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ABSTRACT

Observations in the Gulf of Lions (northwestern Mediterranean Sea) in summer have shown that gusts of
wind lasting a few days generate transient upwellings and inertial motions. Oscillations at the inertial
frequency were observed in current meter data near the shore and at a frequency 10% greater in the
temperature data. Vertical coherences in current meter data show a strong baroclinic mode at frequencies
greater than inertial frequency. A simple one-dimensional two-layer transient model suggests that these
motions are associated with two different physical processes. The first process describes the local response
of the ocean to meteorological forcing, the second is associated with the propagation of long internal waves
generated in the transient phase of the geostrophic adjustment process. As suggested by the model, the
direction of propagation of the internal waves is computed from current and temperature data measured
at one point and it is found that the shore is the source zone.

1. Introduction

From 1974 to 1978 several continental shelf dy-
namic experiments were conducted in the Gulf of
Lions in the northwestern part of the Mediterranean
Sea. Their objective was to study the upwellings
occurring along the shore in summer when the Mistral
and the Tramontane, strong northwest winds, blow.
The low-frequency structure and the spatial variabil-
ity of these upwellings have been described pre-
viously (Millot, 1979). In the present paper, we dis-
cuss motions with time scale comparable to the
inertial period. The Mediterranean Sea is a suitable
place to make such a study because tidal periods
are absent on current and temperature records. We
can observe the first stages of transient motions
generated in the sea by atmospheric forcing without
any bias due to numerical filtering.

Inertial currents are a quasi-permanent feature of
deep-sea motions (Webster, 1968). In the American
Great Lakes, Verber (1964, 1966) observed oscillating
flows with a period near the inertial frequency, at
all depths and in all seasons. These oscillations were
measured far offshore as well as only 8 km off coast.
In addition, internal waves were found throughout
the lakes with thermocline displacements of the or-
der of 10 m, and temperature variations of 12°C.
Current and temperature time series of the oscilla-
tions were studied by Malone (1968) using spectral
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analysis techniques. He found that velocity compo-
nents at different depths were highly coherent near
the inertial frequency, and the thermocline oscillated
vertically with about the same frequency. Currents
were ~180° out of phase above and below the ther-
mocline, and nearly in phase when measured in the
same layer. Pollard (1970) and Gonella (1971) have
shown that inertial currents are generated in the
upper layers of the ocean by the temporal variations
of the local wind. Blanton (1975), in the Great Lakes,
and Hayes and Halpern (1976), along the Oregon
shore, found that the presence of inertial oscillations
is a common feature in the first stages ‘of transient
coastal upwellings. Ivanov and Morozov (1977) and
Mortimer (1977) studied the relations between cur-
rent and temperature fields in the inertial frequency
band. They found that generally the coherence is
small and they suggested a mechanism which is the
same as Crepon’s model (1969). He showed that
inertial oscillations are associated with two different
physical processes. The first describes the local re-
sponse of the ocean to the wind stress, the second
is associated with the propagation of long internal
waves generated in the transient phase of the geo-
strophic adjustment due to the forcing (Blumen,
1972). In the present paper we explain theoretically
and support with data analysis the rather complex
relation between current and temperature oscillations
in the inertial frequency band.
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F1G. 1. Topographic features of the Gulf of Lions and position of the moorings.

The inertial motions occurring in the ocean were
analyzed by Mooers (1975) in terms of three-dimen-
sional waves. This model includes the effects of a
continuous stratification and vertical shear of the
horizontal current. In the Gulf of Lions, the absence
of a strong mean circulation, the small depth of the
continental shelf, and the presence of a well-defined
mixed layer with a sharp thermocline allows us to
simplify the problem and to study the inertial mo-
tions using a much simpler two-layer model. The
predictions of the two-layer model are strongly sup-
ported by data. Because the time and space scales
we deal with are small, longshore variations can be
neglected.

In Sections 2 and 3 we present temperature and
current data, and coherence computations showing
strong baroclinic motions at frequencies close to
the inertial frequency. The analytical linear model
is developed in Section 4. In Section 5 we discuss
‘the relationship between current and temperature
in the inertial frequency band. In the Appendix B
we estimate the frictional spin-down time due to
bottom friction and conclude that it is much longer
than the inertial period.

2. The site and the data

We shall discuss the temperature and current
measurements obtained during different summers
and at different places on the continental shelf (Fig.
1). The seasonal thermocline separates a bottom
layer (minimum temperature value of ~13.5°C) from
an upper layer with a mean temperature of ~20°C.

The thermocline whose thickness is of the order of
10 m lies at about mid-depth (10~ 50 m) on the greater
part of the shelf. Because of this peculiar feature,
the gulf behaves like a two-layer fluid, at least in
the inertial frequency band. This assumption is
strongly supported by data analysis, as will be shown.
Thus, a good representation of its dynamics is pro-
vided by two current measurements in the vertical,
one in the surface layer, and one in the bottom layer,
and temperature records over the whole depth. Dur-
ing the Port la Nouvelle experiment in 1975 (PN 75),
the surface (bottom) current meter was set beneath
a surface (subsurface) float, and the thermistor chain
was supported by a two-leg mooring at a neighbour-
ing location. During the LION 1977 (L177) and LION
1978 (LI 78) experiments, all measurements were
made with a subsurface mooring (the thermistor
chain was set between the current meters).! All the
records were obtained within a band of 30’ in latitude
(Fig. 1), and so the inertial period T; was assumed to
be constant at all the measurement points (T; = 17
h 33 min at 43°N).

One of the major features emerging from the ob-
servations is that oscillations in the inertial frequency
band in the current and temperature time series are
generated by the onset of strong storm events (Fig. 2).

Typical stormy conditions are generally linked to
the occurrence of a meteorological depression over

! The data collected in the ‘‘Golfe du Lion”’ during the three
experiments are presented in internal reports of the Laboratoire
d’Océanographie Physique du Muséum.
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the Ligurian basin—the associated north-westerly
winds, the Mistral and the Tramontane, rush through
the passes dividing the Pyrenees, the Massif Central
and the Alps, respectively. The wind speed increases
and decreases very quickly, the direction is stable.
Storms last from one to four days and occur about 10
times during one summer (Millot, 1979). Because of
some instrumental failures, and for homogeneity
between the different data sets, only selected records
are considered during each experiment. All the time
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F1G. 2. The upper curve represents the wind speed measured
in the vicinity of point 75 C (the dashed lines delimit a Tramontane
event). The other records are obtained at 75 C. They show the
sea temperature at 15 m and the north-south component of the
current at 5 m. One clearly remarks that temperature and current
oscillations are generated by the gust of wind of 9 August.
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TaBLE 1. Characteristics of the time series dealt
with in the autospectral analysis.

Immersion Length
Time series of meter/ [hours = days (dates)]
Bottom depth
(m)
Depth-averaged
temperature
75B* 0-20/25 2520 = 105 (19 Jun-2 Oct)
75C 15-50/55 1800 = 75 (19 Jun-2 Sept)
77B 16-51/65 1620 = 67.5 (2 Jul-7 Sept)
77C 15-50/91 2160 = 90 (2 Jul-30 Sept)
T8A* 12-32/43 1980 = 82.5 (23 Jun-14 Sept)
78B 15-50/98 1980 = 82.5 (23 jun-14 Sept)
78E 15-50/74 1980 = 82.5 (23 Jun-14 Sept)
Surface currents '
75B** 5/25 1710 = 71 (23 Jun-7 Oct)
TSCH* 5/55 1710 = 71 (19 Jun-7 Oct)
778 10/65 1980 = 82.5 (2 Jul-22 Sept)
77C 10/91 2160 = 90 (2 Jul-30 Sept)
78A 10/43 1980 = 82.5 (23 Jun-14 Sept)
78B 10/98 1980 = 82.5 (23 Jun-14 Sept)
78E 10/74 1980 = 82.5 (23 Jun-14 Sept)
Bottom currents
T5B** 20/25 1710 = 71 (23 Jun-7 Oct)
75C 50/55 2640 = 110 (23 Jun-~7 Oct)
77B 60/65 1980 = 82.5 (2 Jul-22 Sept)
77C 86/91 2160 = 90 . (2 Jul-30 Sept)
78A 38/43 1980 = 82.5 (23 Jun—14 Sept)
78B 93/98 1980 = 82.5 (23 Jun-14 Sept)

* Only considered for coherence computations (depth

< 50 m).
** Interrupted time series.

series obtained during the PN 75, LI 77, and L1 78
experiments are indicated in Table 1. Each time series
lasted for two or three months, from late June or
early July to late September. Recorders were Aan-
deraa current meters RCM-4 and thermistor chains
TR-1; the sampling interval was 15 min for current
and 30 min for temperature. Such sampling intervals
can adequately resolve the inertial band.

The data were subjected to spectral analysis. The
FFT (Hunt, 1975) was applied to time series 180 h
in length. Spectral estimates were obtained at 25.7,
22.5, 20, 18, 16.4, 15, 13.8, 12.9 and 12 h with 18 to
24 degrees of freedom (d.f.).

a. Temperature measurements

The thermistor chains used have 11 equi-spaced
(5 m) sensors; they were set from the surface to 50 m
(PN 75), and from 15 to 65 m (LI 77 and LI 78).
Down to about the 5 to 10 m depths, temperature
records were influenced by the daily heating and
cooling of the surface layers. At deeper locations,
the main feature was the occurrence of temperature
oscillations with frequencies close to the inertial fre-
quency (f;). Below 50 m, the temperature fluctua-
tions were very small. Fig. 2 shows an example of
the observed thermal features. We have often cal-
culated thermocline displacements of 10 m. The
records located near the thermocline level show sig-
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F1G. 3. Spectra of the depth-averaged temperatures (~20 d.f. each). The peak observed on the
ensemble-averaged spectrum (full line, 106 d.f.) is centered on frequencies > f;. .

nals larger than those obtained in the bottom or
surface layers; the mean depth of the thermocline
is variable in time but the different records are still
in phase in the inertial band.

In order to define the vertical displacements of
the thermocline we computed a mean temperature
profile within a depth interval including the thermo-
cline level (eight measurements between 15 and 50
m). The spectral estimates of the five time series
were plotted on a logarithmic scale (Fig. 3). In the
studied frequency band, their values at different lo-
cations are very similar. This is rather unexpected
when we consider the very different locations of the
moorings with respect to the upwelling centers (Mil-
lot, 1979), and argues for some homogeneity between
records obtained at different places and during dif-
ferent summers. The maximum energy densities (5—
10 db above the continuum) are distributed over
three adjacent frequency bands (Y, Y64, Y15 Cph).
The 95% confidence interval with 20 d.f. is limited
by factors of 0.48 and 1.71, and so the peak which
occurs on each spectrum in the vicinity of f; is
significant.

To get the statistical behavior of the gulf, an en-
semble-averaged spectrum (see Appendix A) repre-
sentative of 53 pieces was obtained (Fig. 3) by sum-
ming the spectra computed at different locations and
during different summers. As shown in Section 3, the
depth-averaged temperature time series are nonco-
herent, thus the number of degrees of freedom of the
ensemble-averaged spectrum is proportionally in-

creased (95% bounds for 106 d.f. are 0.75 and 1.29).
Energy densities at Y4, Y16.4, Y15 cph are of the same
order and form a broad peak. The base of the peak
(roughly defined by Y%, and Y, o cph), is centered on
frequencies > Y4 cph. These values are significantly
different from f; (Y;;5 cph); the relative difference
between the periods is ~10%.

b. Current measurements

Surface current measurements were made at 5 m
(10 m) below the surface during the PN 75 (L1 77 and
LI 78) experiment. The deep current measurements
were made at 5 m above the bottom at depths of 20
and 50 m (PN 75), 60 and 86 m (LI 77), 38 and 93 m
(LI 78), (Table 1); these later records (except 75 B
in late summer) were in the bottom layer.

Seven time series were obtained in the surface
layer. On nearly all the clockwise spectra (Fig. 4a),
the maximum energy density occurs at — Y,z cph and
at —Y4 cph with slightly lower values. The peaks
have differing amplitudes, but they are all centered
in the vicinity of f;. They are sharp and the energy
densities at positive frequencies (Fig. 4b) are similar
to each other. The ensemble-averaged spectrum of
the seven time series also is presented in Fig. 4 (in
full line). It gives an estimate of the dynamics of the
gulf. As shown in Section 3, currents measured at
two different locations are coherent at 95%, thus the
number of degrees of freedom of the ensemble-aver-
aged spectrum is increased linearly by summing spec-
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Fi1G. 4a. Clockwise spectra of the currents in the surface layer (~20d.f. each). All the peaks are centered
on f;. The number of d.f. of the ensemble-averaged spectrum is <150.

Fi1G. 4b. Counterclockwise spectra. As expected, they are flat.

tra computed at different years but only slightly in-
creased by summing spectra computed during the
same year at different locations, which removes bias
due to local effects. The top of the peak still occurs
at —Y,5 cph and at —Y¥54 cph.

The clockwise spectra obtained near the bottom
(Fig. 5a) are less homogeneous than those obtained
at the surface. The peak is not so well defined and
its main frequency is much more variable. On four

clockwise spectra out of six, the maximum energy
is not observed at f; and, moreover, all the peaks
are centered on frequencies greater than f;. The en-
semble-averaged bottom autospectrum shows that
the mean energy density level is ~10 db below the
level of the surface one. The asymmetry of the peak
of the ensemble-averaged spectrum suggests that it
is centered on a frequency greater than f;. All the
ensemble-averaged spectra are drawn in Fig. 6.
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F1G. 5a. Clockwise spectra of the currents in the bottom layer (~20 d.f. each). Maximum energy
densities on four of them occur at frequencies > f;. This feature is emphasized by a flattening of the
peak of the ensemble averaged spectrum (full line, <130 d.f.). 5b. As in Fig. 4b.

3. Coherence computations

Vectorial coherence is computed using the tech-
nique presented in Gonella (1972). In order to in-
crease the stability of coherence, and thus to decrease

- the confidence limit, it is necessary to increase the
number of d.f. of the estimates. Thus we deal with
pieces of only 90 h duration each. Respectively, 19,
23 and 22 pieces are obtained for the 75, 77 and 78
experiments. The d.f. is ~40, and the 95% confi-
dence limit is ~0.38. Coherence estimates are ob-

tained in the inertial band at %, s, Yis, %5, Y12.0 and
Y,.3 cph.

a. Horizontal coherence in the surface layer

The distance between two simultaneous records
ranged from 14 to 42 km (Table 2). Coherence and
phase estimates computed for five pairs of vectors
from —%, 5 to +%,; cph are displayed in Fig. 7. The
maximum values of coherence (Fig. 7a) are reached
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FiG. 6. The ensemble-averaged spectra of the depth-averaged temperatures and the clockwise
currents in the surface and bottom layers (confidence interval for ~100 d.f.). The peak in the surface
current spectrum is thinner and centered at f; while the peaks in the bottom current and in the tempera-

ture spectra are centered at frequencies > f;.

at negative frequencies between ~f; and 0. In addi-
tion, one notes that the phases (Fig. 7b) in the iner-
tial band are confined to a small interval around
zero. Thus, the peaks in the velocity spectra at —f;
(Fig. 4) correspond to highly coherent pure inertial
waves oscillating in phase in the surface layer for
each experiment. The relatively good coherence at
the above frequencies is a common feature of the
space variability of ocean currents (Gonella, 1972).

The coherence does not seem to depend on the
distance between the moorings. Thus, an ensemble-
averaged coherence has been computed (Appendix
A), which is supposed to be representative of the
dynamics of the surface layer (the phase lag is about
zero). The ensemble-averaged coherence exceeds
the 95% confidence level only at =Yg, — %, s and ~ ¥ag
cph, and its values decrease as the frequency varies
from —f; to 0.

TAaBLE 2. As in Table 1 except for coherence computations.

Coherences

Currents

Vertical/
separation (m)/length (h)

Surface layer/
separation (km)/ength (h)

separation (km)/length (h)

Depth-averaged temperature

Depth-averaged
temperatures Bottom current/

length (h)

Surface current/
length (h)

75B-75C/14/1710 75B/15/1710
77B-77C/28/2070 75C/45/1710
78A-78B/30/1980 778B/50/2070
78A-78E/43/1980 77C/76/2070
78B-78E/30/1980 78A/28/1980

78B/83/1980

Coastal points

75B-75C/14/1800 78A/1980 78A/1980
77B-77C/28/1620 78E/1980 75C/1800
78A-78B/30/1980 77B/1620 77B/1620

78A-78E/43/1980 Offshore points

78B-78E/30/1980 77C2160 77C12160

78B/1980 78B/1980
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Fi1G. 7. The ensemble-averaged coherence in the surface layer (full line), is significant at 95% at f;
and the two adjacent lower frequencies only. The phases associated to high coherence values are
approximately zero [with 40 d.f., the confidence interval at a coherence value of 0.5 (0.6) is +25°
(£20°)]. This is related to the slablike motion of the surface layer.

b. Coherence between currents in the surface and
bottom layers at the same mooring

The vertical separation between the current
meters ranged from 15 to 83 m. Fig. 8 displays the six-
pair analysis. Maximum coherence is reached at —Yq,
-5, =¥ and —Y,, 3 cph and phase lags of 180° are
measured in the same band. As there is no clear
dependence between the vertical distance and the
coherence values, the ensemble-averaged coherence
(in full line in Fig. 8) is supposed to be representative
of the relations between the surface and bottom
layers (the phase lag is 180°). Its maximum is
obtained at —¥; cph. All the estimates from—Y,; to
—Y%:.5 cph and beyond are significant at the 95%

confidence level. The dashed curve shows the
ensemble-averaged coherence estimates computed
over 180 h pieces; the frequency of maximum
coherence is still significantly different from f;.
When isopycnals are horizontal, it is well known
(Mooers, 1975; Phillips, 1977) that f; is the lower
bound of the internal gravity waves frequency band, a
feature also predicted by the model (Section 4). So, a
significant coherence in this frequency band is
undoubtedly related to the occurrence of internal
baroclinic waves. Let us emphasize that the fre-
quency for which the coherence between the surface
and bottom currents is maximum, coincides with the
mean frequency of the peak of the temperature
spectrum, and is different from the mean frequency
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FiG. 8a. The ensemble-averaged coherence in the vertical (full line) is significant at 95% in the internal
waves frequency band, from f; beyond ~¥%, cph. The maximum coherence is obtained at a frequency
slightly >f; (the dashed curve is for pieces of 180 h in length).

FiG. 8b. When the coherence is large, the phase lag is 7 (as in Fig. 7b for the confidence limits).

of the peak of the current spectra (Fig. 6). The values
of the coherence estimates at low frequencies (— %,
—Ys, cph) are near the 95% confidence level and the
associated phase lags are still about 180°. The phase
lags of 180°, systematically observed between two
points situated in each layer in a wide negative
frequency band and whatever the vertical separation
of the current meters is, strongly support the slablike
motion of the two layers.

c. Spatial coherence between the depth-averaged
temperatures

A significant coherence between the depth-aver-
aged temperatures measured at different places was
not found in the inertial band during the LION
experiments. This feature is emphasized by the en-

semble-averaged coherence in Fig. 9. This must be
linked to the poor coherence observed in currents in
the lower layer (not shown). The high value com-
puted atf = 0 shows that the temperature variations
induced by upwellings, advection or seasonal
variability, occur on a large scale in the basin.

d. Coherence between current and depth-averaged
temperature at the same point

In order to check the statistical-dependence be-
tween currents and depth-averaged temperature, a
temperature vector was constructed. Its west-east
component was equal to the depth-averaged
temperature and its north-south component was set
at zero. By comparison with a classical vector field
decomposition (Gonella, 1972), this pseudo-vector
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FiG. 9. The depth-averaged temperatures are non coherent
spatially. Thus, the behavior of the internal waves are changing
from one observation point to the other. High coherence atf = 0
indicates the occurrence of large-scale phenomena.

was decomposed into circularly polarized vectors of
the same amplitude rotating clockwise and anticlock-
wise with the same angular velocity. Two classes of
measurement-points are distinguished. At coastal
points (located at <20 km offshore), the coherence is
significant in the inertial band with a maximum at f;;
when the points are far from shore (>40 km), the
coherence values are always lower than the 95%
level of 'significance. The ensemble-averaged co-
herence in the negative frequency band is drawn for
depth-averaged temperature and surface current,
and for depth-averaged temperature and bottom
current. At coastal points (Fig. 10), the coherence
values are significant for frequencies in the band —¥,4
to —Y,; cph for surface currents and down to —¥,; cph
for bottom currents; the associated phase lags are
nearly uniform for each pair (temperature-current) in
a large frequency band. If the phase lag between
temperature and surface current is ¢, then the phase
lag between temperature and bottom current is
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nearly ¢ + 180°. This is in agreement with the results
of coherence between currents in the vertical. At
offshore points (Fig. 11), the coherence values are
not significant and the phases are very scattered.
Note that even if the peaks in the depth-averaged
temperature and bottom-current spectra are centered
on frequencies significantly different from the
inertial frequency, the maximum coherence occurs
at this frequency.

4. Theory

Many observations can be explained by a transient
two-layer model. We follow the method used by
Crépon (1969).

a. Formulation

The density variation of the ocean is simplified by
using a two-layer fluid. This is a crude, but realistic
assumption corresponding to retention of only the
first internal mode, which is the most important for
small motions (Lightill, 1969; Gill and Clarke, 1974).
Because of the small depths of the Gulf of Lions we
will also investigate the effects of bottom friction on
the motions.

Hydrostatic and Boussinesq assumptions are em-
ployed and we deal with the vertically averaged
equations of hydrodynamics in each layer. Since we
consider small perturbations from rest, the equa-
tions are linearized.

In the upper fluid

a 1
5;u1 +fz X uwy = —gV{ + T(T -7) 4.1

P11y

] .
— (1~ §) + Vhu, = 0. 4.2)
or :
In the lower fluid
9
—u, +fZIXu
5 " fi 2
= —geVi ~g(1 — eV + (T — 7)), (4.3)
P2tz
a
— Lo + Vhu, = 0. 4.9
ot

The terms are defined as follows:

{, ({;) elevation at sea surface (interface) from rest

u, (u,) averaged velocity in the upper fluid (lower
fluid)

Coriolis parameter

acceleration of the gravity

fractional change in density [=(p, —

two-dimensional operator 8/9x, 8/dy

p1)/p2]

q4n ®
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FiG. 10. At the coastal measurement points, coherences between the depth-averaged temperature
pseudo-vector and currents in the two layers, are significant at frequencies > f;, with maximum values
at f;. The phase lag of 7 is still observed in that figure.
z unit vector along the vertical axis, positive is mainly due to pressure forces. The bottom stress
upward is taken to be proportional to u,, i.e.,
h, (hy) thickness of the upper layer (lower layer
 (h) pper layer (ower layer) 7% = poha, 4.
at rest
T stress at the sea surface where v, the damping coefficient, has the dimension
T stress at the interface of inverse time.
Ty bottom stress.

Because the time and space scales involved are
small, we assume that f is constant as well as the
total depth 4, + h, = H.

Following Thompson and O’Brien (1973) we
assume that 7; is an order of magnitude less than
7, and 7. Hence the coupling between the two layers

b. Method of solution

We study the motions generated along a straight
coast, x = 0 (x oriented to the east and y to the
north), by a transient atmospheric forcing. We as-
sume that the parameters do not depend on y, i.e.,
/oy = 0.
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We apply a Laplace transform with respect to ¢:

Zp, x) = J " emng e, xydi = 2L,
0

Ui(p, x) = J ) e Put, x)dt = £(u,),
0

T(p, x) = Jm e7P(xt* + yr¥)dt = (7).
0

From (4.1) and (4.3), U; can be found in terms of
Z;; the substitution of these values into the Laplace
transform of (4.2) and (4.4) gives

P R AL
Py 1 p 1 2 oh,
=—-]l—(VT+Z-'f;VXT)

p1gh, 14

X {p + V)—af— (1 —-eZ, + eZ,]
ox?

— plp + vy +f2122—:1— - 0.

2

(4.6)

The‘ solution of the homogeneous differential
equatiori associated with (4.6) is of the form

Z = Ae*™*r,

where «; is a positive eigenvalue of Eq. (4.6).

If r does not depend on x, and taking into account
the radiation condition (the motions must vanish as
x tends to infinity), the solution of (4.6) is

Zy = A d Azegw} , @.7)
Zz = Ble"’"“x + Bze_az'r
where
Bi = (1 - aiz ghl )Ai’
p2 +f2
A= (1) ——— (fT¥ + pT¥)
pi(gh,)e

pE+f? — oz geh;
(o — aY)poy )

Here A; does not depend on x; it is determined by
the boundary condition u(t, 0) = 0.

X

c. Case where v = 0

This case has been abundantly studied in the liter-
ature; for a survey, see O’Brien et al. (1977).
We obtain the following values for a;:

a2 = (p + fAcd, a? = (p* + fAck,

where ¢, = (gH)'? is the speed of long barotropic
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waves, ¢, =
clinic waves.

When the wind is perpendicular to the shore, con-
stant in space, and is a step function of time, of the
form 7 = 7, Y(#)x, we obtain

(geh hy/ H)'2, the speed of long baro-

(=~ Tof(& + :26'2 Zz)
P1Cy . 1C1 , (4.8)
To hof . Cy 5
L= H(cl - cz)
where
f |

) P —
‘ L’(P2 + fHHe

X exp[—(p? +f2)1’2x/c,-]] L, (4.9

. VA
b= J JoLF (2 = (xle)Y(t ~ xle)d(f)
0 J

Y(t) is the stepfunction, J, the Bessel function of
first kind and zero order, and {; an elevation gen-
eratéd at the shore; its front propagates with the
speed c;.

The first oscillations of {; are shown in Fig. 12 and
in Fig. 13. They have a period less than the inertial
period, and the discrepancy grows with the offshore
distance, as we can see in Table 3. This can explain
the observations of Section 2 (Fig. 2), in particular,
the fact that the most energetic parts of the depth-
averaged temperature spectra are mainly located at
frequencies > f;.

As t tends toward infinity with x fixed, we obtain
the asymptotic expansion. of {; using the Sutton’s
algorithm (1934), which relates the large time be-
havior to algebraic expansions around the singular-
ities of the Laplace transforms:

B o= e + (QUW)(fI) 2 sin(ft — m/4)

—

+ O[(f1)~%2], (4.10)

where r; = ¢,/f, is the radius of deformation.
Because ¢, > ¢, the upwelling corresponds to the
term c,/c,{, in the expression for {, in (4.8). From
(4.10), we see that its spatial offshore scale is the
internal radius of deformation c,/f. The spin-up
time T of {; (e-folding time) is given by the condi-
tion (f1)*? = e which yields T = max(2f-!, x/c;).
The velocity u,(#, x) in the upper fluid is given by
w,(t, x) = u (1) — (hy/H)a, — (h/H)a, 4.11)
and in the lower fluid
(2, x) = —(h /H)(@; — b,), 4.12)

where u,(t) is the velocity due fo the local wind.
This velocity is the velocity calculated by Pollard and
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FiG. 11. Coherences at the offshore points are non-significant. Internal waves observed at these points
come from different directions.

Millard (1970) in their simple, but realistic model
of the dynamics of the upper ocean:

0 {sin(ft)x — [1 - cos(fDy}¥(1). (4.13)
Plh lf

Here 1; is an elementary velocity generated at the
shore in order to satisfy the boundary condition u,(¢,
0) = 0. Its front propagates with the speed ¢, i.e.,

expl=(p? + fH)xlci]
L

“

u(t) =

To

pih,

ﬁ1=${

L,
p

)] . @14

Atx = 0, it is obvious from (4.14) and (4.11) that
(7, 0) = u,(#). The velocity @; deforms as it propa-
gates. Like {;, §; is associated with a dispersive wave
and its energy spreads out both in space and in time.

As t — oo, the asymptotic expansion of G, is

. To
lli =

e pihy
X (ft) 12 2/m) ?*[cos(ft — w/Hx
— sin(ft — w/4)y]} + Ol(f1)®?]. (4.15)

This asymptotic expansion is valid for ft > x/r;.
The ratio c,/c, is small. It is of the order of 2
x 1072 on the continental shelf of the Gulf of Lions

7 {sin(ft)x — [e~*" — cos(ft)ly — (x/r;)
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x/r =0
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Fi1G. 12. Elevation at different distances from shore as a function of time.

(hy=h,=20m; e =10"3¢c, =20 ms™!;¢c, = 0.5
ms™ r;=200km; r,=5km). For 0<x <r,
< r and ft > 2, Eqs. (4.15) and (4.13) yield

4, = u; + O(ce/cy).
Hence, (4.11) and (4.12) can be written

N

u = p:})H h, {(e=* — Dy + (x/ry)
X (ft)y"V2(2/m) 2 [cos(ft — m/d)x . (4.16)
— sin(ft — w/4)y]} [
U = — ',}l u,
hy

The spin-up time of (4.16) is T = 2f~. The in-
ertial oscillations are polarized clockwise. The cur-
rents are baroclinic. The mean currents and the in-
ertial oscillations in the upper and the lower layers
have opposite phases, in agreement with the obser-
vations of Section 3.

When the wind is parallel to the shore and a step-

function of time, the elevations {, and {, are given
by (4.8) with {; replaced by ¢/, i.e.,

Py ﬂ A
& = j Ed(f). 4.17)

The elevation ;' has the same properties as ;,
but its asymptotic expansion is different. One finds

& = emn(fr) — @y

X cos(ft — w/4) + O[(f1)%2]. (4.18)

The upwelling is still driven by the second term
on the right side in (4.8). The elevation increases
linearly with time. From (4.18) we see that its spatial
offshore scale is the internal radius of deformation,
and its spin-up time is

T = max(2f 1, x/c;).

The velocities in the upper and the lower fluids
are given by (4.11) and (4.12) withu, replaced by u,’,
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FiG. 13. Elevation at different times as a function of distance from shore.

u,/(1) =z X u,,
and ﬁi by ﬁi’
2{ To f2
pihf p(p? + fH)

X expl—(p? +f2)"2x/ci](x - {,—y)] .

Here @;' has properties similar to @;, but its asymp-
totic expansion is different:

S !

P;:x 7 {[eT’*‘" - cos(f1)Ix
— [e™"( ft) — sin(fD)ly — (x/r)(ft) " 2(2/m)'?
x [sin(ft — w/4)x + cos(ft — nw/d)y]}

+ O[(f)~®2]. (4.19)

This asymptotic expression is valid for ft > x/c;.

In the ocean, h; < H and for 0 < x < r, < r, the
most important velocities are given by the first and
the third term of (4.11). Taking into account (4.19),
u, is

f—>oo

To

pihf

u, = (e==(fi)y + (1 — e™"2)x]

+ O[x/ry(f2)~12].

Thus in that case there is generation in the upper
layer of a coastal boundary jet parallel to the shore
of a width of the order of ¢,/ f, which was described
by Charney (1955), Csanady (1977). The e-folding
time T is given by (4.19):

T = max[10(x/r)¥ 1, x/c;].

For continental shelf processes, for the same val-
ues of parameters defined above, and if 0 < x < r,
<r, and ft > x/r,, Egs. (4.11), (4.12) and (4.19)

TABLE 3. Ratio of the first periods (T') of the oscillations of the
elevation with respect to the inertial period (T;) at different off-
shore distances (x/r) for a wind perpendicular to the shore. We
emphasize the spatial and temporal variability of the ratio T/T;.

x/r=0 xir=735 x/r = 10
0.995 0.708 0.468
0.999 0.915 0.755
0.999 0.962 0.872
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FiG. 14. The phase lag ¢ at —f; computed from coherence
analysis between the temperature pseudo-vector and the current.
When the Fourier component of the temperature at —f; is maxi-
mum, the clockwise component of the temperature pseudo vector
Ty, is to the east (T, = T, + T,;). Thus, ¢ is the angle of
the current parallel to the shore, and 6 = ¢ — m/2is the direction
of propagation of the internal waves.

yield
0 = —— —+e‘x"2)fty‘ ]
' p Hf hl[(h2
+ (1 — e™*2)x + (x/r)(ft)~12

X (2/m)3[sin(ft — w/4)x

+ cos(ft — 7r/4)y]} Lo, - (4.20)

u, = ;iﬁf {(1 - e (fry — %)

~ (x/r)(f)*QImE
X [sin(ft — m/4)x + cos(ft —m/4)y]} |

where the spin-up time of (4.20) is T = 211,

On the continental shelf, the behavior of currents
is similar to that in (4.16). The inertial oscillations
are polarized clockwise, The mean current perpen-
dicular to the shore and the inertial oscillations are
in opposite phases in the two layers, but the mean cur-
rent parallel to the shore increases linearly with
time and has a tendency to become semi-barotropic
for distances off the shore of the order of r,. This
agrees with the observations of currents off the
Oregon shore where the wind is parallel to a straight
coastline (Smith, 1974).

The case where v # 0, is studied in Appendix B.
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The behavior is quite similar to the case v = 0 at
short times (¢ < 10f7*) and an increase of the in-
ternal radius of deformation is found at large times.

5. Further comparisons between theory and ob-
servation

In Sections 2 and 3 we have mentioned the ob-
served features which are explained by the theory
presented in Section 4. Another very important re-
sult concerns relations existing between current,
thermocline level, and direction of propagation of
the internal waves. When the thermocline oscilla-
tions reach a maximum or a minimum value, the
model of Section 4 predicts that the inertial com-
ponent of the current is parallel to the coast, as
can be seen in (4.10) and (4.16) or in (4.17) and
(4.19). This is a consequence of the generation of
baroclinic modes at the shore. Thus, according to
this remark, it is possible to calculate the orientation
of the coast or equivalently the direction of propa-
gation of the baroclinic modes. (This direction is
perpendicular to the shore.)

Our aim is to compare the computed and actual
mean coastal orientations in order to support the
above theory of coastal generation of the internal
waves in the inertial frequency band. '

We now consider the complex Fourier develop-
ment of a time series

+o L
F(t)= 3 Fpem, Fn=L-lj F(f)edt,

0

n=—ow

F, and F_, are complex conjugated (F., = Fe**x
when F(t) is a scalar, and are independent when
F (1) is the complex number associated to a vector
time series. Let 0° denote the eastward direction
(Fig. 14). Coherence analysis between two time
series 7(¢) and u(?) gives the phase-lags ¢., between
T., and u., which are the vectors associated to.the
frequencies w., = =n/L. For a scalar time series
like the mean temperature 7(t), the signal at the
frequencies w, is '

Te#rgiont + Te#Pne™9o-at = 2T cos(w,t + B,).

This signal is largest when w,f + 8, = 0 and the
clockwise and counterclockwise vectors are directed
eastward. Therefore, the angle found at the inertial
frequency on coherence between the current and
the mean temperature vector is the angle of the
current parallel to the shore and the west-east axis.
The currents obtained when the depth-averaged
temperature is maximum and the direction of prop-
agation of the internal waves is at a right angle
are shown in Fig. 14. The directions drawn in Fig.
15 are computed with surface and bottom measured
currents. Taking into account the great complexity
of natural conditions, and the restrictive approxi-
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DIRECTION OF PROPAGATION
OF THE INTERNAL WAVES
COMPUTED FROM THE CURRENTS

N THE SURFACE {=~—)

AND BOTTOM (==#) LAYERS

AND THE DEPTH AVERAGED TEMPERATURE

F1G. 15. Direction of propagation of the internal waves at f; were obtained from
coherence computations between the depth-averaged temperature and the cur-
rents. The relationship with the nearest coastal zone is noteworthy and argues for
a coastal generation of the internal waves.

mations of the theoretical solutions (only valid for
large t), the result is clearly noteworthy. The com-
puted direction of propagation always corresponds
to waves propagating from the nearest shore-located
source of the internal wave field (i.e., the most in-
fluential source). Let us emphasize that the poor
coherence between mean temperature and currents
at the offshore points is due to the fact that no
single coastal source is dominant; in that case, a
local elevation of the thermocline is associated with
variable current directions and thus, with variable
directions of propagation.

6. Discussion

The observations that have been presented are
deduced from many and long time series, and are
statistically significant. They are obtained in a region
where the tidal influence is very small, and then
the response of the ocean-to-meteorological forc-
ing can be studied without any bias. We have found
many points of agreement between the observed
dynamics of the Gulf of Lions in the inertial fre-
quency band and the two-layer linear model pre-
sented in Section 4.

Inertial oscillations which are a common feature
of deep-sea motions are observed there both on
current and temperature records near the shore in
summer. Their generation is due to transient gusts
of wind of a duration of a few days (the Mistral and
the Tramontane). The phenomena are well repro-
duced by the model.

Spectra of current time series in the surface layer
show a thin peak at the inertial frequency f;. This
is explained by (4.11) which shows that the inertial

oscillations in the upper layer are strongly depend-
ent on the local wind. '

The peaks on the spectra of the bottom currents
and the depth-averaged temperatures are broader
and centered on frequencies greater than f;. This
is due to the existence of long gravity waves of
frequency greater than f; generated at the shore,
which drive the interface elevation [baroclinic wave
Eq. (4.8)] and the bottom current [barotropic and
baroclinic waves (4.12)]. We remark that the bottom
current does not depend on the local wind forcing.

Coherence analysis shows that currents in the sur-
face layer are in phase at frequencies < f;. This must
still be related to the local wind forcing of the cur-
rents in the upper layer [Eq. (4.11)], whose space
scale is larger than the distance between the moor-
ings, and whose time scale is of a few days. The
bottom currents and the depth-averaged tempera-
ture measured at different moorings are nonco-
herent because they are associated to long dispersive
waves.

At the same mooring, surface and bottom cur-
rents are coherent in a large band of frequencies
= f;, with a phase-lag of w. This is explained by
Eq. (4.6) which is valid a few hours after the onset
of the wind. Let us emphasize that this phase-lag
of s, obtained whatever the separation in depth
of the current meters is, shows that the internal
waves occur on the first baroclinic mode only, and
strongly supports the validity of the two-layer model
and the slablike motion in each layer.

Currents and the depth-averaged temperature
pseudo-vector measured at the same mooring, are
coherent at f; when the mooring is located at dis-
tances from shore less than 20 km; these parameters
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are noncoherent at larger distances. When the
coherence is significant, the direction of propaga-
tion of the internal waves can be computed; this
direction is in agreement with their generation at
the shore. The non-significant coherence obtained
at moorings far from shore can be explained by
the different coastal sources of internal waves, as
is expected for moorings located near the center of
a semicircular gulf.

The strong stratification observed in summer and
the small depth of the basin make it possible to
represent the Gulf of Lions by a two-layer fiuid.
The ratio of the vertical scale (depth) over the hori-
zontal scale (internal radius of deformation) is
< 107%, which enhances the validity of the shallow
water hypothesis and the slablike motion in each
layer.

In fact, the dynamics of the Gulf of Lions is as-
sociated to the transient phase of a geostrophic ad-
justment process due to the meteorological forcing,
which generates long barotropic and baroclinic
gravity waves at the shore. The variations of the
depth-averaged temperature are modeled by the
elevation of the interface which corresponds to the
oscillations of the long baroclinic gravity waves. The
current in the bottom layer is associated to the baro-
tropic and baroclinic gravity waves while the current
in the surface layer mainly depends on the local
forcing.
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APPENDIX A
Degrees of Freedom of Spectral Analysis

We use p, to denote the number of degrees of
freedom of the spectrum E,(w) or of the coherence

12
st e
= peyv \w ¢y hy

3202 hy
RE

1/2 [
i (RO

> pic,'v ) ¢ ¢y’ 2 h,
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C.(w). The ensemble-averaged spectrum is ob-
tained by

2 PnEq(w)

Ew)=2ou--— .

> Pn

n
If the time series are not coherent, the number of
degrees of freedom of E(w) is 3, p, and so its con-
fidence limit interval is smaller than any elementary
confidence limit interval. If we apply the same
operator to coherence, we obtain an ensemble av-
eraged coherence C(w) whose curve is smoother
than any single curve, but its confidence limit inter-
val remains the same (if the p,, are of the same order
of magnitude).

APPENDIX B
Analytical Results in the Case » + 0
In the case where v # 0, we obtain
,  K? p:+f?
gh2 p? +f2 + K2hy/hy

(423 2 = —'h—'(p2 +f2 + thl/hg),
g€

where

K2

P —(p + VP + 1.

Using (4.7) and the Laplace inversion formula,
one can show that {; is the sum of two elevations
generated at the shore, whose fronts still propagate
with the velocities ¢, and ¢, defined above.

The elevations ¢, and ¢, are difficult to calculate.
Nevertheless, we can obtain their asymptotic expan-
sions as ¢ tends toward infinity using Sutton’s algo-
rithm (1934). We focus our attention on the case in
which the wind is parallel to the shore because the
elevations are much larger. Assuming that € < v/f
< 1, we then obtain

3+ _f_x_)]e_,,,ﬁ,

Co

) (vt)™V2 cos(ft — 7/4)} + O[(vt)~17],

)] —f.r/c,'

L, (4.21)

fx

cy'

P,



May 1981

where ¢,’ = (ghy)V?, ¢’ = (gh,€)'?, and v, is the
real part of the complex conjugated roots or the
equation af = 0 (v, is positive and v, < v).

Comparison of (4.18) and (4.21) leads to the fol-
lowing remarks. The bottom stress modifies com-
pletely the barotropic motion. The barotropic term
of elevation grows like (vr)!/? instead of ft when v
= 0. The baroclinic term keeps the same form, but
the internal radius of deformation which is now
(geh,)V*/f, is increased (by a factor 1.4 in the Gulf
of Lions). The upwelling is still driven by the baro-
clinic term of ¢, (term multiplying ¢,’/c,’), and its
magnitude at the shore is nearly identical to that
obtained in (4.18).

Its spin-up time 7" is of the order T' = 10v7'. The
ratio v/f is small. As it is shown below, v/f < 1071,
The spin-up time 7T of the upwelling without damp-
ing, is at least fifty times smaller than T'(7/T’
= 0.2v/f). Thus, at small times (ft < 10) the up-
welling behaves like (4.8), and as the time increases
(vt > 10), it behaves like (4.21).

The asymptotic values of the components of the
velocities parallel to the shore are

v, = To [1 — exp(—xfilcy)
prhay
+ (E - X )exp(—xf/cz’)] 4.22)
h, 2¢,’
vy = —2— [1 ~ exp(—xflcy)].
P12V J

We still observe a boundary coastal jet in the upper
layer and its magnitude at the shore is similar to that
obtained in (4.20) when ¢t — . We also observe a

tendency of the velocity to barotropy as the offshore.

distance increases.

From the above considerations we can conclude
that a linear bottom stress slightly modifies the be-
havior of the upwelling and that the results of the
case v = 0 are valid to a good accuracy for short
times (¥t < 1).

- Remark

We estimate v in the following manner. The bot-
tom stress is equal to (Thompson and O’ Brien, 1973)

T, = pC |u2‘u2, “4.23)

where ¢ = 1073,
Comparing (4.23) and the value of 7, given in (4.5),
we find
v=c |u2 ‘ fhy.

An order of magnitude of |u,| is 0.2 m s™*, and
for 20m < h, < 80 m, we find 2 x 1076571 <
< 107357
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