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Abstract This second paper of our set on short wind waves on the ocean utilizes the wavenumber-
frequency spectrum of short wave heights, F(k,f), derived in our previous paper to investigate kinematic
effects on the dependence of the frequency spectrum, F(f), and the wavenumber spectrum, F(k), on long-
wave height. We show that the model predicts that neither F(f) nor F(k) are exactly power law functions of
their independent variables and that F(f) varies with significant wave height much more than F(k) does.
After calibrating the model against wave gauges, we also investigate the dependence of mean-square-
slopes (mss), mean-square heights (msh) and root-mean-square orbital velocities (rmsv) of short ocean
waves on wind speed and maximum frequency or wavenumber. We use data from the wire wave gauges
on University of Miami’s Air-Sea Interaction Spar (ASIS) buoy for calibration purposes. Frequency spectra
from the wave gauges begin to be affected by noise at about 2.5 Hz. Therefore, above 1 Hz, we utilize F(f)
from the modeled F(k,f) to extend the frequency dependence up to 180 Hz. We set modeled spectral den-
sities by matching measured spectra at 1 Hz. Using the calibrated F(f,k), we are able to estimate the average
value of the total mss, for long and short waves, and its upwind and crosswind components up to 180 Hz
for a variety of wind speeds. The average mss values are in good agreement with the measurements of Cox
and Munk [1954], although the upwind and crosswind components agree less well.

1. Introduction

In this second paper of our series on short wind waves on the ocean, we utilize the wavenumber-frequency
spectrum of short-wave heights, F(k,f), derived in our first paper [Plant, 2015] to examine the dependence
on significant wave height, Hs, of short-wave-height spectra as functions of wavenumber, k, and frequency
f: F(k) and F(f). For brevity, we will refer to these spectra as the wavenumber-frequency spectrum, the wave-
number spectrum, and the frequency spectrum, respectively. We also calibrate our spectra using wire wave
gauge measurements to examine the dependence of mean-square slopes, mss, mean-square heights, msh,
and root-mean-square velocities, rmsv on wind speed, maximum frequency, and maximum wavenumber.

Measurements of the frequency dependence of F(f) have indicated that it decreases as approximately f24

up to frequencies of about 15–20 Hz [Toba, 1973; Mitsuyasu, 1977; Gotwols and Irani, 1980; Stolte, 1984;
Wang and Hwang, 2004]. Measurements of F(k) have shown that it decreases as approximately k23 [Lawner
and Moore, 1984; Banner, 1990; Elfouhaily, et al., 1997; Plant, 2002] up to wavenumbers approaching 2000
rad/m.

A variety of techniques have been used to measure the mean-square slopes of ocean waves. By far the
most famous measurements of mss were made by Cox and Munk [1954] using photographs of sun glitter
off the ocean surface. These measurements are the gold standard of mss measurements having held a pre-
mier position in air-sea interaction studies for over 60 years. Other measurements of the mss have been
made using the observed roll off of microwave backscattering cross sections at low incidence angles [Jack-
son et al., 1992; Walsh et al., 1998, Vandemark et al., 2004]. The minimum wavelength of waves included in
radar-produced mss values depends on the microwave frequency, decreasing as this frequency increases.
Lasers and wave gauge arrays on buoys and wave followers have also been used to measure mss values on
the ocean. Generally, these studies have yielded either overall average values of the mss at various wind
speeds or the values in restricted ranges of wave numbers [Wang and Hwang, 2004; Hwang, 2005].

Measurements of mean-square heights (msh) and velocities (msv) of short-waves on the ocean are much
less common than those of mean-square slopes because of the large effect of dominant waves on these
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values. Measurements of mean-square height are generally somewhat limited by sampling rates and sensitiv-
ities of sensors, although these may not be too serious due to the rapid decrease of wave-height spectra with
frequency. Mean-square velocities are of interest for interpreting the width of Doppler spectra in microwave
backscatter from the ocean and have generally been deduced from such measurements [Plant et al., 1994].
These Doppler bandwidths determine the azimuthal resolution of synthetic aperture radars (SAR) that view
the ocean and, therefore, the shortest azimuthally traveling surface ocean wave that SAR can observe.

Here we show that both F(f) and F(k) as well as all three of the mean-square quantities can be determined from
the output of a single wire capacitance wave gauge mounted on a spar buoy, assuming that a unimodal sea
with a very narrow angular spread at the dominant wave exists and that the angular dependence of the short
waves is known. We use measurements from the wave gauges on University of Miami’s Air-Sea Interaction Spar
(ASIS) buoy to calibrate our modeled F(f) thereby determining both F(f) and F(k) up to very high frequencies
and wavenumbers. We investigate the dependence of F(f) and F(k) on Hs at a constant wind speed using the
uncalibrated model. We use the wind-speed-dependent, calibrated F(f) and F(k) to investigate the behavior of
mean-square-slopes (mss) of all waves on the surface, and mean-square heights (msh) and root-mean-square
velocities (rmsv) of short ocean waves as a function of wind speed. Frequency spectra from the wave gauges
begin to be affected by noise at about 2.5 Hz. Therefore, we match measured and modeled spectra at 1 Hz, uti-
lizing measured spectra below 1 Hz and modeled F(f) above 1 Hz to extend the frequency dependence up to
180 Hz. This allows us to vary the maximum frequency and wavenumber to which the mean-square values are
computed to observe the effect of this maximum frequency and wavenumber on the mean-square values

2. Measurements

Data were supplied to us by Will Drennan of the Rosenstiel School of Marine and Atmospheric Sciences
(RSMAS) at the University of Miami. These data came from a four-wire array of capacitance gauges mounted
on the Air-Sea Interaction Spar (ASIS) buoy developed by the University of Miami and the Woods Hole
Oceanographic Institution [Graber et al., 2000]. The data were collected by RSMAS during the Deep Ocean
Gas Exchange Experiment in the Atlantic Ocean in 2007. The gauges were sampled at a 20 Hz rate and
wind speeds ranged from approximately 3.5–15 m/s. The wave gauges were arranged in a square array
20 cm on a side. The data had been corrected for buoy motion before we received them. While in principal
our results could have been obtained from a single wave gauge, we averaged spectra from the four gauges
together to improve the statistical accuracy.

Figure 1. (a-d) Frequency spectra, F(f), and (e, f) wavenumber spectra, F(k), measured and modeled. Black 5 measured frequency spectra,
solid green 5 calibrated, modeled (a-d) F(f) or (e, f) F(k), (a, b) dashed green 5 calibrated, modeled F(f) 1 noise, (a) noise 5 1.8 3 1027 m2/Hz,
(b) noise 5 2.9 3 1026 m2/Hz, (c) Dashed red 5 4 3 1025 f23.3 m2/Hz, (d) Dashed red 5 6 3 1024 f23.5 m2/Hz, (e) Dashed red 5 0.008 k23.25 m3,
(f) Dashed red 5 0.02 k23.3 m3. U is wind speed and ru is the standard deviation of long-wave orbital velocities determined by low-pass
filtering.
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Our data analysis consisted of deter-
mining spectra from each of the
gauges by Fourier transforming the
surface displacement measurements.
We then removed any remaining
buoy artifacts by setting fft values
below 0.075 Hz to 10220. Figures 1a
and 1b show the resulting frequency
spectra at two different wind speeds
in black. Green curves in Figure 1 are
derived from the modeled F(k,f) by
integrating over f or k (see Section 3).
Spectral densities of the modeled F(f)
shown in Figures 1a–1d were set to
match the average of measured
values between 1 and 1.1 Hz. The
level of F(k) was then set by matchingÐ

FðfÞ df and
Ð

FðkÞ dk . Red dashed
lines are simply power-law fits to the
green ones.

3. Modeled Spectra

Plant [2015] derived a form for the short-wave wave-height spectrum, F(k,f). There and in this paper, short
waves are defined as being those with f >5 0.4 Hz corresponding to k >5 0.64 rad/m. The derived form
for F(k,f) was

F k; fð Þ5
1:38 3 1024 W P Uu

� �
k4

� �
cos8 u=2ð Þ

(1)

where W is wind speed, u is wave
angle with respect to the wind, and

P Uu
� �

5
exp

2U2
u

2r2
u

n o
ru

ffiffiffiffiffiffi
2p
p (2)

where Uu5Ul cos u, Ul is long-wave
orbital velocity in the wind direction,
ru 5 ru50 cos u, and ru50 is the
standard deviation of Ul. Values for
ru50 may be obtained directly from
wave gauge measurements as illus-
trated by Plant [2015] so ru is a func-
tion of u: However, we want to vary
Ul so that Uu satisfies the equation for
the wave frequency in the presence of
a current, equation (18) of Plant
[2015]. This equation may be written

Uu5
2p f2foð Þ

k

where fo is the short wave dispersion
relation in the absence of currents. For

Figure 2. The wavenumber-frequency spectrum derived by Plant [2015] shown
on a dB scale, 10 log10 (F(k,f)), relative to 1 m3Hz21. Dashed white lines are the
standard dispersion relation, f5 1

2p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gk1Tk3

p
. Solid white lines show the spectral

mean wavenumber, km(f) (see text for definition).

Figure 3. Effect of long-wave orbital velocities on modeled F(f) and F(k). (a) F(f)
for various standard deviations of long-wave orbital velocities, ru50. Dashed red
lines indicate (top) f23.4 and (bottom) f24.3. (b) F(k) for the same standard devia-
tions. Dashed red lines indicate (top) k23.25 and (bottom) k23.3. The insert is an
expansion of the lower right corner. The model was run for a 10.5 m/s wind
speed.
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a given f and k, this equation uniquely
determines Uu. Since fo is not a function
of u, Uu is also not a function of u:

Equation (1) assumes a wind sea with a
unimodal spectrum with no angular
spread at the peak. The wind-speed
dependence of F k; fð Þ is not necessarily
exact and, in fact, requires that the
constant carry dimensions of seconds.
It would probably be better to replace
W by W/fp, where fp is the spectral
peak frequency. However, this is based
only on dimensional analysis so the
spectral density obtained from equa-
tion (1) cannot be considered to be
exact. Therefore in this paper, F k; fð Þ
was calibrated against wave gauge
measurements as described above
when investigating wind speed de-
pendences. Figure 2 shows the butter-
fly shape of F(k,f), the integral of
kF k; fð Þ over azimuth angle, at a wind
speed of 10 m/s. Dashed white lines in
this figure are the standard dispersion
relation while the solid white lines are
spectral mean wavenumbers, which
are more relevant for short waves and
will be explained below.

Integration of this F(k,f) over k yields
F(f), shown as the green curves in Fig-
ures 1a–1d while integration over
f yields F(k), shown as the green curves
in Figures 1e and 1f. Both spectra
increase with wind speed as required
by the measured spectra. The fitted red
dashed curves indicate that the fre-
quency spectra also change their fre-

quency dependence for various long-wave conditions while the wavenumber spectra seem to be less
affected.

This behavior is shown for a wider range of long-wave orbital velocities in Figure 3, which shows uncali-
brated, modeled F(f) and F(k) for various values of ru50. Figure 3a shows modeled F(f) for various long-
wave conditions. The spectra begin to be affected at very low frequencies, approximately 10 Hz. Although
they are clearly not power-law forms, they are approximately bounded by f24.3 in low long-wave conditions
and f23.4 in high ones. On the other hand, F(k), shown in Figure 3b, goes as approximately k23 all the way
out to 400 rad/m then drops a bit faster for high ru50 values. We emphasize that Figure 3 says nothing
about the wind speed dependence of F(f) and F(k).

4. Calculation of Azimuthally Averaged Mean-Square Slopes, Heights,
and Velocities

Given F k; fð Þ we may multiply by k and integrate over u to get F(k,f), from which azimuthally averaged
mean-square values of various quantities associated with short waves may be calculated. Mean-square
slopes are given by,

Figure 4. (a) Standard deviation of long-wave orbital velocity, ru50 versus wind
speed. (b) Root-mean-squared short wave velocity. c) Mean-square short-wave
height versus wind speed. In Figures 4b and 4c, black circles are for ru50 < 0:5 m
=s; blue asterisks are for 0:5 m=s � ru50 < 0:75 m=s; and green x’s are for
0:75 m=s � ru50:
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mss 5

ð
k2Fðk; fÞdkdf (3)

which we may rewrite as follows,

mss 5

ð
kmðfÞ2 F fð Þdf (4)

where km ðfÞ is the spectral mean
wavenumber

kmðfÞ25

ð
k2F k; fð Þdk

F fð Þ (5)

and,

F fð Þ5
ð

F k; fð Þdk: (6)

Mean-square heights are simply given
by,

msh 5

ð
F fð Þdf: (7)

The mean-square short-wave vertical
velocity is

���� @gi tð Þ
@t

����
2

5 4p2
ð

f2 F k; fð Þdkdf: (8)

In deep water, this vertical velocity is equal to and 90o out of phase with the horizontal velocity. Therefore
the total mean-square short-wave velocity is,

msv 5 8p2
ð

f2 F fð Þdf: (9)

In evaluating these integrals for the entire range of short waves, we let k go from 0.6 to 2000 rad/m and f
go from 0.4 to 180 Hz. Expressions for these same quantities for the long waves were given in Plant [2015].
They are the same as above except that km is replaced by ko5 2pfð Þ2=g from the long-wave dispersion rela-
tion and the integrals go from 0 to 0.4 Hz. For the mss, the value including the long waves is of interest so

we add long and short wave mss. For
heights and velocities, however, the
values of msh and rmsv over all wave-
numbers are dominated by the very
low wavenumbers, which are highly
variable, so we include only the short
waves in msh and rmsv.

Using the frequency spectra calibrated
with the wave-gauge data, we may
now calculate the wind-speed depend-
ence of these various mean-square
quantities. Note that this calibration is
irrelevant in computing km from equa-
tion (5) as long as F(k,f) and F(f) are cali-
brated in the same manner. Therefore
we may use uncalibrated, modeled

Figure 5. (a) Significant wave heights during our data collection period (o) and
when Cox and Munk collected their data (*). (b) Comparison of our azimuthally
averaged mean-square slope values with those of Cox and Munk. The solid black
line is Cox and Munk’s regression fit to their data, shown as black asterisks. The
present data are shown as follows: Black open circles are for Hs<2 m, blue open
circles are for 2 m <5 Hs< 4 m, green open circles are for Hs>5 4 m.

Figure 6. Various wavenumbers versus frequency. Dashed line - Wavenumber
from the dispersion relation, ko. Solid lines—spectral mean wavenumbers, km, for
various standard deviations of long-wave orbital velocity, ru50. Green:
ru5050:38 m=s. Blue: ru5050:72 m=s. Black: ru5051:02 m=s.
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values of these spectra to compute km so km does not rely on wave-gauge data. Figure 4 shows the wind
speed dependence of msh and rmsv, along with that of ru50. Each point in the three plots corresponds to a
different data set. Clearly msh and rmsv increase approximately linearly with wind speed and show little
dependence on ru50:

Figure 5 compares our mss values with the data of Cox and Munk [1954]. The significant wave heights
shown in Figure 5a reached much higher values when the data used here were collected than when Cox
and Munk collected their data. The figure shows that our azimuthally averaged mss values agree quite well
with those of Cox and Munk when Hs is below 2 m, as was the case when the data of Cox and Munk were
collected. As Hs increases, the mss values we calculate also increase, although modestly.

Figure 6 shows why the dependence of mss on Hs is so modest. The figure shows ko from the dispersion
relation as dashed lines and the spectral mean wavenumber km from calculations using the short-wave
spectrum, F(k,f), as solid lines. Clearly, if ko, rather than km, had been used in equation (4) to calculate mss,
the values would have been much too high. Furthermore, Figure 6 shows that at a given frequency, km(f) is
smaller for larger ru50 values. However, Figure 3a shows that the level of F(f) increases with increasing
ru50. These two effects nearly offset each other, causing mss to depend only modestly on Hs. Recall that
the long-wave part of the mss is very small.

The spectral mean wavenumbers, km, shown in Figure 6 were calculated by integrating up to a wavenum-
ber of 2000 rad/m. This maximum wavenumber is chosen based on a variety of data which show that F(k)
begins to fall much more rapidly than k23 just below this wavenumber [J€ahne and Riemer, 1990; M. A. Done-
lan, personal communication, 2015]. It is necessary to set this maximum wavenumber since F(k,f) falls as
k23 so that the expression for km, equation (5), has a logarithmic singularity at infinity.

We can also investigate the dependence of mss, msh, and msv on the maximum frequency by integrating
to values less than 180 Hz while still integrating wavenumber up to 2000 rad/m in mss and msh. The
dependence of mss, msh, and rmsv normalized by their maximum values on the maximum frequency to
which the integral is limited is shown in Figure 7. This figure includes all the data we investigated,

Figure 7. Dependence of (a) mss, (b) rmsv, and (c) msh normalized by their maximum values on the integration limit of frequency.

Figure 8. The dependence of the mss normalized by its maximum value on the maximum wavenumber to which equation (3) is inte-
grated following integration over f up to 180 Hz.
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corresponding to all the points in each plot of Fig-
ure 4. Note that one must evaluate the mss out to
frequencies on the order of 100 Hz before it stops
increasing. The values of msh and rmsv, on the
other hand, depend mostly on the low frequency
part of the short wave spectrum and stop increas-
ing at much lower frequencies. Values of short-
wave rms velocities, rmsv, and mean-square
heights, msh, are at nearly their maximum values
at a maximum frequency of about 2 Hz.

The dependence of mss on the maximum wavenum-
ber to which the integral in equation (3) is evaluated
is of special interest. Values of mss can be obtained
from near-nadir microwave backscatter measure-
ments but such measurements are only supposed to
respond to wavenumbers up to a bit below the
microwave number. [Walsh et al., 1998; Jackson et al.,
1992; Vandemark et al., 2004]. Therefore, we investi-
gated the behavior of mss when the frequency inte-
gral is carried out up to 180 Hz and the maximum
wavenumber limit is varied. The results are shown in
Figure 7 for several different values of ru50:

Jackson et al. [1992] find that the maximum wave-
number limit for near-nadir radar measurements is
1/3–1/6 times the microwave number. For their Ku-
band instrument, this yields a maximum wavenum-
ber to which the radar responds of between about
50 and 100 rad/m. Jackson et al. in their Figure 4b
show that the slope of their measured mss wind
speed dependence is about 47% of Cox and Munk’s.
Figure 8 indicates that mss values are 47% of their
full value when the wavenumber integral is carried
out to about 55–65 rad/m, in good agreement with
Jackson’s value. However, Walsh et al. [1998] have
applied similar techniques using a Ka-band radar

whose frequency is about 2.6 times that of the radar used by Jackson et al. While the mss versus wind speed
shown in Walsh et al. [1998, Figure 14], are not linear, they can be approximated by linear fits above about
3 m/s. The average slope of these fits is 46% of Cox and Munk’s slope, very similar to those of Jackson et al., as
Walsh et al point out. Due to the shorter microwave wavelength, though, the Ka-band radar should measure
waves with wavenumbers up to 130–260 rad/m. Again looking at Figure 8, we would expect the Ka-band radar
to have measured mss values that were closer to 59–65% of their full values. In fact, Vandemark et al [2004]
present Ka-band measurements of mss versus wind speed that are 58% of Cox and Munk’s values, much closer
to what our calculations suggest.

5. Estimation of Upwind and Crosswind Mean-Square Slopes

Our modeling also allows us to calculate the upwind and cross wind mean-square slopes. We have,

mss 5 mssu1mssc (10)

where the upwind mss is

mssu5

ð
k2cos2uF k; fð Þkdkdfdu �

ð
k2Fu k; fð Þdk df (11)

Figure 9. Wavenumber-frequency spectra: (a) Upwind, (b) Cross-
wind, (c) Total. Dashed curves show the standard dispersion rela-
tion. As in Figure 2, the color bars show spectral density on a dB
scale relative to 1 m3Hz21.
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and the crosswind value is

mssc5

ð
k2sin2uF k; fð Þkdkdfdu

�
ð

k2Fc k; fð Þdk df:

(12)

This immediately allows us to break
the spectral mean wavenumber into
upwind and crosswind components:

km fð Þ25kmu fð Þ21kmc fð Þ2 (13)

where

kmuðfÞ25

ð
k2Fu k; fð Þdk=FðfÞ and

kmcðfÞ25

ð
k2Fc k; fð Þdk=FðfÞ

(14)

So

mssu5

ð
kmuðfÞ2 F fð Þdf and

mssc5

ð
kmcðfÞ2 F fð Þdf

(15)

Figure 9 compares Fc(k, f), Fu(k, f), and F(k, f) while Figure 10 compares mssu and mssc with Cox and Munk’s
measurements. Clearly, the values computed here do not agree well with those of Cox and Munk. This may
indicate that our assumed short wave angular dependence is incorrect or it could suggest that the long
waves are not unidirectional as we have been assuming. Without further information, we pursue this no
farther.

6. Conclusion

In this second paper of our series on short waves on the ocean, we have investigated the dependence of the
wavenumber spectrum, F(k), the frequency spectrum, F(f), the mean-square slope, mss, the mean-square
height, msh, and the root-mean-square velocity, rmsv on wind speed and long-wave orbital velocities. All of
these dependent variables refer to azimuthally averaged values and only to the short waves, waves at or
above 0.4 Hz in frequency, except for the mss where it was more illuminating to include the longer waves. We
also investigated the upwind/crosswind behavior of the mss and found our results to be somewhat different
than those of Cox and Munk. We leave to the future the determination whether this indicates a problem in
our short wave angular distribution or in our assumption of unidirectionality of long waves.

We found that neither F(f) nor F(k) obeys a strict power-law form over the ranges of frequency and wave-
number that we examined: 0< f <5 180 Hz and 0< k <5 2000 rad/m. F(f) depends strongly on the orbital
velocities of the longer, coexisting waves for all frequencies above about 10 Hz, being higher for higher
orbital velocities. F(k), on the other hand, depends much more weakly on long wave orbital velocities, being
practically independent of them below 400 rad/m and lower for higher orbital velocities above that wave-
number. This indicates that some care must be taken when discussing the damping of short waves by long
[Gang and Belcher, 2000]. While we have included no dynamics in our model other than that from the low-
frequency data, the kinematic effects discussed here will be present in any measurements and may mask
the true dependence of short wave amplitudes on long wave heights.

We found that the mean-square short wave height and the root-mean-square short wave orbital velocity
both increase with wind speed approximately linearly and show little dependence on long-wave orbital
velocities. We investigated the wind speed dependence of the total mean-squared slope and found it to

Figure 10. (a) Upwind mean-square slopes from the model compared with Cox and
Munk’s regression line. (b) Same for crosswind.
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agree well with Cox and Munk when the significant wave height, Hs, was about the same as during their
measurements. We were able to detect a weak dependence of mss on Hs since our Hs values sometimes
exceeded those during Cox and Munk’s measurements by a factor of more than two.

Finally, we investigated the dependence of this total mss, as well as msh and rmsv, on the maximum short
wave frequency included in integrals. One must integrate mss to much higher frequencies than msh and
rmsv in order to get the correct values. We also investigated the dependence of the total mss on the maxi-
mum wavenumber included in the integral. We found that our results matched those found in most near-
nadir microwave backscatter experiments.
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