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ABSTRACT: There have been several numerical models developed to represent the phase-averaged flow in the surf zone,
which is characterized by kD less than unity, where k is wavenumber and D is the water column depth. The classic scenario is
that of surface gravity waves progressing onto a shore that create an offshore undertow current. In fact, in some models, flow
velocities are parameterized assuming the existence of an undertow. The present approach uses the full vertically dependent
continuity and momentum equations and the vertically dependent wave radiation stress in addition to turbulence equations.
The model is applied to data that feature measurements of wave properties and also cross-shore velocities. In this paper,
both the data and the model application are unidirectional and the surface stress is nil, representing the simplest surf zone
application. Breaking waves are described empirically. Special to the surf zone, it is found that a simple empirical adjust-
ment of the radiation stress enables a favorable comparison with data. Otherwise, the model applies to the open ocean with
no further empiricism. A new bottom friction algorithm had been derived and is introduced in this paper. In the context of
the turbulence transport model, the algorithm is relatively simple.
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1. Introduction

The surf zone is characterized by small kD (where k is
wavenumber and D is the water column depth), wherein the
waves “‘feel”” the bottom; it presents a challenge for numerical
ocean models. Archived visual data feature breaking waves
with heights of the order of water column depth (Govender
et al. 2002). Analytically, the flow is certainly nonlinear and
basic theory is in need of empirical augmentation.

An early analytical model was developed by Phillips (1977)
for waves impinging normally onto a beach. Wave dissipation
was not included so that mean elevation setdown was created
as the waves approach the beach. The vertically integrated
radiation stress was confined to the surface. Stokes drift was
balanced by a vertically constant return flow (undertow); the
vertically integrated volume flow must be nil in steady state. A
model by Mellor (2013) included the vertically dependent
Stokes drift, currents, and the wave radiation stress of Mellor
(2003, 2015). The elevation setdown agreed with the Phillips
results, but the currents differed substantially. In contrast
and as demonstrated below, the inclusion of wave dissipation
produces a dominant elevation setup (Bowen et al. 1968). For
example, in the models of O’Connor et al. (1998), Garcez-Faria
et al. (2000), Apotsos et al. (2007), Newberger and Allen
(2007), and Chen et al. (2018), empiricism related to breaking
waves and “‘rollers” are included. The first three models pa-
rameterize the shape of the undercurrent whereas the latter
two models (see section 7) do solve the differential equations
for the undercurrent after parameterizing current interaction
terms. Reniers et al. (2004) develop a model for water column
stress [in this paper and, for example, Kumar et al. (2011) stress
is small compared to wave forcing terms]; parameters in the
model are adjusted to minimize calculated and measured
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velocities. Moghimi et al. (2013) compare forcing of the full
equations of motion with the radiation stress formalism and
with the vortex force formalism. Overall, comparisons with
data do not show much difference. Initially, this was surprising
to this author who has detailed reasons (Mellor 2016) in favor
of the radiation stress forcing. In the vortex force derivation,
(McWilliams and J. M. Restrepo 1999; Uchiyama et al. 2010),
the curl (differentiation) of the basic equations of motion is
executed wherein irrotational parts such as the wave orbital
velocities and subsequently the radiation stresses are excluded.
Upon “uncurling” (integration), irrotational terms other than
the original terms are added. A recent finding in Mellor (2017)
is that vortex force terms are embedded in the full three-
dimensional equations of motion, but they are of lower order
compared to the stress radiation terms. The paper by Kumar
et al. (2012) apply the vortex force formalism to a surf zone
application; included is an alongshore current. Diagnostics
show that the vortex force term is small; the momentum
equation is predominately forced by an empirical wave breaking
term. In the present paper, the alongshore current and the vortex
force terms are nil.

Newberger and Allen (2007) used the Princeton Ocean
Model (POM) to obtain vertically dependent velocities. Wave
interaction including a form of S,, was concentrated at the
surface and projected as a vertically constant body force into
the water column. Their calculated velocities compared fa-
vorably with data. There were no comparisons with elevation
data. Their S, = E/2D, which, according to (10) and Longuet-
Higgins and Stewart (1964) applies to deep water. A vortex
force term was also added to S, = E/2D, which, however, is an
order of magnitude smaller.

Chen et al. (2018) also used a three-dimensional circulation
model similar to POM but with an unstructured grid. It was
coupled to a third generation (Booij and Holthuijsen 1999)
wave model. To lowest order in wave parameters [e.g.,
(ak)~'9al9x] their radiation stress formulation conforms to the
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present usage, but they added vastly complicated, higher-order
terms together with adjustable roller terms. They compared
their model results to the data of Roelvink and Reniers (1995).
The plotting resolution was such that comparisons to Fig. 5
below is difficult.

This paper follows that of Kumar et al. (2011), who adopted
the stress radiation equation of Mellor (2003) together with the
modification of Mellor (2013) wherein the radiation forcing is
concentrated near the surface. Their paper and this paper to-
gether address different sets of data but are generally consis-
tent. The surface radiation stress modification is here branded
as an empiricism unique to the surf zone and not to be applied
to the open ocean. What is further detailed in this paper are
reasons why the surface modification is required and an anal-
ysis of the elements of the equations of motion that relate to
the surface elevation—setup versus setdown—and the sub-
surface circulation, which is characterized by an undertow.
Also included here is a new wave-influenced, bottom friction
algorithm.!

This numerical study of surf zone dynamics, wherein waves
progress onto a beach, is cast in a coordinate system wherein
z is the vertical coordinate and the one horizontal coordi-
nate is x. The idea is to focus on wave breaking and wave—
circulation interaction processes and turbulence exchange
applicable to the surf zone while, at the same time, leaving
the basic algorithm unaltered when dealing with open ocean
dynamics.

In section 2, the equations of motion, reduced to two di-
mensions, are reviewed. In section 3, the three-dimensional
wave radiation stress and its two-dimensional version is also
reviewed. Models for bottom dissipation and bottom-induced,
breaking wave dissipation are presented. In section 4, solutions
of the equations of motion with the unaltered wave radiation
stress are presented; the elevation solution was satisfactory but
the currents were less than satisfactory compared with the data
of Roelvink and Reniers (1995). The strong nonlinearities as-
cribed to breaking waves in the surf zone suggest the need for
an empirical modification of the radiation stress term for
small kD. Section 5 presents results of the modification, which
is constrained such that the vertical integral of the radiation
stress and therefore the elevation solution is unchanged. The
current distribution, vertically and horizontally, is signifi-
cantly improved. Application of the modified radiation stress
to general ocean problems is discussed in section 6. Section 7
concludes with a summary.

2. The governing equations

In this paper, we deal with a simple application wherein the
flow is unidirectional and planar and surface stress is nil. Thus,
the equation governing the transport and decay of wave energy
Eis

! And which is derived from the turbulence closure model of
Mellor and Yamada (1982). Oddly, Kumar et al. (2011) relate in-
ternal Reynolds stress to mixing coefficients but supply no further
details.
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where we deal with monochromatic waves of frequency o = kc;
k is the wavenumber, c is the phase speed, and ¢, = do/0k is the
group speed governed by the dispersion relation

o? = gktankD,

e =cfii KD
g 2 sinh2kD)°

The water column depth is D = & + 1), where 4 is the still water
depth and % is the mean dynamic elevation. The advective
speed is 14, but in this paper is negligibly small. For unidirec-
tional flow S, is the governing component of the radiation stress
tensor. The two terms on the right side of (1) are dissipation due
to bottom friction and bottom-induced wave breaking, respec-
tively. The velocity U is defined below. In keeping with the
simplicity of the forcing, there is no wind stress or wave energy
source and these terms have been removed from (1).

An important parameter is kD. For deep water, kD is large
so that o2 = gk and cg=cl2 = (g/k)'"? whereas, for shallow
water, kD is small so that o* = kDgk and cg=c= (gD)"?. The
surf zone is characterized by kD = 1.

Governing the behavior of surface elevation and currents
are the phase-averaged continuity equation

(2a)

(2b)

DU  9Q 91
+ 4 T, (3)
ax ds ot

and the momentum equation

J 2 aDS 1]
aDU+dDU +BQU+ xx+gDai;:g’ (42)
ot X ds ox dx ds
K, on
=_M_- 4b
D os (40)

Eqgs. (3) and (4) are in ‘‘sigma” coordinates whereby
s=(z — 1)/(h + 1) instead of o, which is needed to represent
frequency. At the mean surface, z = 7 or s = 0; at the bottom,
z = —hors= —1.In this paper’s application, the surface stress
is nil so that 7 (s = 0) = 0. The three-dimensional Stokes drift
(Phillips 1977) is

2(k,.k,)E cosh2kD(1 + s)
w
c sinh2kD =~ %

(ug,, ug) = =0. (9
In this study, (k,, ky) = (k, 0) and (usy, usy) = (us, 0). For
unidirectional flow, U =i + ug; i is the Eulerian mean velocity
and uy is the Stokes drift. Specification of K, is in appendix A.
Reasons why i is the dependent variable rather than U in (4b)
are in Mellor (2013). The velocity normal to sigma surfaces is )
such that the vertical boundary conditions are ) = 0 at s = 0
and s = —1.

Near the bottom, an enhanced law of the wall, discussed in
appendix B, is

(i1,0) = )L (Z—) : (62)

Syd u. kK \z,
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where z/ = h + z is measured from the bottom. The friction
velocity is u, =72 = (72 + 75)1/4; k = 0.40 is von Kdrman’s
constant, and ¢*/2 is the turbulence kinetic energy as detailed
in appendix A. The model constant S, = 0.39 (Mellor and
Yamada 1982). Wave breaking energy is transferred to tur-
bulence kinetic energy in which case Sy,q/u, is variable. In the
absence of waves (see appendix B), Syq/u, = 1.0. Derived

from (6a), the form that is used in the model is

_ o v\ _ (Sya\ [ & \iu. .
o) =Ky (G 50) = (2) (o) W@, (oo

where |i] = (22 +1?)"2. In this paper, (i, ) = (4, 0) and (7,

7y) = (7, 0). All variables apply to the nearest bottom grid
points. The second and third equality in (6b) is used in the
model as the bottom boundary conditions for (4).

3. The standard radiation stress and dissipation

In this paper, discussion and analyses are focused on the
radiation stress term S,, and parameterizations of the wave
dissipation terms Dgr and Dwgr. An important part of the
paper is the turbulent energy equations that determine the
turbulence transfer coefficient K. It is separately dealt with in
appendix A.

a. The standard wave radiation stress

Since the waves in the ensuing experiment are quite narrow
banded and to simplify discussion, it is deemed appropriate to
base the vertically dependent wave radiation stress on mono-
chromatic waves. Thus, the radiation stress expression ob-
tained by Mellor (2003, 2015) is

k k
— a B
S5 =kE (7 FooFpg— BaﬁFSSFSC) +8,,3(s),  (7a)

E 9
S(g) = Eaig(ZFCCFSS - ng)v (7b)
where, also
3(s) = kE(Fg Fgg + FooFog = FooFrg). (7c)

In (7a) and (7b), a or B = x or y. Convenient definitions are

_ coshkD(1 + s)

cc coshkD ’ (8a)
_coshkD(1+ )

¢S™ sinhkD (8b)
_sinhkD(1 +s)

S~ sinhkD ()
_sinh kD(1+ s) (8d)

s¢ cosh kD

Note that, from (7b) or (7¢), J"‘lﬁ;dg = E/2D. Although a detail
in the Mellor (2003) derivation is corrected in Mellor (2015),
the results are the same. Thus, combining (7a) and (7c), we
obtain Saﬁ = kE[(kakﬁ/kz)Fchcs + Sa,B(FCSFCC - Fschs)] as
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in the 2003 paper. Prior to Mellor (2003), the depth-dependent
relations in (7a) and (7b) were not available.

In this paper, the problem is simplified to unidirectional flow
so that (7) is

2kE

= + X
e~ snha2kp TS ©)

and J(s) is not altered from that in (7b) or (7c). The verti-
cally dependent asymptotic behavior of S,, is as kD — 0,
Sy =E/ID+S; 3= —(EID)s, and as kD — », §,, =0+ 3;
J = kE exp(2kDs). The vertical integral of (9) is

0 E/1 2kD E/f ¢ 1
=4+ =Z(28_"C
J,lsmdg D(Z sinh2kD> D(Z c 2) (10)
in agreement with Longuet-Higgins and Stewart (1964) and
Phillips (1977).

b. Bottom dissipation

In (1), the term Dgg is the wave energy dissipation due to
bottom friction, which is enhanced by oscillatory wave motion.
In Booij and Holthuijsen (1999), one has

:Cu3:CU3(L/g)3/2

D
b70 b inh kD

; (11)

BF

where u;, = ao/sinhkD is the wave velocity amplitude near the
bottom. The form of (11) has also been derived by Mellor
(2002) where, additionally, the factor, C, is given by

C, X 10* = 0.7xI” + 4.0x + 6.5, (12)

where xI = log,o(0z¢/u). For example, for ozo/u, = 1072 or
107* and C, = 0.8 X 10™% or 1.7 X 107%,

c. Breaking wave dissipation

For a wave progressing into shallow water, Battjes and
Janssen [1978; also see an appendix in Booij and Holthuijsen
(1999) for a detailed discussion] provide

_87
DWBR _ngHiw (13)

where the wave breaking probability function Q, is given by
the transcendental relation,

(Q, — 1)/InQ, = 8(Elg)/Hy;,,
H, =vD.

(14a)
(14b)

As empirically determined by Booij and Holthuijsen (1999), y =
0.7 and in agreement with data—model comparisons in Mellor et al.
(2008) and Marsooli et al. (2017). In the numerical code, (14) is
solved iteratively, but to understand its behavior, Table 1 is offered.
Defining a significant wave height, Hg = 4(E/g)"?, the right side of
(14a) may be simply written H3/D? since y* = 0.5. In the following
numerical simulations, the largest value of H2/D? = 0.584.

4. Wave and current development; first trial

The three-dimensional Princeton Ocean Model (Blumberg
and Mellor 1987) is used to integrate (1), (3), (4), and (7); its
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TABLE 1. Solutions of (14), solved iteratively using Q = exp[(Q — 1)/(8E/gH3,)].

8(Elg)/H3, 0.1 02 0.3 04 0.5 0.6 0.7 0.8 0.9 1.0

O 0.000 0.001 0.041 0.107 0.203 0.324 0.463 0.629 0.805 1.000

computational spatial indices are i, j, k, but is here rendered
two-dimensional with indices i, k. Calculations are com-
pared to data obtained by Roelvink and Reniers (1995) in a
large wave tank, the “Delta Flume,” to evaluate coupled
circulation—-wave models. The laboratory wave tank was 233 m
long, Sm wide, and 7m deep. The bottom whose profile is
shown in Fig. 1 was made of concrete overlaid with sand with a
median grain diameter of 0.22 mm so that the bottom rough-
ness length zq is set to 2 X 107> m. Experimental runs were
conducted under different incident wave conditions, including
slightly erosive, highly erosive, and strongly accretive wave
conditions. Waves were created by a piston-type wavemaker.
We compare the model results with measurements from the
slightly erosive experiment 1A, forced by the narrow-band
waves with an upstream, significant wave height of 0.96m, a
wave period of 5s, and a still water depth of 4.1 m.

The vertical computational grid consists of 20 vertical layers;
the increments of the top layers from 5 to 1 are reduced loga-
rithmically upward. The horizontal grid spacing is 5 m reduced
to 2.5m as the shallow end is approached. Calculations with
double the horizontal spacing were unchanged within plot-
ting resolution. The split time step for waves is 0.10 s; for the
external mode step, 0.05s and for the internal mode step,
0.20s. The measured water surface elevation and wave prop-
erties offshore are used as the model boundary conditions.

A radiation velocity condition is applied to the offshore boundary;
inshore, the velocity is zero. The simulation model time to steady
state was 25 min and the model was run for 50 min.

The balance of terms for Eq. (1) is simple; the third term on
the left is negligible as is u4 relative to ¢, and dissipation due to
bottom friction is quite small; thus, d(c,E)/dx = —Dwgr after
steady state is obtained.

Figure 1 shows the bottom topography, the development of
the significant wave height where Hg = 4(E/g)" and the ele-
vation height. Comparison of the wave height and elevation
with data are deemed to be satisfactory.

Figure 2a is a diagnostic plot of vertically integrated, wave
radiation stress gradient, which is nearly balanced by the ele-
vation gradient since the bottom stress and the gradient of
momentum are quite small. In the range, 0 < x < 60m, the
elevation gradient is negative, evidence of setdown. However,
the computed setdown in Fig. 1c is small and not seen in the
tank data. Beyond x = 60 m, breaking dissipation dominates
and setup develops. In a model run (not shown) with no wave
breaking dissipation, setdown prevails.

The resulting onshore/offshore flow is compared with mea-
surements in Fig. 3. The comparison is with the Eulerian mean
velocity appropriate to measurements since, at a fixed point,
T"fg(zz+ kacFcg cosot)dt =i for large T; thus, ug is sub-
tracted from U.

0
E
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a
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o
al \ i
0 20 40 60 80 100 120 140 160 180
X (m)
[ T T
1} Z _
— - - ﬁ r-’ ()
E b 5
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0 L 1 L | L 1 L | 1 ]
0 20 40 60 80 100 120 140 160 180
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FIG. 1. Calculations (solid lines) from (1), (3), (4), and (7) and data (circles) from Roelvink
and Reniers (1995): (a) the bottom topography, (b) significant wave height, and (c) mean el-
evation height.
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FIG. 2. The terms in Eq. (4) integrated from s = —1 to s = 0: (a) f(il(gDaﬁ/ax) ds=gDan/ox
(solid line) and 0(]21DSxxdg) /0x (dashed line); (b) J"(il (07/9s) ds = bottom stress (dashed line) and
a(J'lllDUzds)/ax (solid line). The variables in (b) are order 10~ smaller than those in (a).

The sum of all four terms is nil.

Although there is undertow in Fig. 3, clearly the corre-
spondence between calculations and data in Fig. 3 is not sat-
isfactory. The problem is evident in Fig. 4. For large kD, the
forcing by S, is greater near the surface; in fact S,, is pro-
portional to e2Ps = ¢2(1=2) for kD > 3. But, for kD < 1 asis the
case in the surf zone, the opposite is true; e.g., for kD < 0.25,
S.xis proportional to 1 — ¢/2 so that the forcing by S, is greater
near the bottom.

5. Empirically modified wave radiation stress;
second trial

When waves are breaking as strongly as they do in the surf zone,
it might be expected that S, or ug, as derived from linear theory,
would not be adequate to simulate the flow. Some kind of empirical
modification is required.* Concentrating momentum near the sur-
face via a “roller” model were elements of the models by Garcez-
Faria et al. (2000), Newberger and Allen 2007, and Reniers et al.
(2004) and others. The introduction of rollers and other surface-
concentrated, wave—current interaction terms suggested a trial
whereby J(s) in (9) is replaced by (E/2D)Spr(0) so that

2kE E

S = Sinn 2k * 2D 20w ()- (15)

2 A hint is provided by the paper by Marsooli et al. (2017), who
used a variation of (8b), which resulted in calculations more real-
istic than obtained in Fig. 3.
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where dpr is a Dirac delta function such that j(ilSDird s=1, but
Spir(s) =0, s#0. In a finite difference approximation, one would
interpret Spir(k) = 1/ds (k) for k = 1, otherwise Spir(k) = 0 for
k > 1.3 Thus, some S, forcing is concentrated at the surface;
nevertheless, the integrated value of S, is preserved, which proved
adequate in simulating elevation for the present case but also other
surf zone cases in Marsooli et al. (2017). Somewhat ironically, the
Sprr term was once (Mellor 2011) considered correct, but subse-
quently was found incorrect due to an error in evaluating pressure
within the trough-to-crest wave region [an error also found in
Longuet-Higgins and Stewart (1964), which, however, did not alter
their vertically integrated result as is the case here].

Use of the delta function might be considered somewhat
severe, but as seen in Fig. 5, the calculated results compare
reasonable well with the data and is a significant improvement
relative to Fig. 3. The empirical modification in (15) is similar
to that in Kumar et al. (2011).

6. Empirically modified wave radiation stress

Aside from the fact that the strategy of replacing J(s) with a
surface delta function does improve profiles, one wishes to
preserve the unchanged S, for large kD deemed appropriate
for the open ocean. Thus,

3Or if 8pir(k) = 0.5/d¢(k) for k = 1 and 2 there was negligible
differences in the calculated result. Other surface distributions
splits were not investigated.
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FIG. 3. The velocity profiles of &i = U — ug showing a clear mismatch of data (circles) and calculations (lines). Here z is measured from
the bottom. The horizontal dashed lines denote the mean surfaces, except for x = 65 m where the mean surface = 2.29 m. The calculations
are from (3) and (4) using S,, from (7) and (8b). The values of (top) Hg and(bottom) kD are shown in the lower-right corner for each

profile. The calculations here correspond to I' = 0 in Eq. (16).

Es (0.

S =KE(F Feg— 2D ‘PR
(16)

xx

FoFoo)+(1—D)J(s) +T

Evidently I' = 0 shoreward of the surf zone where kD is
large, but I' > 0 inside the surf zone where kD is small.
Importantly, the integral, f(ilDSxxdc is preserved for all I" as
are the integrated results of Fig. 1. With (16) defined, the
calculations in Fig. 3 correspond to I' = 0 whereas in Fig. 5,
r=1.

How does I' vary from the value O to the value 1 and
should its dependency be on kD, Hg/D (or derivable quan-
tities), or Q,? Consider I' = I'(Hg/D). From Table 2, one
presumes that I' = Ofor Hg/D for, say, less than 0.4 and ' = 1
for, say, Hg/D greater than 0.5. Therefore, a very simple

scheme is
I'= 0.
=1

HJ/D =04
S > ) 17

HJD>0.4
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Equation (17) satisfies the criteria stated above. It is a place-
holder until more analyses and/or relevant data become
available. Possibly, I' might be a function of other variables
such as bottom slope. Small variations of (17) do not change
the results in Fig. 5.

A test case (not shown) has been run wherein 12 > kD > 1
and I' = 0 and no wave breaking. A robust undertow is
obtained.

7. Summary

The paper by Phillips (1977, section 3.7) describes a unidi-
rectional model whereby the wave driven Stokes drift is con-
fined to the surface; the return flow, the undertow, is
vertically constant and is prescribed to satisfy zero vertically
integrated onshore velocity. An extension by Mellor (2013)
includes a vertically dependent radiation stress and cur-
rents; nevertheless, the mean elevation agreed with the
Phillips result, but currents differed substantially. Wave
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FI1G. 4. (a) Sample profiles of S, normalized by kE. The value of kD is shown for each profile.
(b) The Stokes drift profiles normalized by kE/c.

breaking dissipation was excluded in both papers and mean
elevation setdown was the result. In the present paper wave
breaking is included and wave elevation is dominated by
wave setup (Bowen et al. 1968).

In summary:

1) Wave energy advection is balanced by wave breaking
dissipation here described by the findings of Battjes and
Janssen (1978).

2) A property of the radiation stress is that the gradient
of the vertically integrated radiation stress—equal to that
by Longuet-Higgins and Stewart (1964) and Phillips
(1977)—Dbalances the mean elevation gradient; i.e.,
aD(J" Seeds)/ox = —gDaqlox.

3) To simulate vertical current structure, the vertical structure
of the wave radiation stress (Mellor 2003, 2015) required
empirical modification since the momentum equation (4)
essentially reduces to

) 0 o (K, ou
—D(S_—| S ds)=—(-4=).
ox ( e L x g) a;(D ag)

The modification is meant to account for the strong nonline-
arities associated with the breaking waves. Sample profiles of
Ky are in Fig. 6. It is noted that K, for the flows for I' = 0 in
Fig. 3 do not differ from the flows for I' = 1 in Fig. 5 so that
differences in the two solutions are almost entirely due to the
deviation of Sy, from its vertical mean as in (18). Fortunately,
excellent data by Roelvink and Reniers (1995) are available to
provide flow velocities featuring undertow.

(18)
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This entire paper has been applied to unidirectional flow. In
the more general, three-dimensional ocean applications, the
wave radiation stress is

k k
= a B
Saﬁ kE( k2 FeeFeg— SaﬁFSSFSC)

+90,, [(1 -D)J(s) + F%SDIR(O)} 19)

and where I' = 0 offshore and I' = 1 inshore as in, for exam-
ple, Eq. (17).

Acknowledgments. Comments by two reviewers contributed
to an improved paper.

APPENDIX A

The Turbulence Equations

The model as discussed above requires knowledge of the
turbulence momentum mixing coefficient given by Ky = Sy gt
(Mellor and Yamada 1982, hereafter MYS82), where ¢ is ob-
tained from

2 2 2 2
dDq + aDUgq N aDVq 4 aQq
ot 0x ay ds

9 (K, o
=l pag) T2D(Ps+ Pyt ) +2Dyef, (A

where ¢%2 is the turbulence kinetic energy. Another equation
in MY82 provides the turbulence length scale ¢ (not shown). In
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FI1G. 5. Profiles of &t = U — ug for the data (circles) and calculations (lines). Here z is measured from the bottom. The horizontal
dashed lines denote the mean surfaces, except for x = 65 m where the mean surface = 2.29 m. Calculations here are from (3) and (4)
using Sy, from (15). The values of (top) Hg and (bottom) kD are shown in the lower-right corner for each profile The calculations

here correspond to I' = 1 in Eq. (16).

that equation, ¢ = Hg has been used as the surface boundary
condition. Sample plots of ¢% ¢, and K, for x = 130m are
in Fig. 6.

The expressions for the shear production Pg and buoy-
ancy production Pg (=0 in this application) are in MY82.
The term Dwgrf from (13) has been added to (A1l). It is
added to (A1) under the assumption that some (or all) of
the breaking wave dissipation is manifest as large-scale
turbulence in the water column. Some improvement in
the profiles of Fig. 5 have been obtained if approximately
half of Dwggr is applied to (Al) so that fo_lfdcz 1/2.
Whether distributed uniformly so that f = 1/2 or biased
toward the surface so that f = (1 — s) made negligible
difference in the results; the latter has been implemented
in all calculations.

The small dissipation Dgg due to bottom friction, discussed
below, has been added to (A1) as a diffusion, bottom boundary
condition.
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APPENDIX B

The Bottom Friction

The influence of waves on bottom friction has generally been
taken into account by modifying the roughness zo (Grant and
Madsen 1979). In the present framework wherein turbu-
lence properties are available, an alternate algorithm
(Mellor 2002) is available. It consists of Egs. (11) and (12),

TABLE 2. Parameters related to breaking waves. The initial
values at x = 10m plus those corresponding to the locations of
profile in Figs. 3 and 5.

x(@m) 10 65 115 130 138 152 158

kD 0.90 0.65 0.52 0.47 0.43 0.37 0.35
H/D 022 0.43 0.54 57 0.59 0.65 0.67
O 0.000  0.005 0.036 0.059 0.074 0135 0.163
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s=0 and is responsible for the behavior of ¢ and K, near { = 0. The results are for I' = 1, but do not differ

significantly from the results for I' = 0.

where, in this paper, a simplification is that the bottom friction
dissipation Dgg has been included as a bottom diffusion term.
Also, a generalization of the law-of-the-wall is introduced in
(6a) and (6b). Thus, from MY82, Ky, = Syq ¢ so that

dit v
o) =St (52

(BI)
Equation (B1) applies throughout the water column. However,
near a solid surface and by definition, 7=u? and {=«kz. An
integral of (B1) is

(a,a):iwlln@),

(B2)
Syqd u. kK \z,

where the constant of integration is z, and is the conventional
surface roughness. The factor Syq/u, is the aforementioned
generalization. In the absence of waves, Syq/u, = 15! and the
result is that (B2) reduces to the more conventional law-of-the-

Bl In the absence of waves, Dgg = Dwgr = 0 and it can be shown
that near the bottom Pg = Obut Ps = u3/kz. Also, Ps = & = ¢°/B1z,
so that ¢ = u,B}". Model constants from MY82 are Sy, = 0.39 and
By = 16.6 so that Syq/u, = 1.
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wall. But, in the presence of waves, Syu./q is generally less than
unity due to the additional wave breaking term Dwgg in (Al).

From (B2), one can form, [i|= (& + %) = u,(u,/Syq)
In(z'/zo)/k. Eliminating, u, in favor of |a| yields

o IV S q\? K 2
N AN T AN LS W
(o) = Koy (S 20) () (lnz,,zo) 812, 9),

as in (6b). Note that, typically, a drag coefficient C, =
(k/Inz'lzo)* is defined and 7 and © are reckoned at z/, where
often z/ = 10 m.
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