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ABSTRACT

Statistical parameters are derived that
describe the occurrence probability for the
number and height of consecutive waves in a
group, which are large compared to the average
wave height. Such wave groups can create
extreme forces in mooring lines of large
vessels. All of the parameters that describe
the statistics of wave groups can be derived
from the energy spectrum representing the sea
state, if the energy spectrum is assumed to
contain only a narrow band of wave frequencies.
Good agreement was found between the theoretical
expressions derived in this paper and actual
wave data.

INTRODUCTION

It has been shown by Hsu and Blenkarn1

that the long period sway motion and peak
mooring line force observed in a model study of
a barge resulted from the combined action of a
sequence of consecutive high waves in the randOil:
wave train. Such a sequence of waves will be
referred to as a wave group. Independent mOdel
tank tests conducted by Remery and Hermans2
substantiated the findings presented in Ref. 1.
It is anticipated that the action of wave
groups may also be important in other types of
ocean engineering systems that are subjected to
horizontal motions with periods much longer than
the period of individual waves. Such systems
References and illustrations at end of paper.

could include dynamically positioned vessels.
In the analysis and design of such systems it
would be prudent to check whether the action of
wave groups could subject the systems to motions
beyond those calculated on the basis of individ
ual waves. One can either use recorded wave
groups measured in the sea, Or wave groups
generated in a model tank as a basis to perform
such a check. There are also available
electronic and numerical methods to simulate
ocean waves. However, in order to make proper
engineering decisions, one would need to know
whether the occurrence of such wave groups is a
common or rare event. More specifically, one
would require a probabilistic description of the
basic characteristics of wave groups in order to
assess the likelihood of a system to survive.

The purpose of this paper is to develop
tools with which one can characterize the
statistics of wave groups in terms of occurrence
probabilities. No attempt is made in this paper
to illustrate how such statistical tools could
be used in practical engineering. It is
believed that development of rational procedures
to utilize such tools for specific problems can
best be developed by individual users.

THEORETICAL DERIVATIONS

In this paper a wave group will be defined
in terms of the envelopes of wave crests and
troughs as shown in Fig. 1. The distance
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Evaluation of the integrals in the above equa
tion is straightforward, but somewhat lengthy.

If L represents the total time duration of
a wave record, the time that the amplitude
envelope exceeds ao during the record is P(ao)L.
The average number of upcrossings, Le., the
average number of groups, during the record is
G(ao)L. The average time duration that the
envelope stays above the level, ao' during the
record is the amount of time the envelope
exceeds the level, ao' divided by the expected
number of groups. Thus, the average time
duration for groups of Level ao is

00

G(ao) = J a p(ao,a)da .••••••• (3)
o

00

The average frequency with which the amplitude
envelope crosses the level, aa, with a positive
slope (i.e., an upcrossing) is found by extend
ing the result given in Ref. 3 for the average
frequency of zero crossings and may be written
as

The time duration for a group of Level ho
will be defined as the elapsed time beginning
when the envelope crosses above the level, ho'
and ending When the envelope crosses below the
level, ho' For the Poisson model, the prob
ability that the time duration is greater than
t can be expressed4 as

ho, in a small time interval is proportional to
the size of the interval.

where r(ho ) represents the average time duratio
for groups of Level ho' Therefore, for a given
sea state and a given Level ho' P(ho,t) will be
known when r (ho) is determined.

Let pea) denote the probability density
function of the amplitude envelope and p(a,a)
the joint probability density function for the
amplitude envelope, a, and the time derivative
of the amplitude envelope, A. Then, the
fraction of time that the amplitude envelope
exceeds the level, ao' is given by

3. The probability of multiple crossings
in a small time interval is negligible relative
to.the probability of a single crossing.

STATISTICS OF OCEAN WAVE GROUPS

2. The probability of crossing the level,

1. The probability of the envelope
crossing the level, ho, in any nonoverlapping
time interval is independent and time invariant.

The probability of the height envelope
crossing the level, ho' during an interval of
time will be assumed to be described by a
Poisson process. The assumptions associated
with using the Poisson mode14 are as follows.

between the crest envelope and the trough
envelope will be called the height envelope,
whereas the distance between the crest
envelope and the mean water surface will be
called the amplitude envelope. The height
envelope indicates the change of wave
heights. Similarly, the amplitude envelope
indicates the change of wave amplitude. In
reality, ocean waves are not symmetrical as is
implied by the term, amplitude. Measured from
mean water level, the distance to the crest of
a wave is generally larger than the distance
to the trough. However, in order to utilize
the theoretical methods developed by S. O.
Rice,] we shall assume that the wave amplitude
is half of the wave height.

As one can see from Fig. 1, the height
envelope has the characteristics of a wave with
a much longer period than the individual waves.
Therefore, a logical way to characterize a
height envelope, or ultimately a wave group,
is by its height and period. Since our primary
interest here is in groups of large waves, we
will be interested in the portion of the enve
lope with heights larger than a specified value.
In such a case, the time duration for which the
height envelope exceeds a specified level will
be used to characterize the group's period as
shown in Fig. 1. Because the term "period" is
generally associated with the description of
individual waves, we shall use the term "time
duration" for the time variable associated with
wave groups. The analysis s,iven here is based
on the continuous envelope curves. It should
be pointed out, however, that one can derive
wave group statistics based on the discrete
waves. It is the authors' opinion that the
continuous envelope mOdel is more straight
forward and rigorous than the discrete wave
model. In this paper it will be assumed that
the energy spectrum that characterizes the
individual waves is concentrated in a relativel
narrow band of frequencies. The narrow band
assumption is powerful and permits useful
statistical information to be derived. In
general, energy spectra calculated for ocean
waves have a high frequency tail. However, for
practical purposes the narrow band assumption
has been used extensively for ocean waves and
has provided a beneficial insight and rationale
for solving problems.
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p(a,a) = p(a) p(a) , •••••••• (5)

Appendix A outlines the basic steps involved in
the evaluation without the detailed mathematics
From the explanations given below and in Appen
dix A, the reader will be able to fill in the
details.

where p(a) has a normal distribution. By sub
stituting the expressions, for p(a) and p(a,a)
given in Appendix A, into Eq. 4, and letting
ho = 2ao/Hs , for which Hs is the significant
wave height, one has

By assuming ocean-wave energy spectra to
be narrow banded, the probability density
function, p(a), for the envelope amplitude can
be shown to be a Rayleigh distribution. From
this assumption, the envelope amplitude and the
slope of the envelope curve can also be shown
to be independent random variables. • • • • (10)

1. The average frequency of occurrence fO!
wave groups of the level ho will be represented
by v (ho) and is equal to the average frequency
of upcrossings of the level hoe Hence, v (ho)
is equal to G(ao) of Eq. 3 and can be derived
from Eqs. 2 and 4 as

P(h) exp(-2 hZ)
v(h ) = __0_ "" T(h ) 0

o T(h )
o 0

With r(ho ) known, one can derive the
follOWing parameters which characterize the
statistics of wave groups.

2. Assuming that the average wave period
is T, then the average number of waves, N, in
the time interval, t, is N = tiT. Thus the
probability that a wave group contains more than
N waves, higher than the level ho' can be found
from Eq. 1 as

The numerator of Eq. 10, in terms of a Rayleigh
distribution for the height envelope, is equal
to Eq. 2.

, • (6)1 [1 ] 1/2
2/:2; h f 2 _ f Z

o e

T(h )
o

in which ho is the level of the envelope height
divided by the significant wave height. f e is
the average wave frequency3 defined by

00

J S(f)df
o

-. . . . . . • (7)

P(ho,N) = exp [-NT!T(ho)] •••••• (11)

3. Since v(ho ) is the average frequency
of occurrence for wave groups of Level ho' the
probability for the number, M, of such groups
that would be encountered in a length of time,
L, can be predicted in terms of the Poisson
mode14 as

S(f) is the wave energy spectrum, and f is the
centroid of the wave energy spectrum defined as

Eq. 6 can be rewritten as

h T (h ) = _K_ , • • • • • • .'. • (9)
o 0 z/:2;

4. In a wave group of N waves exceeding
the level, ho' the probability that the highest
wave in the group is less than h can be express
ed by the following expression, which is derived
in Appendix B.

p(hlho,N) = {l - exp[_2(h2_h~)]}N •• (13)

The energy spectra for the envelope and the
square of the envelope can be developed from
information given in Part IV of Ref. 3. This
reference gives the energy spectrum for the
square of a wave trace, and the spectrum for the
output which would result if the wave trace were
passed through a linear rectifier. In addition,
it is shown that the envelope of the wave trace
is equal to the low frequency portion of the
rectified wave trace and that the square of the
envelope is equal to the low frequency portion
of the square of the wave trace. Using this
information, one can derive the energy spectra
for the envelope and the square of the envelope.
By comparing the expressions for the two
spectra, it is found that the two spectra differ
only by a constant. Thus, in normalized form,
the spectra for the envelope and the square of

• • • • • • • • • • -(8)
00

00

J S(f)df
o

J S(f) fdf
f = .:::0 _

where
1 l/Z

K= [ Z -Z] •
f - f

e

Since f e and f will be constants for any given
wave energy spectrum, K is a constant for any
sea state specified by its energy spectrum. ThE
inverse of K can be shown to equal the root
mean-square width of the energy spectrum about
its centroid. Therefore, based on Eq. 9, the
average time duration, r (ho)' is inversely
proportional to both the root-mean-square width
of the spectrum and the level, hoe
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the envelope are equal and can be expressedas
~mp(h)dh

/rnS(x)S(f+x)dx . (15)
‘(ho) c;(ho) ’””’””’ ““

E(f) = ‘m t“***** (14)

~ S2(x)dx
where p(h) is the probabilitydensity function
for the envelopeheight. For the Rayleigh

o distribution,the above expressionequals
where S(x) is the energy spectrumfor the wave I/(@o) , Fig. 4 shows a comparisonof the
trace and x is a dummy variable representing cumulativeprobabilityof the envelopeheight
frequency. determinedfrom the data and the Rayleigh

distribution. This plot gives the value of the
COMPARISONOF THEORETICALRESULTSWITH DATA inte ral in Eq. 15.

7

The density function,
p(ho , based on the data, can be obtainedfrom

The joint industryOcean Data Gathering the cumulativeprobabilityby numericaldiffer-
Program recordedwave data in the Gulf of entiation. Then by substitutingthe cumulative
Mexico during a winter storm. These data will probabilityand p(ho) into Eq. 15, one obtains
be comparedwith the theoretical.results ob- ,(ho) values, which are independentof the
tained.in the previous section. The wave assumptionof a Rayleighdistribution. The

record was 90 minutes long and consistedof VS,UES of ho T(ho) evaluatedby Eq. 15 me

about 750 waves. The wave crest envelopewas shown as a curve in Fig. 3 and agree very well.
constructedby connectingadjacentwave crests with the data points.
with straightlines. This procedurewas also
used to constructthe trough envelope. The The probabilitydistributionfor the time
envelopeheight was taken as the distance duration of the wave groups,p(ho,t) was

between the crest envelope and the trough \calculatedfrom Eq. 1 using the r(ho value
envelope. calculatedby Eq. 15. The results are compared

with data points in Figs. 5 through 7 for ho =
The energy spectrumfor the waves is shown 0.75, 1.0 and 1.3. It is seen that the agree-

in Fig. 2. Eqs. 7 and $, which are in terms of ment is excellentand implies that the Poisson
the energy spectrum,were evaluatedby numerical model, assumed in the previous section,is
integration. The range of integrationwas from appropriatefor the wave-groupproblem.
o to 0.15 Cp. It is to be pointed out that the
high frequency cutoff at 0.15 cp is somewhat Figs. 5 and 6 present comparisonsbetween
arbitrary. Such a cutoff was necessaryto Eq. 11 and data for the probability,P(hQ,N),
comply with the narrow band assumptionemployed of the number of waves in a wave group mth ho
in the derivationof the theoreticalexpres- 0.75 and 1.0. There were not enough wave group

sions. for ho = 1.3 to allow a meaningfulevaluation
of P(ho,N) for the data. The data points shown

The products of the average time duration, in Figs. 5 and 6 were obtainedby finding all
r(ho), and the level, ho, for various ho’s wave groups with levels higher than hot tabfla-

found by analysisof the data are shown in Fig. ting the number of waves in each of the groups,
3. Accordingto the theoreticalresults,these and calculatingthe percentageoccurrenceof
products should have a constantvalue. The groups containingmore than N waves. The ,(ho)

data points in Fig. 3 show that these products used in Eq. 11 was calculatedfrom Eq. 15 and
have essentiallya constantvalue up to h = the averagewave period, T, for high waves had
1.2, and then decrease to zero at hQ = 1.82. It been determinedfrom the wave record to be abou
is to be pointed out that the data ~s from a 10 seconds. The correlationsbetween the

record of finite length in which the maximum analyticalresults and data points are very
envelopeheight in the record is ho = 1.62. good.
Thus for the data, the probabilityis’zero for
the occurrenceof an envelopeheight greater The average frequencyof occurrenceof
than ho = 1.62. Onthe other hand, the theo- wave groups for the level of ho = 1, was pre-

retical analysis assumes that the envelope dieted from Eq. 10 to be 0.0097 cp. In other
height is describedby the Rayleigh distributionn words, on the average, one such wave group
for which the probabilityof having heights would occur every 103 seconds. The 90-minute

greater than ho = 1.62 has a nonzero value. wave record contained59 wave groups with a
Because of the finite wave populationof the level of ho = 1. Therefore,for the data,

record, the distributionfor the envelope v(ho = 1) = 0.011 cp, or one such wave group
height of the data near the maximum value could occurred every 91 seconds comparedwith the
not possibly be described accuratelyby the predictedvalue of 103 seconds.
Rayleigh distribution. As shown in Appendix A,
Eq. A-n, the value of T(ho) can be expressed There were 16 wave groups in the record
as the followingproportion: that containedexactlytwo waves (i.e.,N = 2)
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for the level of ho = 1. From Eq. 13, one can
calculatethe probabilityof the maximum wave
height in wave groups with N = 2 and h = 1.

“?For this case, the predictedprobabitiy
distributionP(h\ho,N) as a function of h is
shown by the curve in Fig. 8, along with the
statisticaldistributionderived from the 16
data values. The agreementbetween the pre-
dicted distributionand the data is good.

S(f) = wave energy spectrum
T = averageperiod of larger waves
t = time duration of wave group

T(ho) = average time durationthat the wave
height envelope stays above the level,
ho

v(ho) = average frequencyOf occurrenceof wave
groups of Level ho

The time trace of the height envelopefor I ACKNOWLEDGMENT

the wave record was digitized at a 2-second
interval and processed through a high-pass
filter to eliminatethe DC componentof the
time trace. The energy spectrumfor the
height envelopewas then calculatedfrom the
processedtime trace. The spectrumcomputed
from the data, and the spectrumcalculatedfrom
Eq. 14 are shown in Fig. 9. As one can see,
both spectra show that the energy contentde-
creases with increasingfrequency. Eq. 14
predicts that the m~um energy will always
be containedinfinitelyclose to zero frequency.
The spectrumfor the data was not plotted for
frequencyless than 0.008 cp because the high-
pass filter affectedthe low frequency compo-
nents.

CONCLUSIONS

The good agreementobservedbetween the
theoreticalpredictionsand the data substanti-
ates the potentialusefulnessof the theoretics
results. The use of the Poisson model produced
results correlatingvery well with the data.
The narrow band wave spectrumor the Rayleigh
distributionassumptionappears to be appli-
cable. However, there will always be a differ-
ence between theoreticalresults,which assume
an infinitewave population,and the data
derived from a wave record of finite length.
The authors believe that the average of a large
number of finite records would yield even bette~
correlationswith the theoreticalresults.

The analysispresented in this paper is
aimed at developingtools for characterizing
the statisticalbehavior of ocean wave groups.
The practical significanceand the engineering
applicationof the results are left to the
individualusers.

NOMENCLATURE

a,ao = wave envelopeamplitude
E(f) = wave envelope energy spectrum
h,ho = normalizedwave envelopeheight
Hs = significantwave height
L = length of wave record
M = number of wave groups in Length L
N = number of waves in a wave group

p(X) = probabilitydensity function for the
variableX

P(X) = cumulative probability function for the
variableX

The wave data used in this paper was
collectedby the joint industry Ocean Data
GatheringProgram, which was managed by Shell
DevelopmentCo. and supportedby Amoco, the
CAGC group, Chevron,Esso, Gulf, Mobil, Shell
and TexacO. The contractorfor the program was
Baylor Co. The authors appreciatethe permis-
sion granted by the supportingcompaniesto
publish this paper.
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APPENDIX A

In this appendix,the expressionfor r(ho)
as given in Eq. 6 of this paper will be derived
The b sic methods used are from the work by
Rice.9 The fundamentalassumptionsare that thl
wave record is Gaussian and has a narrow band
energy spectrum. The wave record can be repre-
sented by the time series given below.

Y(t) = ~ Cn Cos (ont - Qn)
*.1

or

Y(t) = Yc Cos wmt - Y~ Sin wmt f** (A-1

where

N
Yc = ~ Cn cos (umt - unt - Qn)

n=l

— —_
~—. —— —_____ _ ——
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N

Y~ = ~ C Sin (umt - ont - Qn)
n.1 n

f.d = average circular frequencyof wave
m

spectrum

Qn = random phase angle with uniform
“distributionbetween Q and 2n

c = ~2 S(f) Af
n

s(f) = wave energy spectrum

f =frequency

Through lengthy but straightforwardcalcu-
lations, the four-dimensionalnormal distri-
bution can be derived for Yc, Y , ~ end Y~.

!tThe dot above the variable deno es he time
derivative. The amplitudeenvelopeof the
waves is

By making the transformation

Yc=a Coscr
Ys=asina

one can expressthe four-dimensionaldistribu-
tion for the Y’s in temns of (a, ~, 0, b).
After the change of variablesis made the joint
probabilitydistributionfor the envelope,A,
and its time derivative,5, is found.

. & exp [-a2/2bo]
o

‘(+’2 exp [-62/aV], . (A-3)

where

V = b2 - (bl/bo)2

bn = (2m)n ~mS(f) (f-fm)ndf
o

n = O, 1, 2

Lo

fm = ~ = average frequencyof wave
spectrum

The functionp(a) is given by

p(a) = /rnp(a,A) da =; exp [-a2/bo].(A-
-m o

From Eqs. A-3 and A-4, one cw concludethat th
wave envelope amplitudehas a Rayleigh distribu
tion and is independentof the envelope slope
which has a normal distribution. Also from Eqs
A-3, A-4 and Eq. 4, one can show that the
averagetime duration for which the wave ampli-
tude envelope stays above the level, ao, is

~(ao) = [(2mbo/ao2)(bo/V)]l’2 . . . (A-5

By defining

]mS(f) fdf

7=0
w

/ S(f) df
o

]rnS(f)f2 df
o

and fe2 = ~

j S(f) df
o

one can show that

b. = j’mS(f)df
o

bl/bo = 21r(;- fm)

b2/bo = (2n)2(f2 - 2fm:+ fm2)e

and V/b. = (2n)2(f
2
-Z2) . . . . . . . (A-

e

As defined inEq. A-1, the wave spectrimS(f) i
the half-amplitudesquare spectrum. Therefore
the significantwave height

Hs=4(b-o=2as ... ..e. eoo(A_7

SubstitutingEqs. A-6 and A-7 into Eq. A-5 one
has

1 as
~(ao) =—— [1

2% a.
f2

- T 2] 112
e

Letting ho = so/as
yields the results given in Eq. 9, i.e.,

ho~(ho)=~, . . . . . ● ***. (A-
2&

1where K = [
f2

- 72]”2
e

Although the result given in Eq. A-$ was deriv
from the assumptionof a narrow band wave spec
trum that resulted in a F@yleighdistribution
for the smplitudeenvelope,the relationship

—-_——._— _ . .

— —. —— —
— — — —.—. __— — _____ _ — —— —
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given that the wave is greater khan ho (i.e.,
h > ho), is found from the integralw

~p(a) da

T(ao) = 00 (A-9)
p(h[ho, 1)= /h

. . ...0

~Ap(ao, ~)d~ “

h q(h) dh = l-exP [-2(h2-ho2)].
o

. . . . . . . . . . . . ● .0.00 . (B-4

o

does not depend on the assumptionsof a narrow
band or a.Rayleighdistribution. Eq. A-9 can
be directly evaluatedusing the wave data. The
only assumptionmade is that A and a are inde-
pendent random variables,which implies p(ao~ ~
=p(ao) p(~). Therefore,by substituting
h = 2a/Hs, Eq. A-9 can be expressedas

m

/ p(h) dh
ho

T(ho) = P(h ~ [i]-l, . . . . . .(A-1O)
o

where < = jrn< p(~) d; .
0

Therefore,Eq. A-10 may be expressedas

m

T(ho) cc [) p(h) dhl/p(ho)~ ● ● “ 0 .(A-II)

h
o

where p(h) can be any distribution.

APPENDIX B I
In a wave group of Level ho containingN

waves, all N waves will have a height greater
than ho. One may wish to determinethe height
of the highest wave among the N waves. This
question can be answered in statistical.terms.
In this appendix a method is developedfor
calculatingthe occurrenceprobabilityof the
highest waves in a group of N waves with a leve
of ho.

The wave-heightdistribution,p(h), for
all waves representedby a narrow band energy
spectrumis Rayleigh, i.e.!

p(h) = 4h exp [-2h2] .. . . . . . . . (.B-l

The probabilitythat any one of these waves is
higher than ho is

p(ho) ‘~mp(h) dh=exp [-2h02] . . . (B-2

o

By dividingEq. B-1 by Eq. B-2, one has the
conditionalprobabilitydistribution,q(h), for
wave heights that are greater than hol i.e.,

q(h) =~)= 4h exp [-2(h2-ho2)]. . (%3
o

For N waves, in a wave group containingwaves
higher than ho, the probabilitythat all N
waves are less them h is

,-.fi..
p(h[ho,N) = {1-exp [-2(hz-hoz)]}N .$ (j3+

The conditionthat all N waves are less than h
is equivalentto the conditionthat the maximun
wave height, for the N waves, is less than h.
Thus, Eq. B-5 gives the probabilitythat the
maximum wave height, in a group of N waves witl
a level, ho, is less than h.

t-
TIME DURATION

I -1 CREST

I \ MEAN
WATER SURFACE

I
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