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[1] Wave number-frequency spectra measured with remote sensing systems consist of
energy along the ocean wave dispersion relation and additional features that lie above
and below this relation. At low frequencies a feature passing through the origin as a straight
line is observed while one or more high-frequency features exhibit substantial curvature.
Here we utilize images obtained on the open ocean from microwave Doppler shifts,
which are directly related to scatterer velocity and allow us to calculate expected
wave-wave interaction effects. We show that the strongest features lying off the first-order
dispersion relation are not primarily due to second-order interactions, breaking caused
by wind turbulence, advection by turbulence, or shadowing. The low-frequency feature can
be seen traveling in the opposite direction to swell when looking nearly crosswind. We
show that the most probable cause of these features is the interference of long ocean waves,
which causes breaking near local maxima of surface slope. Doppler spectra observed by the
radars indicate that the maximum speed reached by water particles on the open ocean is
less than 6 m/s and usually close to the speed of the low-frequency feature in the wave
number-frequency spectrum. Since this is much less than the phase speeds of dominant
wind waves and swell, neither of these waves can be the breaking wave. Rather, we
hypothesize that the superposition of these waves steepens short gravity waves on the
surface, which then break to produce water parcels traveling near their phase speed, the
speed observed by the radar.
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1. Introduction

[2] Data from the ocean surface as a function of both
space and time can be obtained by various remote sensing
techniques with sufficiently high resolution to produce wave
number-frequency spectra with little aliasing. Such spectra
can be produced either by computing the two-dimensional
Fourier transform of a space-time image along a given
direction (usually averaged over some perpendicular dis-
tance) or by computing three-dimensional Fourier trans-
forms of a time stack of two-dimensional spatial images.
When either of these techniques is used, features at fre-
quencies higher than the first-order dispersion relation and
lower-frequency features passing in a straight line through
origin can be seen in addition to the energy that resides along
the first-order dispersion relation. Data can be obtained at
optical, infrared, or microwave frequencies [Frasier and

McIntosh, 1996; Smith et al., 1996; Stevens et al., 1999;
Dugan et al., 2001; Dugan and Piotrowski, 2003, 2012].
While the high-frequency features have generally been
attributed to nonlinear wave-wave interaction effects, the
low-frequency features have been explained by various
means in addition to nonlinear wave effects. The explana-
tions include a jet ski in the image [Dugan et al., 2001],
turbulent wind effects, fronts and foam patches advected by
the current [Dugan and Piotrowski, 2003, 2012], breaking
waves [Frasier and McIntosh, 1996; Stevens et al., 1999],
and nonlinear scattering effects [Frasier and McIntosh,
1996; Rino et al., 1997; Stevens et al., 1999]. In this paper
we investigate the origins of these features as observed by a
coherent, X-band microwave radar that was mounted on the
R/V Thompson in the summer of 2008 on a cruise in deep
water along the west coast of the United States. We will
utilize images of the first moments of Doppler spectra in the
analysis since these are insensitive to clipping in the elec-
tronics and data processing [Van Vleck and Middleton,
1966].
[3] We will first look at the possibility that the low-

frequency feature in the spectrum is due to second-order
nonlinear wave/wave interactions. Since the pioneering work
of Phillips, Longuet-Higgins, and Hasselmann, the impor-
tance of nonlinear wave/wave interactions in the nature of
surface water waves has been realized [Phillips, 1960;
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Longuet-Higgins, 1962; Hasselmann, 1962]. Most work on
nonlinear wave/wave interactions since then has concen-
trated on third-order (four-wave) interactions because they
result in wave products that lie on the first-order dispersion
relation in the wave number-frequency spectrum. Therefore
these interactions cause energy to be transferred among
spectral components and shift the phase speed of these
components slightly from the first-order values [Longuet-
Higgins, 1962; Hasselmann, 1963; Barrick and Weber,
1977]. However, second-order wave/wave interactions also
exist and are pointed out in these works. These lie off the
first-order dispersion relation in wave number-frequency
space, and therefore do not cause energy transfer. They do,
however, cause detectable effects on the surface displace-
ment [Weber and Barrick, 1977]. Since the second-order
products lie above and below the first-order dispersion rela-
tion in a wave number/frequency spectrum, and the low-
frequency one passes through the origin, we investigate here
whether these interactions can explain features that we have
observed for upwind and downwind cases. We conclude that
they cannot, both because they are too weak and because the
resulting second-order spectral features are not located in the
same position in wave number-frequency space as the observed
features. Furthermore, we document features observed when
looking nearly cross wind that cannot be reproduced by sec-
ond-order wave-wave interactions. Based on these cross wind
data and the observed mislocation of predicted second-order
features, we will conclude that no second-order phenomenon,
whether hydrodynamic or electromagnetic, can explain the
features.
[4] We then look at other phenomena that could account

for the features. We examine the possibility that shadowing
causes the features of interest. We show that these features
exist in microwave data collected at grazing angles well
above those at which shadowing can exist. Thus shadowing
cannot be the only cause of the features. In light of recent
experimental results on the existence of geometric shadow-
ing, we argue that shadowing is unlikely to be the cause of
the features for data taken on the open ocean even at low-
grazing angles (W. J. Plant and G. Farquharson, Wave sha-
dowing and modulation of microwave backscatter from the
ocean, submitted to Journal of Geophysical Research,
2012). We also show that the slope of the low-frequency
feature in the spectrum implies that it is caused by something
on the ocean surface moving much slower than the wind
speed during our data collection periods, which shows that
turbulent eddies traveling with the mean wind speed cannot
cause the features. Finally, because the slope of the low-
frequency feature is about 3.5 m/s in our data, much faster
than oceanic currents, it cannot be caused by the advection
of turbulence by currents as found in visible imagery of
rivers and inlets by Dugan and Piotrowski [2003, 2012].
[5] Since swell and wind waves coexisted on the ocean at

the time of the measurements, we propose that their inter-
ference pattern with each other and within the wind-wave
system produce breaking waves that are responsible for both
the low-frequency features and the other features that exist at
frequencies higher than the first-order dispersion relation.
We show that the interference of the swell and wind waves
and within the wind wave system produce features in space/
time images that match those seen in our radar imagery.
Furthermore, the low-frequency feature travels at speeds that

are comparable to the maximum speeds of water particles
that show up in our Doppler spectra. Since these maximum
speeds are well below the phase speeds of either the domi-
nant wind waves or swell, we propose that they are produced
by short gravity waves that travel with the interference pat-
tern, are steepened by it, and break to produce water parcels
that travel at very nearly their phase speeds.

2. The Experiment

[6] In August 2008, APL/UW operated its coherent,
X-band radar, CORAR, onboard the R/V Thompson on a
cruise along the northwest coast of the U.S.. In the ship-
board configuration, CORAR had four parabolic antennas
mounted on a partially stabilized, rotating mount and set at
an incidence angle between 88� and 89�. The four antennas
were directed 90� apart in azimuth and opposite pairs col-
lected data on alternate pulses at a rate of 25 kHz for each
antenna. A switch changed the pair of antennas being used
every 41 ms. All antennas were vertically polarized on both
transmit and receive. They were parabolic antennas with
3.5� half-power, one-way beam widths, yielding a two-way
pattern 2.5� wide. The radar sampled backscatter suffi-
ciently rapidly that complete Doppler spectra could be
obtained at each of 256 range bins, which were 7.5 m wide
in these experiments. From these Doppler spectra, zeroth,
first and second moments were computed; the zeroth
moments were converted to normalized radar cross sections
through calibration [Plant et al., 1998] while the first
moments were converted to scatterer velocities and second
moments yielded the spread of scatterer velocities. For each
look direction, space/time images of both the normalized
radar cross section and the scatterer velocity were formed.
Only the images of scatter velocity are used here.
[7] Most data on this cruise were collected with the mount

rotating. However, near the end of the cruise, the antennas
were operated without rotation (or stabilization) for nearly a
day and these are the data on which we concentrate in this
paper. Under these circumstances space/time images could
be collected with minimal aliasing. Figure 1 shows an
example of an image and spectrum of scatterer velocity
collected during the cruise with the antenna pointed into
the wind at grazing angles near 1�. The first-order dis-
persion relation containing the spectral peak indicated by
the arrow at a frequency of 0.162 Hz and a wave number
of 0.0915 rad/m can be seen in Figure 1b. Our convention is
that features lying in the first and third quadrants represent
waves traveling toward the antenna. Therefore the dominant
wave is a 6.19 s wave, 68.6 m long traveling at 11.1 m/s
toward the antenna. Since a 68.6 m wave would have a
period of 6.63 s and a speed of 10.35 m/s in the absence of
current, these measurements indicate that a component of
apparent current of about 0.75 m/s existed in the direction
of wave, opposite the direction of ship travel. Since the ship
moved at about 0.5 m/s, this implies a current component of
about 0.25 m/s in the opposite direction of ship travel, that
is, to the south.
[8] Waves of the dominant period and frequency are also

obvious in Figure 1a. A clear modulation of these waves is
evident in this space/time image. The modulation pattern has
a speed of 3.6 m/s, which is not the group speed of the
dominant wave, 5.2 m/s. Figure 1b shows two other features
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of interest, the feature lying above the first-order dispersion
and the nearly straight, low-frequency feature that goes
through zero. The low-frequency feature has a speed of
3.6 m/s, consistent with the speed of the modulation pattern
in the space/time image, but much smaller than the wind
speed and larger than any possible current. This shows that
this feature is not related to breaking caused by turbulent
eddies in the wind traveling at the mean wind speed or to
the advection of turbulence in the water due to currents.
[9] The data presented here can be considered to be nearly

one-dimensional spatially for the following reasons. First,
ocean wave spectra are well known to have a rather narrow
angular spread at wave numbers near the dominant wave
[Donelan et al., 1985]. Second, the horizontal component of
orbital wave velocity has a cosine fall-off with azimuth
angle. Finally, the long, thin cell illuminated by the radar at
each range bin discriminates against waves traveling away
from the line of sight for all but the longest waves. For
instance, this cell is 7.5 m in the range direction and 22 m
long in the azimuth direction at a range of 500 m. The half-

width at the 1/e point of the angular resolution of the
antennas to a wave 68 m long is shown in Figure 2 as a
function of range [Plant et al., 1987]. Given this antenna
response, we will compare our measured spectra to theoret-
ical, one-dimensional, second-order wave/wave interactions.

3. Second-Order Water Waves

3.1. Perturbation Expansion

[10] To calculate second-order wave effects here, we will
follow the work of Weber and Barrick [1977]. Creamer
et al. [1989] pointed out that Weber and Barrick omitted a
second-order term from their equations. However, the term
that was omitted lies on the first-order dispersion curve and
lowers the first-order spectral density by a small amount.
Our object here is to interpret the spectral features that do
not lie on the first order dispersion curve, so we use Weber
and Barrick’s result.
[11] As with all perturbation calculations of surface wave

displacements, the calculations begin with the conservation,
Navier-Stokes, and surface continuity equations. Following
Weber and Barrick, wind and viscous effects are neglected.
Then the three fundamental equations are

Conservation of mass r28 ¼ 0 ð1Þ

Navier-Stokes
∂8
∂t

þ 1

2
r8 � r8

� �
z¼h

¼ �gh ð2Þ

Surface continuity
∂8
∂z

� �
z¼h

¼ ∂h
∂t

þ rh � r8½ �z¼h ð3Þ

Here g is gravitational acceleration, and the equations are
evaluated at the surface since our interest is in the velocity
and displacement of the surface. The surface displacement is
represented by h in the above equations and 8 is the velocity
potential which is related to the velocity through v = r8.

Figure 2. Angular resolution (half-width at 1/e point) of
the CORAR parabolic antennas to a surface water wave
68 m long. The antennas are two feet in diameter and 18 m
above the mean surface.

Figure 1. (a) Image of horizontal scatterer velocities
obtained from a shipboard, coherent, X-band radar starting
at 22:21:21 UTC on August 16, 2008. The polarization
was VV. (b) The spectrum of this image showing first and
possible second-order wave effects. The data have been
detrended, as evidenced by the low spectral densities in b
at zero wave number. The wind velocity was 7.5 m/s from
333�T, the ship velocity was 0.5 m/s to 346�T, and the
antenna was looking toward 333�T, upwind. The slope of
the linear feature through zero corresponds to a speed of
3.6 m/s. The arrow indicates the dominant wave peak.
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[12] To proceed, h and 8 are expanded in Fourier series,

h r; tð Þ ¼
Z

h k;wð Þei k�r�wtð Þdkdw ð4Þ

8 r; z; tð Þ ¼
Z

8 k;wð Þe kzþi k�r�wtð Þ½ �dkdw: ð5Þ

The variables h(k, w), 8(k, w), and w are now expanded to
third order. Thus h = h1 + h2 + h3, 8 = 81 + 82 + 83, and
w = wo + w1 + w2. Then Weber and Barrick solve
equations (1)–(3) to various orders. To first order, they
find

k81 k;wð Þ ¼ �iwoh1 k;wð Þ ð6Þ

and

�iwo81 k;wð Þ ¼ �gh1 k;wð Þ ð7Þ

which implies that

v1 ¼ ak � iazð Þwoh1 k;wð Þ

where ak and az are unit vectors in the k and z directions,
respectively, and that

w2
o � gk

� �
h1 k;wð Þ ¼ 0

If h1is not to be identically zero, then the waves must lie
on the first-order dispersion relation:

w2
o¼ gk

In the region of w/k space away from this first order dis-
persion curve, h1 is zero but higher-order terms can exist.
To avoid confusion, we define the wave number and
angular frequency in this region to be W and K, as did
Weber and Barrick. Then the expansion of frequency in
this region is W = Wo + W1 + W2.
[13] The second-order solutions are given by Weber and

Barrick’s equations 20 and 21, which may be combined to
yield

h2 k;Wð Þ ¼
Z

A h1 k;wð Þh1 K � k;W� wð Þdkdw ð8Þ

where

A ¼ �WowoK ak � aKð Þ þ w2
oK þ 0:5woK Wo � woð Þ 1� ak � ak′ð Þ

gK � W2
o

ð9Þ

and

v2 K;Wð Þ ¼ aK þ iazð Þ
Z

B v1 k;wð Þv1 K � k;W� wð Þdkdw
ð10Þ

where B is

B ¼ gK2 ak � aKð Þ � WowoK � 0:5Wo Wo � woð Þ 1� ak � ak′ð Þ
Wo � woð Þ gK � W2

o

� �
ð11Þ

where ak′ = (K � k)/|K � k|. Note that, Wo
2 and W2 are not

equal to gK in the second order equations. However, since
h1(k, w) and v1(k, w) only exist on the first-order dispersion
relation, wemust still satisfy w2 = gk and (W� w)2 = g|K� k|.

3.2. Specialization to One Dimension

[14] The above equations are easier to interpret if we
specialize to one dimension. Then ak � aK = ak � ak′ = 1 and

h k;wð Þ ¼ h1 k;wð Þ þ K

2

Z
h1 k;Wð Þh1 K � k;W� wð Þ dkdwþ h3 k;wð Þ

ð12Þ

v k;wð Þ ¼ v1 k;wð Þ þ aK þ iazð ÞK
2

Z
Bv1 k;wð Þv1

� K � k;W� wð Þdkdwþ v3 k;wð Þ ð13Þ

where

B ¼ 1

Wo � wo
þ Wo

gK � W2
o

ð14Þ

The terms h3(k, w) and v3(k, w) represent third-order inter-
action terms, one example of which is an integral over a
product of three first-order terms. When spectra of h and v
are computed, these terms multiplied by h1 are the same
order as the square of h2, the convolution terms above. They
therefore yield a second-order correction to the spectrum
which lies on the first-order dispersion curve. Spectra of the
surface displacement, F, and of the horizontal component of
surface velocity, V, therefore are given by

F k;wð Þ ¼ 1� k2 h21
� �� �

F1 k;wð Þ þ K2

2

Z
F1 k;wð Þ

� F1 K � k;W� wð Þdkdw ð15Þ

V k;wð Þ ¼ 1� k2 h21
� �� �

V1 k;wð Þ þ K2

2

Z
B2V1 k;wð Þ

� V1 K � k;W� wð Þdkdw ð16Þ

where orthogonality of the Fourier components has been
invoked and the terms involving 〈h1

2〉 result from the third-
order term given by Creamer et al. [1989]. Equation (16)
can now be used to check these results against the radar data.

4. Comparisons With Radar Spectra

[15] If we filter the spectrum shown in Figure 1b so that
only the first-order spectrum remains, we can divide it by the
factor (1 � k2〈h1

2〉) to get V1(k, w). This can then be used in
the convolution of equation (16) to obtain the theoretically
predicted second-order spectrum, which can then be com-
pared with the parts of the spectrum shown in Figure 1 that
are off the first-order dispersion relation. Also, since the
current and ship speed were not zero during the measure-
ments, we now have

w ¼ �
ffiffiffiffiffi
gk

p
þ kU

h i
and W� w ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g K � kj j

p
þ K � kj jU

h i
ð17Þ

where U incorporates both the current and ship speed.
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[16] Then if we carry out the squaring of B, the convolu-
tion in equation (16) can be written

V2 K;Wð Þ ¼ K2

2

Z
B2V1 k;wð ÞV1 K � k;W� wð Þdkdw

¼ K2

2

Z
V1 k;wð Þ V1 K � k;W� wð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

g K � kj jp þ K � kj jU	 
2
( )

dkdw

� K2Wo

gK � W2
o

Z
V1 k;wð Þ V1 K � k;W� wð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

g K � kj jp þ K � kj jU

( )
dkdw

þK2

2

Wo

gK � W2
o

( )2 Z
V1 k;wð ÞV1 K � k;W� wð Þdkdw;

ð18Þ
which can now be evaluated. The plus sign in the third term
of equation 18 is the relevant sign since both w and k are
positive on the first-order dispersion relation of the data. We
note that the spectra computed from the radar data are V(k, f)
where f = w/(2p). Thus the spectrum shown in Figure 1 is
related to V(k, w) by V(k, f) = 2pV(k, w). Then,

V k; fð Þ ¼ 1� k2 h21
� �� �

V1 k; fð Þ þ V2 K;
W
2p

� �
ð19Þ

is the spectrum to be compared with the radar spectrum.
Following Weber and Barrick, K and W are zero in the
region of the wave number-frequency plane where V1 ≠ 0.

[17] Figure 3 shows the result of this operation compared
with the measured second-order spectra. The computed
spectra are clearly much smaller than the measured ones.
Furthermore, the dashed lines in Figure 3b, which are the
locations of the center of the measured features, show that
the computed spectra lie closer to the first-order dispersion
relation than is measured and that no straight line can be fit
through them. Thus it appears that the predicted second-
order spectra do not agree with the data.
[18] Another indication that second-order wave-wave

interactions do not explain the low-frequency feature is the
fact that we observed such a feature when looking nearly
crosswind. Figure 4 shows a wave number-frequency spec-
trum from the radar when the antenna was pointing toward
the east, nearly perpendicular to the wind, which was from
329�T at 10 m/s. Two features of this spectrum are particu-
larly interesting. First, the remnants of an earlier wind sea
are seen propagating toward the east. This swell has a
wavelength around 95 m. Also observed in the spectrum is a
low-frequency feature similar to those seen looking upwind
(Figure 1a) but with smaller slope (lower speed) and prop-
agating to the west, opposite the direction of the swell. Since
the look direction is nearly perpendicular to the wind waves,
their amplitude is so small that they do not show up along
the first-order dispersion relation.
[19] We therefore conclude that second-order wave-wave

interactions cannot explain the observations either when the

Figure 3. (a) The same measured wave number-frequency spectrum of scatterer velocity as shown in
Figure 1a. (b) Second-order spectra computed using the first-order part of Figure 3a and equation (18).
(c) The ratio (difference on a log scale) of the second-order spectra shown in Figures 3a and 3b, measured
divided by computed. Solid lines show the first-order dispersion relation while dashed lines show the loca-
tion of the measured features above and below the first-order relation.
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antennas are directed nearly upwind or crosswind. Further-
more, since second-order scattering effects will have the
same convolution form, they will also be located in the
wrong place in the wave number-frequency spectrum and
also cannot explain the observations.

5. Possible Shadowing Effects

[20] We now consider whether shadowing is the cause of
these features. To investigate this we used a data set not
taken in the experiment described above but carried out with
a very similar radar. These data were collected in 1995 on
the U.S.-LTA 138S airship using an X-band Doppler radar
operated at HH polarization; the radar and experiment are
described in detail by Weissman et al. [2002]. The airship
flew at an altitude of 240 m so the range of grazing angles
for this data set was 25.6� to 53.1�. Shadowing, of course,
cannot occur at these grazing angles. For the data presented

here, the radar antenna was fixed looking toward the front of
the airship (which was moving backward). Space-time
images of the detrended line-of-sight velocity measured by
the radar, along with corresponding wave number-frequency
spectra are shown in Figure 5.
[21] Clearly the low-frequency feature is observed in this

spectrum even though shadowing does not occur. The speed
of the linear feature is about 2.3 m/s in the frame of reference
moving with the airship. The speed of the airship was 1.1 m/s
in a downwind direction. Thus in the ground frame the
linear feature is moving at about 3.5 m/s, similar to that of
the data in Figure 1. The wind wave spectral peak is at
k = 0.114 rad/m, or a wavelength of 55 m. Its frequency is
0.166 Hz for a period of 6 s. Therefore its velocity is 9.1 m/s
in the airship frame of reference or about 10.2 m/s in the
ground frame. The expected phase speed of a 55 m long
wave is 9.3 m/s so a current component of about 0.9 m/s in
the wind direction is indicated.
[22] The fact that the low-frequency feature is present

even when shadowing cannot occur clearly indicates that
shadowing cannot be the only cause of this feature at lower
grazing angles. In fact, Plant and Farquharson (submitted
manuscript, 2012) have shown that shadowing is unlikely to
occur at all for VV polarization (as used in the shipboard
measurements) and is questionable at best for HH polariza-
tion on the open ocean. We therefore discount shadowing as
a source of the linear feature.

6. Interference Patterns

[23] Since neither wind turbulent eddies moving over the
ocean surface at the mean wind speed nor water turbulence
carried by currents nor second-order interactions can account
for the observed features of the images and spectra, and
shadowing effects are questionable at best, especially at VV
polarization, we must search elsewhere for the cause of the
features observed in our VV polarized data. Wind waves in
the area of our measurements coexisted with swell coming
from the west. We therefore consider a scenario where the
wind waves and swell interfere and produce breaking near
the points where the surface slope is particularly large.
[24] We simulate the surface displacements on the sea

surface by first converting the ocean wave variance spectra
of Donelan et al. [1985] from frequency to wave number
as done by Plant [2002] to get F(k, 8). The wave number
range was limited to 0.0184 to 0.362 rad/m in steps
Dk = 0.0061 rad/m. The azimuth angle 8 from the wind
direction went from �p to p in steps D8 = 0.0982 rad.
Wind-wave amplitudes were computed from

A k;8ð Þ ¼ 4G1∗
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F k;8� 8oð ÞkDkD8

p
where 8o is the angle of the wind with respect to north, G1 is
a Gaussian random variable with mean equal to 1 and vari-
ance equal to 0.2 and the factor of 4 was required to make
wave amplitudes correspond to those observed by buoys
deployed from the ship. Randomizing the amplitudes made
little difference in the results presented here but was
included to more accurately simulate a stochastic surface.
We took the wind speed to be 7.5 m/s as in the data of
Figure 1 and the fetch to be 500 km, which gave a peak

Figure 4. (a) Image of horizontal surface velocities
obtained from a shipboard, coherent, X-band radar starting
at 00:05:57 UTC on August 17, 2008. The polarization
was VV. (b) The spectrum of this image showing swell trav-
eling away from the radar and a linear feature traveling
toward it. The data have been detrended. The wind velocity
was 10.0 m/s from 329�T, the ship velocity was 0.6 m/s to
314�T, and the antenna was looking toward 45�T, nearly
crosswind. The speed of the low-frequency feature is 1.5 m/s.
The peak of the swell spectrum is at k = 0.0676 rad/m, or a
wavelength of 93 m. Its frequency is 0.134 Hz for a period of
7.5 s. Thus it was traveling at 12.4 m/s.
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wavelength of 68 m in good agreement with that observed in
the data. Then two-dimensional wind-wave surfaces were
generated for 128 times separated by one second from the
equations

gi x; tið Þ ¼ ∑jA kj

� �
cos kj � x� wti þ 8r kj

� �� �
where 8r is a random variable uniformly distributed between
�p and p. In a similar manner, horizontal and vertical
velocities of the wavefield were computed from the equations

ui x; tð Þ ¼ ∑jw kj

� �
A kj

� �
cos kj � x� wti þ 8r kj

� �� �
vi x; tð Þ ¼ ∑jw kj

� �
A kj

� �
sin kj � x� wti þ 8r kj

� �� �
and the line-of-sight components in the north and east
directions were computed:

Vi
los ¼ cos8 sinq ui x; tð Þ þ cosq vi x; tð Þ

Ui
los ¼ sin8 sinq ui x; tð Þ þ cosq vi x; tð Þ

The swell amplitude was taken to be a narrow-band, Gauss-
ian, 2Dk wide distributed around the swell wavelength. It
was considered to be unidirectional and its amplitude was
multiplied by a Gaussian random variable with mean equal to
1 and variance equal to 0.1. Then two-dimensional swell
surfaces for the amplitude, Asi, and two line-of-sight veloci-
ties, Us

i and Vs
i , were generated for 128 times separated by

one second. The swell amplitude was determined by setting
its slope equal to 0.025 except when it was taken to be zero.
[25] Finally complete surfaces were generated by adding

wind-wave and swell components together

gtoti ¼ gi þ gsi

Vtot
i ¼ Vlos

i þ Vs
i Utot

i ¼ Ulos
i þ Us

i

From each gtot
i , the derivatives in the north and east direc-

tions were computed and pixels where this slope was below
�tan 13� were found. We then added 3.5G2 to Vtot

i or Utot
i if

the north or east slope exceeded this threshold. Here G2 is a
Gaussian random variable with mean equal to 1 and variance
equal to 1. In this manner, we attempted to account for
breaking of short gravity waves where the magnitude of the
slope of the larger scale surface on their front faces was
large.
[26] Figure 6 shows the results of these simulations. We

let the dominant wind wave come from 330 degT, the wind
speed be 7.5 m/s, the swell come from 280 degT, and the
incidence angle be 88�. Figure 6a shows the space-time
image for a cut through the image stack in the northerly
direction with the antenna nearly looking into the wind
waves. The cut through the image was 352 m wide and the
spatial variation in the look direction was an average over
this perpendicular distance. The figure clearly shows the
dominant wind waves with a modulation pattern super-
imposed on them. Pattern maxima move at about 3.2 m/s,
very similar to the speeds of the modulation pattern shown in
the actual data of Figure 1. Figure 6c shows the wave
number-frequency spectrum of the space-time image of
Figure 6a. The features of interest may be observed above
and below the first-order dispersion relation. The low-
frequency feature is a nearly straight line with a slope indi-
cating the same speed of 3.2 m/s as the modulation pattern in
the space-time image. Furthermore, the intensity of this
feature relative to the energy on the first-order dispersion
relation is about the same as that shown in Figure 1b for the
data. Figure 6b shows a cut through the image stack in the
easterly direction with the antenna looking east but with
the dominant wind wave from 30 degT. Again wave fea-
tures are visible, this time from the swell, as evidenced by
the direction of propagation. A modulation pattern is also
seen in Figure 6b that is steeper and less intense than the
pattern in Figure 6a. Its slope yields a speed of 1.5 m/s.
Figure 6d shows the wave number-frequency spectrum of
the data of Figure 6b. The swell is now clearly seen on the
first-order dispersion relation propagating away from the
antenna but no trace of the wind-wave system is seen. The
modulation pattern moves toward the antenna at a speed of
1.5 m/s. This wave number-frequency spectrum is very
similar to that shown in Figure 4b, which was calculated
from the data.

Figure 5. Coherent X-band radar data collected on an air-
ship at grazing angles from 25.6� to 53.1�. (a) Image of
line-of-sight surface velocities starting at 18:28:39 UTC on
September 26, 1995. (b) The spectrum of this image. The
wind velocity was 12.7 m/s from 176�T, the airship velocity
was 1.1 m/s toward 320�T, and the antenna was looking
toward 183�T, upwind. The airship heading was toward
176�T so the airship was being blown backward. HH polar-
ization was used. The speed of the linear feature is 2.3 m/s in
the airship’s frame of reference or 3.5 m/s in ground
coordinates.
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[27] We have investigated the cause of the modulation
patterns observed in the space-time images and the
corresponding low-frequency features in the wave number-
frequency spectrum. If the wind direction is changed to
330 degT, the slope of the low-frequency feature in
Figure 6d changes sign. If no wave breaking is added to the
velocity images, the modulation patterns are still observed
in the space-time images due to the interference of the long
waves. As expected, however, no linear feature is seen in
the wave number-frequency spectrum because no nonlinear
interactions are taking place. If the swell amplitude is set to
zero, both the modulation pattern and the low-frequency
feature are still observed, although at a slightly reduced
intensity. All of this leads us to conclude that the most
likely cause of features observed in wave number-frequency
spectra of ocean image stacks at locations other than those
of the first-order dispersion relation is the breaking of waves
caused by interference of wind waves either with them-
selves or with swell. Thus these features should be nearly
universal at sufficiently high wind speeds. In the next sec-
tion we show why we believe that short gravity waves

rather than the dominant wind waves or swell are the
breaking waves.

7. Doppler Velocities

[28] To attempt to determine whether Doppler shifts
corresponding to breaking dominant wind waves occurred
on the ocean, we looked at recorded Doppler spectra taken
with the antenna looking upwind and downwind. Stansell
and MacFarlane [2002] have recently shown in laboratory
experiments that water parcel velocities produced by
breaking waves are somewhat smaller than the linear phase
speed of the breaking waves. They found mean parcel
velocities to be between 0.81 and 0.95 times the phase
speed, depending on the type of breaking. Thus, if dominant
ocean waves were indeed the breaking waves, they would
produce Doppler shifts corresponding to velocities that were
within 80% of the dominant wave phase speed.
[29] During our data collection we computed and stored

complete Doppler spectra at 14 range bins for each of the
1000 scans that were collected into individual files. For all of
these spectra, we determined the highest frequency at which

Figure 6. Results of simulating line-of-sight velocities observed by Doppler radars. (a) Space-time image
of a cut through the image stack in the northerly direction. Antenna looks north, wind from 330 degT,
swell from 280 degT. The speed of the modulation pattern is 3.2 m/s. (b) Space-time image of a cut
through the image stack in the easterly direction. Antenna looks east, wind from 30 degT, swell from
280 degT. The speed of the modulation pattern is 1.5 m/s. (c) Wave number-frequency spectrum of the
space-time image of Figure 6a. The slope of the linear, low-frequency feature indicates a speed of
3.2 m/s. (d) Wave number-frequency spectrum of the space-time image of Figure 6b. The slope of the
low-frequency linear feature indicates a speed of 1.5 m/s and a propagation direction opposite that of
the swell.
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the spectral density of the Doppler spectra exceeded the
noise level by 10 dB or more. Our Nyquist frequency cor-
responded to a velocity of 12.5 m/s so we could unambig-
uously identify scatterers traveling at line-of-sight velocities
up to this value. Figure 7 shows histograms of the maxi-
mum horizontal velocities obtained from each of the
14,000 spectra collected looking upwind and downwind
with our VV polarized antennas. The largest horizontal
velocity observed was 6 m/s while only 0.5% of the spectra
showed horizontal velocities above 5 m/s. Thus the fastest
scatterer would have been produced by a breaking wave
whose linear phase speed was less than about 7 m/s. The
peaks of the surface wave spectrum during our measure-
ment period corresponded to surface waves whose linear
phase speed was 11 to 12 m/s. Thus the waves that are
breaking cannot be the dominant waves but must be shorter
surface gravity waves that are steepened by currents set up
by the interference patterns within the wind wave system.

8. Discussion

[30] In general, any process producing nonlinearities in
space-time images can cause features to appear off the first-
order dispersion relation in wave number-frequency spectra.
In particular, clipping of intensity images can cause such
features. This is why we have avoided using our images of
radar cross section in this study. However, such processing-
induced nonlinearities are not the only possible cause of the
features in intensity images. Dugan and Piotrowski [2003,
2012] have convincingly shown that advection of sediments
by turbulence in rivers and inlets can produce the features in
optical images.
[31] However, on the open ocean or on large bodies of

water with little current, these features appear to be produced
by breaking waves. Thomson and Jessup [2009] observed
such features in wave number-frequency spectra of video
imagery of breaking waves on Lake Washington in
Washington state. They used the low-frequency feature to

deduce the properties of the crest length of breaking waves
per unit area as a function of breaking speed, L(c), intro-
duced by Phillips [1985]. They found that L(c) peaked at
breaker speeds between 1 and 2, in agreement with Thomson
et al. [2009] who used more conventional techniques for
determining L(c) on the same lake. On the open ocean,
Phillips et al. [2001] and Gemmrich et al. [2008] found a
similar behavior of L(c) but peaking at slightly higher
breaker speeds, about 3.5 m/s.
[32] It is interesting to note that the value of breaker speed

found by Phillips et al. and Gemmrich et al. at the peak of
L(c) is nearly identical to peak of the scatterer speed found
in our histograms of maximum Doppler velocities when
looking upwind (Figure 7). In fact, it is tempting to try to
extract L(c) from these measurements of Doppler velocities
in the same manner that Thomson and Jessup did. However,
they were able to calibrate their values by looking at images
to determine the total crest length contained in each one. We
are not able to do this with the microwave data.
[33] It is also interesting to note that our conclusion that

the most likely breaking waves on the ocean are short-
gravity waves is very similar to the conclusion drawn by
many investigators looking at microwave sea spikes at low-
grazing angles [Lee et al., 1995; Liu et al., 1998; Frasier
et al., 1998] and at high-incidence-angle microwave back-
scatter from the ocean [Smith et al., 1996; Plant, 1997]. In all
of these studies, the most likely breaking waves on the ocean
were shown to be waves much shorter than the dominant
waves on the ocean. Figure 7 shows that the peak of the
upwind histogram agrees well with the speed of the low-
frequency feature in the wave number-frequency spectrum in
the upwind direction shown in Figures 1b and 6c. We have
exercised our simulation of the low-frequency feature and
found that for shorter dominant wavelengths, the speed
indicated by this feature decreased. This is in line with the
difference in breaker speed at the peak of L(c) found by
Thompson and Jessup on a lake and by Gemmrich et al. on
the ocean. We are led to hypothesize that the short-wave
breaking is induced by long-wave interference. The pattern
of interference moves along in a manner similar to the cur-
rents in an internal wave and these have been shown to
steepen short-gravity waves of nearly the speeds our maxi-
mum Doppler velocities [Thompson, 1988; Plant et al.,
2010].

9. Conclusions

[34] We have shown that neither turbulent eddies in the
wind traveling at the mean wind speed nor water turbulence
advected by currents nor second-order interactions due to
either hydrodynamic or electromagnetic nonlinearities can
cause the low-frequency feature found in wave number-
frequency spectra of remotely sensed ocean images. Sha-
dowing, if it exists, can cause such features but cannot be the
only cause since the feature exists in spectra obtained at high
grazing angles. In any case, evidence that shadowing is the
cause is questionable. On the other hand, simulations of wave
surfaces that include wave breaking at maximum slopes of
the wind-wave interference pattern produce both the low-
frequency feature and the high-frequency features usually
observed below and above the first-order dispersion curve.
Furthermore, such interference-induced wave breaking can

Figure 7. Histogram of the velocities of scatterers that
were the fastest scatterers in Doppler spectra observed with
antennas looking upwind or downwind. The solid curve is
the histogram looking upwind while the dashed curve is
the histogram looking downwind. Solid and dashed vertical
lines show the speeds of linear features observed in wave
number-frequency spectra of space-time images from the
radar. The wind speed was 9.8 m/s.
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also account for the low-frequency feature observed in our
nearly crosswind wave number-frequency spectra that travels
in the opposite direction to the swell. Doppler spectra recorded
by our X-band Doppler radar showed no evidence of scatterers
traveling faster than 6 m/s even though the dominant wave
linear phase speed was 11 to 12 m/s. Our conclusion is that the
most common origin of features seen off the first-order dis-
persion relation in wave number-frequency spectra of
remotely sensed space-time images on the open ocean is the
breaking of short gravity waves on the surface due to large
current gradients or slopes caused by the interference of
dominant surface waves. This conclusion agrees well with that
of Irisov and Voronovich [2011] who found in a numerical
study that short gravity waves on the ocean break due to local
maxima of current convergence or steepness.

[35] Acknowledgments. This study was made possible by several
grants from the Office of Naval Research (ONR) including NNX11AL27G,
F012919, and APS-11-12. Grant A100747 from the Bureau of Ocean
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