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Effects of wave breaking on the near-surface profiles of
velocity and turbulent kinetic energy.

Arne Melsom and Øyvind Sætra
Norwegian Meteorological Institute, Oslo, Norway

Abstract. A theoretical model for the near-surface velocity profile in the presence of
breaking waves is presented. Momentum is accumulated by growing waves and released
upon wave breaking. In effect, such a transition is a process involving a time dependent
surface stress acting on the mean current. In the present study conventional theory for the
Stokes drift is expanded to fourth order accuracy in wave steepness. It is shown that the
higher order terms lead to an enhancement of the surface Stokes drift and a slight retarda-
tion of the Stokes volume flux. Furthermore, the results from the wave theory are used in
orderto obtainabulk parameterizationof momentumexchangeduringtheprocessof wave
breaking. The mean currents are then obtained by application of a variation of the “level
2.5” turbulence closure theory due to Mellor and Yamada. When compared to the tradi-
tional approach of a constant surface stress, the mean Eulerian current exhibits a weak
enhancement in the near-surface region, compensated by a negative shift deeper in the
watercolumn.However, it is foundthattheresultsof CraigandBanner, andCraig,arenot
significantly affected by the present theory. Hence, this study helps to explain why the
Craig and Banner model agrees well with observations when a realistic, time varying sur-
face stress acts on the drift currents.

1. Intr oduction
With the exception of coastalregions with large tidal

amplitudes,the circulation of the ocean’s surfacelayer is
mainly attributed to the wind stress.This stressinduces
motion in the upperoceanon a variety of scales,ranging
from turbulenceto wavesandoceancurrents.Theeffect of
the wind stresson waves can be observed as increasing
wave amplitudes.This processhaslimitations,sincewaves
with a steepnessbeyond a critical valuebecomeunstable,
andwave breakingoccurs.The main topicsof the present
paperare(1) how wave breakingaffectsthedistribution of
themomentuminput to theoceandueto a stressactingon
the free oceansurface,and(2) how wave breakingaffects
the near-surface properties of turbulence.

For a given stressat the ocean’s surface,the vertically
integratedmomentumin theoceanis influencedonly by the
momentumsink at the bottom.Obviously, this is alsotrue
whenmomentumis distributedbetweenwave motion and
meancurrents(Weberand Melsom 1993a).However, the
presenceof waves and wave breaking may significantly
affect theverticaldistribution of momentumandits tempo-
ral evolution (Melsom 1996).

In a studythathasa focuson thedistribution of momen-
tum, thedescriptionof mixing processesplaysanessential
role. Recently, a generalizationof well-known turbulence
closuremodels(TCMs) hasbeendevelopedby Umlauf and
Burchard (2003). The widely used turbulence closure
modelby Mellor andYamada(1982)(MY-TCM) is oneof
themodelsthatcanberetrievedasaspecialcaseof Umlauf
and Burchard’s generic model.

In their study, Craig and Banner(1994, hereafterCB)
examine wave-enhancedturbulenceby applicationof the

Mellor-Yamadamodel. The effect of waves is parameter-
ized by adoptionof an alternative expressionfor the rela-
tion betweenthe wind stressand the turbulent kinetic
energy (TKE) at the surface.Moreover, CB considersim-
plifications of the MY-TCM, and find that the traditional
law-of-the-wall assumptionof shearproduction of TKE
being balancedby dissipationdoesnot apply in a wave-
enhanced surface layer.

Numerical models for ocean circulation is one field
wherethe presenceof wavesandwave breakingis largely
ignored.For modelresultsregardingfeatureslike the large
scaleandthe mesoscaleoceancirculation,the omissionof
effectswave breakingis not expectedto bea matterof con-
cernin the presentcontext. However, wheninformationin
thenear-surfaceregion (onaverticalscalecorrespondingto
thelengthof gravity wavesor shorter)is pertinent,thepres-
enceof breakingwavesmaypotentiallyhave an impacton
the model results.This may be the casefor modelswhich
useterrain-following coordinatesin thevertical,suchasthe
PrincetonOceanModel (Mellor 1992) and the S-Coordi-
nates Rutgers University Model (Song and Haidvogel
1994): When such modelsare applied to domainswhich
span depthsfrom a few tens of metersto thousandsof
meters,the uppermostlayers in shallow watersmay well
haveathicknessin therange0.1-1m. Traditionalnumerical
oceancirculationmodelsthatareformulatedwith a z-coor-
dinatein thevertical,e.g.Cox andBryan(1984),mayalso
have a resolutionof a few meters(or less)in theuppermost
model layer. This is also the casefor a classof emerging
circulationmodelsthatareformulatedwith ahybrid coordi-
nate in the vertical, e.g. Bleck (2002). For a model that
includes near-surface dynamics, it may be important to
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incorporatea realistic parameterizationof wave breaking.
For models with lower vertical resolution, rather than
changing the model parameterization,effects of wave
breakingmay needto be consideredif the surfacevelocity
is derivedfrom theresultsfor theuppermodellayer. In the
context of local redistribution of momentum,effects of
wave breakingcan safely be ignoredwhen predictionsin
the deeper parts of the ocean is considered.

It is a formidabletaskto provideadetaileddescriptionof
wave breakingandhow it affectscurrentsand turbulence.
In the presentpaper, no efforts will be madetowardssuch
anend.Instead,effectsof wavebreakingwill beparameter-
izedasdescribedin Melsom(1996),utilizing theconserva-
tion propertiesof massandmomentum.In thatpaper, it was
found that wave breakingenhancesthe surfacedrift. How-
ever, verticaldiffusionof momentumdueto turbulencewas
parameterizedusinganeddyviscosityof constantvalue.In
thepresentpaper, theaim is ata realisticdescriptionof ver-
tical momentumdiffusionby invokingaversionof theMY-
TCM (Mellor 1973;Mellor andYamada1974;Mellor and
Yamada1982) with the modifications related to wave-
enhancement that were suggested by CB.

CB find thattheMellor-Yamadamodel,with their modi-
fications,shows “agreementin detail with measuredpro-
files of dissipation”,despitethe fact that the model is not
parameterizedor calibratedto describedrift currentsin a
sea-statethat is influencedby breakingwaves.This is par-
ticularly thecasefor therelatively shortperiodfrom aniso-
latedwave breakingeventoccursandto the time whenthe
wave’s massand momentumhas beenredistributed. One
importantgoal in this study is to investigate how isolated
wave breakingeventsaffect thebalanceof the termsin the
equationfor the TKE, by applicationof a bulk parameter-
izationof theeffectsof massandmomentumredistribution.

The secondimportantgoal is to obtainresultsthat may
hold valuableinformation to the numericaloceancircula-
tion modelingcommunitywith respectto theneed,or lack
of need,for parameterizationof the sub-scaleprocessof
wave breaking.Theeffect of wave breakingon theocean’s
surface drift will be assesses in this context.

2. Mathematical Formulation
Thepresenttheoryincludesdiversefeaturesof theocean

circulation, namely a TCM, an investigation of wave
motionto fourth orderin wave steepness,anda description
of meancurrents.Wavemotion,meanmotion,andhigh-fre-
quency motion are separatedas describede.g. by Weber
and Melsom (1993a).Assumingthat distinct time scales
exist, the Eulerianpressureandvelocity fields aredivided
into three separate parts:

(1)

Hereprimes,carets,andoverbarsdenotesmall-scaleturbu-
lent fluctuations,wave motion, and meanmotion, respec-
tively. Thegoverningequationsfor thewavemotionandfor
themeanmotionaredevelopedby applicationof time-aver-

aging.Two time-averagingprocessesare employed. They
aredenotedby < > and{ }, andcorrespondto integration
over periodsthat remove linear turbulent and linear wave
quantities, respectively.

The presentstudy is confinedto the upperlayer of the
oceanwherethedensityρ is taken to beconstant.Further-
more,effectsof molecularviscosityareomitteddueto the
smallmagnitudeof theviscosity. A Cartesianframeof ref-
erenceis applied, with the vertical z axis being positive
upward. The undisturbedhorizontal surface is taken to
define z = 0. The governing Eulerian equationsfor wave
motion and mean motion then become

(2)

and

(3)

respectively. Hereg is theverticalaccelerationdueto grav-
ity, and∇ denotesthegradientoperator. Detailson thederi-
vation of theseequationsaregiven by WeberandMelsom
(1993a).

Note that effects of Earth’s rotation have been disre-
garded.If sucheffects were to be taken into account,the
wave field alsobecomesaffectedwhenthe wave propaga-
tion direction is constantin a rotating frame of reference
(Hasselmann1970).Then,vorticity is introducedinto the
waveequations,introducinganadditionalcomplexity to the
already fairly intricate wave theory that is presentedin
AppendixA. This simplification implies restriction with
respectto the validity of the resultsbeyond the first few
hours of integration.

3. Turbulence and Reynolds stresses
The presenceof turbulence gives rise to Reynolds

stressesin (3). We shall adopt the descriptionof these
stressesas outlined by Craig (1996, hereafterC96). This
description involves use of an eddy viscosityν:

(4)

Moreover, the eddy viscosity is defined by

(5)

wherel is a referencelengthscalefor turbulentfluctuations.
IntroducingtheMY-TCM, SM is a parameterwith a con-

stantvaluein the presentcaseof unstratifiedwater. More-
over, we apply their "level 3" equationfor the turbulent

p v( , ) p′ v ′( , ) p̂ v̂( , ) p v( , )+ +=

∂v̂
∂t
------ v̂ v̂∇⋅ v̂ v̂∇⋅{ }–+ =

p̂
ρ---∇– ∇ v̂v– vv̂ <v ′v ′>– <v ′v ′>{ }+–[ ]⋅+

∂v
∂t
------ v v∇⋅+ =

p
ρ---∇ gk–– ∇ <v ′v ′>{ }– <v̂v̂>{ }–[ ]⋅+

<u′w′>{ }– ν u∂
z∂

-----=

ν lqSM=
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kineticenergy (TKE), q2/2. If weneglectadvectionof TKE,
and introduce (4) and (5), we have

(6)

Here,SqandB areadditionalempiricalconstants.Note
also that in the absenceof stratification,the "level 3" ver-
sionfor turbulenceclosureis identicalto thepopular"level
2.5" version(Mellor and Yamada1982).Hereafter, q will
be referred to as the scaling velocity for turbulence.

The referenceturbulence length scale l is taken to
increaselinearly from thesurfacetowardstheinteriorof the
ocean, e.g. Prandtl (1952),

(7)

where κ is von Kármán’s constantand zr is the surface
roughness length.

In thepresenceof breakingwaves,observationsindicate
that the TKE flux at the surface can be parametrized as

(8)

(seeCB), whereu* is the friction velocity dueto the wind
stressthatactson theocean’s surface,andα is a parameter
which is generallya functionof theseastate(Drennanetal.
1992).

4. Waves

4.1.  Wave motion

As in Weber and Melsom (1993a),motion associated
with a surfacewave thattravelsin thex-directionis consid-
ered,

(9)

wherek is the wave number, ω is the frequency, β is an
exponentialgrowth rate,andζ0 is the initial surfaceampli-
tudeof thegravestmode.Thewave motionandthedisper-
sion relation ω(k) is then found by solving (2) and the
correspondingmassconservationequationwith appropriate
boundary conditions.

The wave motion is governedby (2) andthe masscon-
servationequation.For theseparation(1) to bemeaningful,
we must have . Furthermore,
it is assumedthat there is a relatively small contribution
from the Reynolds stressterms at frequencies
closeto ω, i.e., |A| << |B|. Then,the two termsin (2) that
involve the Reynolds stresseswill tend to canceleach
other, since .
Hencetheir combinedeffect on the wave motion will be
neglectedin (2). Moreover, thenonlineartermsinvolving
and in (2) areneglected.Thiswill restricttheaccuracy of
the description of the wave field close to breaking.

The above approximationsare the sameas in Melsom
(1996). Equation (2) can now be written

(10)

If thewave field hasno vorticity initially, it remainsirrota-
tional. In thiscasethevelocityfield canberepresentedby a
potential function ϕ as , and the solution for
exponentiallygrowing wavesis givenin AppendixA. Since
the resultsarisefrom inviscid theory, wave growth is pro-
ducedby asurfacepressureperturbationthatis outof phase
with thesurfaceshape,andin phasewith theverticalveloc-
ity of the oceanwaves.Then, the surfacepressureactsin
thedirectionof thefluid motion,addingenergy to theocean
in terms of an increased wave height.

4.2.  Higher order wave drift

The particledrift may be derived in a Lagrangianman-
ner, following the methodoutlined by Lamb (1932).This
methodis formulatedasa computationof the masstrans-
port below material interfacesthat are horizontal in the
absenceof waves.Theshapeof materialinterfaces may
be derived e.g. by integration of the continuity equation

(11)

Observingthatthesurfaceis amaterialinterface,wefind
that the shape of  to  is

(12)

Here, is a non-dimensionalmeasureof the
wavesteepness, is thephasefunction,and
is the vertical position of the interfacewhen at rest. The
Eulerian periodic velocity profile is given by (A7) in
AppendixA, andthemasstransportbelow the interface
is

(13)

∂
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After somerathertediousarithmetics,wefind thatthemean
Lagrangian transport below  becomes

(14)

wheretheoverbardenotesameanquantitythatresultsfrom
an averageover the period of the gravest wave mode,as
defined in Section2. Also, is the lowest
order phase velocity, as defined in Appendix A.

The Stokesdrift uS, which is the meandrift velocity of
particlesin a non-rotatinginviscid fluid, is then given to
fourth order in wave amplitude as

(15)

TheStokesdrift hasalsobeencalculatedby anEulerian
approach,in which the particles’ trajectorieswerederived
usingTaylorseriesexpansionsin time.Thisapproachled to
a numberof termsthat grow linearly in time, andwasnot
suited for determinationof a meanproperty such as the
Stokesdrift. However, thetermsthatcontainedperiodicand
constantmultipliers of powers of ε were in concordwith
(15).

5. Parameterization of wave breaking
The processof breakingof a monochromaticwave will

be parameterizedby requiring conservation of massand
momentum. This approach was described by Melsom
(1996),usingsecondorderaccuracy in theunderlyingwave
theory. Here,the samemethodis applied,andthe analysis
is extendedto fourthorderaccuracy in wavesteepness.This
constitutesan appropriateextension of the earlier work,
since wave breaking is closely associated with steep waves.

Effects of one isolatedwave breakingevent are exam-
ined.Let betheamountof Eulerianmomentumthat
is lost from thewavemotionwhentheamplitudeis reduced
by ∆ζ to ζ0. Then,

(16)

Figure 1. Momentumconversionfrom periodic motion to meanmotion
during breaking.(a) Sketch of conversiondue to shifted distribution of
mass.The wave propagatesto the right. (b) Sketch of meanmomentum
lost from theperiodicmotion dueto reducedvelocitiesafterbreaking.
The magnitudeof the amplitudereductionhasbeenexaggerated.Seethe
text for details. Figure 1 is taken from Melsom [1996].

where is thevelocity in thex directionthatis
associatedwith waves of a steepnessε, is the
wave steepnessafter breaking, is the reduc-
tion in wave steepnessdueto breaking,and∆M1 and∆M2
are defined below.

As a consequenceof reductionin amplitude,momentum
associatedwith periodicmotionis lost at thesurface.Here,
massis redistributedby wavebreakingin aprocessthatcan
be observed aswhite-capping.In a sense,massmoving in
the wave’s propagation direction (dark shadingin Figure
1a) is replacedby massmoving in the oppositedirection
(light shadingin Figure 1a). We denotethe momentum
transferassociatedwith this processby ∆M1. Hence,this
quantityrepresentsthe momentumdeficit dueto the redis-
tribution of massat the surface that is associatedwith
white-capping, and we find

(17)

η
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û x z t ε;, ,( )
ε0 ζ0k=

ε∆ ζ∆ k⋅=
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where is the shapeof the surfacefor a monochro-
matic wave with steepness , andζ is given by (A8) in
Appendix A.

Moreover, the changesin the pressuregradientdue to
wave breakingwill give riseto aninstantaneousadjustment
of thewave motionin theentirewatercolumn.Theamount
of Eulerianmomentumthat is lost from thewavesbeneath
the interface level after wave breaking becomes

(18)

wherethe shapeof the materialinterfaceη is given by
(12). The vertical distribution of is indicatedby the
shaded area in Figure 1b.

In the presentformulation,all of the momentumthat is
lost from thewave motionmustbe transferredto themean
motion. For the Stokes drift given by (15) we obtain

(19)

so the momentumtransferredto the meanEulerianmotion
is exactly compensatedby a reductionin the Stokesdrift.
Thus,thevertically integratedLagrangianmomentumis not
affected by wave breaking (Weber and Melsom 1993a).

Transferof momentumlost from the periodicmotion at
thesurface, , maybeparameterizedby a virtual wave
stress actingon themeancurrentat thesurface.Sucha
parameterizationwas first suggestedby Longuet-Higgins
(1969)in a studyof decayingwaves.Whenwave breaking
occurs att = 0, we then obtain

(20)

In the caseof breakingwaves,the weight function F(t)
mustgo rapidly to 0, i.e.,with anexponentialdecayrateof
onewave periodor so.Thereis no obvious choicefor the
temporal developmentof the virtual wave stressdue to
breaking, . However, in Melsom (1996) two extreme
choicesfor F in (20) were investigated,namely the delta
function and an exponential decay rate set to the wave
period.It wasshown thattheeffectsof wavebreakingis rel-
atively insensitive to thechoicefor F. For this reason,only
the delta function will be implemented in the present study.

The momentumtransferassociatedwith the adjustment
of thewavemotionin thewatercolumnmustgive riseto an
interior adjustment of the mean current. Hence,

(21)

To the lowestorder in ε, the interior adjustment is
equal to half of the changeof the Stokes drift which is
induced by breaking.

6. Drift curr ents
For the mean current, the two-dimensionalproblem

wherethehorizontalcurrentdependson theverticalcoordi-
nateandtime will be considered.Moreover, in the present
context, thedrift of waterparticles(theLagrangiandrift) is
different from the Eulerianvelocities.The Eulerianprob-
lem given by equation (3) may be transformed to a
Lagrangian problem using the relation

(22)

(Phillips 1977). Then,

(23)

whereuS is given by equation (15).
The wind stressin the atmosphericboundarylayer is

denoted byτ, i.e.,

(24)

where u* is the friction velocity and the superscripts(a)
denoteatmosphericquantities.A significantamountof the
momentumthat is transferredfrom the atmosphereto the
oceancontributesto wavegrowth (Melville andRapp1985;
WeberandMelsom1993a).Thestressassociatedwith such
momentumtransferis heredenotedby τ(w), and f is intro-
duced as the fraction ofτ(w) to the total wind stressτ, i.e.,

(25)

The boundary condition at the surface becomes

(26)

where

(27)

Here,thevirtual wave stressτvw is givenby equation(20),
and t0 is the time at which the latest wave breaking
occurred.Note that due to wave breaking,τ(o) will be a
functionof timeevenin thecaseof aconstantwind stressτ.
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Momentum associatedwith the wave motion will be
transformedto meanmotion accordingto equation(21).
Thus, the problem must be re-initialized:

(28)

where and are the drift profiles after the present
wave breaking event and prior to the breaking event,
respectively. The instantaneousadjustments and
aregiven by (21) and(19), respectively. Given a boundary
conditionat thebottomor in theocean’s interior, theprob-
lem given by (23)-(28) may be solved.

Furthermore,note that when Tb is the period between
breaking events, we have

(29)

Thus,in thepresentformulationall of themomentumtrans-
fer from the atmosphereto the oceanis ultimately con-
sumed by the ocean currents.

7. Results
One aim of the presentpaper is to provide realistic

descriptionsof effectsof wave breakingon drift andturbu-
lence.Nevertheless,in AppendixB we includean analyti-
cal solution of the velocity perturbationdue to a wave
breakingevent, basedon a constantvalue eddy viscosity.
Therearetwo reasonsfor this: [1] to provide a preliminary
assessmentof steepwaves on the drift inducedby wave
breaking,and[2] to provide an exact solutionthat may be
used to test a numerical description of the problem.

The full problemis given by (6) and (23) with surface
boundaryconditions(8) and(26).In thenumericalformula-
tion of the problem,conditionsof the Neumanntype are
applied in the ocean’s interior:

(30)

whereH is a depththat is largerelative to thewave length.
The initial condition for the drift is

(31)

whichcorrespondto astateof restprior to theonsetof wind
forcing andwavesat t = 0. Further, (re-)initializationof
after a wave breakingevent is given by (28). Thereis no
obviouschoiceof initial conditionfor the turbulent kinetic
energy. For simplicity, a constantvalue initial background
turbulence is assumed,

(32)

which is generally in discord with the surface boundary
condition(8). The initial backgroundturbulenceis setto a
low valueof q0

2 = 2⋅10-6m2s-2 (theresultsafter30 minutes
turnedout to be virtually independentof the initial value
used forq0

2).
Numerical integration is conveniently performedafter

invoking the transformation

(33)

(seeCB), which ensuresthat the surfaceboundarylayer is
properly resolved. The equationsare solved using a stan-
dardcentrallydifferencedform with secondorderaccuracy
in time and in the y domain. In (6) the shearproduction
termis evaluatedat theold timestep.Moreover, thedissipa-
tion termis madeup of two factors,q·q2, wheretheformer
andlatter factorsareevaluatedat theold time stepandthe
new time step,respectively. In (23) valuesfor q (andν) in
the diffusion term are computedfrom the old time step.
Moreover, thetemporalresolutionis increasedimmediately
afterwavebreaking,in orderto accuratelydescribethesud-
den impact of wave breakingon the meanmotion. This
approachis slightly different than the numericalmethod
appliedby CB. All profilesandtime seriesthatwill bepre-
sentedarecomputedasthe temporalmeanvaluesbetween
two eventsof wave breaking.Resultsquotedas obtained
with a constantsurfacestress(in Case1 andCase2 below)
are analogous to the results in CB.

In orderto solve theproblem,anumberof parameterval-
uesmustbe specified.For the parametersrelatedto turbu-
lence closure, the values quoted in Table 1 in C96 are
adopted,i.e.,SM = 0.39,Sq = 0.2,B = 16.6andκ = 0.4.Fur-
thermore,we arefacedwith the“ratherunpleasantproblem
of estimatingzr” (Madsen1977).Here,theoceanicequiva-
lent of the Charnock formula, i.e.,

(34)

will be used.Basedon an examinationof the laboratory
data presentedby Cheungand Street(1988), C96 deter-
mineszr by minimizing errorsin theturbulencemodel.The
resultsarepresentedin Table2 in C96,andyield valuesfor
a in therange250-2000.Basedon interpretationof velocity
profiles,Bye(1988)proposesthat . Terrayetal.
(1996) find good agreementbetweentheir field observa-
tionsandthe turbulencemodelby CB if , then,the
results in Table 1 in Terray et al. yield and

. Based on observational data from Knight
Inlet, Stacey (1999)findsthat when .
The datathat have beenquotedhereclearly indicatethat a
universalconstantvalueof a doesnot exist, andonereason
for this is thatthesurfaceroughnessis a functionof thesea
state(Donelan1990).Nevertheless,we believe that theuse
of (34) is justifiedin this ratheridealizedstudy. A casewith
a friction velocity u* = 0.018ms-1 will be examinedhere,
using and . The oceanic surface
roughness length then becomeszr = 0.66m.
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In order to obtain a consistentspecificationof the sea
stateand the air-seamomentumtransfer, a state-of-the-art
wave model,WAM (Komenet al. 1994),wasused.WAM
modelsthetemporalevolutionof thedirectionalwavespec-
trum,for waveswith lower frequenciesthanaspecifiedcut-
off frequency. This frequency rangeis usuallyreferredto as
thedynamicrangeof wave frequencies.For higherfrequen-
cies than the cut-off value, WAM assumesa prescribed
shapeof thewave spectrum,which is usuallyreferredto as
thetail of thespectrum.Theenergy input from thewind to
thetail of thespectrumis predominantlybalancedby dissi-
pation,giving rise to a continuousflux of turbulenceat the
surface.

We applied a constant wind forcing of 12m/s, and
inspectedthe resultsfrom WAM for the period 4-6 hours
after the initialization. Then,the steepestwaveshadwave
numbersin the range0.13-0.2m-1, with the largeststeep-
nessbeing observed for longer waves as time progressed.
The friction velocity was in the range0.18-0.19m/s,
with valuesthatdeclinedslowly with time.Thesteepnessof
thesteepestwaveswasapproximately0.34,andf, the frac-
tion of momentumtransferfrom the atmospherethat was
generatingwaves in the dynamicrangeof the wave spec-
trum, declined from 0.56 to 0.47.

Basedon theseresultsfrom the WAM wave model,we
set , ε0 = 0.34,∆ε = 0.0062,ζ0 = 2m, Tb =
600s,andg is setto 9.8ms-2. Thesevaluescorrespondto a
wavelengthof 37m, and the non-dimensionalnumber in
(A6) becomesB0 = 2⋅10-4. Then, the reductionof wave
energy dueto a wave breakingevent is ,
which lie within the1%-10%rangeindicatedby theexperi-
mentalresultsof Melville andRapp(1985).Also, from (29)
this specificationimpliesthatthefractionof thetotal atmo-
sphericstressthat contributesto wave growth is f = 0.51.
Thisvaluecomplieswith theresultsof Mitsuyasu(1985).If
we specify the density of air by , we have

. The phase speed of the wave then
becomes , andthewave frequency is

. Furthermore,the growth rate follows
from the relation

(35)

We find that . andthesteepnessat wave
breaking becomes . Further, we
define a non-dimensionalage of steepwaves as ,
wherec is thephasespeedof thewaveswhosemomentum
is partially transferredto thedrift currentwhenwavebreak-
ing occurs. Here, this non-dimensional age is 14.9.

Dueto theassumptionof aconstantatmosphericstressin
a model without a momentumsink, and whereeffects of
Earth’s rotation is disregarded,we must imposea limit on
thelengthof thetime periodfor which our integrationswill
beperformed.We have chosento setthis limit to six hours,
sinceeffectsof Earth’s rotationwill thenbequitenoticeable
at most latitudes (see Figure 4 in Melsom (1996)).

Resultsfrom four caseswill beexamined.In thiscontext,
we will refer to resultsproducedby setting in (27)
asthe“constantstress”case,sincethesurfacestressτ(o) in

(27) then becomestime invariant. In this case,the wave
amplitudeis constant,so the virtual wave stressvanishes,
and thereis no re-initialization accordingto (28). Results
from the“constantstress”casearederivedidenticallyto the
CB theory, wheneffectsof Earth’s rotationaredisregarded.
Thus, the profiles of Eulerian velocity and the scaling
velocity for turbulencewill be denotedas uCB and qCB,
respectively.

In the realistic case, with , τ(o) becomestime
dependent,andthis will bereferredto asthe“time varying
stress”case.Resultswill bederivedusingbothO(ε2) accu-
racy andO(ε4) accuracy in thepresentwave model,andthe
corresponding sets of profiles of Eulerian velocity,
Lagrangiandrift andthescalingvelocity for turbulencewill
bedenotedasu2, uL;2, q2 andu4, uL;4, q4, respectively. As
describedabove, in the presentspecificationof
theseastate.NotethattheTKE flux at thesurfaceis param-
etrized by (8) throughout.

The casesthat will be examinedaredefinedbelow, and
will hereafter be referred to by their case numbers:
Case 1: Offsets in Eulerian velocities and TKE, when
resultsdue to a time varying surfacestressτ(o) basedon
O(ε4) in thewave model(u4, q4), arecomparedwith results
thatareproducedin thecaseof aconstantstress(uCB, qCB).
Case2: As Case1, but with O(ε2) accuracy in the wave
model (u4, q4 in Case 1 is replaced byu2, q2).
Case3: Offsetsin Eulerianvelocities,when resultsbased
on the O(ε2) wave model (u2, q2) are comparedwith the
O(ε4) results (u4, q4).
Case4: As Case3, but for the Lagrangiandrift (u2, u4 in
Case 3 is replaced byuL;2, uL;4).

First, the temporal development of the results from
Case1 andCase2 areexamined.The resultsaredepicted
in Figure2. In Figure2aand2b,thesetimeseriesareshown
for the depthsof 0.4m and 4.9m, respectively. Here, the
black curves are the velocity time series,and the grey
curvesarethe time seriesof thescalingvelocity for turbu-
lence(q), for aperiodof six hours.Thick andthin linescor-
respond to offsets (in %) from Case 1 and Case 2,
respectively, so the thick and the thin black lines in
Figure2a display the temporalevolutions at z = -0.4m of
100⋅ (u4-uCB)/uCB and100⋅ (u2-uCB)/uCB, respectively.

FromFigure2, we notethattheoffsetof q is nearlytime
independentfor thesenear-surfacelevels in thepresentfor-
mulation.We alsoobserve from Figure2a that the surface
currentderived using the O(ε4) wave model is larger than
for the O(ε2) model.This is dueto the fact that the virtual
wavestressis higherwhentheO(ε4) wavemodelis applied,
see(20) and(17).Thesumof surfacestressesin (27) hasa
temporaldependencedue to wave breaking,which neces-
sarily leadsto a higherlevel of meankinetic energy thanin
theabsenceof wave breaking.For this reasonit is expected
that thesurfacecurrenthasa positive offset.Suchanoffset
is displayedin Figure2a for Case1 and for Case2. The
reductionof thewave breakingeffectsin time is dueto the
higherturbulentmixing nearthesurfacein thepresenceof
wave breaking.

In Figure3a,profilesfor offsetsof meancurrentandthe
scaling velocity after six hours of integration are depicted.

u*
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2∆ε ε0⁄ 3.6%=
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Figure 2. Time seriesfor offsetsof u (black curves,meancurrent)andq
(grey curves,scalingvelocity for turbulence)dueto a time varyingsurface
stress,ascomparedwith theconstantsurfacestresscase.Theoffset in u is
definedas(u4/2-uCB)/uCB, andoffsetsin q aredefinedanalogously. Num-
berson theverticalandhorizontalaxesareoffsetvaluesin % andtime in
hours,respectively. (In theupperpanel,thegrey linesoverlap.)A boxfilter
hasbeenapplied,with a lengthsetto theperiodbetweentwo wave break-
ing events(presently, this periodis 5 minutes).Thick andthin linescorre-
spondto computationsbasedon O(ε4) and O(ε2) accuracy in the wave
model, respectively. Here,ε is the wave steepness.(a) Time seriesfor a
nodecloseto the surface(at z = -0.4m) from the numericalsolution.(b)
Near-surface time series atz = -4.9m. See the text for further details.

The sameconvention for black and grey, thick and thin
linesasin Figure2 wasused.At first sight,Figure3aseems
to indicatethat the integratedmomentumis larger whena
timevaryingsurfacestressis appliedwhencomparedto the
constantstresscase.However, at all depthsbelow approxi-
matelyz = -12m,theEulerianmeancurrentoffsetsareneg-
ative, in compensationfor the excessmomentumnearthe
surface. Obviously, the conservative property is the
Lagrangianmomentum.When the differencesin initial
conditionsaretaken into accountfor thevariousnumerical
integrations,theresultsremainconsistent.After application
of a constantstress (f = 0, i.e., similar to the
CB theory),theverticalprofilesfor theEulerianmeancur-
rent andthe scalingvelocity for turbulenceafter six hours
are displayed in Figure 3b.

Next, we turn our attentionto Case3 andCase4. The
offsetsaredepictedin Figure4, for thesamedomainandat
the sametime as in Figure 3a. The black curves are time
seriesfor offsetsin themeancurrent,andthegrey curve is
the offset of the scalingvelocity for turbulence(q). Thick
and thin black lines correspondto offsets (in %) for the
Lagrangiandrift (Case4) and the Euleriancurrent(Case
3), respectively. The higher order theory leads to an
enhanced drift adjacent to the surface, and a somewhat

Figure3. Panela:Profilesfor offsetsof u (blackcurves,meancurrent)and
q (grey curves,scalingvelocity for turbulence),asdefinedin theFigure2
caption.Numberson theverticalandhorizontalaxesarevertical levels in
metersandoffsetsin %, respectively. Thick andthin linesdisplaythesame
quantitiesas in Figure 2. Panel b: Profilesof the Eulerianmeancurrent
(uCB), and the scalingvelocity for turbulence(qCB), when
(andf = 0) in (27). In bothpanels,profilesaredisplayedaftersix hoursof
integration..

retardeddrift immediatelybelow. This is mostnoteworthy
when the Lagrangiandrift is consideredin Case 4, as
expected from (15).

Figure 4. Profilesfor offsetsof u (blackcurves,meancurrent)andq (grey
curve, scaling velocity for turbulence).Here, results from wave theory
with accuracy O(ε4) arecomparedwith O(ε2) results,with a time varying
surfacestressappliedin bothcases.Numbersontheverticalandhorizontal
axesarevertical levels in metersandoffsetsin %, respectively. Thick and
thin black lines correspondto differencesin Lagrangianand Eulerian
velocities,respectively. TheLagrangianvelocity offset is definedas(uL;4-
uL;2)/uL;2, and the Eulerian offset becomes(u4-u2)/u2. Profiles are dis-
playedfor theupper15 metersof thewatercolumnonly, aftersix hoursof
integration.
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8. Discussion
First, we note that the resultsin this paperto a certain

extent rely on the descriptionof the wave motion. The
descriptionof the wave field was developedfrom irrota-
tional theory, which follows from disregardingthe stresses
in (2). This is anapproximationwhich to somedegreelim-
its the validity of the subsequent results. Nevertheless, this
is the conventional approachwhen effects of waves on
meancurrentsarestudied,e.g.Leibovich andRadhakrish-
nan(1977).Moreover, this approachhasbeenimprovedby
expandingsuchtheoryto 4th orderaccuracy in wave steep-
ness.Obviously, for abrief periodaroundbreakingthenon-
linear terms cannotbe neglected.This problemhasbeen
resolved here by including the bulk parameterizationin
Section5 whichtakesadvantageof theprincipleof momen-
tum conservation.

As noted by Drennanet al. (1992), the scaling wave
numberfor TKE dissipationmay be relatedto the peakof
the slope spectrum,but this spectrumis very broad.We
considersteepwavesof relatively long wave lengths,hence
a largepartof themomentumflux from thewind is initially
carriedby shortergravity waves.In theprevioussection,we
defineda non-dimensionalageof thelongersteepwavesas

. In Figure5, offsetsof theEulerianmeancurrentsat
threeselecteddepthsaredisplayedasfunctionsof the age
parameter. Here,c shouldbeinterpretedasthephasespeed
of thesteepestwaves,whosemomentumfeedsthedrift cur-
rentsuponwave breaking.Hence,this is differentfrom the
conventionalwave ageparameter, which resultsfrom iden-
tifying c as the phasespeedof the significant wave. For
moderatewave ages,around10, the significantwave hasa
steepnessof aboutε0 = 0.3(SverdrupandMunk, 1947).For
larger wave ages,the steepnessof the significantwave is
smaller.

As seenfrom equation(8), a flux formulationhasbeen
applied as the surface boundary condition for the TKE. In

Figure5. Drift currentoffset(u4-uCB)/uCB asa functionof thenon-dimen-
sionalageof steepwaves,after six hoursof integration.From top to bot-
tom, thecurvesdisplaytheresultsat depthsof 0.3m(thick line), 1m (thin
line), and3m (thick line). With the exceptionof ζ0 (andk), all parameter
values have been retained from Section 7.

theoriginal closuretheory, thesurfaceTKE wassetpropor-
tional to thesurfacestress,e.g.Mellor andYamada(1982).
Therationalefor theflux formulationis thattheTKE diffu-
sion is directly influencedby this condition,and the TKE
profilebecomesmoreuniformnearthesurface.This occurs
in responseto mixing generatedby surfacegravity waves.
Notethattheimplementationof avirtual wavestressin (20)
doesnot replacetheflux conditionfor theTKE in (8): Our
study is limited to steepwaves of relatively long wave
lengths,whereasthe dissipationof wave energy from the
tail of the wave spectrumprovides a sourcefor the TKE
flux at the surface.

In theirstudy, Stacey andPond(1997)foundthatthebest
resultsin a numericalsimulationwere obtainedusing the
TKE flux condition(8). As notedby Stacey andPond,the
main weaknessof the flux condition is that the roughness
lengthentersasthesurfacevaluefor themixing length.We
also note herethat in a recentstudy, Terray et al. (1999)
foundan improvedmodel-datafit usinganalternatelength
scalethat is held constantat −κ zr above -zr, andincreases
linearly below.

Thesurfaceroughnessis aparameterwhich is frequently
describedwith an unsatisfactory degree of perfection in
oceancirculationproblems.This study is no exception.In
fact, we suspectthat the surface roughnessshould be a
function of time in the presentformulation, with highest
valuesshortlyafterwave breakinghasoccurred.Neverthe-
less, since we are unaware of observational evidenceof
suchbehavior, any prescribedtemporaldevelopmentof zr
would be speculative. Other phenomenathat are disre-
gardedhere,but maywell be importantin thepresentcon-
text, includeeffectsof swell (Donelanet al. 1997),andthe
three-dimensionalresponseof breakingof waves with a
finite crest length and non-simultaneouswave breaking
events.

In orderto assessthemagnitudeof differencesdueto the
parameterizationof thesurfaceroughness,additionalcom-
putationswereperformed,usinga wide rangeof valuesfor
the constanta in the Charnockformula (34). The increase
in thevelocity dueto wave breakingwasexamined,andthe
resultsafter six hoursof integrationfor thenodeclosestto
the surfaceare displayedin Figure 6. For a given a, the
increasein velocity dueto wave breakingis generallyrap-
idly reduced with depth, as shown in Figure 3a.

In their study, CB find that in the steadystate,the shear
productionof turbulenceis balancedby dissipationbeneath
a "wave-enhancedsurfacelayer". (In CB’s terminology, the
term "wave-enhancedsurface layer" refers to the layer
affectedby thesurfaceboundarycondition(8).) Whendif-
fusion of turbulence is disregarded, and a time varying
stressτ(o) is applied with in (27), the surface
velocity increasesby about 20% when comparedto the
solution obtainedwith the full turbulencemodel. For the
caseof aconstantstress( ), this valuebecomes
approximately24%.This differenceis dueto therelatively
large velocity shearsthat arisein the vertical whenwaves
break.Hence,the presenceof a "wave-enhancedsurface
layer" is confirmed,thoughslightly offset from the results
that were reported by CB.
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Figure 6. Offsets(u4-uCB)/uCB at thesurface,asa functionof theconstant
a in the Charnockformula, after six hours of integration. The surface
roughnesszr is proportionalto a. With the exception of a (and zr), all
parameter values have been retained from Section 7.

In order to further examine the details of near-surface
turbulencein the context of a time varying surfacestress,
the adjustmentof the turbulenceforcing termsin (6) was
inspected.The evolution of the turbulenceforcing termsis
depictedin Figure 7, as a function of time sincea wave

Figure 7. Forcing termsfor turbulentkinetic energy asa functionof time
after a wave breakingevent. From top to bottom, the curves in panela
show thedevelopmentof thediffusionterm(thick line), theshearproduc-
tion term (thin line), and the dissipationterm (thick line), at a depthof
0.3m.In panelb, which depicttheforcing termsat a depthof 5m, thedif-
fusion term is smallerthanthe productionterm.Numbersalongthe hori-
zontal and vertical axes are time in minutesafter a breakingevent, and
magnitudesof terms in m2/s, respectively. (With the presentchoice of
parameters, wave breaking events occur with a period of 10 minutes.)

breakingeventoccurred.Fromthe resultsin Figure7a,we
notethat while the shearproductionterm hasa significant
influenceimmediatelyafter breakingat a depthof 0.4m,
there is a rapid adjustmentto a diffusion-dissipationbal-
ancethereafter. Theseresultshelp to explain thesmall dif-
ferencesbetweenthe presenttheory and the conventional
approach,andthussheda new light on the successof the
turbulencemodelby CB. Figure7bshows thatatadepthof
6.9m,which is beneaththe“wave-enhancedsurfacelayer”,
thereis mainlyabalancebetweentheshearproductionterm
and the dissipation term, which is in agreement with CB.

In Figure 8, resultsare displayedfor the ratios of the
solutionsfrom two simplified turbulencemodelsto results
obtainedwith thefull model.Whenomitting theshearpro-
ductionof turbulence(thick lines in Figure8), momentum
mixing is reduced,and the momentum becomesmore
trappedcloseto the surface.The currentis increasedby a
factorof 1.35 at the surface.When the wind rotatesin an
non-acceleratingframeof referenceasin CB (e.g. leading
to thesteadystatesolutionin their Figure7), thetime aver-
agedvectorial momentuminput from the wind during an
inertial period, vanishes.In the latter case,CB find that
omitting shearproductionleadsto a surface current that
increasesby a factor of about1.4 (seethe lower panel in
their Figure 6).

In theprevioussection,resultswerepresentedwhenthe
reductionof wave energy dueto a wave breakingeventwas
setto 3.6%.After six hoursof integration,theEuleriansur-
facecurrentwas found to increaseby 6.4% when a time
varyingsurfacestresswasimposed.Whenthereductionof
wave energy is halvedto 1.8%,theimpactof thetime vary-
ing stressis even smaller, as the surfacecurrentenhance-
ment becomes 3.4%.

Obviously, the impactof wave breakingon thenear-sur-
facevelocity profile dependson the distribution of the air-
sea momentum flux between waves and drift currents. In

Figure8. Profilesfor ratiosof u4 (blackcurves,meancurrent)andq4 (grey
curve, scalingvelocity for turbulence).Thick linescorrespondto theratio
of thesolutionobtainedwith adissipation-diffusionbalanceto thesolution
obtainedwith thefull turbulenceclosurescheme.Thin linesshow thecor-
respondingratioswith thenumeratorreplacedby thesolutionwith thedis-
sipation-shearproductionbalance.Profilesafter six hoursof integration
are displayed for the upper 10 meters.
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Figure 9. Changesin thedrift currentoffset (u4-uCB)/uCB asa functionof
the fractionof thewind stressthat induceswave growth (f in (25)). From
top to bottom,thecurvesdisplaytheresultsat depthsof 0.3m(thick line),
1m (thin line), and 3m (thick line). Variousvaluesof the fraction f was
examinedby changingthevalueof ∆ε (thechangein wave steepnessdue
to breaking). All other parametervalues in Section 7 were retained.
Results are presented after six hours of integration.

Figure9, thechangesdueto thepresenceof breakingwaves
aredepictedasa functionof the fractionof thewind stress
that induceswave growth, i.e. f in (25). We note that the
changesarenearlya linearfunctionof f, andthattheresults
converge towardsthe constantstresscase , i.e., the
theory of CB.

The work by CB andC96 on modelingthe flux of TKE
asproportionalto thecubeof the friction velocity haslater
beenincludedin otherstudiesof turbulencein thepresence
of breaking waves, e.g. D’Alessio et al. (1998). This
approachhasrecentlybeenextendedto two-equationturbu-
lencemodelsby Burchard(2001).Our resultsindicatethat
the assumptionof a constantstress leadsto
only minorerrorsthatarelargestcloseto thesurface.In the
presentpaper, we have applied a physically sound bulk
parameterizationfor isolated events of wave breaking.
Thus, the errors that we report hereconstitutean assess-
ment of the severity of applying the modified Mellor-
Yamadamodelin a seastatewherewave breakingis abun-
dant.Sincethe errorswe find aresmall, the presenttheory
lendssupportto theuseof theanalyticalsolutionfrom C96,
as it was implemented by Burchard.

One purposeof the presentinvestigation is to quantify
errorsin numericaloceancirculationmodelsdueto ignor-
ing the high frequency variation of the surfacestressτ(o)

that arises due to wave breaking. From Figure 3a, we
observe thattheerrorsin questionextendonly to a depthof
a few meters.Evenfor this narrow rangein depth,theerror
is small(a few percent).Whenthenear-surfacecurrentsare
of interest,theresultsmayconceivablybeimprovedby tun-
ing theturbulenceclosureparameters.As notedby C96,the
effect of diffusionon theTKE profile is mainly constrained
to the region immediatelybeneaththe surface.Alternative
valuesfor Sq were assessedby comparingthe shapesand
offsetsof the profiles in Case1 statistically. However, the

resultswereinconclusive, ase.g.a reducedvaluefor Sq in
thecase led to smalleroffsetsbetweentheprofiles,
but a deteriorationin thecomparisonof theshapes.Hence,
we do not recommendmodificationsof Sq basedon the
presentstudy. Note alsothat changingthe valueof Sq will
affect the momentumsink at the bottom when a no-slip
condition is applied at this boundary.

Whenthe parametervaluesfrom Section7 areadopted,
we find that the Lagrangiansurface drift is enhancedby
about12% wheneffectsof O(ε4) accuracy in wave steep-
nessare included in the theoreticalframework (Case 4).
This is the largestoffset found in thepresentinvestigation,
and also note the negative offsets at intermediatedepths
(seeFigure4). For thechosenspecificationof theseastate,
theStokesdrift increasesby 14.45%wheneffectsof O(ε4)
accuracy are included(with an e-folding depthof 3.6m),
andthis is why theLagrangiansurfacedrift is moreaffected
thantheEuleriansurfacecurrent.In relationto this,wenote
that in an investigation whererotationaleffects are taken
into account,Weber (1983) finds that the Stokes drift is
reduced,seehis equation(5.2).Whentheparametervalues
from Section7 areusedin his theoreticalresult,wefind that
this reductionis approximately6% at the surface(with an
e-folding depth of about 0.18m).

The effect of steepwaves on the Stokes drift is worth
notice.First, from (14) we observe thattheStokestransport
is slightly enhancedascomparedto traditionaltheory, by a
factorε2/4. Moreover, closeto thesurfacetheStokesdrift is
also enhancedby steepwaves.At the surface,the drift is
increasedby a factor1.25⋅ε2. Usingthetheoreticallimit for
steepnessof gravity waves, , e.g.Longuet-Higgins
(1975),thelimiting enhancementof thesurfaceStokesdrift
for steepwavesis increasedby a factorof about0.24when
compared to the lowest order result.

9. Conclusion
The presentwork is an investigation of the impact of

repeatedwave breakingeventson the near-surfaceprofiles
of velocity andTKE usingan idealized,theoreticalmodel.
The model is idealizedin the sensethat it hasbeendevel-
opedfor monochromatic,irrotationalsurfacewaveswith a
uniform amplitude in a non-rotating,non-stratifiedfluid.
Thewavemodelis theoreticalin a“pure” sensesincewaves
aredescribedusingconservation laws throughout,andthis
principle is alsoadoptedfor theparameterizationof effects
of wave breaking via the bulk formulae in Section 5.

TheTCM thatis employed,is basedon assumptionsthat
arenot satisfiedwhenwave breakingis abundant.The tur-
bulencetheoryhasbeendevelopedfor horizontallyhomo-
geneousflows,andits calibrationhasbeenperformedfrom
data that are not representative for the presentseastate.
Still, CB find that adoption of the presentTCM yields
resultsthatarein goodagreementwith observations.There
canbelittle doubtthatwavebreakingis thecircumstancein
which the assumptionsof the TCM aremostseverely vio-
lated.Hence,we provide resultswhen a physically sound
parameterizationof this circumstanceis applied,in orderto
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help bridge the gap from the turbulence theory and its
intrinsic assumptionsto its adaptationto a realistic sea
state.Whena realisticparameterizationof effectsof wave
breakingis adopted,thenear-surfaceprofilesareonly very
modestlyaffected(by a few per cent or less)when com-
paredto casewhenthe wave stressis disregarded.Hence,
basedonatheoreticalwavemodelthatusesabulk-formula-
tion to parameterizewave breakingevents,we areable to
shedlight on thesuccessof the turbulencemodelasit was
reported by CB.

Thesmalldifferencesthatwe reportwereobtainedwhen
effects of wave breakingwas magnified in a numberof
ways,andwe will mentiontwo issuesthatareof relevance
in this context: First, all momentumlost in the processof
wave breakingwasassumedto be transferredto the mean
motion. This reflectsthe idealizednotion of a monochro-
maticwave field, in reality, a partof this momentumwould
be redistributed to waves with other frequencies.Second,
we have expandedthe traditional wave theory to fourth
orderin wave steepness,andthis too is a sourcefor larger
differencesfrom the conventional theory. Other higher
order effects, such as rotational theory, may give rise to
adjustmentsthatareoppositeto thefourthordertheorycor-
rections.
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Appendix A: Inviscid wave motion
For two-dimensionalplanewavestravelling in the posi-

tive x-direction in an infinitely deep inviscid fluid, the
motion is governed by the Laplacian equation

(A1)

wherethe velocity vectorhasbeenexpressedas .
A kinematicboundaryconditionis imposedat thetopof the
water column by assuming a material, free surface:

(A2)

Furthermore, the motion must vanish at large depths, so

(A3)

and the dynamical boundary condition at the free surface is

. (A4)

where  andps is the pressure at the surface.

Solutions to the system(A1)-(A4) may be found by
expandingthe unknown variablesin seriesafter powersof
the expansion parameterε:

(A5)

Here, representsthe unknown quantities and
, andwe choose , i.e., is thesteep-

nessof the gravest mode.In their discussionof observa-
tionaldataandanalyticresults,WeberandMelsom(1993b)
finds that  or smaller. Hence,

(A6)

where is the lowest order approximationof the wave
speed,andB0 is a non-dimensionalnumberof orderunity
or less.

To the lowest four ordersin ε, the periodic solution of
thisproblemof exponentiallygrowing waveswith aninitial
gravest mode amplitude of  becomes

(A7)

(A8)

(A9)

(A10)

The dispersion relation may thus be written

(A11)

e.g. Lamb (1932). Note that the solution given by (A7)-
(A10) is positionedin theverticalby requiringthat thesur-
faceat rest is situatedat z = 0 (cfr. eq. (2) of Art. 250 in
Lamb,wherethemeansurfaceis situatedslightly abovez=
0).
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Appendix B: Analytical solution
Theeffect of aneventof wave breakingon thenear-sur-

facedrift profile may be found by analyticalmeansin the
simplecaseof a constanteddyviscosityν0. Thesolutionto
lowest order accuracy in wave steepnessε was calculated
by Melsom(1996) for variousspecificationsof the virtual
wave stressτvw. Here,thevirtual wave stressis assumedto
act as an impulse, so in (20),

(B1)

where δ is the Dirac delta function. This problem is
describedby Melsom,andconstitutesa subproblemof the
full formulation as given in Section 6 in the present paper:

(B2)

The solution is obtainedby Laplacetransformationand
subsequent inverse transformation, yielding

(B3)

Whenonly termsproportionalto the lowestorder in ε are
kept, (B3) reducesto the solution in Melsom (1996), see
equation(21) in thatpaper. Note that theexpressionabove
is not well definedfor t = 0 dueto the impulseimposedat
the surface at this time. However, we have

(B4)

in concord with the initial condition in (B2).
The temporaldevelopmentandvertical profilesof

are depictedin Melsom (1996) (to lowest order in ε; see
Figure 2a and 2b in that paper).
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