth, û = −P(see for example Polton et al., 2005, their equ. 13). For the swell 
onsidered here,

δs = 18m and δs = 24m, so that this trend is hardly per
eptible in a water depth of
40m, our o�-shore maximum depth.
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e, the alongshore jet is further o�-shoreand wider. The time s
ale for the establishment of the jet is about 3-4 hours withoutthe vortex for
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140 Chapter 77.4.2 Des
ription of the alongshore and 
ross-shore momen-tum balan
eThe alongshore momentum balan
e is detailed in �g. 7.6, upper panel. The mainequilibrium is between the southward surfa
e stress, whi
h drives the southwardalongshore jet, and the northward bottom stress. But that main equilibrium ismodi�ed by the vortex for
e, whi
h shifts the jet towards the shore, and the adve
-tion.The 
ross-shore momentum balan
e is detailed in �g. 7.6, lower panel. The 
ross-shore momentum balan
e is between the shoreward surfa
e stress and the pressuregradient. This 
reates the set-up of the sea level, whi
h is slightly enhan
ed by theshoreward bottom stress. The adve
tion also slightly modi�es this equilibrium.
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142 Chapter 77.5 Comparison with the model of Newberger andAllen (2007a)If we omit the e�e
ts of the verti
al shear of the mean �ow on the wave pseudo-momentum (see se
tion 7.6 and if we omit Sshear, the GLM2z equations are thenvery 
lose to the equations of NA07. The Earth rotation is omitted in NA07. Itse�e
t has been dis
ussed above. The only other di�eren
es remain in the des
riptionof the Lagrangian mass �ux and in the verti
al distribution of the vortex for
e.7.5.1 Lagrangian mass �ux in NA07Consistently with the Eulerian des
ription of Hasselmann (1971), all the Stokestransport o

urs at the surfa
e in the work of NA07. This leads to the followingequations,
∂ûα

∂xα
+
∂ŵ

∂z
= 0, (7.17)with

ŵ =
∂ζ

∂t
+ ûα

∂ζ

∂xα
+ w0 at z = ζ, (7.18)where

w0 =
∂

∂xα

∫ ζ

−h
Pαdz. (7.19)These equations are 
onsistent with the GLM2z equations, but the adve
tions aredi�erent.In NA07, the momentum and tra
er adve
tions are

∂ûα

∂t
+ ûβ

∂ûα

∂xβ

+ ŵ
∂ûα

∂z
, (7.20)

∂T

∂t
+ ûβ

∂T

∂xβ

+ ŵ
∂T

∂z
, (7.21)respe
tively, while the 
orresponding GLM2z adve
tions are

∂ûα

∂t
+ ûβ

∂ûα

∂xβ
+ ŵ

∂ûα

∂z
+ P3

∂ûα

∂z
, (7.22)

∂T

∂t
+ ûβ

∂T

∂xβ
+ ŵ

∂T

∂z
+ Pβ

∂T

∂xβ
+ P3

∂T

∂z
. (7.23)
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ulation : a two dimensional study 143Clearly, the last term in 7.22 and the last two terms in 7.23 are omitted in NA07.The implementation of the NA07 equations in a 3D primitive o
ean model ismu
h more simple than the GLM2z equations be
ause, in the interior, the wavepseudo-momentum is zero and there is only the mean �ow.On the 
ontrary, in the GLM equations, the di�eren
e between the quasi-Eulerianmomentum adve
tion and the Lagrangian tra
er adve
tion 
ompli
ates the imple-mentation in a model with a mode baro
lini
 / barotropi
 mode splitting. In fa
t,the time-stepping of su
h model is designed to 
onserve both the integral and the
onstan
y of the tra
er. For that, one needs to 
ompute a mass 
onservation and anadve
tion in perfe
t agreement. This would be simple for the barotropi
 variables,but as the tra
er is adve
ted on
e a baro
lini
 step, one needs it for the baro
lini
variables and this leads to a fairly 
ompli
ated time-stepping (Sh
hepetkin andM
Williams, 2003). The addition of di�erent adve
tions for the momentum and forthe tra
er further 
ompli
ates the time-stepping.Instead, 
ompli
ations like those do not arise with a wave pseudo-momentum atthe surfa
e, as in NA07. It is then of pra
ti
al importan
e to 
larify whether ornot the physi
al simpli�
ation of the NA07 des
ription leads to strong di�eren
es
ompared to the GLM formulation.The tra
er horizontal adve
tion by the waves is obviously missing in NA07 (thelast but one term in 7.23). Therefore we will not dis
uss further the tra
er but wewill fo
us on the quasi-Eulerian 
urrent.In the momentum equation 7.20 of NA07, one verti
al adve
tion term is missing
ompared to 7.22. This term modi�es the momentum ex
hange between the wavesand the mean �ow. That momentum ex
hange, 
orresponding to the mass ex
hangebetween the waves and the mean �ow, 
an be seen when verti
ally integrating theequation for the momentum adve
tion,
∂ûα

∂t
+ ûβ

∂ûα

∂xβ
+ ŵ

∂ûα

∂z
(7.24)transforms, using the mass 
onservation, to the �ux form

∂ûα

∂t
+
∂ûβ ûα

∂xβ

+
∂ŵûα

∂z
, (7.25)whi
h in turns integrates to

∂

∂t

∫ ζ

−h
ûαdz +

∂

∂xβ

∫ ζ

−h
ûβûαdz + w0ûα(ζ). (7.26)



144 Chapter 7The last term represents the ex
hange of momentum due to the ex
hange of mass.The velo
ity of the water mass ex
hanged between the wave part and the mean �owis the velo
ity of the surfa
e 
urrent.On the 
ontrary, the mass �ux is distributed through the whole water 
olumn inthe GLM2z equations, leading to the 
orresponding ex
hange of momentum
∂ûα

∂t
+ ûβ

∂ûα

∂xβ
+ ŵ

∂ûα

∂z
+ P3

∂ûα

∂z

=
∂ûα

∂t
+

∂ûβ ûα

∂xβ
+
∂ŵûα

∂z
+
∂P3ûα

∂z
+ ûα

∂Pβ

∂xβ
, (7.27)where we have used the mass 
onservation (7.3). The velo
ity of the water massex
hanged between the wave part and the mean �ow at the depth z is in the GLMdes
ription the velo
ity of the 
urrent at the depth z. Equ. 7.27 integrates to

∂

∂t

∫ ζ

−h
ûαdz +

∂

∂xβ

∫ ζ

−h
ûβûαdz

+
∂ζ

∂xβ

ûα(ζ)Pβ(ζ) − ∂(−h)
∂xβ

ûα(−h)Pβ(−h) +
∫ ζ

−h
ûα
∂Pβ

∂xβ

dz. (7.28)The last three terms 
an be rewritten as
∂ζ

∂xβ
ûα(ζ)Pβ(ζ) − ∂(−h)

∂xβ
ûα(−h)Pβ(−h) +

∫ ζ

−h
ûα
∂Pβ

∂xβ
dz

=
∂

∂xβ

∫ ζ

−h
ûαPβdz −

∫ ζ

−h

∂ûα

∂xβ
Pβdz

= uAα
∂

∂xβ

∫ ζ

−h
Pβdz +

∂uAα

∂xβ

∫ ζ

−h
Pβdz −

∫ ζ

−h

∂ûα

∂xβ
Pβdz (7.29)where we have de�ned the adve
tion velo
ity

uAα

∫ ζ

−h
Pβdz =

∫ ζ

−h
ûαPβdz. (7.30)Supposing that the last two terms in equ. 7.29 approximately 
an
el, equ. 7.28be
omes

∂

∂t

∫ ζ

−h
ûαdz +

∂

∂xβ

∫ ζ

−h
ûβûαdz + uAα

∂

∂xβ

∫ ζ

−h
Pβdz, (7.31)whi
h we 
an 
ompare to equ. 7.26. Clearly, when the 
urrent is verti
ally uniform,the momentum ex
hange between the wave part and the mean �ow is similar be-tween the GLM and NA07. This is not true in the 
ase of a verti
ally sheared mean
urrent, be
ause of the di�erent lo
ations of the mass ex
hange.
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vbar GLM model
vbar NA06Figure 7.7: Verti
ally averaged 
ross-shore velo
ity (v̂). Solid blue line is for the fullGLM model, dashed blue line is with the sour
e of mass at the surfa
e as in NA07.Without the surfa
e sour
e of mass, the alongshore jet is stronger.As an illustration of this, the 
ross-shore verti
ally integrated sour
e of momen-tum has a di�erent sign if the mass ex
hange is at the surfa
e, where the mean
urrent is shoreward, 
ompared to that if the mass ex
hange is distributed throughthe water 
olumn, where the 
urrent is essentially seaward (�g. 7.8, middle panel).However this term is of little impa
t on the 
ross-shore velo
ities be
ause the adve
-tion is not a dominant term in the 
ross-shore momentum balan
e (�g. 7.6, lowerpanel). On the 
ontrary, the alongshore verti
ally integrated sour
e of momentum isstronger with a surfa
e wave mass �ux than with a depth-distributed one, be
ausethe alongshore jet is stronger at the surfa
e (�g. 7.9, middle panel). As the adve
-tion is important in the alongshore momentum balan
e (see �g. 7.6, upper panel),the resulting alongshore jet is stronger with the NA07 des
ription of the sour
e ofmass than with the GLM des
ription, as shown in �g. 7.7.In short, the numeri
al results do not show many di�eren
es in the 
ross-shore
ir
ulation between the wave mass �ux as in NA07 and as in GLM2z. However inthe alongshore dire
tion, the jet is stronger with a surfa
e mass �ux. This di�eren
eis due to the di�erent momentum ex
hange between the waves and the mean �owin the two des
riptions. That momentum ex
hange is important 
ompared to the
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Vertically integrated cross−shore advection (m2 s−2)
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GLM
NA06Figure 7.8: Verti
ally integrated 
ross-shore adve
tion as in equ. 7.26 and 7.28.Upper panel is the horizontal adve
tion (− ∂

∂x

∫
ûûdz), middle panel is the ver-ti
ally integrated sour
e of momentum (−w0û(ζ) for NA07, − ∂ζ

∂xβ
û(ζ)Pβ(ζ) +

∂(−h)
∂xβ

û(−h)Pβ(−h) − ∫ ζ
−h û

∂Pβ

∂xβ
dz for the GLM). Lower panel is the total adve
tion.The 
ross-shore adve
tion is modi�ed by the di�erent lo
ations of the sour
e of massand by the asso
iated di�erent momentum ex
hanges.horizontal adve
tion. But the adve
tion is negligible in the 
ross-shore momentumbalan
e, whereas it is not in the alongshore balan
e, whi
h explains why the along-shore velo
ities are modi�ed between the two des
riptions, whereas the 
ross-shorevelo
ities are not.7.5.2 Vortex for
e in NA07Another di�eren
e is that the vortex for
e is verti
ally uniform in the work of NA07(ǫα3βPβ∂v̂/∂x, where the overline denotes a depth averaging), whereas it is depthdistributed a

ording to the Stokes drift pro�le and to the verti
al vorti
ity pro�le inthe GLM equations (ǫα3βPβ∂v̂/∂x). The �gure 7.5 shows the alongshore jet 
hangein strength and position with a depth-uniform vortex for
e. As the verti
al vorti
ityand the pseudo-momentum are both maximum at the surfa
e, ignoring their depthdistributions results in a slight underestimation of the depth-averaged vortex for
eand negle
ts the torque of the vortex for
e. However, for the averaged 
ir
ulation



Nearshore and Shelf 
ir
ulation : a two dimensional study 147
Vertically integrated alongshore advection (m2 s−2)

−2000 −1800 −1600 −1400 −1200 −1000 −800 −600 −400 −200

−5

0

5

10

15
x 10

−4

du
v/

dx

 

 

duv/dx GLM
duv/dx NA06

−2000 −1800 −1600 −1400 −1200 −1000 −800 −600 −400 −200

−20

−10

0

x 10
−4

dv
O

M
/d

s

 

 surface flux GLM
bottom flux GLM
body flux v ∇  P GLM
vert. flux GLM
vert. flux NA06

−2000 −1800 −1600 −1400 −1200 −1000 −800 −600 −400 −200

−10

−5

0

x 10
−4

Cross−shore coordinate x (m)

T
ot

al
 a

dv
ec

tio
n

 

 

GLM
NA06Figure 7.9: Same as �g. 7.8 but for the alongshore adve
tion. The alongshoreadve
tion is modi�ed by the di�erent lo
ations of the sour
e of mass and by theasso
iated di�erent momentum ex
hanges.studied here, these 
hanges are quite modest.7.6 E�e
t of the 
urrent shear7.6.1 E�e
t of the 
urrent shear on the Stokes driftWithout mean 
urrent, the orbits of the parti
les during a wave period are notexa
tly 
losed. The 
orresponding mean drift in the wave propagation dire
tion isthe wave pseudo-momentum P. In the presen
e of a mean 
urrent shear, the orbitsare further modi�ed, and so is the wave pseudo-momentum P. This results in thelast two terms in 7.1.The wave pseudo-momentum is modi�ed by the 
urrent shear with terms ofthe order of 1/σ∂u/∂z. These terms be
ome important when approa
hing the surfzone, where ∂u/∂z is of the order of σ (�g. 7.4). The wave pseudo-momentumwithout 
urrent shear e�e
t is almost depth-uniform for linear waves in shallowwater. On the 
ontrary the wave pseudo-momentum is largely enhan
ed with the
urrent shear e�e
t and exhibits a strong surfa
e shear, related to the shear of the
ross-shore 
urrent in the surf zone (�g. 7.2). As a 
onsequen
e of the enhan
ed



148 Chapter 7shoreward wave mass transport, the undertow and all the verti
al re
ir
ulation arealso enhan
ed.7.6.2 E�e
t of the 
urrent shear on the radiation stressWhen taking into a

ount the 
urrent shear e�e
t, 2 supplementary terms −∇Sshear
homand −∇Sshear

cis add to the Bernoulli's head −∇SJ of the radiation stress.The �rst term, −∇Sshear
hom where

Sshear
hom = −E


σuθ ·

τds

ρKz

tanh(kD) +
1

2

∣∣∣∣∣
τds

ρKz

∣∣∣∣∣

2

 , (7.32)is verti
ally uniform and thus only modi�es the set-up equilibrium. This term isnegative 
lose to the shore as both the wave amplitude and the surfa
e stress dueto the wave dissipation are de
reasing toward the shore (�g. 7.3). However in theo�-shore part of the surf zone, the surfa
e stress is in
reasing toward the shore sothat −∇Sshear

hom > 0. As a 
onsequen
e of this term, the transition from set-down toset-up is displa
ed further o�-shore and the slope of the surfa
e is redu
ed (�g. 7.1).The se
ond term, −∇Sshear
cis where
Sshear

cis = −
∫ ζ

−h
ûα
∂Pβ

∂xβ
dz, (7.33)is verti
ally non uniform and so drives both a barotropi
 response and a verti
alre
ir
ulation. At any depth z, Sshear

cis (z) in
reases from the o�shore value, rea
hesa maximum inside the surf zone and then de
reases approa
hing the bea
h. Thee�e
t of the depth integral of −∇Sshear
cis on the set-up is then similar to the e�e
t of

−∇Sshear
hom , i.e. an o�-shore displa
ement of the transition from set-down to set-upand a redu
tion of the slope of the set-up. Also, −∇Sshear

cis = 0 at the surfa
e and itsabsolute value in
reases with depth. The resulting torque ampli�es the undertowre
ir
ulation 
lose to the bea
h whereas it is opposed to this re
ir
ulation in theo�shore part of the surf zone.



Nearshore and Shelf 
ir
ulation : a two dimensional study 1497.7 E�e
t of the wave non-linearityThe linear wave theory have been used for simpli
ity in many nearshore 
ir
ulationmodels. This is justi�ed be
ause the wave energy, the wave phase speed or thegroup speed are roughly well predi
ted with linear theory. The verti
ally integratedwave pseudo-momentum is also well approximated (Ras
le and Ardhuin, manus
riptin preparation). Without the 
urrent shear e�e
ts, the linear theory predi
ts awave pseudo-momentum almost depth-uniform in shallow water kD ≪ 1. On the
ontrary, the pseudo-momentum of a steep wave, with non-linear e�e
ts, exhibitssigni�
ant deviations from the linear theory, be
oming strongly sheared 
lose to thesurfa
e. In this se
tion, we will evaluate the impa
t of su
h phenomenon on oursteady test 
ase.In Ras
le and Ardhuin (manus
ript in preparation), it is proposed a 
orre
tion ofthe linear wave pseudo-momentum P, based on a numeri
al fully non-linear solutionof the potential �ow over a �at bottom. This formula is valid for nearly breakingwave. In order to obtain a �rst upper-bound of this e�e
t, we will thus suppose thatall the waves rea
h this limiting steepness.First, for 
omparison with the linear theory used above, the wave energies, am-plitudes and wavenumbers are not 
orre
ted from the linear values. The verti
allyintegrated mass transport of the waves is then similar between the linear and thenon-linear 
al
ulations, only the verti
al pro�le of P has been 
hanged. It is shownin �g. 7.10 that the strongly sheared pseudo-momentum does not modify the quasi-Eulerian 
urrent, as long the verti
ally integrated transport is not modi�ed. If, asinferred from the non-linear analysis, the transport is enhan
ed by 10 or 20%, theundertow is enhan
ed proportionally, but the other features of the 
ir
ulation, su
ha the strength of the jet and the set-up level, remain unmodi�ed (not shown).The main modi�
ation from the wave non-linearity is on the shoreward La-grangian drift 
lose to the surfa
e. This drift is largely enhan
ed, by a fa
tor 2 (�g.7.10). This is espe
ially important immediately seaward of the surf zone (around
1000 m o�shore, �g. 7.10), were the shoreward mean 
urrent is small.Probably even more important is the signi�
ant larger momentum �ux asso
iatedwith �nite amplitude waves. Cokelet (1977) reported potential errors up to 40% inthe radiation stress 
omponent Sxx. Su
h errors may be even larger in the presen
eof a verti
al 
urrent shear. That e�e
t may be 
omputed with the original GLMequations and parameterized with a bias in the surfa
e stress τds and in the Bernoullihead SJ . It may then a

ount for most of the errors in set-up predi
tions (Apotsoset al., 2007).
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ulation : a two dimensional study 1517.8 Con
lusionIn this paper, the re
ently derived GLM2z equations for the wave-for
ed mean �ow(Ardhuin et al., 2007b) have been used in a simple two-dimensional steady simu-lation of the shelf 
ir
ulation, in
luding the surf-zone . These approximate GLMequations represent the adiabati
 wave-for
ing with a vortex for
e and a Bernoullihead. Su
h representation has already been studied and 
ompared to measurementsin Newberger and Allen (2007a). But the GLM2z formulation further brings newphysi
s 
ompared to this previous des
ription :Firstly, in the GLM des
ription, the wave pseudo-momentum is distributed alongthe verti
al. Consequently, a diverging horizontal wave pseudo-momentum withinthe water 
olumn modi�es the momentum ex
hange between the wave part and themean �ow, 
ompared to a diverging surfa
e wave pseudo-momentum as in Newbergerand Allen (2007a). This e�e
t is equal to the addition of the vortex for
e due to theverti
al wave pseudo-momentum P3, as derived in M
Williams et al. (2004).Se
ondly, the GLM des
ription in
ludes 
urrent shear e�e
ts. The 
urrent shearmodi�es the Bernoulli head via two terms. The �rst one is depth-uniform while these
ond one 
reates a small torque, enhan
ing the verti
al re
ir
ulation of the surfzone onshore of the jet and redu
ing it o�shore. Both terms shift the transitionfrom set-down to set-up slightly seaward. The 
urrent shear also enhan
es the wavepseudo-momentum, and thus the undertow strength.Thirdly, the GLM formalism, by separating the mean �ow and the wave pseudo-momentum, enables an analysis of the Lagrangian drift within and outside of thesurf-zone. In this regard, the e�e
t of the wave non-linearity in in
reasing the verti
alshear of the wave pseudo-momentum, is dis
ussed. This e�e
t strongly alters thedes
ription of the near-surfa
e drift, giving rise to surfa
e shoreward velo
ities aslarge as 0.5m s−1. This is believed to be espe
ially important in the proximity of thesurf-zone, be
ause steep waves might then be able to drive buoyant obje
ts towardsthe surf zone.The present work only gave a simple illustration of the wave-for
ed 
ir
ulationon the shelf inferred from the GLM2z equations. However, it is believed that thisequations might give more spe
ta
ular results in modelling more 
omplex wave-
urrent intera
tions phenomena, su
h as the rip 
urrents or the ma
ro-vorti
es.



152 Chapter 77.9 Appendix A : modi�
ation of ROMS to solvethe GLM equations7.9.1 Equations in σ-
oordinatesEquations solved in ROMS are equations for the "semi-Lagrangian" �ow (ûα, w
L),i.e. for the quasi-Eulerian �ow (ûα, ŵ) plus the verti
al pseudo-momentum (0, P3).They are transformed into σ-
oordinates using Hz ≡ ∂z

∂s
.The mass 
onservation writes

∂Hz

∂t
+
∂Hzûα

∂xα
+
∂HzΩ

L

∂s
+
∂HzPα

∂xα︸ ︷︷ ︸
= 0, (7.34)where we have de�ned the Lagrangian sigma-verti
al velo
ity

Ω
L

=
1

Hz

(
ŵ − ∂z

∂t
− ûα

∂z

∂xα
− Pα

∂z

∂xα

)
. (7.35)The time derivative and adve
tive terms in momentum equation transform tothe stret
hed 
oordinates to

1

Hz

[
∂Hzûα

∂t
+
∂Hzûαûβ

∂xβ
+
∂HzûαΩ̂

∂s
+ ûα

(
Hz

∂Pα

∂xα
− ∂z

∂xα

∂Pα

∂s

)]
, (7.36)whi
h writes alternatively

1

Hz


∂Hzûα

∂t
+
∂Hzûαûβ

∂xβ

+
∂HzûαΩ̂

∂s
+ ûα


∂HzPα

∂xα

+
∂Hz

(
Ω

L − Ω̂
)

∂s




 , (7.37)where we have de�ned

Ω̂ =
1

Hz

(
ŵ − ∂z

∂t
− ûα

∂z

∂xα

)
, (7.38)the "semi-Lagrangian" sigma-verti
al velo
ity. Note that a 
orre
tion arise fromthe adve
tive form to the �ux form of the equations due to the diverging "semi-Lagrangian" velo
ity �eld. This 
orre
tion does not appear in the time derivativeand adve
tion of the tra
er be
ause it is adve
ted by the Lagrangian velo
ity whi
his a non-divergent �eld :

1

Hz



∂HzT

∂t
+
∂HzûβT

∂xβ
+
∂HzPβT

∂xβ︸ ︷︷ ︸
+
∂HzΩ

L
T

∂s


 . (7.39)
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onditions are simpli�ed :
Ω

L
= 0 at s = 0 and s = −1, (7.40)7.9.2 Depth-integrated equationsThe depth average of a quantity A is given by

A =
1

D

∫ 0

−1
HzAds, (7.41)where D = η(t, x, y) + h(x, y) is the total depth of the water 
olumn.The depth average of the mass 
onservation (equ. 7.34) is

∂η

∂t
+
∂Dûα

∂xα
+
∂DPα

∂xα︸ ︷︷ ︸
= 0, (7.42)where we have used

∂Hz

∂t
=
∂η

∂t
(7.43)and the boundary 
onditions 7.10 and 7.13.The fast evolving part of the 2D equation must be separated from another partthat will remain 
onstant during the barotropi
 steps. The depth average of themomentum adve
tion (equ. 7.37) is

∂Dûα

∂t
+
∂Dûαûβ

∂xβ
+ ûα(0)Pβ(0)

∂z

∂xβ
− ûα(−1)Pβ(−1)

∂z

∂xβ

+
∫ 0

−1
ûα


∂HzPα

∂xα
+
∂Hz

(
Ω

L − Ω̂
)

∂s


 ds, (7.44)where we have used

Ω̂ = Ω
L

+
1

Hz

(
Pα

∂z

∂xα

)
. (7.45)No simple expression of the 2D momentum adve
tion in terms of the fast evolving2D velo
ities ûα was found. Therefore the fast part was left as in the original ROMSformulation,

∂Dûα

∂t
+
∂Dûα ûβ

∂xβ

+ ǫα3βfDûβ = −
(
D

ρw

∂pH

∂xα

)

fast

+ Du − τb + Rslow, (7.46)



154 Chapter 7with Rslow 
ontaining the baro
lini
 to barotropi
 
ontribution, i.e. the remainingpart of the 2D equations (terms like ûαûβ − ûα ûβ) left 
onstant during the fastbarotropi
 time step.The modi�
ations in the 2D sub-model are then restri
ted to the 2D free surfa
eevolution. All the terms added by the wave for
ing are kept 
onstant during abaro
lini
 time step.
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ir
ulation : a two dimensional study 1557.10 Complements : Numeri
al implementation ofthe GLM equations in ROMS7.10.1 Modi�
ation of the time stepping to in
lude the di-verging mean �owHereinafter, we do not make any distin
tion between Stokes drift, noted ust, andthe horizontal wave pseudo-momentum P. The main routines of a time step, oldones and new ones, are des
ribed below, following their order of appearan
e duringthe baro
lini
 step (in step).
• ana_stokes At the beginning of ea
h baro
lini
 time step, the Stokes drift
ust at tn is 
al
ulated.

• set_HUVstokes The lateral mass �ux of the grid box due to the Stokes drift
Huson = Hz ust

n
is 
al
ulated 
orrespondingly to Huon = Hz u

n
as 
al
ulated inset_HUV

• omega W = Hz Ω
L

mn
= −div Huon− div Huson is the σ-verti
al velo
ity of theLagrangian �ow. Additional verti
al velo
ity Wstqe = Hz Ω̂

mn
for the mean �owadve
tion is 
al
ulated using Wstqe = W + ust

n
∂z
∂ξ
.

• prsgrd not modi�ed
• rhs3d Wstqe is used for the verti
al adve
tion, as well as terms for the 
orre
-tion to the �ux form (last term in equ. 7.37)
• pre_step3d In the preliminary step, the pseud-
ompressible algorithm for the
al
ulation of Hzhalf uses the divergen
e of W +Huon+Huson 
onsistentlywith the modi�ed mass 
onservation. The tra
er is 
al
ulated at time n + 1

2(predi
tor) in
luding the horizontal adve
tion by the Stokes drift. The advan
eof the velo
ity u has not been 
hanged. In parti
ular, the barotropi
 mass �uxof the velo
ity u at time tn+ 1

2

, unknown at this moment, is set as in the originalversion as an interpolation of the velo
ity at time tn and time tn−1.
• u3dmix not modi�ed
• step2D The barotropi
 submodel is modi�ed using ustbar the verti
al averageof the Stokes drift. The free surfa
e evolves using the divergen
e of the lateralmass �ux of the Stokes drift Duston = Dustbar

n
in addition to the mass �ux ofthe Eulerian velo
ity Duston = Dubar

n
.



156 Chapter 7
ustbar, as ust, is kept 
onstant during the barotropi
 time steps, but as thefree surfa
e evolves, Duston also evolves. Consequently, Duston is averagedin time as Duon for the purpose of 
oupling with the 3D equation, leadingto DUST_avg1 and DUST_avg2 to 
orre
t the Stokes velo
ity at time step
tn+1 and tn+ 1

2

, respe
tively.
• set_HUV2 As well as for the velo
ity, the Stokes drift ust is 
orre
ted usingthe result DUST_avg2 from the 2D submodel and the �ux Huson at time
tn+ 1

2

is 
omputed.
• omega treated above
• prsgrd not modi�ed
• rhs3d treated above
• step3d_uv1 not modi�ed
• step3d_uv2 ust at time tn is 
orre
ted using DUST_avg1 from the 2Dsubmodel. Then ust is interpolated ba
k to time tn+ 1

2

using the values of tn,
tn+1 and the result DUST_avg2 from the 2D submodel. Finally Huson attime tn+ 1

2

is re
omputed.
• omega treated above
• step3d_t Finalize the advan
e of the tra
er with div Huson added to div Huon+

divW . All values at time tn+ 1

2

were then 
orre
ted to give a tra
er time stepboth 
onservative and 
onstan
y preserving, as in the original ROMS 
ode.7.10.2 Dis
ussionThe development of ROMS to solve the GLM equations is mu
h 
ompli
ated dueto the body sour
e of mass when one solves only the "semi-Lagrangian" velo
ities
(û, ŵ + P3) = (û, wL). The �ow is then divergent, as well as the horizontal wavepart Px, and the tra
er is not adve
ted in a similar way. A sket
h of the "semi-Lagrangian" equations is





∂û
∂x

+ ∂wL

∂z
+∂Px

∂x
= 0,

∂û
∂t

+ û∂û
∂x

+wL ∂û
∂z

= Fu,
∂T
∂t

+ (û+ Px)
∂T
∂x

+wL ∂T
∂z

= FT ,
∂ζ
∂x

+ û∂ζ
∂z

+Px
∂ζ
∂x

= wL at z = ζ.

(7.47)
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ir
ulation : a two dimensional study 157This approa
h was 
hosen be
ause we originally omitted the verti
al 
omponentof the wave pseudo-momentum P3. On the 
ontrary, the introdu
tion of the verti
alwave pseudo-momentum P3, 
onsistently with the Stokes pseudo-verti
al velo
ity ofM
Williams et al. (2004), separates the mean �ow and the wave part su
h that bothare non-divergent. Does this lead to mu
h simpler equations to implement ? Theequations of motion be
ome :




∂û
∂x

+ ∂ŵ
∂z

= 0,
∂û
∂t

+ û∂û
∂x

+ ŵ ∂û
∂z

= Fu − P3
∂û
∂z
,

∂T
∂t

+ û∂T
∂x

+ ŵ ∂T
∂z

= FT − Px
∂T
∂x

− P3
∂T
∂z
,

∂ζ
∂x

+ û∂ζ
∂z

+ Px
∂ζ
∂x

= ŵ + P3 at z = ζ.

(7.48)These equations 
an now be solved in terms of (û, ŵ), whi
h is a non divergent �eld.The verti
al adve
tion by P3 appears now on the right hand side of the momentumequation and 
an be 
onsidered as the missing 
omponent of the full 3D vortex for
e.Also, the boundary 
ondition for wL are 
hanged to boundary 
ondition for ŵ (seealso M
Williams et al., 2004, equ. 9.12). However it seems that the di�
ulties toobtain a time step both integral and 
onstan
y preserving are not mu
h redu
edusing this form of the equations, be
ause the adve
tive terms for the tra
er equationare still di�erent than those for the momentum, involving the horizontal adve
tionby the wave pseudo-momentum.Another option to simplify the numeri
al implementation is to suppose that thewave mass transport o

urs at the surfa
e, as in Newberger and Allen (2007a).Then, we only need to add a surfa
e verti
al velo
ity and the only routines to bemodi�ed are omega and 2D submodel step2D. However, the simpli�
ation is onlyvalid if the tra
er adve
tion is not 
onsidered, as the adve
tion by the horizontalwave pseudo-momentum Px is important 
ompared to the adve
tion by the mean�ow.7.10.3 Momentum for
ing termsThe additional momentum sour
e terms due to the waves are added through di�erentways.The dissipation of the waves is put as a surfa
e stress.Gradients of the Bernoulli's head are added to the pressure gradient (routineprsgrd). Some terms are verti
ally uniform (SJ , S
hom
sh ) and are simply added to thesurfa
e pressure, while the term Scis

sh is added separately.Wave for
ing terms like the vortex for
e and the Stokes-Coriolis for
e are addedto the right hand side of the momentum equation ru in the routine rhs3d.



158 Chapter 7There is no need to add those for
es in the 2D submodel if they are supposed toremain 
onstant during the barotropi
 steps.7.10.4 Volume 
onservation and boundary 
onditionsThe overall volume is 
onserved if the mass whi
h enters with the wave �eld is
ompensated by an outgoing mass of the mean �ow. Namely
∫ ∫

(û + Us) · n = 0, (7.49)where the integral is over the boundary of the domain and n is the normal tothe surfa
e. At a global s
ale, the wave �eld is nil at the boundary so that thevolume is 
onserved. However at the regional s
ale, we need to add additionalboundary 
ondition to ensure that 
onservation. We used û = −Us at the o�-shore boundary, whereas û = −Us would be su�
ient and less imposing. However,imposing the pro�le of the outgoing mass does not seem to impa
t strongly on theinterior 
ir
ulation, ex
ept in the vi
inity of the boundary.



General 
on
lusionIn this PhD thesis, we studied the impa
t of waves on the near-surfa
e and on thenearshore o
ean 
ir
ulations. This study was made with a separation of the wavepart and of the mean �ow using the Generalized Lagrangian Mean (GLM) formalismof Andrews and M
Intyre (1978a). The mean �ow is des
ribed in a quasi-Eulerianaverage, whi
h is 
lose to an Eulerian average below the troughs but is also wellde�ned, although di�
ult to measure, from the trough to the mean sea surfa
e. Inaddition, a Lagrangian Stokes drift, or wave pseudo-momentum, is asso
iated withthe waves.The Stokes drift of wind-sea waves has been 
al
ulated with an appropriatespe
trum, and was shown to rea
h a signi�
ant fra
tion of the wind speed U10,around 1.2% when the waves are developed. That Stokes drift depends on the wavedevelopment, but also depends on the wind : for a narrow-banded swell, this driftis quite small, of the order a few 
entimeters per se
ond.Waves also indu
e a strong near-surfa
e mixing. This mixing 
an be well rep-resented with a Mellor-Yamada type model, by spe
ifying a surfa
e mixing lengthof the order of the wave height and by in
luding an additional Turbulent Kineti
Energy (TKE) sour
e 
oming from the energy dissipation of the waves.There is also, in addition to the momentum �ux from the wind to the mean �ow,a Stokes-Coriolis for
e asso
iated with the waves. This for
e 
an be understood asthe a
tion of the Coriolis for
e on the wave pseudo momentum, this momentum �uxbeing in turn released to the mean �ow through the Stokes-Coriolis for
e.In part one, all these ingredients were gathered to study the impa
t of waves onthe open o
ean near-surfa
e dynami
s. O�shore, where the horizontal gradients ofthe wave �eld and the asso
iated for
es 
an be negle
ted, the mean �ow momentumbalan
e redu
es to an Ekman-Stokes equilibrium, i.e. an equilibrium between theCoriolis for
e and the di�usion of momentum from both the wind and the Stokes-Coriolis stress. There are two important features of this equilibrium : Firstly, due tothe strong wave-indu
ed mixing, the mean �ow is rather uniform 
lose to the surfa
e,rea
hing only to small surfa
e values, around 0.5% of the wind speed. Se
ondly,159



160 General 
on
lusionthe Stokes-Coriolis for
e, whi
h drives a verti
ally integrated mean �ow transportopposed to the Stokes transport, does not drive a surfa
e mean �ow whi
h 
an
elsthe surfa
e Stokes drift, be
ause of the strong mixing.As a 
onsequen
e of those features, it was made 
lear that the surfa
e Lagrangiandrift due to the wind is dominated by the Stokes drift when the waves are developed.Thus, if the surfa
e drift 
an be well represented in o
ean 
ir
ulation models ignoringwaves, this will be to the detriment of the near-surfa
e mixing. On the 
ontrary,waves and the asso
iate Stokes drift 
an re
on
ile a large surfa
e mixing and arealisti
 surfa
e drift.This �rst result has been 
onfronted to observations. The mixing is 
omparableto the observations of TKE dissipation rates 
lose to the surfa
e, as the mixingmodel was designed for that purpose. The 
omparison with 
urrent measurementsis likely to be of the good magnitude order, but a pre
ise validation is di�
ult toa
hieve. In fa
t, useful data sets should in
lude wave measurements, it must bedetermined whether the 
urrent is Eulerian, quasi-Eulerian of Lagrangian, and thewind- and wave-indu
ed 
omponents must be separated from the other pro
esses.We attempted a reanalysis of the SMILE and LOTUS3 data-sets, sin
e they havealready been used for this kind of studies during the past (Santala, 1991; Terrayet al., 2000; Polton et al., 2005) and they appeared to be suited for that purpose.However, it did not lead to 
lear 
on
lusions, 
ontrary to what has been 
laimed inthe past.A se
ond part aimed to evaluate the impa
t of the wave mixing on the mixedlayer depth. The role of the Langmuir 
ells has not been investigated, as it needsspe
i�
 numeri
al simulations, based on LES for instan
e. However, it is likely thatthe wave-breaking is an important sour
e of mixing 
lose to the surfa
e. Relatedparameters su
h as the surfa
e value of the mixing length z0 and the surfa
e �ux ofTKE Φoc (= αu∗3) have been 
al
ulated from a wave model and analyzed in termsof global distributions. Compared to previous estimations of these parameters, ithas been shown that the wave height is largely overestimated when supposing fulldevelopment at high latitude, and more importantly, it has been shown that theparameter α was strongly underestimated by the previous analysis of Terray et al.(1996) or by the monthly mean analysis of Janssen et al. (2004).The importan
e of these two parameters z0 and α has been highlighted withmixed layer numeri
al simulations, using a simple TKE mixing model. It was shownthat the diurnal mixed layer is mu
h thinner when the waves are young than whenthe waves are developed. It was also shown that the erosion of a thermo
line is moree�
ient when the waves get more developed.



General 
on
lusion 161We note that many un
ertainties remain : The dissipation term of the wave modelis still more poorly 
onstrained than the wave energy. Also, a pre
ise estimation ofthe roughness length is still to be sought, and we believe that a 
omparison withthe breaking wave height, like 
al
ulated here, might be helpful.Finally, pra
ti
al parameterizations dire
tly from the wind speed have been pro-posed, but it is argued that the wave parameters should better be 
al
ulated witha wave model, instead of adding errors and bias from unknown wave ages to thepreviously mentioned un
ertainties.The third and last part dealt with the e�e
ts of an horizontally non-uniformwave �eld. Three dimensional pra
ti
al equations for the intera
tions of waves and
urrent have only re
ently appeared (M
Williams et al., 2004; Ardhuin et al., 2007b).Although these equations will surely give new insights into a lot of fully three-dimensional phenomena, su
h as rip 
urrents, the ma
ro-vorti
es or infra-gravitywaves, they were studied in the present thesis for their 
onsequen
es on the steady
ir
ulation over the shelf.Until re
ently, the 
ir
ulation over the shelf has never been done in one pie
efrom the surf zone to the mid-shelf. Generally, the Earth rotation was taken intoa

ount over the mid-shelf and waves were ignored, and the opposite in the surfzone. That left a large gap in between, and the momentum balan
e on the inner-shelf zone is still poorly understood (Lentz et al., 1999). It was therefore 
hosen touse the newly derived equations to attempt to �ll this gap.The approximate GLM2z equations of Ardhuin et al. (2007b) have been imple-mented in a regional o
ean 
ir
ulation model, ROMS, and the results were 
om-pared to the existing simpler model of (Newberger and Allen, 2007a). One impor-tant aspe
t represented by these equations is the full des
ription of the Lagrangian�ow within and immediately outside the surf-zone. Su
h a model thus gathers thequasi-Eulerian 
urrent, related to the Eulerian measurements, and the Lagrangianmotion, more important for many appli
ations. Further, the impa
t of a wave �nite-amplitude e�e
t, by modifying the wave pseudo-momentum, was dis
ussed in termsof its impa
t on the mean �ow and on the surfa
e drift.Through the study of the impa
t of waves on the o
ean 
ir
ulation, the presentthesis helped to take a new insight into the near-surfa
e dynami
s, mainly by relatingthe wave-mixing and the surfa
e drift to the waves. Su
h better understanding maybene�t to many further studies, ranging from 
ostal engineering to remote-sensingappli
ations, air-sea intera
tions, o
ean-atmosphere ex
hange, oil drift predi
tionsor sear
h and res
ue. But what 
ould be a dire
t appli
ation of this thesis ?



162 General 
on
lusionAs mentioned earlier, the presen
e of waves allows the presen
e of both a strongmixing and a large surfa
e drift, whi
h is otherwise impossible. Su
h a des
ription
an signi�
antly modify the traje
tory of Lagrangian parti
les : the verti
al distri-bution 
an be more homogeneous due to the strong mixing but the drift of surfa
etrapped materials 
an remain large. This was highlighted o�-shore but might alsobe important in the surf and inner-shelf zones, where the materials, sedimentary orbiologi
al, are seldom uniformly distributed along the verti
al. A better representa-tion of the verti
al mixing and of the verti
al shear of the 
urrent may then bene�tto the modelling of the drift of materials in this key area, link between the 
ontinentand the o
ean.



Brève 
on
lusion générale en françaisAu 
ours de 
ette thèse, nous avons abordé l'étude de l'impa
t des vagues surl'hydrodynamique littorale et de surfa
e. Cette étude est motivée par les nom-breuses appli
ations pratiques auxquelles une meilleure 
onnaissan
e de 
es partiesde l'o
éan peut béné�
ier.Il est apparu en première partie que les vagues 
onstituaient une part dominantede la dérive près de la surfa
e liée au vent. Ainsi, si 
ette dérive près de la surfa
epeut être bien représentée dans les modèles de 
ir
ulation o
éanique ignorant lesvagues, 
'est alors au détriment du mélange pro
he de la surfa
e. Les vagues, ouplus pré
isément la dérive de Stokes qui leur est asso
iée, permettent au 
ontrairede 
on
ilier un fort mélange près de la surfa
e et une dérive en surfa
e réaliste. Cepremier résultat a été 
onfronté aux observations. Même si une validation pré
isen'a pas pu être e�e
tuée, en partie par
e que les données de 
ourants "propres"en présen
e de vagues sont en
ore rares, les ordres de grandeurs des observationssont en a

ord ave
 
ette des
ription. Une telle des
ription de la 
ou
he de surfa
epeut modi�er sensiblement les traje
toires de tra
eurs lagrangiens : la distributionverti
ale est ainsi plus homogène, grâ
e au mélange plus important, alors que ladérive des matériels piégés en surfa
e restera importante.La deuxième partie évaluait l'impa
t du mélange lié aux vagues sur la profondeurde la 
ou
he de mélange. Si le r�le des 
ir
ulations de Langmuir n'a pas été abordé,par
e que né
essitant une modélisation spé
i�que (à base de LES par exemple),l'impa
t du déferlement des vagues est 
lair sur les 
ou
hes de mélange de faiblesprofondeurs, les 
ou
hes de mélange diurnes par exemple. Il apparaît ainsi que, parétats de mer jeunes, la 
ou
he de mélange diurne est moins profonde que lorsque lesvagues sont développées.En�n, une troisième partie regardait les avan
ées en termes d'hydrodynamiquede la zone de déferlement et de la zone infra-littorale. La modélisation 
ohérentedes vagues et des 
ourants, né
essaire dans 
ette zone, en est à ses premiers pas,les équations théoriques tridimensionnelles étant en
ore en phase de validation. Unepremière implémentation dans un modèle de 
ir
ulation régionale, ROMS, a été e�e
-tuée. Les premiers résultats ont été 
omparés aux modélisations issues de théories163



164 Brève 
on
lusion généraleplus simples. Dans la zone littorale et infra-littorale, les transports lagrangienssont, 
omme au large, modi�és sous l'e�et de la dérive de Stokes. Mais aussi, lanon-linéarité des vagues, importante pour les vagues sur le point de déferler, peutsensiblement augmenter la dérive de Stokes asso
iée aux vagues. Une telle des
rip-tion séparée des vagues et du 
ourant de retour, peut, 
omme au large, 
on
ilier fortmélange et fort 
isaillement de 
ourant. Les divers matériels, biologiques ou sédi-mentaires, étant rarement distribués uniformément sur la verti
ale, une meilleuredes
ription des 
isaillements de 
ourants et du mélange devrait permettre de mieuxmodéliser les dépla
ements de 
es matériels dans 
ette zone 
lef, interfa
e entre laterre et l'o
éan.
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Annexe A : Equations GLM2z 171Abstra
tThe generalized Langrangian mean theory provides exa
t equations for generalwave-turbulen
e-mean �ow intera
tions in three dimensions. For pra
ti
al appli
a-tions, these equations must be 
losed by spe
ifying the wave for
ing terms. Here anapproximate 
losure is obtained under the hypotheses of small surfa
e slope, weakhorizontal gradients of the water depth and mean 
urrent, and weak 
urvature of themean 
urrent pro�le. These assumptions yield analyti
al expressions for the meanmomentum and pressure for
ing terms that 
an be expressed in terms of the wavespe
trum. A verti
al 
hange of 
oordinate is then applied to obtain glm2z-RANSequations (55) and (57) with non-divergent mass transport in 
artesian 
oordinates.To lowest order, agreement is found with Eulerian-mean theories, and the presentapproximation provides an expli
it extension of known wave-averaged equations toshort-s
ale variations of the wave �eld, and verti
ally varying 
urrents only limitedto weak or lo
alized pro�le 
urvatures. Further, the underlying exa
t equations pro-vide a natural framework for extensions to �nite wave amplitudes and any realisti
situation. The a

ura
y of the approximations is dis
ussed using 
omparisons withexa
t numeri
al solutions for linear waves over arbitrary bottom slopes, for whi
hthe equations are still exa
t when properly a

ounting for partial standing waves.For �nite amplitude waves it is found that the approximate solutions are proba-bly a

urate for o
ean mixed layer modelling and shoaling waves, provided that anadequate turbulent 
losure is designed. However, for surf zone appli
ations the ap-proximations are expe
ted to give only qualitative results due to the large in�uen
eof wave nonlinearity on the verti
al pro�les of wave for
ing terms.8.1 Introdu
tion>From wave-indu
ed mixing and enhan
ed air-sea intera
tions in deep water, towave-indu
ed 
urrents and sea level 
hanges on bea
hes, the e�e
ts of waves ono
ean 
urrents and turbulen
e are well do
umented (e.g. Battjes 1988, Terray etal. 1996). The refra
tion of waves over horizontally varying 
urrents is also wellknown, and the modi�
ations of waves by verti
al 
urrent shears have been thetopi
 of a number of theoreti
al and laboratory investigations (e.g. Biesel 1950,Peregrine 1976, Kirby and Chen 1989, Swan et al. 2001), and �eld observations(e.g. Ivonin et al. 2004). In spite of this knowledge and the importan
e of thetopi
 for engineering and s
ienti�
 appli
ations, ranging from navigation safety tosear
h and res
ue, bea
h erosion, and de-biasing of remote sensing measurements,



172 Annexe ATheory averaging momentum variable main limitationsPhillips (1977) Eulerian total (U) 2D, du/dz = 0Garrett (1976) Eulerian mean �ow (U −Mw/D) 2D, du/dz = 0, kh≫ 1Smith (2006) Eulerian mean �ow (U −Mw/D) 2D, du/dz = 0GLM (A&M 1978a) GLM mean �ow (uL − P) none (exa
t theory)aGLM (A&M 1978a) GLM total (uL) none (exa
t theory)Leibovi
h (1980) Eulerian mean �ow (uL − P) 2nd order, ν 
onstantJenkins (1987) GLM mean �ow (uL − P) 2nd order, horizontal uniformityGroeneweg (1999) GLM total (uL) 2nd orderMellor (2003) following ξ3 total (uL) 2nd order, �at bottomMRL04 Eulerian mean �ow (u) below troughs, u≪ C, ν = 0NA07 Eulerian mean �ow (u) below troughs, 2nd order, kH ≪ 1present paper GLM mean �ow (uL − P) 2nd orderTable 8.1: Essential attributes of some general wave-
urrent 
oupling theories. Seelist of symbols for details (table 2 at the end of the paper). Although Mellor (2003)derived his wave-averaged equations with spatially varying wave amplitudes, his useof �at-bottom Airy wave kinemati
s is in
onsistent with the presen
e of bottomslopes (see ARB07). MRL04 stands for M
Williams et al. (2004) and NA2007stands for Newberger and Allen (2007).there is no well established and generally pra
ti
al numeri
al model for wave-
urrentintera
tions in three dimensions.Indeed the problem is made di�
ult by the di�eren
e in time s
ales betweengravity waves and other motions. When motions on the s
ale of the wave period 
anbe resolved, Boussinesq approximation of nearshore �ows has provided remarkablenumeri
al solutions of wave-
urrent intera
tion pro
esses (e.g. Chen et al. 2003,Terrile et al. 2006). However, su
h an approa
h still misses some of the importantdynami
al e�e
ts as it 
annot represent real verti
al 
urrent shears and their mixinge�e
ts (Putrevu and Svendsen 1999). This short
oming has been partly 
orre
tedin quasi-three dimensional models (e.g. Haas et al. 2003), or multi-layer Boussinesqmodels (e.g. Lynnett and Liu 2005).The alternative is of 
ourse to use fully three dimensional (3D) models, basedon the primitive equations. These models are extensively used for investigatingthe global, regional or 
oastal o
ean 
ir
ulation (e.g. Ble
k 2002, Sh
hepetkin andM
Williams 2003). An average over the wave phase or period is most useful dueto pra
ti
al 
onstraints on the 
omputational resour
es, allowing larger time stepsand avoiding non-hydrostati
 mean �ows. Wave-averaging also allows an easierinterpretation of the model result. A summary of wave-averaged models in 2 or 3dimensions is provided in table 1.



Annexe A : Equations GLM2z 1738.1.1 Air-water separationIn 3D, problems arise due to the presen
e of both air and water in the region betweenwave 
rests and troughs. Various approa
hes to the phase or time averaging of �owproperties are illustrated in �gure 8.1 (see also Ardhuin et al. 2007b, hereinafterARB2007). For small amplitude waves, one may simply take a Taylor expansionof mean �ow properties (e.g. M
Williams et al. 2004, hereinafter MRL04). Us-ing a de
omposition of the non-linear adve
tion term in the equations of motion
u · ∇u = ∇u2 + u × ∇u, M
Williams et al. (2004, see also Lane et al. 2007) ob-tained a relatively simple set of equation for 
onservative wave motion over sheared
urrents, for a given 
hoi
e of small parameters. These parameters in
lude the sur-fa
e slope ε1 = k0a0 and the ratio of the wavelength and s
ale of evolution of thewave amplitu
de. Further, these equations were derived with a s
aling 
orrespond-ing to a non-dimensional depth k0h0 of order 1, with k0, a0 and h0 typi
al valuesof the wavenumber, wave amplitude and water depth, respe
tively. These authorsalso assumed that the 
urrent velo
ity was of the same order as the wave orbitalvelo
ity, both weaker than the phase speed by a fa
tor ε1. That latter assumptionmay generally be relaxed sin
e the equations of motion are invariant by a 
hangeof referen
e frame, so that only the 
urrent verti
al shear may need to be small
ompared to the wave radian frequen
y, provided that the 
urrent, water depth andwave amplitudes are slowly varying horizontally.For waves of �nite amplitude, a proper separation of air and water in the averagedequations of motion requires a 
hange of 
oordinates that maps the moving freesurfa
e to a level that is �xed, or at least slowly varying. This is usual pra
ti
e inair-sea intera
tion studies, and it has provided approximate solutions to problemssu
h as wind-wave generation or wave-turbulen
e intera
tions (e.g. Jenkins 1986,Teixeira and Bel
her 2002) but it brings some 
ompli
ations. The most simple
hange of 
oordinate was re
ently proposed by Mellor (2003), but it appears to beimpra
ti
al in the presen
e of a bottom slope be
ause its a

urate implementationrequires the wave kinemati
s to �rst order in the wave slope (Ardhuin et al., 2007b,hereinafter ARB07).8.1.2 Separation of wave and 
urrent momentum �uxesAnother approa
h is to use one of the two sets of exa
t averaged equations derivedby Andrews and M
Intyre (1978a). Groeneweg (1999) su

essfully used the se
ondset, the alternative Generalized Lagragian Mean equations (aGLM), approximatedto se
ond order in wave slope, for the investigation of 
urrent pro�le modi�
ationsindu
ed by waves (see also Groeneweg and Klopman 1998, Groeneweg and Battjes



174 Annexe A2003). This work was also loosely adapted for engineering use in the numeri
almodel Delft3D (Walstra et al. 2001).However, aGLM equations des
ribe the evolution of the total �ow momentum,whi
h in
ludes the wave pseudo-momentum per unit mass P. That ve
tor quantityis generally 
lose to the Lagrangian Stokes drift uS (see below), and it is not mixedby turbulen
e1, unlike the mean �ow momentum. Further, P is 
arried by thewave �eld at the group velo
ity, whi
h is typi
ally one order of magnitude fasterthan the drift velo
ity. Thus bundling P with the rest of the momentum may leadto large errors with the turbulen
e 
losure. Other pra
ti
al problems arise due tothe strong surfa
e shear of P and uS (e.g. Ras
le et al. 2006) whereas the quasi-Eulerian 
urrent is relatively uniform in deep water (e.g. Santala and Terray 1992).Thus solving for the total momentum (in
luding P) requires a high resoltion nearthe surfa
e. Finally, a 
onsistent expression of the aGLM equations with a slopingbottom and wave �eld gradients is di�
ult due to the divergen
e of verti
al �uxesof momentum (verti
al radiation stresses) that must be expressed to �rst order inall the small parameters that represent the slow wave �eld evolution (bottom slope,wave energy gradients, 
urrent shears...). This same problem arises with Mellor's(2003) equations and is dis
ussed in ARB07.The �rst set of GLM equations des
ribes the evolution of the quasi-Eulerian
urrent only, and, just like the de
omposition of u · ∇u used by MRL04, it doesnot require the evaluation of these verti
al radiation stresses. These equations wereused by Leibovi
h (1980) to derive the Craik-Leibovi
h equations that is the basisof theories for Langmuir 
ir
ulations. However, in that work he did not attempt anexpli
it integration of the GLM set, and thus did not express the wave for
ing termsfrom wave amplitudes or spe
tra. The general mathemati
al stru
ture of the GLMequations and their 
onservatin properties are also well detailed in Holm (2002) andreferen
es therein.Further, the GLM �ow is generally divergent as the averaging operator intro-du
es an impli
it 
hange of the verti
al 
oordinate. This question has been largelyoverlooked by previous users of GLM theory (Leibovi
h 1980, Groeneweg 1999).Further, in order to be implemented in a numeri
al model, the wave-indu
ed for
ingterms must be made expli
it using approximate solutions for wave-indu
ed motionsand pressure. We will assume that the slowly varying spe
trum is known, typi
allyprovided by a wave model. Given the degree of a

ura
y attained by modelled wavespe
tra in a wide variety of 
onditions this is generally appropriate (e.g. Herberset al. 2000, Ardhuin et al. 2003, 2007, Magne et al. 2007). We note in passing1The Stokes drift is a residual velo
ity over the wave 
y
le, its mixing is not possible without aprofound modi�
ation of the wave kinemati
s.



Annexe A : Equations GLM2z 175that no expli
it and theoreti
ally satisfying theory is available for the transport ofthe wave a
tion spe
trum over verti
ally and horizontally sheared 
urrents. Indeed,the exa
t theory of Andrews and M
Intyre (1978b) is impli
it and would require anexpli
it approximation of the wave a
tion from know wave kinemati
s, similar tothe approximation of the wave pseudo-momentum performed here.The goal of the present paper is to provide a pra
ti
al and a

urate method forwave-
urrent 
oupling that is general enough for appli
ations ranging from the o
eanmixed layer to, possibly, the surf zone. GLM equations, for the reasons listed above,are a good 
andidate for this appli
ation. Although not as simple as an Eulerianaverage, the GLM operator is 
apable of properly separating air and water in the
rest to trough region, leading to physi
ally understandable de�nitions of meanproperties on either side of the air-sea interfa
e. The pra
ti
al use of GLM requiressome approximations and transformations. We provide in se
tion 2 a derivationof expli
it and approximate glm2z-RANS equations. Given the large literature onthe subje
t, we explore in se
tion 3 the relationships between GLM, aGLM andother forms of wave-averaged 3D and depth-integrated 2D equations. A preliminaryanalysis of the expe
ted errors due to the approximations are provided in se
tion 4,and 
on
lusions follow in se
tion 5. Full numeri
al solutions using the glm2z-RANSequations will be reported elsewhere, in parti
ular in the do
torate thesis of Ni
olasRas
le.8.2 glm2-RANS equations8.2.1 Generalities on GLM and linear wave kinemati
sWe �rst de�ne the Eulerian average φ (x, t) of φ (x, t), where the average may bean average over phase, realizations, time t or spa
e. We now take this average atdispla
ed positions x+ξ, with ξ = (ξ1, ξ2, ξ3) a displa
ement ve
tor, and we de�ningthe velo
ity v at whi
h the mean position is displa
ed when the a
tual positionmoves at the �uid velo
ity u(x + ξ). One obtains the 
orresponding GLM of φ
φ(x, t)

L
= φ(x + ξ, t) (8.1)by 
hoosing the displa
ement �eld ξ so that

• the mapping x → x + ξ is invertible
• ξ (x, t) = 0

• v (x, t) = v (x, t), whi
h gives v = u(x, t)
L.
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h a mapping is illustrated in �gure 1.
 for linear waves. Lagrangian perturbationsare logi
ally de�ned as the �eld minus its average, i.e.,
φ(x, t)

l
= φ(x + ξ, t) − φ(x, t)

L
= φ(x + ξ, t) − φ(x + ξ, t). (8.2)Here we shall take our Eulerian average to be a phase average2. Given any Eulerian�ow �eld u(x, t), one may de�ne a �rst displa
ement by

ξ′(x, t,∆t) =
∫ t+∆t

t
u(x + ξ′(x, t, t′ − t), t′)dt′. (8.3)The mean drift velo
ity is de�ned as v(x, t) = lim∆t→0 ξ′(x, t,∆t)/(∆t). The GLMdispla
ement �eld is then given by ξ = ξ′ − vt − ξ′ − vt. This 
onstru
tion of vand ξ guarantees that the required properties are obtained, provided that the limit

∆t → 0 
ommutes with the averaging operator. For periodi
 motions one may alsotake v = (ξ′(t+ TL) − ξ′(t))/(TL), with TL the Lagrangian wave period (the timetaken by a water parti
le to return to the same wave phase). This de�nition will beused for Mi
he waves in se
tion 4.2.Clearly GLM di�ers from the Eulerian mean. The di�eren
e between the twois given by the Stokes 
orre
tion (Andrews et M
Intyre 1978a). Below the wavetroughs, the Stokes 
orre
tion for the velo
ity is the Stokes drift, by de�nition,
uS ≡ uL − u. (8.4)More generally, for a 
ontinuously di�erentiable �eld φ the Stokes 
orre
tion is givenby (Andrews and M
Intyre 1978a, equation 2.27),

φ
L ≡ φ+ φ

S
= φ+ ξj

∂φ

∂xj
+

1

2
ξjξk

∂2φ

∂xj∂xk
+O

(
max
i,j,k

{
∂3φ

∂xi∂xj∂xk

}
|ξ|3

)
, (8.5)with an impli
it summation over repeated indi
es.The GLM average 
ommutes with the Lagrangian derivative, thus the GLMvelo
ity uL is the average drift velo
ity of water parti
les. One should however be
areful that the GLM average does not 
ommute with most di�erential operators,for example the 
url operator. Indeed the GLM velo
ity of irrotational waves isrotational, whi
h is 
learly apparent in the verti
al shear of the Stokes drift (seealso Ardhuin and Jenkins 2006 for a 
al
ulation of the lowest order mean shears

∂uα/∂z
L and ∂u3/∂x

L).2For un
orrelated wave 
omponents the phase average is obtained by the sum of the phaseaverages of ea
h 
omponent. In the presen
e of phase 
orrelations, su
h as in the 
ase of partiallystanding waves or nonlinear phase 
ouplings, the sum has to be averaged in a 
oherent manner.
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ts of GLM theory is that it 
learly separates thewave pseudo-momentum P from the quasi-Eulerian mean momentum û = uL − P.This is a key aspe
t for numeri
al modelling sin
e P is transported by the wave �eldat the group velo
ity, of the order of 5 m s−1 in deep water, while û is transportedat the mu
h slower velo
ity uL. P is de�ned by (Andrews and M
Intyre 1978a, eq.3.1),
Pi = −ξj,i

(
ul

j + ǫjklfkξl/2
)
, (8.6)where ǫijkAjBk is the i-
omponent of the ve
tor produ
t A × B, and fk/2 is the

k-
omponent of the rotation ve
tor of the referen
e frame. In the appli
ations 
on-sidered here the e�e
t of rotation 
an be negle
ted in (8.6) due to the mu
h largerrotation period of the Earth 
ompared to the wave period. We will thus take
Pi = −ξj,iul

j. (8.7)For pra
ti
al use, the GLM equations have to be 
losed by spe
ifying the wave-indu
ed for
ing terms. In order to give expli
it approximations for the wave-indu
ede�e
ts, we will approximate the wave motion as a sum of linear wave modes, ea
hwith a lo
al wave phase ψ giving the lo
al wave number k = (k1, k2) = ∇ψ,and radian frequen
y ω = −∂ψ/∂t, and an intrinsi
 linear wave radian frequen
y
σ = [gk tanh(kD)]1/2 = ω − k · UA, where UA is the phase adve
tion velo
ity, Dis the lo
al mean water depth, and g the a

eleration due to gravity and Earthrotation. De�ning h(x1, x2) as the lo
al depth of the bottom and ζ(x1, x2, t) asthe free surfa
e elevation, one has D = ζ + h. We assume that the wave slope
ε1 = max (|∇ζ |) is small 
ompared to unity (this will be our �rst hypothesis H1),with ∇ denoting the horizontal gradient operator. We also restri
t our investiga-tions to 
ases for whi
h the Ursell number is small Ur = (a/D)/(kD)2 < 1 (this ishypothesis H2). We further restri
t our derivations to �rst order in the slow spatials
ale ε2. That small parameter may be de�ned as the maximum of the slow spa-tial s
ales |(∂a/∂x)/(ka)|, |(∂u/∂x)/(σ)|, |(∂D/∂x)|, and time s
ales |(∂a/∂t)/(σa)|,
|k(∂û/∂t)/(σ)2, and |(∂D/∂t)k/σ| (hypothesis H3). It will also appear that the 
ur-rent pro�le may 
ause some di�
ulties. Sin
e we have already assumed a small wavesteepness we may use Kirby and Chen's (1989) results, giving the dispersion relation

ω = σ + kα

∫ ζ

−h
ûα

2k cosh [2k(z + h)]

sinh(2kD)
dz +O(ε3), (8.8)where α is a dummy index representing any horizontal 
omponent 1 or 2, and thesummation is impli
it over repeated indi
es. The index 3 will represent the verti
al
omponents positive upwards, along the dire
tion z = x3. In parti
ular we shall
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orre
tion to the lowest order stream fun
tion (their eq. 23)is relatively small, whi
h may be obtained by requiring that the 
urvature of the
urrent is weak or 
on
entrated in a thin boundary layer, i.e. ε3 ≪ 1 (hypothesisH4) with
ε3 =

1

ω sinh(kD)

∫ ζ

−h

∣∣∣∣∣
∂2u

∂z2

∣∣∣∣∣ sinh [2k(z + h)] dz. (8.9)For simpli
ity we will further require that a2 [∂3uα/∂z
3/(σ)] ≤ ε3 (hypothesis H5),whi
h may be more restri
tive than H4. Finally, we will negle
t the verti
al velo
ity

ŵ in the verti
al momentum equation for the mean �ow momentum (i.e. we assumethe mean �ow to be hydrostati
, this is our hypothesis H6).In the following we take ε = max εi, 1 ≤ i ≤ 3. The wave-indu
ed pressure andvelo
ity are given by
p̃ = ρwga [FCC cosψ +O(ε)] (8.10)
ũα = aσ

kα

k
[FCS cosψ +O(ε)] (8.11)

ũ3 = aσ [FSS sinψ + O(ε)] , (8.12)where a is the lo
al wave amplitude, ρw is the water density, taken 
onstant inthe present paper. We have used the short-hand notations FCC = cosh(kz +

kD)/ cosh(kD), FCS = cosh(kz+kD)/ sinh(kD), and FSS = sinh(kz+kD)/ sinh(kD).>From now on, only the lowest order approximations will be given unless ex-pli
itly stated otherwise. In order to estimate quantities at displa
ed positions, thezero-mean displa
ement �eld is given by
ul

i ≡ u(x + ξ) − uL
i

≃ ũi + ξj
∂ui

∂xj

+

(
ξj
∂ũi

∂xj

− ξj
∂ũi

∂xj

)
+

1

2

(
ξ2
j − ξ2

j

) ∂2ui

∂x2
j

. (8.13)Thanks to the de�nition of uL, we also have
ul

i =
∂ξi
∂t

+ uL
j

∂ξi
∂xj

≃ ∂ξi
∂t

+ uL
α

∂ξi
∂xα

, (8.14)in whi
h the verti
al velo
ity has been negle
ted. The greek indi
es α and β standfor horizontal 
omponents only.To lowest order in the wave amplitude, the displa
ements ξi and Lagrangianvelo
ity perturbations ul
i are obtained from (8.13) and (8.14),

ul
3 = ũ3 (8.15)
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ξ3 = am [FSS cosψ] (8.16)
ul

α = ũα + ξ3
∂uα

∂z
+ ξβ

∂uα

∂xβ
+O

(
σka2

)
cos 2ψ +O

(
a3∂

2uα

∂z3

) (8.17)
≃ a

[
σ
kα

k
FCS +mFSS

∂uα

∂z

]
cosψ (8.18)

ξα = −am
[
kα

k
FCS +

m

σ

∂uα

∂z
FSS

]
sinψ +O

(
a2

σ

∂2uα

∂z2

)
sin 2ψ

+O

(
a

σ

∂uα

∂xβ

)
cosψ +O

(
a3

σ

∂2uα

∂z3

)
, (8.19)The shear 
orre
tion parameter m, arising from the time-integration of (8.14), isgiven by

m(x,k, z, t) =
σ

ω − k · uL(x, z, t)
. (8.20)Based on (8.8) m di�ers from 1 by a quantity of order σ−1∂u/∂z.Using our assumption (H5) the last term in eq. (8.19) may be negle
ted. Thelast two term in eq. (8.17) have been negle
ted be
ause they will give negligible

O(ε3) terms in P, ζL or other wave-related quantities, when multiplied by otherzero-mean wave quantities.Using the approximate wave-indu
ed motions, one may estimate the Stokes drift
uS ≡ uL − u ≃ ξ · ∇ũ+

1

2
ξ2
3

∂2uα

∂z2

=
ma2

4 sinh2(kD)

[
2σk cosh(2kz + 2kh) + km sinh(2kz + 2kh)

k

k
·

∂u

∂z

+
∂2u

∂z2
sinh2(kz + kh)

]
, (8.21)the horizontal wave pseudo-momentum

Pα = − ∂ξβ
∂xα

ul
β − ∂ξ3

∂xα

wl

≃ ma2

4 sinh2(kD)

[
2σk cosh(2kz + 2kh) + 2kαm sinh(2kz + 2kh)

kα

k
·

∂u

∂z

+2m sinh2(kz + kh)

(
∂u

∂z

)2

 , (8.22)and the GLM position of the free surfa
e

ζ
L

= ζ + ζ
S

= ζ +
∂ζ

∂xα

ξα|z=ζ = ζ +
ma2

2

[
k

tanh kD
+
mk

σ
·

∂u

∂z
|z=ζ

]
. (8.23)
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al positions in the water is generally larger than the Eulerianmean of the position of the same parti
les (see also M
Intyre 1988). This is easilyunderstood, given that there are more parti
les under the 
rests than under thetroughs (�gure 8.1.
). As a result, the original GLM equations are divergent (∇ ·

uL 6= 0) and require a 
oordinate transformation to yield a non-divergent velo
ity�eld. That transformation is small, leading to a relative 
orre
tion of order ε2
1.That transformed set of equation is a modi�ed primitive equation that may beimplemented in existing o
ean 
ir
ulation models.The horizontal 
omponent of the wave pseudo-momentum Pα di�ers from theStokes drift uS

α due to the 
urrent verti
al shear. Therefore the quasi-Eulerian meanvelo
ity ûα = uL
α − Pα also di�ers from the Eulerian mean velo
ity uα = uL

α − uS
α

ûα = uα +
1

2
ξ2
3

∂2uα

∂z2
+O(ε3). (8.24)The verti
al wave pseudo-momentum P3 = 0 is, at most, of order σε3/k. Al-though it may be negle
ted in the momentum equation, it plays an important role inthe mass 
onservation equation, and will thus be estimated from Pα. In parti
ular,for m = 1 and in the limit of small surfa
e slopes, it is straightforward using (8.7)to prove that P is non-divergent, giving,

P3 = −Pα(−h) ∂h
∂xα

−
∫ z

−h

∂Pα(z′)

∂xα
dz′. (8.25)Although this equality is not obvious for m 6= 1 and nonlinear waves, 
orre
tionsto (8.25) are expe
ted to be only of higher order. In parti
ular, on
e P is transformedto z 
oordinates, sin
e, in the absen
e of a mean �ow P = uL and it is non-divergent(see se
tion 2.1.1).glm2-RANS equationsThe velo
ity �eld is assumed to have a unique de
omposition in mean, wave andturbulent 
omponents u = u + ũ +u′, with 〈u′〉 = 0, the average over the �ow real-izations for pres
ribed wave phases. The turbulen
e will be assumed weak enoughso that its e�e
t on the sea surfa
e position is negligible. We note X the divergen
eof the Reynolds stresses, i.e. Xi = ∂

〈
u′iu

′

j

〉
/∂xj , and we apply the GLM average tothe Reynolds-Average Navier-Stokes equations (RANS). We shall now seek an ap-proximation to the GLM momentum equations by retaining all terms of order ρwgε

3and larger in the horizontal momentum equation, and all terms of order ρwgε
2 inthe verti
al momentum equation. The resulting equations, that may be 
alled the"glm2-RANS" equations, are thus more limited in terms of wave nonlinearity than



Annexe A : Equations GLM2z 181the Eulerian mean equations of MRL04. At the same time, random waves are 
on-sidered here and that the mean 
urrent may be larger than the wave orbital velo
ity.Indeed we make no hypothesis on the 
urrent magnitude, but only on the horizontal
urrent gradients and on the 
urvature of the 
urrent pro�le. The present derivationdi�ers from that of Groeneweg (1999) by the fa
t that we use the GLM instead ofthe aGLM equations (see table 1). The name for these equations is loosely bor-rowed from Holm (2002) who instead derived an approximate Lagrangian to obtainthe momentum equation, and did not in
lude turbulen
e.In order to simplify our 
al
ulations we shall use the form of the GLM equationsgiven by Dingemans (1997, eq. 2.596) with ρw 
onstant, whi
h, among other things,removes terms related to the �uid thermodynami
s. The evolution equation for thequasi-Eulerian velo
ity û is,
D

L
ûi + ǫi3jf3u

L
j +

∂

∂xi


p

L

ρw

− ul
ju

l
j

2


− X̂i + gδi3 = Pj

∂uL
j

∂xi

, (8.26)where the Lagrangian derivative DL is a derivative following the �uid at the La-grangian mean velo
ity uL, p is the full dynami
 pressure, δ is Krone
ker's symbol,and the vis
ous and/or turbulent for
e X̂ is de�ned by
X̂i = X

L
i +

∂ξj
∂xi

(
X

L
j −Xj

)
. (8.27)These exa
t equations will now be approximated using (8.10)-(8.16). We �rstevaluate the wave for
ing terms in (8.26) using mono
hromati
 waves, with a surfa
eelevation varian
e E = a2/2. The result for random waves follows by summationover the spe
trum and repla
ing E with the spe
tral density E(k).We �rst 
onsider the verti
al momentum balan
e, giving the pressure �eld. Itshould be noted that the Lagrangian mean Bernoulli head term ul

ju
l
j/2 di�ers fromits Eulerian 
ounterpart u′ju′j/2 by a term K2, whi
h arises from the 
orrelation ofthe mean 
urrent perturbation at the displa
ed position x+ξ, with the wave-indu
edvelo
ity, i.e. the se
ond term in (8.17). Eqs. (8.10)�(8.16) give

1

2

(
ul

ju
l
j

)
=
gkE

2
[FCCFCS + FSCFSS] +K2, (8.28)with

K2 = ũαξ3
∂uα

∂z
+
ξ2
3

2

∣∣∣∣∣
∂u

∂z

∣∣∣∣∣

2

= E
σ

k
k ·

∂û

∂z
mFCSFSS +

E

2

∣∣∣∣∣
∂u

∂z

∣∣∣∣∣

2

m2F 2
SS. (8.29)
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al momentum equation (8.26) for ŵ = û3 is,
∂ŵ

∂t
+ ŵ

∂ŵ

∂z
+ P3

∂ŵ

∂z
+ (ûβ + Pβ)

∂ŵ

∂xβ

+
1

ρw

∂pL

∂z
+ g

=
∂

∂z

[(
ũαũα + w̃2

)
/2 +K2

]
+ Pβ

∂

∂z
(ûβ + Pβ) + P3

∂

∂z
(û3 + P3) ,(8.30)For small bottom slopes we may negle
t the last term, but we rewrite it in orderto 
ompare with other sets of equations. Now using the lowest order wave solution(8.11)�(8.16), eq. (8.30) transforms to

1

ρw

∂

∂z

[
pL + ρwgz − ρw

σ2E

2

(
F 2

CS + F 2
SS

)
− ρwK2

]
= −∂ŵ

∂t
− ŵ

∂ŵ

∂z

− (ûβ + Pβ)
∂ŵ

∂xβ
+ Pβ

∂

∂z
(ûβ + Pβ) + P3

∂

∂z
(ŵ + P3) .(8.31)We add to both sides the depth-uniform term −σ2E (F 2

CC − F 2
SS) /2, and integrateover z to obtain

p(z)
L

ρw
= −g [(z − zs) − kEFCCFCS] +K2 +K1 −

gkE

4 sinh(2kD)
(8.32)where the hydrostati
 hypothesis (H6, see above) has be made for the mean �ow.The depth-integrated verti
al 
omponent of the vortex-like for
e K1 is de�ned by

K1 = −
∫ ζ

L

z
Pβ

∂

∂z′
(ûβ + Pβ) dz′ +

∫ ζ
L

z
P3

∂

∂xβ
(Pβ) dz′, (8.33)where eq. (8.25) has been used. The integration 
onstant zs is given by the surfa
eboundary 
ondition

p(ζ)
L

= −ρwg
(
ζ

L − zs − kEFCCFCS −K2(ζ
L
)/g

)
= pa. (8.34)Using (8.23) we �nd that zs = ζ + pa/(ρwg) −K2((ζ)

L
)/g and (8.32) be
omes

pL

ρw
=
pH

ρw
+ gkEFCCFCS +K1 +K2 −K2(ζ

L
), (8.35)with pH the hydrostati
 pressure de�ned equal to the mean atmospheri
 pressure atthe mean sea surfa
e, pH = ρwg(ζ − z) + pa.

Below the wave troughs the Stokes 
orre
tion for the pressure (8.5) gives the



Annexe A : Equations GLM2z 183Eulerian-mean pressure
p = pL − ρwgkmE

(
FCSFCC + FSSFSC +

k

kσ
·

∂u

∂z
mFSSFCC

)
. (8.36)Thus equation (8.32) gives the following relationship, valid to order ε2

1 below thewave troughs, between the Eulerian-mean pressure p and pL,
p = pH − ρwgkEFSSFSC + ρw


K1 −K2(ζ

L
) +

E

2

∣∣∣∣∣
∂u

∂z

∣∣∣∣∣

2

m2F 2
SS




+ρwgk(1 −m)EFCCFCS. (8.37)For a spe
trum of random waves, the modi�ed pressure term that enters thehorizontal momentum equation may be written as
p̂ ≡ pL − ρwul

ju
l
j

2
− Pj

∂uL
i

∂z
= pH + ρwS

J + ρwS
shear, (8.38)with the depth-uniform wave-indu
ed kinemati
 pressure term

SJ = g
∫

k

kE(k)

sinh 2kD
dk (8.39)and a shear-indu
ed pressure term, due to the integral of the verti
al 
omponent ofthe vortex for
e K1, and K2(ζ

L
),

Sshear = −
∫

k

E(k)


σ
k
kβm

∂ûβ(ζ
L
)

∂z
tanh(kD) +

m2

2

∣∣∣∣∣
∂û

∂z
(ζ

L
)

∣∣∣∣∣

2

 dk

+
∫

k

∫ ζ
L

z

[
P3(k)

∂Pβ(z′,k)

∂xβ

− Pβ(k)
∂ [ûβ(z′) + Pβ(k)]

∂z′

]
dz′dk. (8.40)Now 
onsidering the horizontal momentum equations, we rewrite (8.26) for thehorizontal velo
ity,

∂ûα

∂t
+ (ûβ + Pβ)

∂ûα

∂xβ

+ ŵ
∂ûα

∂z
+ ǫα3βf3 (ûβ + Pβ) +

1

ρw

∂pH

∂xα

= − ∂

∂xα

(
SJ + Sshear

)
+ Pβ

∂ûβ

∂xα

− P3
∂ûα

∂z
+ X̂α, (8.41)Grouping all Pβ terms, as in Garrett (1976 eq. 3.10 and 3.11), leads to anexpression with the `vortex for
e' ǫα3βω3Pβ. This for
e is the ve
tor produ
t of thewave pseudo-momentum P and mean �ow verti
al vorti
ity ω3. Equation (8.41)
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∂ûα

∂t
+ ûβ

∂ûα

∂xβ
+ ŵ

∂ûα

∂z
+ ǫα3β [f3ûβ + (f3 + ω3)Pβ] +

1

ρw

∂pH

∂xα

= − ∂

∂xα

(
SJ + Sshear

)
− P3

∂ûα

∂z
+ X̂α. (8.42)The vortex for
e is a momentum �ux divergen
e that 
ompensates for the 
hangein wave momentum �ux due to wave refra
tion over varying 
urrents, and in
ludesthe �ux of momentum resulting from û momentum adve
ted by the wave motion(Garrett 1976).The turbulent 
losure is the topi
 of ongoing resear
h and will not be expli
itlydetailed here. We only note that it di�ers in prin
iple from the 
losure of the aGLMequations of Groeneweg (1999), whi
h 
ould be extended to in
lude the se
ondterm in eq. (8.27). A proper 
losure involves a full dis
ussion of the distortion ofturbulen
e by the waves when the turbulent mixing time s
ale is larger than thewave period (e.g. Walmsley and Taylor 1996, Janssen 2004, Teixeira and Bel
her2002). One should 
onsider with 
aution the rather bold but pra
ti
al assumptionsof Groeneweg (1999) who used a standard turbulen
e 
losure to de�ne the vis
ositythat a
ts upon the wave-indu
ed velo
ities, or the assumption of Huang and Mei(2003) who assumed that the eddy vis
osity instantaneously adjusts to the passage ofwaves. These e�e
ts may have 
onsequen
es on the magnitude of wave attenuationthrough its intera
tion with turbulen
e, and the resulting verti
al pro�le of X̂α. Herewe only note that any momentum lost by the wave �eld should be gained by eitherthe atmosphere, the bottom or the mean �ow. Thus a possible parameterization forthe diabati
 sour
e of momentum is

X̂α =
∂Rαβ

∂xβ
+

∂

∂z

(
Kz

∂ûα

∂z

)
− Twc

α − T turb
α − T bfric

α , (8.43)with Rαβ the horizontal Reynolds stress, and Kz a verti
al eddy vis
osity, while thelast three terms 
orrespond to the dissipative momentum �ux from waves to themean �ow, through white
apping, wave-turbulen
e intera
tions, and bottom fri
-tion. Although the momentum lost by the waves via bottom fri
tion was shown toeventually end up in the bottom (Longuet-Higgins 2005), the intermediate a

elera-tion of the mean �ow, also known as Eulerian streaming, is important for sedimenttransport, and should be in
luded with a verti
al pro�le of T bfric
α 
on
entrated nearthe bottom, provided that the wave boundary layer is a
tually resolved in the 3Dmodel (e.g. Walstra et al. 2001).



Annexe A : Equations GLM2z 185The GLM mass 
onservation writes
∂ (J)

∂t
+
∂
(
JuL

α

)

∂xα

+
∂
(
JwL

)

∂z
= 0, (8.44)where the Ja
obian J is the determinant of the 
oordinate transformmatrix (δij + ∂ξi/∂xj)from Cartesian 
oordinates to GLM. (Andrews and M
Intyre 1978a, eq. (4.2)-(4.4)with ρξ = ρw).8.2.2 glm2-RANS equations in z-
oordinatesEquations (8.42) and (8.44) hold from z = −h to z = ζ

L, whi
h 
overs the entire`GLM water 
olumn'. All terms in (8.42) are de�ned as GLM averages, ex
ept forthe hydrostati
 pressure pH whi
h does 
orrespond to the Eulerian mean position.For pra
ti
al numeri
al modelling, it is however preferable that the height of thewater 
olumn does not 
hange with the lo
al wave height. We will thus transformeq. (8.42), ex
ept for pH , by 
orre
ting for the GLM-indu
ed verti
al displa
ements.This will naturally remove the divergen
e of the GLM �ow related to J 6= 1. TheGLM verti
al displa
ement ξL

3 is a generalization of eq. (8.23)
ξ

L

3 (x, z, t) =
∫

k

E(k)m

[
k
sinh [2k(z + h)]

2 sinh2(kD)
+m

sinh2 [k(z + h)]

sinh2(kD)

k

σ
·

∂uα

∂z

]
dk. (8.45)and the Ja
obian is J = 1 + J2 + O(ε3

1). Be
ause the GLM does not indu
e hori-zontal distortions, a verti
al distan
e dz′ = Jdz in GLM 
orresponds to a Cartesiandistan
e dz, giving,
J2 = −∂ξ

L

3

∂z
. (8.46)One may note that

∫ ζ
L

−h
Jdz = ζ

L
+ h− ξ

L

3 (0) = D. (8.47)We now impli
itly de�ne the verti
al 
oordinate z⋆ with
s = z⋆ + ξ

L

3 (8.48)Any �eld φ(x1, x2, z, t) transforms to φ⋆(x⋆
1, x

⋆
2, z

⋆, t⋆) with
∂φ

∂t
=

∂φ⋆

∂t⋆
− st

sz

∂φ⋆

∂z⋆
(8.49)
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∂φ

∂xα
=

∂φ⋆

∂x⋆
α

− sα

sz

∂φ⋆

∂z⋆
(8.50)

∂φ

∂z
=

1

sz

∂φ⋆

∂z⋆
(8.51)with st, sz and sα the partial derivatives of s with respe
t to t⋆, z⋆ and x⋆

α, respe
-tively. The 
oordinate transform was built to obtain the following identity
szJ = 1 +O

(
ε3
1

)
. (8.52)Removing the ⋆ supers
ripts from now on, the mass 
onservation (8.44) multi-plied by sz may be written as

∂
(
uL

α

)

∂xα
+
∂ (W )

∂z
= 0, (8.53)where the verti
al velo
ity,

W = J
[
wL − uL

αsα − st

]
= ŵ

1 +O(ε)

∂ξ
L

3 /∂z
, (8.54)is the Lagrangian mass �ux through horizontal planes.Negle
ting terms of order ε3

1 and higher, the produ
t of (8.42) and szJ is re-written as,
∂ûα

∂t
+ ûβ

∂ûα

∂xβ

+ ŵ
∂ûα

∂z
+ ǫα3β [f3ûβ + (f3 + ω3)Pβ] +

∂pH

∂xα

= − ∂

∂xα

(
SJ + Sshear

)
− P3

∂ûα

∂z
+ X̂α, (8.55)with

ŵ = J
[
wL − ûαsα − st

]
− P3 = W − P3 + JPαsα

= W − P3 +O(σε4
1ε2/k), (8.56)the quasi-Eulerian adve
tion velo
ity through horizontal planes. >From now onwe shall use ex
lusively these glm2z-RANS equations in z 
oordinate, with a non-divergent GLM velo
ity �eld uL.Using eq. (8.25), we may re-write (8.53) as

∂ûα

∂xα
+
∂ŵ

∂z
= 0. (8.57)
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e boundary 
onditionsTaking an impermeable boundary, the kinemati
 boundary 
ondition is given byAndrews and M
Intyre (1978a, se
tion 4.2),
∂ζ

L

∂t
+ uL

α

∂ζ
L

∂xα
= wL at z = ζ

L
. (8.58)It is transformed to z 
oordinates as

∂ζ

∂t
+ uL

α

∂ζ

∂xα
= W = ŵ + P3 at z = ζ. (8.59)When the presen
e of air is 
onsidered, it should be noted that the GLM positionis dis
ontinuous in the absen
e of vis
osity, be
ause the Stokes 
orre
tions for ζhave opposite signs in the air and in the water. This dis
ontinuity arises from thedis
ontinuity of the horizontal displa
ement ξα (air and water wave-indu
ed motionsare out of phase). A proper treatment would therefore require to resolve the vis
ousboundary layer at the free surfa
e. This question is left for further investigation.However, we note that due to the large wind velo
ities and possibly large surfa
e
urrents unrelated to wave motions, a good approximation is given by negle
tingthe Stokes 
orre
tions for the horizontal air momentum,
û+

α = û−α + P−

α , (8.60)where the − and + exponents refer to the limits when approa
hing the boundaryfrom below and above, respe
tively.For the mean horizontal stress, we use the results of Xu and Bowen (1994),
τα = Snnnα + Snsn3 at z = ζ (8.61)with S the stress tensor, with normal Snn and shear Sns stresses on the surfa
e,generally de�ned by
Sij = −pδij + ρwν

(
∂ui

∂xj

+
∂uj

∂xi

)
, (8.62)with ν the kinemati
 vis
osity, and the lo
al unit ve
tor normal to the surfa
e, to�rst order in ε1,

n = (0, 0, 1) −
(
∂ζ

∂x1

,
∂ζ

∂x2

, 0

)
. (8.63)
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τa
α = τα

L = τw
α + ρwν

∂ûα

∂z
+ ρwν

∂Pα

∂z
at z = ζ, (8.64)where τa

α is the total air-sea momentum �ux (the wind stress), as 
an be measuredabove the wave-perturbed layer (e.g. Drennan et al. 1999). τw
α is the α 
omponentof the wave-supported stress due to surfa
e-slope pressure 
orrelations,

τw
α = p

∂ζ

∂xα

L

. (8.65)The se
ond vis
ous term ρwν∂Pα/∂z was estimated using the GLM average ofwave orbital shears (Ardhuin and Jenkins 2006), it is the well-known virtual wavestress (e.g. Xu and Bowen 1994, eq. 18). That stress 
orresponds to wave mo-mentum lost due to vis
ous dissipation, and it 
an be absorbed into the boundary
onditions be
ause it is 
on
entrated within a few millimeters from the surfa
e (Ban-ner et Peirson 1998). At the base of the vis
ous layer of thi
kness δs, (8.64) yields,using an eddy vis
osity Kz,
τa
α − τw

α − ρwν
∂Pα

∂z
= ρwKz

∂ûα

∂z
at z = −δs. (8.66)Bottom boundary 
onditionsThe same approa
h applies to the bottom boundary 
onditions. The kinemati
boundary 
ondition writes

∂h
L

∂t
+ (ûα + Pα)

∂h
L

∂xα
= (ŵ + P3) at z = −hL

. (8.67)If an adheren
e 
ondition is spe
i�ed at the bottom, whi
h shall be used below,the bottom boundary 
ondition further simpli�es as hL
= h. It may also simplifyunder the 
ondition that the wave amplitude is not 
orrelated with the small s
alevariations of h, whi
h is not generally the 
ase (e.g. Ardhuin and Magne 2007). Forthe dynami
 boundary 
onditions, pressure-slope 
orrelations give rise to a partialre�e
tion of waves, that may be represented by a s
attering stress (e.g. Hara and Mei1987, Ardhuin and Magne 2007). This stress modi�es the wave pseudo-momentumwithout any 
hange of wave a
tion (see also Ardhuin 2006).The e�e
t of bottom fri
tion is of 
onsiderable interest for sediment dynami
sand deserves spe
ial attention. For the sake of simpli
ity, we shall here use the
ondu
tion solution of Longuet-Higgins for a 
onstant vis
osity over a �at sea bedas given in the appendix to the pro
eedings of Russel and Osorio (1958). We shall
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onsider waves propagating along the x-axis, and we assume that the mean
urrent in the wave bottom boundary layer (WBBL) is at most of the order of thewave orbital velo
ity outside of the WBBL. Instead of (8.11)�(8.16) the orbital wavevelo
ity and displa
ements near the bottom take the form,
u1 = u0

[
cosψ − e−ẑ cos(ψ − ẑ)

] (8.68)
w =

u0kδf
2

[
2ẑ sinψ − sin(ψ − ẑ)e−ẑ + sinψ + cos(ψ − ẑ)e−ẑ − cosψ

](8.69)
ξ1 = −u0

ω

[
sinψ − sin(ψ − ẑ)e−ẑ

] (8.70)
ξ3 =

u0kδf
2ω

[
2ẑ cosψ − cos(ψ − ẑ)e−ẑ + cosψ + sin(ψ − ẑ)e−ẑ − sinψ

](8.71)where ψ = kx − ωt is the wave phase, δf = (2ν/ω)1/2 is the depth s
ale for theboundary layer, ẑ = (z + h)/δf is a non-dimensional verti
al 
oordinate, u0 =

aσ/ sinh(kD) is the orbital velo
ity amplitude outside the boundary layer.Based on these velo
ities and displa
ements, the wave pseudo-momentum P , is
P1 = −ξ1,1u1 − ξ3,1w =

u2
0

2C

[
1 + e−2ẑ cos(2ẑ) − 2 cos ẑe−ẑ

]
. (8.72)This is equal to the Stokes drift uS = u1,1ξ1 + u1,3ξ3 
omputed by Longuet-Higgins.Besides, the rate of wave energy dissipation indu
ed by bottom fri
tion is Sbfric =

ρwωu
2
0/2 giving a bottom fri
tion stress ∫∞

−h T
bfric
α dz = kαSbfric/(ρwσ).Generalizing this approa
h to a turbulent bottom boundary layer (e.g. Longuet-Higgins 2005) one may repla
e the 
onstant vis
osity with a depth-varying eddyvis
osity. If the wave bottom boundary layer (WBBL) is resolved, τ b

α will alsoin
lude the momentum lost by waves through bottom fri
tion, as given by the depth-integral of T bfric
α . One may estimate P from the verti
al pro�les of the wave orbitalvelo
ities ũα and w̃, and the modi�ed pressure (8.38) has to be 
orre
ted for the
hange in wave orbital velo
ities in the WBBL. Many WBBL models are availablefor estimating these wave-indu
ed quantities.If the bottom boundary layer is not resolved, on may take the lowest model levelat the top of the wave boundary layer. The bottom stress may then be 
omputedfrom a parameterization of the bottom roughness z0a′ (e.g. Mathisen and Madsen1996, 1999), whi
h relates the bottom stress

τ b
α = −ρwu

2
⋆c

ûα

û
, (8.73)



190 Annexe Ato the 
urrent velo
ity ûα at the lowest model level z,
ûα = κu⋆c ln

[
z + h

z0a′

]
, for z + h < δf . (8.74)Then the near-bottom velo
ity ûα should be taken equal to the Eulerian streamingvelo
ity ∼ 1.5Pα (see e.g. Marin 2004, for turbulent 
ases with rippled beds).Further, in this 
ase the bottom stress τ b
α should not in
lude the depth integralof T bfric

α . This latter remark also applies to depth-integrated equations. Indeed,
τwb
α =

∫−h+δf

−h T bfric
α dz is a �ux of momentum into the bottom due to wave bottomfri
tion, τwb

α does not parti
ipate in the momentum balan
e that gives rise to a sealevel set-down and set-up (Longuet-Higgins 2005).8.3 Relations between the present theory and knownequations8.3.1 Depth-integrated GLM for a 
onstant density ρwUsing (8.59) the mass 
onservation equation in z 
oordinates (8.53) 
lassi
ally gives(e.g. Phillips 1977)
∂

∂t

∫ ζ

−h
ρwdz = − ∂

∂xα

∫ ζ

−h
ρwu

L
αdz (8.75)whi
h is exa
tly the 
lassi
 shallow-water mass 
onservation for 
onstant density,

∂D

∂t
= −∂Mα

∂xα

, (8.76)with the depth-integrated volume �ux ve
tor3 M de�ned by
M =

∫ ζ

−h
uLdz. (8.77)In the momentum equation, the adve
tion terms may be transformed in �uxform using mass 
onservation. However, be
ause some of the original GLM adve
-tion terms are in
luded in the vortex for
e, the remaining terms do not simplify
ompletely. Using (8.57) one has,

ρw

[
∂ûα

∂t
+ ûβ

∂ûα

∂xβ
+ ŵ

∂ûα

∂z

]
+ P3

∂ûα

∂z3Phillips (1977) uses the notation M̃ instead of M, and M instead of M
w.
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=

∂

∂t
(ρwûα) +

∂

∂xβ
(ρwûβûα) +

∂

∂z
[ρw (ŵ + P3) ûα] − ûα

∂P3

∂z
. (8.78)Using (8.59), (8.67) and (8.25), and after integration by parts, these adve
tion termsintegrate to

∂Mm
α

∂t
+

∂

∂xβ

(∫ ζ

−h
ρwûαûβdz

)
+ uAα

∂Mw
β

∂xβ
+
∂uAα

∂xβ
Mw

β −
∫ ζ

−h
Pβ
∂ûα

∂xβ
dz, (8.79)where the zeroth order wave adve
tion velo
ity uA is de�ned by,

uAαM
w
β ≡

∫ ζ

−h
ûαPβdz, (8.80)whi
h is equal, at lowest order, to the se
ond term in (8.8). The wave-indu
ed masstransport is the depth-integrated pseudo-momentum,

Mw =
∫ ζ

−h
Pdz. (8.81)Finally, the quasi-Eulerian volume �ux is de�ned by Mm = M −Mw.For terms uniform over the depth (∂pH/∂xα and ∂SJ/∂xα) the integral is simplythe integrand times the depth.It should be noted that the depth-integrated vortex for
e involves the adve
tionvelo
ity uA, ∫ ζ

L

−h
ǫα3β (f3 + ω3)Pβdz = ǫα3β (f3 + Ω3)M

w
β , (8.82)with

Ω3 = ǫ3αβ (∂uAβ/∂xα − ∂uAα/∂xβ) . (8.83)The verti
al integration of (8.55) thus yields
∂Mm

α

∂t
+

∂

∂xβ

(∫ ζ

−h
ρwûαûβdz

)
+ ǫα3βf3M

m
β +D

∂

∂xα

(
ρwgζ + pa

)

= −ǫα3β (f3 + Ω3)M
w
β − uAα

∂Mw
β

∂xβ

− ∂uAα

∂xβ

Mw
β +

∫ ζ

−h
Pβ
∂ûα

∂xβ

dz

−D∂S
J

∂xα

−
∫ ζ

−h

∂Sshear

∂xα

dz −
∫ ζ

−h
P3
∂ûα

∂z
dz +X int. (8.84)The sour
e of momentum X int is simply the sum of the mean momentum �uxesat the top and bottom, and the sour
e of momentum due to diabati
 wave-mean�ow intera
tions (i.e. breaking and wave-turbulen
e intera
tions), 
orresponding toSmith's kiD

W .These equations are very similar to those of Smith (2006, eq. 2.29), our term
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SJ is simply termed J in Smith (2006). The only di�eren
es are due to the verti
alshear in the 
urrent. The adve
tion velo
ity uAα repla
es Smith's mean �ow velo
ity.Sin
e uAα is the proper lowest order adve
tion velo
ity for the wave a
tion (Andrewsand M
Intyre 1978b), this is a simple extension of Smith's result to depth-varying
urrents. The term involving Sshear is also obviously absent from Smith's equations.The last di�eren
es in (8.84) are the last two terms on the se
ond line, but they also
an
el for a depth-uniform 
urrent ûα.8.3.2 Equations of M
Williams et al. (2004)The approa
h of MRL04 is in the line of perturbation theories presented by Mei(1989) for Eulerian variables and mono
hromati
 waves. Although the result ofMRL04 
orresponds to a parti
ular 
hoi
e of the relative ordering of small param-eters, it is given to a high enough order so that it does 
over most situations at alower order. In parti
ular MRL04 have pushed the expansion to order ε4

1 for someterms be
ause they assumed a ratio σ/f3 of order ε4
1, with ε1 the wave slope. Thisratio, in pra
ti
e, may only be attained for relatively steep wind waves (developedwind seas and swells generally have slopes of the order of 0.05). They also assumedthat ε2

1 ∼ ε2 (the wave envelope varies on a s
ale relatively larger than the wave-length 
ompared to the present theory in whi
h ε1 ∼ ε2 is possible). These authorsalso separated the motion into waves, long waves and mean �ow, and 
onsideredin detail the rotational part of the wave motion 
aused by the verti
al shear of the
urrent.MRL04 thus obtained Eulerian-mean equations that only 
orrespond to measur-able Eulerian averages under the level of the wave troughs. Be
ause they use ananalyti
 
ontinuation of the velo
ity pro�les a
ross the air-sea interfa
e, the physi-
al interpretation of their average is un
lear between the 
rests and troughs of thewaves. We shall negle
t here their terms of order ε4
1 (i.e. terms that involve thewave amplitude to the power of four), whi
h amounts to 
hoosing a slightly di�er-ent s
aling. Sin
e we shall 
onsider here random waves, this avoids 
umbersome
onsiderations of the wave bispe
trum.The Eulerian-mean variables of MRL04 should be related to the Lagrangianmean values by the Stokes 
orre
tions (8.5), so that their horizontal Eulerian-meanvelo
ity q 
orresponds to uL − uS. Be
ause they have subtra
ted the hydrostati
pressure with the mean water density ρw0, their mean pressure 〈p〉 should be equalto the Eulerian mean pressure p + ρw0gz, with p related to the GLM pressure viaeq. (8.37).Absorbing the long waves in the mean �ow (i.e. allowing the mean �ow to vary
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ale, see also Ardhuin et al. 2004), MRL04 equations for the`Eulerian' mean velo
ity (q1, q2, w) 
an be written as
∂qα
∂t

+

(
qβ

∂

∂xβ

+ w
∂

∂z

)
qα + ǫα3βf3qβ +

1

ρw

∂〈p〉
∂xα

= − ∂

∂xα

(K1 + K2) + Jα(8.85)
∂〈p〉
∂z

= (ρw − ρw0)g −
∂

∂z
(K1 + K2) +K (8.86)

∂qβ
∂xβ

+
∂w

∂z
= 0 (8.87)

〈p〉 = ρwg
(
ζ − kEFSCFSS

)
− P0 at z = 0 (8.88)

w = −wSt at z = 0 (8.89)with
K1 =

ũjũj

2
= −1

2
[FCCFCS + FSSFSC ] gkE (8.90)

Jα = −ǫα3β (f3 + ω3)u
S
β − wSt∂qα

∂z
(8.91)

K = uS
β

∂qβ
∂z

(8.92)
K2 =

σkβE

k

∫ z

−h

∂2qβ(z′)

∂z2
FCS(z′)FSS(z′)dz′ (8.93)

P0 = O(
g

k
ε4
1) (8.94)The original notations of MRL04 (see also Lane et al. 2007) have been translatedto the notations used above and order ε4

1 terms have been negle
ted.These equations are 
learly analogue to the glm2z-RANS equations presentedhere. In parti
ular the verti
al vortex for
e term K 
orresponds to our K1 thatgets into Sshear, the dynami
ally relevant kinemati
 pressure pressure 〈p〉+K1 +K2
orresponds to our pressure p̂ de�ned by (8.38), and the verti
al Stokes velo
ity wSt
orresponds to our P3. There are only two di�eren
es. One is between the surfa
eboundary 
onditions for these two pressures, with a di�eren
e only due to K2(z =

0) 6= −K2(ζ
L
). Integrating by parts to estimate K2(z = 0), this di�eren
e is foundto be of the order of gkEε3. Su
h a di�eren
e is of the same order as extra termsthat would arise when using wave kinemati
s to �rst order in the 
urrent 
urvature(Kirby and Chen 1989), and properly transforming û in u. The se
ond di�eren
ebetween MRL04 and the present equations is that the wave pseudo-momentum Pdi�ers from the Stokes drift uS when the 
urrent shear is large, and both generallydi�er from the expression for uS given by MRL04. Sin
e MRL04 took the 
urrentand wave orbital velo
ity to be of the same order, in that 
ontext the di�eren
e
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P − uS is of higher order and thus the two sets of equations are 
onsistent in their
ommon range of validity.A general 
omparison of 2D depth-integrated equations is dis
ussed by Lane etal. (2006). The present work therefore brings a further veri�
ation of their 3D formof the equations, and an extension to relatively strong 
urrents, possibly as large asthe phase velo
ities. As expe
ted, the Eulerian averages of M
Williams et al. (2004)are identi
al to the quasi-Eulerian �elds in GLM theory, be
ause they obey the sameequations, ex
ept for 
urrent pro�le 
urvature e�e
ts, whi
h were partly negle
tedhere. The "Eulerian" mean 
urrent of MRL04 
an thus be physi
ally interpretedas a quasi-Eulerian average, de�ned as the GLM average minus the wave pseudo-momentum. Ex
ept for a Ja
obian that introdu
es relative 
orre
tions of se
ondorder in the wave slope, this averaging is identi
al to the pro
edure used by Swanet al. (2001). Above the trough level, this average should not be 
onfused witha truly Eulerian average, as obtained from in-situ measurements for example. Insu
h measurements the Stokes drift would be re
orded in the trough-to-
rest region(�gure 1.a).8.4 Limitations of the approximationsThe glm2z-RANS equations have been obtained from the exa
t GLM equations,under 6 restri
ting hypotheses related to the wave slope and Ursell number (H1 andH2), the horizontal s
ales of variation of the wave amplitude (H3), the 
urrent pro�le(H4 and H5) and the verti
al mean velo
ity (H6). These hypotheses essentiallyallowed us to use the linear wave-indu
ed quantities given by eqs. (8.11)�(8.19). Inpra
ti
al 
onditions, these hypotheses may not be veri�ed and the resulting glm2z-RANS equations may have to be modi�ed. Here we investigate the importan
e ofH3, H2 and H1, using numeri
al solutions from an a

urate 
oupled mode modelfor irrotational wave propagation over any bottom topography, and an a

urateanalyti
al solution for in
ipient breaking waves, respe
tively.8.4.1 Bottom slope and standing wavesIn absen
e of dissipation and given proper lateral boundary 
onditions the �ow inwave shoaling over a bottom slope is irrotational and 
an thus be obtained by anumeri
al exa
t solution of Lapla
e's equation with bottom, surfa
e, and lateralboundary 
onditions. For waves of small amplitudes this 
an be provided by a so-lution to this system of equations to se
ond order in the wave slope. Belibassakisand Athanassoulis (2002) have developed a se
ond order version of the National
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hni
al University of Athens numeri
al model (NTUA-nl2) to solve this problemin two dimensions. Here we apply their model to the simple 
ase of mono
hromati
,unidire
tional waves propagating along the x axis, with a topography uniform alongthe y axis. The topography h(x) varies only for 0 < x < L and is 
onstant h(x) = h1for x < 0 and h(x) = h2 for x > L. In that 
ase the Eulerian mean 
urrent ∇φ0(x)is irrotational, and uniform over the verti
al as x approa
hes ±∞ (e.g. Belibas-sakis and Athanassoulis 2002, table 1 and �gure 5). We shall further restri
t ourinvestigation to the 
ase of a mono
hromati
 wave train of known radian frequen
y
ω and in
ident amplitude a, giving rise to re�e
ted and transmitted wave trains ofamplitudes Ra and Ta. Numeri
al 
al
ulations are given for a bottom pro�le asgiven by Roseau (1976) for whi
h the re�e
tion 
oe�
ient R is known analyti
ally,thus providing a 
he
k on the quality of the numeri
al solution.The bottom is de�ned here by x and z 
oordinates given by the real and imagi-nary part of the 
omplex parametri
 fun
tion of the real variable x′,

Z(x′) = x+ iz =
h1(x

′ − iα0) + (h2 − h1) ln(1 + ex′
−iα0)

α0

. (8.95)We 
hoose h1 = 6 m and h2 = 4 m and a wave frequen
y of 0.19 Hz (ω = 1.2 rad s−1).For α0 = 15π/180 the maximum bottom slope is ε2 = 2.6× 10−2 (�gure 1), and there�e
tion 
oe�
ient for wave amplitude is R = 1.4 × 10−9 (Roseau 1976), so thatre�e
ted waves may be negle
ted in the momentum balan
e. Due to the shoalingof the in
ident waves, the mass transport indu
ed by the waves in
reases in shallowwater, and thus the mean 
urrent must 
hange in the x dire
tion to 
ompensate forthe divergen
e in the wave-indu
ed mass transport. We shall further take a zero-mean surfa
e elevation as x → −∞. The se
ond order mean elevation is obtainedas a result of the model. We also veri�ed that the verti
al wave pseudo-momentum
ompensates for the divergen
e of the horizontal 
omponent so that in this 
ase forlinear waves the wave pseudo-momentum is non-divergent (�gure 3).For mild bottom slopes, the re�e
tion 
oe�
ient is small as predi
ted by Roseau(1976). The NTUA-nl2 model used here generally gives a

urate re�e
tion 
oe�-
ients, but it tends to overestimate very weak re�e
tions. In the �rst 
ase investi-gated here, the numeri
al re�e
tion is R = 1×10−3, with no signi�
ant e�e
t on thewave dynami
s. The NTUA-nl2 model is used to provide the Fourier amplitudesof the mean, �rst and se
ond harmoni
 
omponents of the velo
ity potential, overa grid of 401 (horizontal) by 101 (verti
al) points. From these dis
retized poten-tial �elds, the mean, �rst and se
ond harmoni
 velo
ity 
omponents are obtainedusing se
ond order 
entered �nite di�eren
es. As expe
ted, the numeri
al solutiongives a horizontal mean �ow u that 
ompensates the divergen
e of the wave mass



196 Annexe Atransport and is thus of order σ/kε2. Further u is almost uniform over the verti-
al and is irrotational (�gure 8.2.b). The verti
al mean velo
ity is of higher order.The GLM momentum balan
e is thus dominated by the hydrostati
 and dynami
pressure terms pH and SJ. Although these two terms are individually of the orderof 0.01 m2 s−2, their sum is less than 2 × 10−16 m2 s−2 in the entire domain, atthe roundo� error level. It thus appears that this part of the momentum balan
eis mu
h more a

urate than expe
ted from the asymptoti
 expansion. Indeed, forany bottom slope, in the limit of small surfa
e slopes and for irrotational �ow andperiodi
 waves, the Stokes 
orre
tion (8.5) for the pressure and the time averageof the Bernoulli equation give the following expression for the modi�ed kinemati
pressure (8.38)
p̂ =

pL

ρw
− ul

ju
l
j

2
=

p

ρw
+

1

ρw
ξj
∂p̃

∂xj
− ũjũj

2

= −gz +
1

ρw
ξj
∂p̃

∂xj
− ũj ũj = −gz − ξj

∂2φ̃

∂xj∂t
− ∂ξ̃j

∂t

∂φ̃

∂xj

= −gz − ∂

∂t
ξjũj = −gz (8.96)where the equalities only hold to se
ond order in the surfa
e slope. Thus the kine-mati
 modi�ed pressure p̂ has no dynami
al e�e
t to se
ond order in the wave slope,as already dis
ussed by M
Williams et al. (2004) and Lane et al. (2007). For ir-rotational �ow, this remains true for any bottom topography and even for rapidlyvarying wave amplitudes, in
luding variations on s
ales shorter than the wavelength.Thus the only wave e�e
t is the stati
 
hange in mean water level (set-up orset-down), and dynami
 
onsequen
es in the WBBL, where SJ goes to zero, leavingthe hydrostati
 pressure gradient to drive a mean �ow that 
an only be balan
ed bybottom fri
tion. For slowly varying wave amplitudes the mean sea level is given byLonguet-Higgins (1967, eq. F1)

ζ(x) = − kE

sinh(2kD)
+

k0E0

sinh(2k0)
(8.97)where the 0 subs
ript 
orrespond to quantities evaluated at any �xed horizontalposition, the 
hoi
e of whi
h being irrelevant to the estimation of horizontal gradientsof ζ.Equation (8.97) is well veri�ed by the NTUA-nl2 result for the 
ase 
onsideredso far (�gure 8.4.a). However, this is no longueur true for rapid variations in thewave amplitude a(x), i.e. due to partially standing waves. In that 
ase one should
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it.)
ζ(x) = −

[
ũβũβ − ũ2

3

2g

]

z=0

+

[
ũβũβ − ũ2

3

2g

]

z=0,x=x0

, (8.98)with ũβ and ũ3 given by linear wave theory. Eq. (8.98) is a generalization of Mi
he's(1944a) mean sea level solution under standing waves. Contrary to propagatingwave groups, for whi
h the mean sea level is depressed under large waves, here thedepression o

urs at the nodes of the standing wave, where the horizontal velo
itiesare largest and amplitudes are smallest (�gure 8.4.
).Eq. (8.98) is well veri�ed in the presen
e of partially standing waves. To illus-trate this, we have modi�ed the bottom topography, adding a sinusoidal bottomperturbation for x > 180 m with an amplitude of 5 
m and a bottom wavelengthhalf of the lo
al waves' wavelength, whi
h maximizes wave re�e
tion (Kreisel 1949).This yields a wave amplitude re�e
tion R = 0.03, for ω = 1.2 rad s−1, of the orderof observed wave re�e
tions over gently sloping bea
hes (e.g. Elgar et al. 1994).The bottom is shown on �gure 8.4.b. Although the standing wave pattern is hardlynoti
eable in the surfa
e elevation (the amplitude modulation is only 6%, �gure8.4.
), the small pressure modulation o

ur at mu
h smaller s
ales, so that the as-so
iated gradient 
an over
ome the large s
ale gradients of the hydrostati
 pressure(�gure 8.4.d). As a result small partial stading waves 
an dominating the momen-tum balan
e in the WBBL (see Longuet-Higgins 1953, Yu and Mei 2000 for solutionsobtained with 
onstant vis
osity).In the presen
e of su
h standing waves, and in the absen
e of strong wave dis-sipation, the hydrostati
 pressure on the s
ale of the standing waves (e.g. given byMi
he 1944a) drives the �ow in the WBBL towards the nodes of the standing wave(Longuet-Higgins 1953), and is balan
ed by bottom fri
tion. This WBBL �ow drivesan opposite �ow above, 
losing a se
ondary 
ir
ulation 
ell. This se
ondary 
ir
ula-tion is important for nearshore sediment transport just outside of the surf zone (Yuand Mei 2000). If these sub-wavelength 
ir
ulations are to be modelled, the present
glm2z-RANS theory should be extended to resolve the momentum balan
e on thes
ale of partial standing waves.This extension is relatively simple as it only introdu
es additional standing waveterms in all quadrati
 wave-related quantities, arising from phase-
ouplings of thein
ident and re�e
ted waves. This extension provides a generalization of eq. (8.98)in the presen
e of other pro
esses. For example, eq. (8.39) now be
omes

SJ = g
∫

kI

kE(k)

sinh 2kD

[(
1 +R2

)
− 2R2(k) cos(2ψ′(k))

]
dk (8.99)
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tion 
oe�
ient and 2ψ′(k) is the phase of the partialstanding waves de�ned by ∇ψ′ = k and ∂ψ′/∂t = −k · UAt su
h that it is zeroat the 
rest of the in
ident waves. Note that the integral is over the in
ident wavenumbers only (e.g. for wave propagation dire
tions from 0 to π). Similar expressionsare easily derived for the other wave for
ing terms.8.4.2 E�e
ts of wave non-linearityDeep or intermediate water waves do not break very often in most 
onditions (e.g.Banner et al. 2000, Babanin et al. 2001), thus the parti
ular kinemati
s of breakingor very steep waves likely 
ontributes little to the average for
ing of the 
urrent.However, most of the waves break in the surf zone and deviations from Airy wavekinemati
s may introdu
e a systemati
 bias when the glm2z-RANS equations areapplied in that 
ontext. Many wave theories have been developed that are generallymore a

urate than the Airy wave theory (e.g. Dean 1970). However, they may la
ksome realisti
 features found in breaking waves, su
h as sharp 
rests. In order toexplore the magnitude of this bias, we shall use the kinemati
s of two-dimensionalin
ipient breaking waves as given by the approximate theory of Mi
he (1944b).Mi
he's theory is based on the asymptoti
 expansion of the potential �ow fromthe triangular 
rest of a steady breaking wave, extending Stokes' 120◦ 
orner �ow to�nite depth. >From this Mi
he obtained his 
riterion for the maximum steepnessof a steady breaking wave, i.e. h/λ = 0.14 tanh(kh) with h the breaking waveheight and λ the wavelength, whi
h favorably 
ompares with observations. TheMi
he wave potential φ and streamfun
tion ψ̃ are expressed impli
itly as a fun
tion
G of the 
oordinates x − xc + i(z − zc), with origin on the wave 
rest (xc, zc).The 
oe�
ients in the series representing the re
ipro
al fun
tion G′ are obtainedfrom the boundary 
ondition at the surfa
e and bottom. Unfortunately, these areimposed only under the wave 
rest and trough, so that the bottom streamline maynot be horizontal away from the 
rest. This is parti
ularly true for small valuesof kh. Due to the expansion of G′ in powers of φ + iψ̃, the shape of the waveis nevertheless a

urate near the 
rest, and sin
e the overall drift velo
ities aredominated by the 
orner �ow near the 
rest (see also Longuet-Higgins 1979), theapproximations of Mi
he have little 
onsequen
e on the drift velo
ities. The fun
tion
G′ was modi�ed here to make the bottom a
tually �at, and the verti
al under thetrough an equipotential. This deformation adds a weak rotational 
omponent tothe motion and the wave streamlines are weakly modi�ed at the bottom under thewave trough4. The resulting wave for kh = 0.58 (
orresponding to b = 1 in Mi
he4This 
orre
tion leads to negligible di�eren
es 
ompared to the exa
t solution as veri�ed with



Annexe A : Equations GLM2z 1991944b) is shown in �gure 8.5.a. A numeri
al evaluation of that solution is obtainedat 201 equally spa
ed values of ψ and 401 equally spa
ed values of φ (�gure 8.5.b).The GLM displa
ement �eld ξ is 
omputed as des
ribed in se
tion 2.1. Sin
e thestreamlines are known in the frame of referen
e of the wave, Lagrangian positionsof 201 parti
les initially pla
ed below the 
rest at xi(0) = 0, were tra
ked over fourEulerian wave periods. The positions (xi(t), zi(t)) are given by the potential φi(t)and streamfun
tion ψi. The Lagrangian period for ea
h parti
le TL
i is determinedby dete
ting the �rst time when the parti
les pass under the 
rest again. TheLagrangian mean velo
ity of ea
h parti
le is then xi(T

L
i )/TL

i , and it 
orrespondsto a verti
al position zi =
∫ T L

i
0 zi(t)dt. This de�nes the Lagrangian mean velo
ity

uL(zi) in GLM 
oordinates. Following the 
oordinate transformation in se
tion 2,we further transform the GLM velo
ity pro�le to z 
oordinate (�gure 8.5.
). Theresulting pro�le of uL has a horizontal tangent at z = 0, as dis
ussed by Mi
he(1944b).Contrary to Mi
he (1944b) who de�ned the phase speed C of his wave by im-posing a zero mass transport, we have de�ned C so that P = uL with the pseudo-momentum P estimated from eq. (7) using �nite di�eren
es applied to the displa
e-ment �eld. The two pro�les of P, estimated from eq. (7), and uL, estimated by timeintegration of parti
le positions 
oin
ide almost perfe
tly. Thus the estimation of Pprovides a pra
ti
al method for separating the mean 
urrent from the wave motion.Starting from any value of C, the di�eren
e between uL and P is the mean 
urrentvelo
ity û. Here C was 
orre
ted to have û = 0.>From ξ, Bernoulli's equation 
an be used to obtain the GLM of velo
ities andpressure. Compared to linear wave theory, the Stokes drift in a Mi
he wave ismu
h more sheared. It should be noted that in the 
noidal theory investigated byWiegel (1959) this drift velo
ity is depth-uniform. Thus 
noidal wave theories mayprodu
e ina

urate results for 3D wave-
urrent intera
tions when extrapolated tobreaking waves. This marked di�eren
e in the 3D mean �ow for
ing due to breakingwaves 
ompared to linear waves 
alls for a deeper investigation of this question.Investigating su
h kinemati
s, may provide a rationale for the parameterization ofnonlinearity in the glm2z-RANS equations proposed here. Su
h a parameterizationis proposed by Ras
le and Ardhuin (manus
ript in preparation for the Journal ofGeophysi
al Resear
h).
streamfun
tion theory to 60th order.
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lusionWe have approximated the exa
t Generalized LagrangianMean (GLM) wave-averagedmomentum equations of Andrews and M
Intyre (1978a), to se
ond order in the waveslope, allowing for strong and sheared mean 
urrents with limited 
urvature in the
urrent pro�le. These approximated equations were then transformed by a 
hangeof the verti
al 
oordinate, giving a non-divergent GLM �ow in z 
oordinates. Theresulting 
onservation equations for horizontal momentum (8.55) and mass (8.57),with boundary 
onditions (8.59)�(8.74) may be solved using slightly modi�ed ver-sions of existing primitive equations models, for
ed with the results of spe
tral wavemodels. Although the Stokes drift introdu
es a sour
e of mass at the surfa
e forthe quasi-Eulerian �ow, this is does not pose any parti
ular problem, and su
h masssour
e have long been introdu
ed for the simulation of upwellings. The HYCOMmodel (Ble
k 2002) was modi�ed by R. Baraille to solve a simpli�ed set of thepresent equations, retaining only the wave-indu
ed mass transport in both the massand momentum equations, and the tra
er equation (in whi
h the adve
tion velo
ityis simply uL, see also MRL04). This work was applied to the a hind
ast of the traje
-tories of sub-surfa
e oil pellets released by the tanker Prestige-Nassau, whi
h sanko� Northwest Spain in November 2002 (presentation at the 2004 WMO-JCOMM`O
eanops' 
onferen
e held in Toulouse, Fran
e). The full equations derived herehave also been implemented in the o
ean 
ir
ulation model ROMS (Sh
hepetkinand M
Williams 2003), and results will be reported elsewhere. The equations pre-sented here have also been applied for the modelling of the o
ean mixed layer inhorizontally-uniform 
onditions (Ras
le et al. 2006).Although a general expression for the turbulent 
losure has been given, it has notbeen made expli
it in terms of the wave and mean �ow quantities beyond a heuristi

losure that 
ombines an eddy vis
osity mixing term with the known sour
es ofmomentum due to wave dissipation. A proper turbulent 
losure is left for furtherwork, possibly extending and 
ombining the approa
hes of Groeneweg and Klopman(1998), with those of Teixeira and Bel
her (2002). Further, some wave for
ingquantities have been expressed in terms of the Eulerian mean 
urrent u instead ofthe quasi-Eulerian mean 
urrent û. The 
onversion from one to the other, 
an bedone using eq. (8.24), to the order of approximation used here. However, it would bemore appropriate, in parti
ular for large 
urrent shears, to start from quasi-Eulerianwave kinemati
s, instead of Eulerian solutions of the kind given by Kirby and Chen(1989, our eq. 10�12).Beyond the turbulen
e 
losure, there are essentially two pra
ti
al limitations tothe approximate glm2z-RANS equations derived here. First, the expansion of wave
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ond order in the surfa
e slope is only qualitative in the surf zone.Although this was a

eptable in two dimensions (see Bowen 1969 and most of theliterature on this subje
t), it is expe
ted to be insu�
ient in three dimensions dueto a signi�
ant di�eren
e in the pro�le of the wave-indu
ed drift velo
ity P, whi
hexhibits a verti
al variation with surfa
e values ex
eeding bottom values by a fa
torof 3, even for kh < 0.2 in whi
h 
ase linear wave theory predi
ts a depth-uniform
P. This 
on
lusion is based on both the approximate theory of Mi
he (1944b),and results of the streamfun
tion theory of Dalrymple (1974) to 80th order. Su
hnumeri
al results 
an be used to provide a parameterization of these e�e
ts. Furtherinvestigations using more realisti
 depi
tions of the kinemati
s of breaking waves willbe needed. Se
ond, the verti
al pro�le of the mean 
urrent in the surf zone may besu
h that the wave kinemati
s are not well des
ribed by the approximations usedhere. A strong nonlinearity 
ombined with a strong 
urrent shear and 
urvature 
anlead to markedly di�erent wave kinemati
s (e.g. da Silva and Peregrine 1988).With these 
aveats, the equations derived here provide a generalization of exist-ing equations, extending Smith (2006) to three dimensions and verti
ally sheared
urrents, or M
Williams et al. (2004) to strong 
urrents. Of 
ourse, mean �owequations 
an be obtained, at least numeri
ally, using any solution for the wavekinemati
s with the original exa
t GLM equations, as illustrated in se
tion 8.4.2.The wave-for
ing on the mean �ow is a vortex for
e plus a modi�ed pressure, ade
omposition that allows a 
learer understanding of the wave-
urrent intera
tions,
ompared to the more traditional radiation stress form. This is most important forthe three-dimensional momentum balan
e and/or in the presen
e of strong 
urrents,e.g. when a rip 
urrent is widened by opposing waves, as observed by Ismail andWiegel (1983) in the laboratory. Su
h a situation was also re
ently modelled by Shiet al. (2006).A
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P3 would not have been possible without the insistent questioning of John Allen.The 
ritiques and 
omments from Jaak Monbaliu and Rodolfo Bolaños helped 
or-re
t some misinterpretation of the equations and greatly improved the present paper.N.R. a
knowledges the support of a CNRS-DGA do
toral resear
h grant.



202 Annexe ASymbol name where de�ned1 and 2 indi
es of the horizontal dimensions after (8.8)
3 index of the verti
al dimension after (8.8)
a wave amplitude after (8.12)

D = h+ ζ mean water depth after (8.7)
f = (f1, f2, f3) Coriolis parameter ve
tor (twi
e the rotation ve
tor) after (8.6)

FCC , FCS , FSC and FSS Verti
al pro�le fun
tions after (8.12)
g a

eleration due to gravity and Earth rotation after (8.7)
h depth of the bottom (bottom elevation is z = −h) before (8.8)
J Ja
obian of GLM average after (8.44)

k = (k1, k2) wavenumber ve
tor after (8.7)
K1 Depth-integrated verti
al vortex for
e (8.33)
K2 Shear-indu
ed 
orre
tion to Bernoulli head (8.29)
Kz verti
al eddy vis
osity (8.43)
(·)l Lagrangian perturbation (8.2)
(·)

L Lagrangian mean (8.1)
m shear 
orre
tion parameter (8.20)
M depth-integrated momentum ve
tor (8.77)
Mw depth-integrated wave pseudo-momentum ve
tor (8.81)
Mm depth-integrated mean �ow momentum ve
tor after (8.81)
n unit normal ve
tor (8.63)Table 8.2: Table of symbolsSymbol name where de�ned

p full dynami
 pressure after (8.26)
p̃ wave-indu
ed pressure (8.10)
pH hydrostati
 pressure after (8.35)

P = (P1, P2, P3) wave pseudo-momentum (8.6)
t time before (8.1)

u = (u1, u2, u3) velo
ity ve
tor
ũ wave-indu
ed velo
ity (8.11) and (8.68)
uL Lagrangian mean velo
ity after (8.1)
uA adve
tion velo
ity for the wave a
tion (8.80)

ûα = uL
α − Pα quasi-Eulerian horizontal velo
ity before (8.24)

s = z + ξ
L

3 GLM to z transformation fun
tion (8.48)
(·)

S Stokes 
orre
tion (8.5)
Sij stress tensor (8.62)
SJ wave-indu
ed kinemati
 pressure (8.39)

SShear shear-indu
ed 
orre
tion to SJ (8.40)
w = u3 verti
al velo
ity before (8.30)

ŵ = uL
3 − P3 quasi-Eulerian verti
al velo
ity before (8.30)
W GLM verti
al velo
ity in z 
oordinates (8.54)

x = (x1, x2, x3) position ve
tor before (8.1)Table 8.2: Table of symbols, 
ontinued
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Symbol name where de�ned
X diabati
 sour
e of momentum after (8.24)
X̂ diabati
 sour
e of quasi-Eulerian mean momentum (8.27)

z = x3 verti
al position after (8.8)
α and β dummy indi
es for horizontal dimensions
δij Krone
ker's symbol, zero unless i = j after (8.26)
ε generi
 small parameter after (8.8)
ε1 maximum wave slope after (8.7)
ε2 maximum horizontal gradient parameter after (8.7)
ε3 maximum 
urrent 
urvature parameter (8.9)

ǫijkAjBk 
omponent i of the ve
tor produ
t A× B after (8.6)
ζ free surfa
e elevation before (8.8)
λ wavelength se
tion 4.2
ν kinemati
 vis
osity of water after (8.62)

ξ = (ξ1, ξ2, ξ3) wave-indu
ed displa
ement before (8.1)
ρw density of water (
onstant) after (8.12)
σ relative radian frequen
y after (8.7)
τij mean stress tensor (8.61)
ψ wave phase after (8.7)
ω absolute radian frequen
y after (8.7) and (8.8)
Ω3 depth-weighted verti
al vorti
ity of the mean �ow (8.83)
∇ horizontal gradient operator after (8.7)Table 8.2: Table of symbols, 
ontinued
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Figure 8.1: Averaging pro
edures (left) and examples of resulting velo
ity pro�les(right) in the 
ase of (a) Eulerian averages (e.g. Rivero and San
hez-Ar
illa 1995,M
Williams et al. 2004), (b) the Generalized Lagrangian Mean (Andrews and M
In-tyre 1978a), and (
) sigma transform (Mellor 2003, AJB07). The thi
k bla
k bars
onne
t the �xed points x where the average �eld is evaluated, to the displa
edpoints x + ξ where the instantaneous �eld is evaluated. For averages in moving
oordinates the points x + ξ at a given verti
al level ξ are along the gray lines. Thedrift velo
ity is the sum of the (quasi-Eulerian) 
urrent and the wave-indu
ed masstransport. In the present illustration an Airy wave of amplitude 3 m and wave-length 100 m in 30 m depth, is superimposed on a hypotheti
al 
urrent of velo
ity
u(z) = −0.5 − 0.01z m/s for all z < ζ(x). The 
urrent pro�le is not representedin (
) sin
e it is not dire
tly given in Mellor's theory, although it 
an obviously beobtained by taking the di�eren
e of the other two pro�les.
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Figure 8.2: (a) Instantaneous pressure perturbation (p − p)/(ρwg) given by theNTUA-nl2 model (Belibassakis and Athanassoulis 2002), in
luding the se
ond orderStokes 
omponent in waves with amplitude a = 0.12 m, over the bottom givenby eq. (8.95). (b) Mean 
urrent −û, and (
) horizontal wave pseudo-momentum
P1 estimated from eq. (8.7), and veri�ed to be equal to the Stokes drift. Arrowsindi
ate the �ow dire
tions.
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Thèse de Do
torat de l'Université de Bretagne O

identaleTitre : Impa
t des vagues sur la 
ir
ula-tion o
éaniqueAuteur : Ni
olas Ras
leRésumé : L'obje
tif de 
ette thèse estd'analyser l'impa
t des vagues sur la 
ir
ula-tion o
éanique. La partie vagues est séparéedu 
ourant moyen et les deux sont dé
ritesdi�éremment. Divers aspe
ts sont abordés.Dans la première partie, la dérive en surfa
eest analysée à l'aide un modèle à 1 dimension,ave
 l'utilisation d'une paramétrisation dumélange lié au déferlement des vagues. Ilapparaît que la dérive de Stokes des vaguesdomine la dérive d'Ekman en surfa
e. Cettedes
ription apparaît 
ohérente ave
 les ordresde grandeurs des observations de dissipationd'énergie 
inétique turbulente, de 
ourantseulériens et de dérives lagrangiennes. Cepen-dant, plusieurs aspe
ts de 
ette des
ription,l'e�et Stokes-Coriolis par exemple, n'ont pasen
ore été validés par des observations. Unedeuxième partie aborde l'impa
t des vagues surle mélange et en parti
ulier sur la profondeurde la 
ou
he de mélange. La profondeur de la
ou
he de mélange diurne apparaît très sensibleà l'état de mer. Une réanalyse de vagues estutilisée pour évaluer l'ordre de grandeur desparamètres importants pour 
e mélange, ainsique la distribution de 
es paramètres à l'é
helleglobale. En�n, la séparation des vagues et du
ourant est étudiée en zone 
�tière, aux abordsde la zone de déferlement, et est 
omparéeaux autres des
riptions de la dynamique dela zone littorale et de ses abords immédiats.En parti
ulier, l'impa
t de la non-linéaritédes vagues sur les transports lagrangiens estévaluée.Mots 
lés : intera
tions vagues/
ourant,dérive de Stokes, mélange et dérive ensurfa
e

Title: Impa
t of waves on the o
ean
ir
ulationAuthor: Ni
olas Ras
leAbstra
t : The purpose of this thesis isto study the impa
t of waves on the o
ean
ir
ulation. The wave part is separated fromthe mean 
urrent and both are des
ribeddi�erently. Many aspe
ts are investigated. Inthe �rst part, the surfa
e drift is analyzedwith a one-dimensional model, with the use ofa parameterization of the mixing indu
ed bywave breaking. It appears that the Stokes driftof the waves generally dominates the Ekmandrift at the surfa
e. This des
ription agreeswith the orders of magnitude of the observa-tions of turbulent kineti
 energy dissipation,of Eulerian 
urrents and of Lagrangian drifts.However, many aspe
ts of this des
ription, theStokes-Coriolis e�e
t for instan
e, have notbeen validated yet by observations. One reasonis that one need a data set fully Eulerian orfully Lagrangian, long enough to allow the�ltering out of other pro
esses, with simulta-neous observations of waves. A se
ond partdeals with the impa
t of waves on the mixing,and more parti
ularly on the mixed layerdepth. The diurnal mixed layer shows mu
hsensitivity to the sea state. A waves reanalysisis used to estimate the parameters importantfor this mixing, as well as their global s
aledistributions. Finally, the waves / mean �owseparation is studied 
lose to the surf zone, andis 
ompared to the other des
riptions of the surfzone and inner-shelf dynami
s. In parti
ular,the impa
t of the waves non-linearity on theLagrangian transports is evaluated.Keywords: waves/
urrent intera
tions,Stokes drift, surfa
e drift and mixing


