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ABSTRACT

The phenomenon of oceanic Ekman layer rectification refers to how the time-mean, Ekman layer velocity
profile with depth differs as a consequence of variability in the surface wind in addition to the time-mean
wind. This study investigates rectification using the K-Profile Parameterization (KPP) model for the tur-
bulent surface boundary layer under simple conditions of uniform density and no surface buoyancy flux or
surface wave influences. The rectification magnitude is found to be significant under typical conditions. Its
primary effects are to extend the depth profile deeper into the interior, reduce the mean shear, increase the
effective eddy viscosity due to turbulent momentum mixing, and rotate slightly the surface velocity farther
away from the mean wind direction. These effects are partly due to the increase in mean stress because of
its quadratic dependence on wind speed but also are due to the nonlinearity of the turbulent mixing
efficiency. The strongest influence on the rectification magnitude is the ratio of transient wind amplitude to
mean wind speed. It is found that an accurate estimate of the mean current usually can be obtained by using
a quasi-stationary approximation that is a weighted integral of the steady Ekman layer response over the
probability density function for the wind, independent of the detailed wind history. Rectification occurs
even for very high frequency wind fluctuations, though the accuracy of the quasi-steady approximation
degrades in this limit (as does the validity of the KPP model). This theory is extended to include the effects
of the horizontal component of the Coriolis frequency, f y. Based on published computational turbulence
solutions, a simple parameterization is proposed that amplifies the turbulent eddy diffusivity in KPP by a
factor that decreases with latitude and depends on the wind orientation. The effect of f y � 0 is to increase
both the shear and the surface speed in the time-mean Ekman current for winds directed to the northeast
and decrease both quantities for winds to the southwest, with weaker influences on these properties for the
orthogonal directions of southeast and northwest. Furthermore, with transient winds there is significant
coupling between f y � 0 and the rectification effect; for example, the mean surface current direction,
relative to the mean wind, is significantly changed for these orthogonal directions.

1. Introduction

Ekman’s (1905) explanation for the structure and
magnitude of near-surface currents driven by a steady
wind in a uniform-density fluid is perhaps the most ven-
erable of oceanographic theories (apart from Archi-
medes’ hydrostatic balance). Its prediction for the
depth-integrated horizontal current (i.e., the transport),
namely,

T � ẑ �
1

�� f
� �1�

(where ẑ is the locally vertical upward unit vector, f is
the vertical component of the Coriolis frequency, �� is

the oceanic density, and � is the surface tangential stress)
is robustly independent of the turbulent behavior in the
surface boundary layer. Its parameterization model for
the turbulent momentum mixing, that the eddy vertical
momentum flux acts as eddy diffusion with a constant
diffusivity 	0, is now understood to be naive (e.g., Mad-
sen 1977). Nevertheless, the predicted current structure
in this “classical” solution—a decay of speed and an
anticyclonic rotation of direction descending into the
interior (i.e., the Ekman spiral)—has been confirmed as
qualitatively apt by various measurements (e.g., Weller
1981; Price et al. 1987; Wijffels et al. 1994; Chereskin
1995; Weller and Plueddemann 1996; Chereskin et al.
1997; Price and Sundermeyer 1999), although the pre-
dicted shape for the depth profile is not well verified.

Apart from the challenge of modeling the turbulent
mixing, several other dynamical influences need to be
considered for oceanic realism, including density strati-
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fication, surface buoyancy flux, surface gravity wave
effects, horizontal heterogeneity (and associated up-
welling), the horizontal projection of Earth’s rotation
vector (i.e., the horizontal Coriolis frequency, f y), and
general time variability. In this paper we focus on the
latter two influences. Specifically, we ask and answer
the question of how the depth profile for the low-
frequency, large-scale, upper-ocean horizontal velocity,
u(z), is altered by the combination of high-frequency
surface stress fluctuations and nonlinear turbulent ver-
tical mixing. Then we further examine how this answer
is modified by f y � 0. If the vertical mixing had a con-
stant eddy viscosity (as in Ekman’s model), then the
boundary layer model would be linear; the stress fluc-
tuations would average out; and the average depth pro-
file would be controlled simply by the average stress
and mixing rate 	0 and by latitude through f(
). The
phenomenon of differences in average currents due to
wind fluctuations is called boundary layer rectification.
Our goals are to quantify its magnitude as a function of
wind attributes and location (i.e., latitude) and to de-
velop procedures for its inclusion in empirical analyses
and models of the upper-ocean current.

In a general circulation model with complete tempo-
ral information about the surface fluxes and a boundary
layer model, one can simply integrate in time and av-
erage the resulting solution in order to assess a poste-
riori the rectification. However, if only low-frequency
fluxes are available or if velocity measurements—to be
used, for example, in data assimilation—must be
smoothed in time to obtain a meaningful “mean cur-
rent,” then some time-averaged model must be used
that, in particular, includes a representation of the rec-
tification.

This paper is a preliminary inquiry into rectification
for the classically idealized circumstances of uniform
density, horizontal homogeneity, and a specified wind
stress at a rigid top lid—that is, the Ekman layer prob-
lem. [A germane but different study of Ekman layer
rectification is Price and Sundermeyer (1999), which
focuses on the influence of diurnally varying surface
buoyancy flux; this is further discussed in section 6.] In
section 2 the problem is posed in more detail, the K-
Profile Parameterization (KPP) boundary layer model
(Large et al. 1994) is specified, and a generalization of
KPP is proposed to encompass f y � 0. In section 3 the
steady solution for the KPP model is compared with
both Ekman’s model and some recent computational
turbulence simulations. In section 4 the rectification re-
sults using the KPP model are presented, and a quasi-
stationary approximation is defined and assessed that
estimates the rectification without making a detailed
time integration. Section 5 reconsiders both the steady

and transient solutions with f y � 0. Section 6 contains a
summary and discussion of our findings.

2. Boundary layer model

a. Posing the problem

In a given geographical location, we solve the follow-
ing equations for the horizontal current, u(z, t) � (u, �),
with zero horizontal pressure gradient and advection;
vertical mixing as prescribed by the KPP model (Large
et al. 1994); specified surface stress �(t); a simple model
for damping of inertial currents in the boundary layer
(i.e., current rotations with frequency f ) due to vertical
radiation induced by lateral potential vorticity gradi-
ents (Pollard and Millard 1970; D’Asaro et al. 1995; van
Meurs 1998); and zero momentum flux through the
lower boundary at z � �H (assumed to lie well below
the surface boundary layer). The horizontal momentum
balance is

�u
�t


 f ẑ � u �
�F u

�z
� Ru. �2�

The vertical momentum flux due to turbulent mixing is
represented by F u, and R is the damping rate for cur-
rents due to vertical radiation of inertial waves into the
oceanic interior.

The boundary condition at z � 0 is

F u�0� �
�

��

� CD

�a

��

�ua�ua � u2

*�̂*, �3�

where CD is the drag coefficient, �o and �a are the
oceanic and atmospheric densities, ua is the wind near
the surface, u* is the friction velocity, �* is the angu-
lar direction of the wind stress (with �* the angle of
the wind from east), and �̂* � �cos(�*), sin(�*)] is a
unit vector in that direction. The boundary condition at
z � �H is

F u��H� � 0. �4�

For the boundary value problem in (2)–(4), the trans-
port relation (1) holds if the damping term with R is
neglected; for the small R value chosen in sections 3 and
4, this approximation is quite accurate. The vertical mo-
mentum flux (i.e., turbulent Reynolds stress) is for-
mally defined by

F u�z� � ��wu�, �5�

where � is the vertical velocity and the angle brackets
denote an average over the turbulent motions. The
depth profile of F u(z) is modeled by KPP in (9).

AUGUST 2006 M C W I L L I A M S A N D H U C K L E 1647



b. Wind

The wind, ua(t), is decomposed into its time average
(denoted by overbar) and fluctuation (denoted by
prime),

ua�t� � ua 
 ua�. �6�

There are corresponding mean and fluctuation compo-
nents of � after substituting into (3). In this theoretical
study of rectification, we will assume that each of the
fluctuation wind components, ua� � (ua�, �a�), is either
time periodic, that is,

ua� � u0
a� sin��0t 
 c0� and �a� � u0

a� cos��0t 
 c0�,

�7�

or is the outcome of an independent first-order Markov
process for each wind component, for example, a zonal
velocity whose increments over a time step dt are

dua� � �
dt

Ta ua� 
 �2�a2 dt

Ta �1/2

r�. �8�

In the Markov model, Ta is the memory time, �a2 is the
variance of ua�, and r� is Gaussian white noise with zero
mean and unit variance. The resulting fluctuation fre-
quency spectrum is broadband in �, flat for � � 1/Ta,
and decreasing as ��2 for � k 1/Ta.

Figure 1 illustrates the outcome from (6) and (8) us-
ing the standard case parameters defined in section 4.
(Since the time history is not shown here, there is no
evident dependence on Ta.) The probability density

function (PDF) for the wind is symmetric about its
mean value, but the PDF for the stress is skewed to-
ward larger stresses in the direction of the mean wind.
Furthermore, the mean stress is much larger than the
stress for ua alone because of the quadratic dependence
in (3). This indicates one of the two primary rectifica-
tion mechanisms: transient winds increase the mean
stress, and this occurs no matter what the time scale of
the fluctuation.

c. KPP for the Ekman layer

In the situation with uniform density and a surface
stress, the KPP rules for the Reynolds stress in the
surface boundary layer are the following:

F u�z� � ��z�
�u
�z

,

��z� � c1u*hG�	�, 	 � �
z

h
,

h � c2

u*
f

, and

G�	� � 	�1 � 	�2 
 H�	o � 	�
�	 � 	o�

2

2	o
, �9�

where u* is defined in (3), h is the boundary layer
depth, c1 � 0.4 (i.e., von Kármán’s constant), c2 � 0.7,
�o � 0.05, and H(p) is the Heaviside step function
(equal to 1 for p � 0 and 0 for p � 0). The normalized
depth � increases from 0 at the surface to 1 at the

FIG. 1. Probability density functions for (left) wind and (right) wind stress for a steady wind with ua � 5 m s�1 plus a two-dimensional,
transient, Markov wind with �a

u � �a
� � |ua| . In each panel 
 marks the mean value, and O marks the value when the transient

component is absent.
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bottom of the boundary layer. The second term in G
has not been used previously in KPP. It is nontrivial
only very near the surface and has the effect of locally
regularizing the logarithmic singularity in u(z) as z → 0
associated with the classical surface layer depth profile
for a wall-bounded shear flow. Its physical justification
is additional mixing in the oceanic boundary layer due
to surface gravity wave breaking and mixing within a
shallow layer of thickness �oh [cf. the scaling of this
layer thickness with the wave height in Terray et al.
(1996)]. In the context of this paper, it has no significant
influence on the rectification results, so our other rea-
sons for including it are mathematical aesthetics and
computational regularity.

It is customary in oceanic models to increment the
boundary layer eddy viscosity with a background eddy
viscosity that extends vertically into the interior. We
follow this practice here with a vertically constant vis-
cosity, 	b � 10�4 m2 s�1, whose value is much smaller
than the peak boundary layer values in (9). Beyond
modestly improving the smoothness of the solutions, it
plays no significant role and will be ignored for the rest
of the paper.

d. Horizontal Coriolis frequency

Earth’s rotation vector �e is upward through the
North Pole at a rate of 1 cycle per day. In a local Car-
tesian coordinate system (x, y, z)—with z outward
against gravity and its origin at Earth’s surface, x east-
ward, and y northward—the rotation vector is decom-
posable as

�e �
1
2

� f ẑ 
 f yŷ�, �10�

with

f � 2��e� sin�
�, f y � 2��e� cos�
�, �11�

and the associated Coriolis force,

�2�e � u � � f� � f yw�x̂ 
 ��fu�ŷ 
 � f yu�ẑ.

�12�

Latitude is 
 ∈ [��/2, �/2], and f has different signs in
the two hemispheres, but f y � 0 everywhere.

In the preceding discussion of the boundary layer
model, f y has been ignored, as it usually is for planetary
boundary layer studies, even though f y � 0 only at
Earth’s Poles (
 � ��/2). However, both Coleman et
al. (1990) and Zikanov et al. (2003) solved computa-
tional problems for the turbulent Ekman layer (more

fully described in section 3) with f y � 0. Their results1

indicate that f y has a significant effect mainly through a
dependence on the wind stress direction, �: for � � �0 �
�/4, the turbulent intensity and vertical Reynolds stress
are greatly diminished relative to f y � 0, and for � � �0


 � � 5�/4 they are greatly enhanced. The effect de-
creases with latitude and vanishes at the Poles, and
in the Southern Hemisphere the wind direction for
minimum turbulent intensity and Reynolds stress is
�0 � ��/4 [since the transformation, ( f, y�, ��, �) → (�f,
�y�, ���, ��), leaves the problem unchanged in a hori-
zontally rotated coordinate system with the x� axis
aligned with the surface stress]. The mechanism for this
effect, first discussed in Garwood et al. (1985a,b) is a
systematic transfer between vertical and horizontal tur-
bulent velocity fluctuation variances that depends on
the orientation of the wind stress relative to fyŷ. In
particular, for f, f y � 0, � � �0 
 � � 5�/4 favors an
Ekman surface current with u � 0 that accelerates � �
0 by (12) and positively reinforces the Coriolis force in
the zonal momentum equation where � � 0.

In a mean-field boundary layer model with param-
eterized turbulent fluxes, like (2), the horizontal com-
ponent of the Coriolis frequency does not appear ex-
plicitly since the mean w is zero and the horizontal
component � f y vanishes in the Coriolis force (12).
However, the effects of f y � 0 may be included in the
parameterized fluxes, F u(z), through a modified form
of KPP. Although the present collection of computa-
tional turbulent Ekman layer solutions with f y � 0 does
not allow a precise determination of how the KPP
model should be modified, the diagnosed depth profile
for eddy viscosity (Zikanov et al. 2003, their Fig. 8c)
shows an approximate dependence on wind direction
and latitude that simply multiplies the 	(z) for f y � 0 in
(9) by a depth-independent factor, J(�, 
), when f y � 0.
An approximate fit to this amplification factor can be
made using the following functional form for J:

J��, 
� � 1 

A2

2�1 � A�
� A�1 � A
2

1 � A � cos�� � �0�,

where

A�
� � A0 cos�
�. �13�

This function has no fundamental justification, but it is
both relatively simple and has the following desirable

1 This interpretation of Zikanov et al. (2003) requires that we
interpret their � as the angle from the wind stress direction to the
north direction measured in a counterclockwise rotational sense.
This contradicts their Fig. 1 sketch and their textual description of
the angle of minimum response, but it is consistent with the sys-
tem of equations solved [their (2.1)–(2.4)].
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properties that match the available evidence about the
effects of f y � 0:

• 0 � J � � if 0 � A0 � 1.
• J � 1 when 
 � ��/2 since A(��/2) � 0, and J is

most different from 1 when 
 � 0.
• J is monotonic in 
 for a fixed �, and J is monotonic

in � between �0 and �0 � � for a fixed 
.
• J is smallest, 1 � A0, when (�, 
) � (�0, 0) and is

largest, 1/(1 � A0), when (�, 
) � (�0 � �, 0).
• The amplification or reduction of 	 is geometrically

symmetric in �; that is, if J(�0, 
*) � 1 � A* � 1 for
a given 
 � 
*, then the smallest modified diffusivity
is (1 � A*)	 at � � �0 and the largest is 	/(1 � A*)
at � � �0 � �.

To approximately fit the evidence presented in Zi-
kanov et al. (2003, their Fig. 8c), we choose

A0 � 0.65 and �0 �
�

4
. �14�

The amplification factor is plotted in Fig. 2. With the
particular functional form (13), the interval in � where
J � 1 is somewhat larger than the interval where J � 1.
Given the presently limited basis for choosing J, the
aptness of this feature cannot be assessed.

3. Steady wind results

a. Nondimensionalization and KPP solution

A steady solution to (2) has no acceleration term. It
can be transformed to the following nondimensional
boundary value problem:

ẑ � U �
�

�� �K���
�U
�� �� R̃U,

K
�U
��

�0� � x̂, and U��h̃� � 0, �15�

where x̂ is the unit vector in the east direction. The
transformation is based on a rescaling of variables by u*
and f and a rotation by the angle ��*. The transformed
quantities are defined by

� �
f

u*
z, h̃ �

f

u*
h � c2,

U � u*
�1ROT��*

�u�,

K �
f

u*
2 � � c1c2G� �

h̃
�, and R̃ �

1
f

R. �16�

The rotation operator by an angle � is defined by

A � ROT��a� � �a cos��� � b sin���, a sin��� 
 b cos��� 

�17�

when applied to the horizontal vector, a � (a, b). (We
set J � 1 here and in the next section, deferring the
effects of f y � 0 until section 5.) Thus, the dependences
on wind stress and Coriolis frequency are explicitly
contained in (16): the Ekman currents vary in magni-
tude linearly with u* and rotate with �*; the current
depth scale varies with u*/f, and the transport T varies
with u2

*/f.
The solution to (15) for R̃ � 0.023 (section 4) is plot-

ted in Fig. 3, and the associated eddy viscosity profile,

FIG. 2. Diffusivity amplification factor, J(�, 
) from (13), plot-
ted on a semilogarithmic scale for 
 � �/6, A0 � 0.65, and �0 �
�/4.

FIG. 3. Nondimensional mean zonal and meridional velocity
profiles, U(!) (dashed line) and V(!) (solid line), for a steady-state
Ekman layer with a steady zonal wind using the KPP model with
R̃ � 0.023.
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K(!), is plotted in Fig. 4. The surface current is oriented
with an angle of " � 31° to the right of the wind (in the
Northern Hemisphere), and the current speed decays
with depth and its direction rotates farther to the right.
The eddy viscosity peaks at a depth of ! � �0.23 with
a magnitude of K � 0.41.

b. Comparison with other steady solutions

We can compare the KPP solution of (15) with the
classical solution for constant K. The depth-integrated
square difference in U(!) in Fig. 3 is minimized with the
diffusivity value, K0 � 0.27. The classical solution has a
weaker surface current, U(0), that is rotated by a
greater amount (" � 45°) to the right of the stress (Fig.
5). The classical U(!) has weaker shear both near the

surface and near its interior edge because its K value is
larger there than KPP’s. At the interior edge the clas-
sical solution extends farther in depth, for the same
reason. Associated with the layer-edge shear differ-
ences, the classical Ekman spiral has a fatter bow shape
than KPP’s. As required by the boundary conditions,
the solutions have the same transport, T (neglecting the
effect of R̃).

How accurate is the KPP model for the Ekman layer
problem? The best available answers come from labo-
ratory experiments and computational turbulence solu-
tions. Coleman et al. (1990) and Coleman (1999)
present direct numerical simulations (DNS) of the
rotating Navier–Stokes equations for the problem of
a steady interior flow above a solid (i.e., no slip)
boundary at several different Reynolds numbers up
to 103. This solid-boundary atmospheric problem can
be approximately transformed into the oceanic prob-
lem by inverting the vertical coordinate, equating
the surface stress direction and magnitude (i.e., |� | �
�aua

*
2 � �ouo

*
2), and transforming the velocity by the

formula

uo�zo � �
uo

*
ua

*
za� �

uo

*
ua

*
�ua�za � �� � ua�za� .

�18�

This transformation is not based on an exact equiva-
lence because the atmospheric solution has fluctuations
in � that are absent in the oceanic steady-stress prob-
lem, and the oceanic solution has fluctuations in the
surface velocity that are absent in the atmospheric ve-
locity as za → �. Nevertheless, there is good qualitative
agreement with the KPP solution (Fig. 5), except very

FIG. 4. Nondimensional eddy viscosity profile K(!) for a
steady-state Ekman layer using the KPP model.

FIG. 5. Nondimensional mean velocity profiles U(!) for an Ekman layer with a steady zonal wind: KPP
with R̃ � 0.023 (solid line), Zikanov et al. (2003) (dashed line), Coleman (1999) (dash–dotted line), and
constant-K (�0.027) optimally fit to the KPP solution (dotted line). The respective values for surface
angle, ", are 31°, 33°, 19°, and 45°.
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near the surface, where a viscous sublayer, associated
with the no-slip boundary condition and the consequent
absence of velocity fluctuations, exhibits very large
shear. The surface current rotation angle is " � 19° in
Coleman (1999), although it is larger in the Coleman et
al. (1990) solutions and in the laboratory experiments
of Caldwell et al. (1972) (both at lower Reynolds num-
bers and with the unoceanic surface boundary condi-
tion), hence closer to the KPP value �30°. The diag-
nosed eddy diffusivity—minus the ratio of Reynolds
stress and mean shear—also has a convex shape (cf. Fig.
15 of Coleman et al. 1990), and the bow in the Ekman
spiral is again thinner than in the classical solution.

Zikanov et al. (2003) presents a large-eddy simula-
tion (LES) for the oceanic problem with constant sur-
face stress, using a “dynamic” subgrid-scale parameter-
ization (Germano et al. 1991). It shows similar qualita-
tive agreements in its differences from the classical
Ekman solution (Fig. 5) and in the convex shape for
K(!), albeit with a somewhat smaller peak magnitude
than in Fig. 4 (cf. Fig. 5 of Zikanov et al. 2003). The
surface angle value (" � 33°) is close to the KPP solu-
tion’s value. This LES solution is clearly distinguished
from the classical solution in its smaller surface angle,
increased surface velocity, and diminished depth ex-
tent. The largest discrepancies among the different so-
lutions occur in the surface speed, |U(0)|, which is
closely related to the discrepancies in near-surface
shear. This is a notoriously sensitive flow property in
boundary layer simulations; e.g., different LES models
with different subgrid-scale parameterizations differ in
the near-surface shear magnitude by a factor of 2 (N.B.,
Fig. 4 of Andren et al. 1994). (The near-surface region
is also where the Ekman problem as posed here is least
realistic because of the neglect of surface wave effects.)

In summary, given the uncertainties in Reynolds
number dependence and subgrid-scale parameteriza-
tions, no precise assessment standard exists for the KPP
model. However, the available standards indicate that it
is a reasonably accurate model with the right depen-
dences on u* and f, so we believe it can be used to
provide credible answers for the problem of Ekman
layer rectification. As we show in sections 4 and 5, the
rectification and f y � 0 effects on u(z) are far larger
than the disagreements seen in Fig. 5.

4. Transient wind results

a. Standard parameters

To investigate rectification, we define a standard case
and choose to show the results dimensionally (N.B., the
overall u* and f dependences in section 3). The mean
wind is ua � 5 m s�1 with �a � 0 (N.B., when f y � 0 the

solution is rotationally symmetric with respect to direc-
tion). The transient wind is from an independent
Markov process (8) for each direction. In the standard
case, �a

u � �a
� � 5 m s�1 (i.e., � |ua|), and Ta � 0.86 �

105 s (1 day). We choose a latitude of 
 � 30°N ( f �
0.73 � 10�4 s�1), and the inertial-propagation decay
time is 7 days (R � 1.7 � 10�6 s�1, R̃ � 0.023). The
vertical domain depth is H � 300 m, and we restrict our
attention to cases in which h(t) � H for all times in the
integration.

b. Quasi-stationary approximation

For a statistically stationary, time-varying wind ua(t),
we can calculate the time-mean Ekman current u(z) by
integrating (2) in time and averaging the resulting cur-
rent u(z, t). Alternatively, we can make the quasi-
stationary approximation that assumes that the instan-
taneous current is close to its stationary response to the
instantaneous winds for the purpose of calculating the
time average. With this assumption the mean current
can be equivalently calculated as a weighted integral
based on the single-time PDF for the wind, which we
express in terms of its stress attributes P(u*, �*). The
probability integral is defined by

uQS�z� � �
0

�

u* du*�
��

�

d�* P�u*, �*�u*ROT�*

��U�u*�

f
��, �19�

subject to the usual normalization condition for a PDF,

�
0

�

u* du*�
��

�

d�* P�u*, �*� � 1. �20�

Alternatively, we could express these PDF integrals in
terms of (ua, �a) rather than (u*, �*) since there is a
unique transformation between them by (3).

c. Effective eddy diffusivity

To interpret the mean turbulent mixing due to recti-
fication, we define an effective eddy viscosity 	*(z)
such that (2) is satisfied for the mean-velocity depth
profile u(z), with no tendency term and with an effec-
tive eddy viscosity expression for F u � 	*#u/#z. Since a
scalar 	* will not generally satisfy the vector momen-
tum equation, we determine the former from a vector
dot product of momentum with the vector mean shear.
Assuming vanishing 	* as z → ��, the resulting for-
mula is
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�*�z� � ��u

�z ����

z

��f � 
 Ru� dz�

��

�z����

z

� f u 
 R�� dz������u

�z�2


 ���

�z�2�. �21�

d. Solution measures

To estimate the magnitude of several solution prop-
erties, we define the following relative measures inte-
grated over the full depth range: for the degree of rec-
tification,

RECT �	�dz $u�z; ua�t� � u�z; ua�%2
�dz �u�z; ua� 2;

�22�

for the accuracy of the quasi-steady approximation,

QSA �	�dz �u�z� � uQS�z� 2
�dz �u�z� 2;

�23�

and for the magnitude of the fluctuating currents,

FLUC �	�dz �u�z, t� � u�z� 2 
�dz �u�z� 2.

�24�

In each of these expressions, u(z, t) is the solution ob-
tained with the KPP model.

e. Elemental rectification

The essential rectification behavior can be explained
quite simply using a mixed layer model. Its aptness is
justified a posteriori in the next section: although its
vertical structure is inaccurate, its scaling dependences
on u* and f are the same as in the KPP model.

We assume that the current is uniform over a depth
h � cu*/f and that the transport is T � u2

*/f as in (1).
This implies that the current speed is T/h � u*/c. We
further assume that the quasi-stationary approximation
holds as the wind varies. We compare the steady cur-
rent for a steady wind (with friction velocity u*o) with
the mean current for a situation in which the wind is 2
times as strong for one-half of the time and zero for the
other one-half (N.B., it has the same mean value). The
difference in these two currents is the rectification ef-
fect. In the former case the speed is u*o/c over a depth
cu*o/f, and in the latter case the speed is the same but
the depth is 2cu*o/f—2 times as deep. The rectified
transport is 2 times as large as for the steady wind. The
solution measures above have the values RECT � 1,
FLUC � 1, and QSA � 0 (by assertion).

Part of this rectification is due to the 2-times-as-large

mean stress in the transient case. However, even if we
take this into account in an alternative steady wind case
with friction velocity &2u*o, its mean stress and trans-
port are the same as in the transient case, but its mean
current—with speed &2u*o/c over a depth cu*o /&2f—
is faster and shallower (but faster and deeper than with
the original steady wind). In this alternative case,
RECT � 0.54 is still sizable.

f. Rectification in the KPP model

The mean currents and effective diffusivities for the
standard transient wind case, its companion steady
wind case, and an alternative steady wind case with the
same mean stress (i.e., the 
 value in Fig. 1, right) are
shown in Figs. 6 and 7. The mutual relations among the
mean currents and transports here are qualitatively
similar to the elemental rectification example above.

The rectified current extends much deeper into the
ocean compared to the steady wind current, although
the speeds are similar. Here RECT � 0.67. The
quasi-stationary approximation (19) is quite accurate
(QSA � 0.04), even though the fluctuations are large
(FLUC � 3.2) and the Markov wind memory time is
not particularly long (Ta � 1 day). The angle " of the
rectified surface current2 is 32° to the right of the mean
stress, which is only modestly larger than the steady
wind angle of 31°. The effective diffusivity 	*(z) both
reaches much deeper and is much larger, by nearly a
factor of 5. For this standard transient case, 	*(z) is also
about 2 times as large as 	(z) (not shown), and their
depth profiles are similar.

The alternative steady case with the same mean
stress has currents that penetrate to a depth intermedi-
ate between the other two currents, but its surface
speed is larger than either of the other two (Fig. 6). Its
transport is the same as the rectified transport [since �
fluctuations average out in (1)], and its surface rotation
angle is the same steady value of 31°. Its diffusivity
profile 	*(z) is also intermediate between the other two
cases’ profiles (Fig. 7). Thus, the rectification effect am-
plifies the penetration depth and mixing efficiency even
beyond what can be associated with the increased mean
stress in (16).

2 " is a highly variable quantity for finite-time averages with
transient wind forcing. The statistical results quoted here are ac-
curate to a fraction of a degree, which requires about 100 yr of
integration to achieve.
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Another feature of these solutions is the Ekman spi-
ral, namely, the rotation of the direction of the hori-
zontal mean current with depth (Fig. 8). As expected
from the preceding plots, the surface angle (i.e., ") is
nearly the same for the different cases, but the spiral is
a more rapidly varying function of depth for steady
winds than it is with rectification effects, even when the
change in mean stress (here the expansion of the ver-
tical scale) is taken into account. Note the rapid varia-
tion of angle especially near the surface. Ralph and
Niiler (1999) and Niiler et al. (2003) estimate the mean
angle of the ageostrophic current at 15-m depth relative
to the surface wind and stress, over different ensembles

of drogued drifting buoy displacements (and implicitly,
wind ensembles), as 50° and 55°, respectively. This
angle is a delicate quantity to estimate since it pertains
to a depth both with high shear and a rapid spiraling
rate and with large angle variations as the depth scale of
the velocity profile varies with the wind forcing. Nev-
ertheless, the 15-m angle in these solutions is markedly
greater than the empirical estimates. While there may
be buoyancy and stratification influences (section 6), it
seems likely that this discrepancy is mostly due to the
absence here of the combined surface wave effects of
breaking and wave-averaged vortex force, which act

FIG. 7. Dimensional effective viscosity depth profiles 	*(z)
(m2 s�1) for the same cases as in Fig. 6.

FIG. 8. Vertical profiles of the angle of the mean horizontal
current relative to the mean surface stress direction for the same
cases as in Figs. 6 and 7. At z � 0 this angle is the same as ".

FIG. 6. Dimensional mean velocity depth profiles u (z) (m s�1) using the KPP model for a steady wind with ua � 5 m s�1 (dotted line),
an additional two-dimensional, transient wind with �a

u � �a
� � |ua| and T a � 1 day (solid line), and a different steady wind to the east

with the same mean stress as in that shown with the solid line (dashed line), for (left) u(z) (m s�1) and (right) � (z).
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strongly to diminish near-surface shear (McWilliams et
al. 1997; Sullivan et al. 2004). This issue will not be
pursued further here.

Rectification depends on the properties of the tran-
sient wind. The most important property is its fluctua-
tion strength: Figs. 9 and 10 show systematic depen-
dences for both the mean current’s penetration depth
and effective diffusivity. RECT scales very close to lin-
early with �a, as do FLUCT and QSA (not shown). The
rotation angle of the surface current also increases lin-
early but weakly with �a (e.g., reaching a value of 34°
when �a

u � �a
� � 2|ua |).

The shape of P(u*, �*) has an influence as well. In
two alternative cases, in which either �a� or ua� is set to
zero while keeping the nonzero component’s variance
the same as in the standard case, the mean currents with
wind fluctuations only in the direction of the mean wind
have nearly the same rectification (i.e., RECT � 0.57
for �a

u � |ua | and �a
� � 0), while the mean currents with

only transverse wind fluctuations have a much weaker
effect (RECT � 0.28 for �a

� � |ua | and �a
u � 0). Fluc-

tuations in the direction of the mean wind are more
effective at changing the stress magnitude—hence the
vertical momentum mixing and the resulting current
profile—than are fluctuations perpendicular to the
mean wind. The latter change the stress direction but
do so symmetrically about the mean direction using (8)
and thus have no net directional effect.

The frequency content of the wind is a less important
influence on the rectification magnitude. RECT varies
by only about 10% when Ta varies from 0.03 to 8 days
(holding �a constant), but the rotation angle of the
mean surface current does decrease weakly with Ta

(varying approximately linearly from 36° for small Ta

to 32° for Ta � 8 days). (Note that the quasi-stationary
approximation implies that there is no rectification de-
pendence on the frequency content of the wind.) On
the other hand, FLUC varies considerably with Ta, be-
ing largest when Taf � O(1) because of the potential
for an inertially resonant response in (2) (Fig. 11, right).
The accuracy of the quasi-stationary approximation,
not surprisingly, degrades as Ta decreases (Fig. 11, left),
although QSA is still moderately small, �0.2, even for
Ta of less than 1 h.

An alternative view of the frequency dependence of
rectification is provided by using a periodic transient
wind (7) with frequency �0 and component amplitude
ua

0� � &2ua (i.e., the variance is the same as in the
standard case with Markov wind), even though this is
less realistic than broadband fluctuations. In general,

FIG. 9. Dimensional mean velocity profiles u(z), using the KPP model for a steady wind with ua � 5
m s�1 and an additional two-dimensional, transient wind with �a

u � �a
� equal to 0 (dotted line), 0.5|ua|

(dash–dotted line), 1.0| ua| (solid line), and 2.0|ua| (dashed line).

FIG. 10. Dimensional effective viscosity profiles 	*(z) (m2 s�1)
for the same cases as Fig. 9.
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the resulting mean currents are not very different from
the Markov results. However, the frequency depen-
dence of the currents for the periodic forcing is larger in
the neighborhood of �0 � f due to inertial resonance
(Crawford and Large 1996), with a modest minimum in
RECT, a significant maximum in QSA, a very large
maximum in FLUC (limited only by R � 0), and a
substantial increase in ". In contrast, when �0 � �f,
none of these extrema occur in a pronounced way. In-
terestingly, in the high-frequency limit (�0/f → �), the
rectification remains large (RECT → 0.87), the quasi-
stationary approximation is not too erroneous (QSA →
0.24), and the current fluctuations weaken (FLUC '
f/�0 → 0). On the other hand, the current and depth
scaling of the Ekman layer (e.g., in the mixed layer
model for elemental rectification) suggest that it has a
turbulent eddy turnover time of O(1/f ); this indicates
that a boundary layer model such as KPP should not be
trusted for the current response when �0 k f.

Last, we remark that the KPP model indicates very
little rectification as a direct consequence of the pres-
ence of inertial currents. This is demonstrated by solv-
ing for the response to a steady wind abruptly turned on
at an initial time when the current is zero. The current
subsequently oscillates about its long-time mean depth
profile with an inertial component whose amplitude de-
cays at the rate R. In such a solution, the time-averaged
current is virtually the same while the inertial currents
are strong, as it is later after the inertial currents have
decayed away. This insensitivity is because 	 in the KPP
model does not depend upon the changing current di-
rection for a uniform density ocean, and after a few

inertial periods the inertial currents have a depth-
independent structure within the boundary layer and
thus are independent of 	 in their own evolution.3 This
is in contrast to the significant directional dependence
when h is determined by a critical bulk Richardson
number, instead of the Ekman depth criterion in (9),
and the occurrence of inertial shear instability in the
strongly stratified base of the boundary layer (Large et
al. 1994; Large and Crawford 1995).4

5. Horizontal Coriolis frequency

When f y � 0, the Ekman currents are altered de-
pending upon the angle of the wind. We now present
solutions using the generalized KPP that rescales the
diffusivity, 	(z.t), by the factor J(�, 
) (section 2 and
Fig. 2).

a. Steady winds

For a steady wind, 	 is smallest when � is aligned with
�0, that is, to the northeast (NE). Weaker mixing re-

3 The insensitivity of 	 to inertial currents means that our rec-
tification results are insensitive to the value of the inertial-
radiation decay rate R.

4 It is, of course, likely that unstratified inertial currents are
unstable in reality in ways not presently represented in the KPP
model, but a clear characterization of the instability behaviors is
not yet established, and thus we ignore it pro tem. Since R in (2)
is estimated by fits to measured inertial-current decay, it may
implicitly contain effects that are more properly interpreted as
due to instability rather than interiorward radiation. Insofar as
R K f, then its effect on our results is slight.

FIG. 11. (left) The normalized magnitude of the error in the mean current using the quasi-stationary approximation [i.e., QSA from
(23)] and (right) the normalized magnitude of the fluctuating currents [i.e., FLUC from (24)] as functions of the Markov memory time,
T a. These measures are evaluated using the KPP model for a steady wind with u a � 5 m s�1 plus a two-dimensional, transient wind
with �u

a � ��
a � |ua|.

1656 J O U R N A L O F P H Y S I C A L O C E A N O G R A P H Y VOLUME 36



quires a larger vertical shear to balance the Coriolis
force in the steady Ekman layer’s momentum equation
(2). Larger vertical shear implies a larger velocity, al-
beit in a way constrained by the transport relation (1)
that is independent of f y and 	. This is indicated by the
NE depth profiles in Fig. 12 (top) that show stronger
mean currents with a modestly increased surface angle
from the wind (" � 32.5°, rather than 31° for f y � 0)
and by the 	(z) profiles in Fig. 13 (left). Oppositely, 	
is largest when the wind is to the southwest (SW), and
the corresponding Ekman current is weaker but again
with a comparably increased surface angle. For the or-
thogonal wind directions, northwest (NW) and south-
east (SE), 	 is slightly increased by J � 1, and the
associated mean currents are only slightly weaker than
with f y � 0, and the surface angles are slightly increased
(" � 31.5°). Overall we see that the effect of f y signifi-
cantly alters the Ekman current profile, consistent with
the previously cited studies (Coleman et al. 1990; Zi-
kanov et al. 2003).

b. Rectification

When analogous comparisons are made for the stan-
dard transient wind response (section 4), we again see
significant differences due to f y � 0 [Figs. 12 (bottom)
and 13 (right)]. The decrease in stress-normalized sur-
face velocity due to rectification is evident in Fig. 12 (cf.
top and bottom), and it is due to the enhancement of
vertical mixing shown in section 4. However, the inter-
play between rectification and f y is somewhat more
subtle than a bulk mixing enhancement through the J
factor in (13). For mean wind directions parallel and
opposite to �0 (i.e., NE and SW), the symmetrically
distributed wind fluctuations are symmetric in their im-
plied J values, and the net effect of f y � 0 again is to
rescale the mixing efficiency: the mean shear is de-
creased for SW winds and increased for NE winds, just
as in the steady-wind cases. But for mean winds in the
perpendicular quadrants, symmetric wind fluctuations
have an asymmetric effect in the consequent J values,
with smaller Js for fluctuations on the northeastward
sides of the mean direction and larger Js on the south-
westward sides. The effect is to increase the shear to-
ward the northeast for both the SE and NW cases,
bending both their mean hodographs in that direction.
In this regard the f y � 0 and � 0 comparisons have the
opposite effects for steady and fluctuating winds in the
NW case. The NE and SW cases with f y � 0 and tran-
sient wind have " values not very far from the 32° value
with f y � 0 (section 4), but much more extreme " val-
ues occur in the NW (" � 50°) and SE (" � 15°) tran-
sient cases with f y � 0.

Thus, the horizontal component of the Coriolis fre-

quency vector has a significant influence on Ekman cur-
rents by acting to augment, diminish, or skew the rec-
tification effect.

6. Summary and discussion

We have shown that the unstratified Ekman layer has
a significant rectification effect with transient winds:
the mean current and its effective diffusivity are sub-
stantially stronger, less sheared, and deeper compared
to the response to the same steady wind. While part of
this rectification is due to the enhanced mean stress
resulting from averaging over the quadratic (or greater)
variation of stress with wind speed, � � u2

* ' |ua |2, a
comparable part is a direct consequence of the variable

FIG. 12. Nondimensional hodographs of the mean horizontal
velocity with different orientations for the mean surface stress in
the labeled directions: (top) steady winds and (bottom) additional
two-dimensional, transient winds with �a

u � �a
� � |ua|. The hori-

zontal Coriolis frequency f y is either zero (dashed lines) or non-
zero with the value for 
 � �/6. Normalization is by u*, which has
the values of 5.97 � 10�3 m s�1 (top) and 9.10 � 10�3 m s�1

(bottom). Parameter values are otherwise as in the standard case
(e.g., Fig. 6).
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mixing profile that results from the nonlinear depen-
dence of the boundary layer eddy diffusivity on the
wind stress, 	 ' u2

*/f, multiplied by the modified mean
shear to produce the parameterized vertical momentum
flux by turbulent eddies. The resulting scaling is |u | '
u* and h ' u*/f, with u* a composite amplitude mea-
sure of both the mean and transient wind. Furthermore,
the rectification effect is significantly modulated by the
dependence of Ekman currents on the wind angle
through the influence of the horizontal component of
the Coriolis frequency, f y.

The rectification effect is well approximated by the
quasi-stationary approximation, uQS(z), a weighted in-
tegral of the steady Ekman layer response over the
probability density function for the wind, independent
of the detailed wind history. This provides a practical
means of incorporating rectification influences in an
Ekman layer parameterization merely by including the
wind PDF. How important rectification effects, due to
underresolved wind variability, are in practice depends
upon the context: An analysis of monthly mean Ekman
currents forced by monthly mean winds would be quite
erroneous; 5-day averages of surface drifter displace-
ments using 5-day mean winds would be moderately
erroneous; once-per-day coupling between atmospheric
and oceanic general circulation models would be accu-
rate in some situations but not others; and oceanic cal-
culations with a detailed wind history obviously would
not have any rectification error.

This rectification study proves the importance of rec-
tification processes. It is not yet generally relevant to
oceanic conditions because of its neglect of stratifica-
tion effects, including transient buoyancy fluxes and

passing mesoscale eddies. The empirical fit for near-
surface, tropical Ekman currents by Ralph and Niiler
(1999) suggests a dimensional scaling dependence of
|u | ' u*N1/2f�1/2 and h ' u*(Nf)�1/2, with N some mea-
sure of the near-surface stratification, which is also the
outcome of impulsive wind deepening through a uni-
formly stratified layer (Pollard et al. 1973). This is
clearly at odds with the unstratified scaling presented
here. Similarly, Price and Sundermeyer (1999) demon-
strate a significant Ekman layer rectification effect due
to variable surface buoyancy fluxes and near-surface
stratification. It is therefore of obvious importance to
extend the present study of rectification to the stratified
regime, and for this purpose supporting computational
turbulence studies, particularly of the f y influence in
the stratified regime, would be very helpful.
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