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ABSTRACT

Mesoscale eddies mix fluid parcels in a way that is highly constrained by the stratified nature of the fluid.
The temporal-residual-mean (TRM) theory provides the link between the different views that are apparent from
temporally averaging these turbulent flow fields in height coordinates and in density coordinates. Here the
original TRM theory is modified so that it applies to unsteady flows. This requires a modification not only to
the streamfunction (and hence the velocity vector) but also a specific interpretation of the density field; it is not
the Eulerian-mean density. The TRM theory reduces the problem of parameterizing the eddy flux from three
dimensions to two dimensions. The three-dimensional TRM velocity is shown to be the same as is obtained by
averaging with respect to instantaneous density surfaces and the averaged conservation equations in height
coordinates and in density coordinates are the same except for a nondivergent flux that isidentified and explained.
The TRM theory demonstrates that the tracers (such as salinity and potential temperature) that are carried by
an eddyless ocean model must be interpreted as the thickness-weighted tracers that result from averaging in
density coordinates.

The extra streamfunction of the temporal-residual-mean flow, termed the quasi-Stokes streamfunction, has a
simple interpretation that proves valuable in developing plausible boundary conditions for this streamfunction: at
any height z, the quasi-Stokes streamfunction is the contribution of temporal perturbations to the horizontal transport
of water that is more dense than the density of the surface having time-mean height z. Importantly, the extra three-
dimensional velocity derived from the quasi-Stokes streamfunction is not the bolus transport that arises when
averaging in density coordinates. Therefore the Gent and McWilliams eddy parameterization scheme is not a
parameterization of the bolus velocity but rather of the quasi-Stokes velocity of the temporal-residual-mean cir-
culation. The physical interpretation of the quasi-Stokes streamfunction implies that it must be tapered smoothly
to zero at the top and bottom of the ocean rather than having delta functions of velocity against these boundaries.
The common assumption of downgradient flux of potential vorticity along isopycnals is discussed and it is shown
that this does not sufficiently constrain the three-dimensiona quasi-Stokes advection because only the vertical
derivative of the quasi-Stokes streamfunction is specified. Near-boundary uncertainty in the potential vorticity fluxes
translates into uncertainty in the depth-averaged heat flux. The horizontal TRM momentum equation is derived
and leads to an alternative method for including the effects of eddies in eddyless models.

1. Introduction

The task of representing unresolved mesoscale eddy
motions in a three-dimensiona eddyless model is sig-
nificantly more complicated than the corresponding prob-
lem under zonal averaging. There are two principal rea-
sons for the added complexity. First, the mean flow field
in aforward ocean model is three-dimensional and is of
zeroth order in perturbation amplitude, in contrast to the
two-dimensional-velocity field of the zonally averaged
problem where the Eulerian-mean flow is of second order
in perturbation amplitude. Second, one needs to account
for unresolved fields in both space and time. The tem-
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poral-residual-mean (TRM) theory of the present paper
addresses the first issue, while the second issue should
be considered separately and will be addressed in a sub-
sequent paper [see McDougall (1998) for an introduction
to the problem of limited horizontal resolution].

In a previous paper (McDougall and Mclntosh 1996,
hereafter called TRM-I) we derived a temporally low-
passed density conservation equation that had the prop-
erty that, so long as the mean and the eddy density fields
were steady, the mean advection velocity had a dia-
pycnal component if and only if the instantaneous flow
were diapycnal. The standard Eulerian-averaged equa-
tions do not have this property for either zonal or tem-
poral averaging. Rather, the Eulerian-mean flow has a
diapycnal component forced by the divergence of the
eddy density flux even if the flow is instantaneously
adiabatic at all times. This velocity of TRM-I was the
sum of the Eulerian-mean velocity and a component that
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depended on the horizontal eddy density flux and the
density variance. By analogy with the existing literature
on the zonal-residual-mean flow, we named this mean
velocity the temporal residual mean velocity since the
averaging operator was temporal rather than zonal.
Equally well, the acronym TRM could be interpreted as
the “‘three-dimensiona residual mean” because the
TRM velocity is three-dimensional rather than two-di-
mensional in the case of zonal averaging.

If the mean density or the density variance evolves
slowly in time, then the TRM velocity of McDougall
and Mclntosh (1996) generally has a diabatic compo-
nent related to this change. The present paper overcomes
this disadvantage by deriving a modified density con-
servation equation that is written for a modified density
variable. Rather than using the average density at con-
stant height asin TRM-1, we ensure that the mean height
of the density surface coincides with the nominal height
at which averaging is being performed, asrecommended
by de Szoeke and Bennett (1993). We note that the
concept of having a mean conservation equation in
which both the advection vel ocity and the quantity being
advected are different to the Eulerian mean values is
not unusual. In the generalized Lagrangian-mean ap-
proach of Andrews and Mclntyre (1978), not only is
the velocity the Lagrangian-mean velocity but also the
tracer is the Lagrangian-mean tracer value.

In the conservation equation for the modified density
variable, the turbulent flux of density is not simply the
Reynolds-averaged density flux, but is a modified ver-
sion of it. The present paper utilizesthe density variance
equation to show that this modified density flux can be
decomposed into an advection of modified density by
the quasi-Stokes velocity plus a nondivergent density
flux (or equivalently, a skew-diffusive flux of density
and a different nondivergent density flux). The chal-
lenge for the future is to find a sufficiently accurate
parameterization for the quasi- Stokes streamfunction for
use in eddyless ocean models. We regard the Gent and
McWilliams (1990) procedure as the first such param-
eterization for the temporal-residual-mean circulation
and note that the Gent and McWilliams (1990) proce-
dure has been shown by Danabasoglu and McWilliams
(1995) and Hirst and McDougall (1996) to greatly im-
prove our ability to model the deep ocean. Since this
paper presents an improved definition of the TRM ve-
locity, the introduction section of McDougall and Mc-
Intosh (1996) is also applicable to the present paper, and
we will not repeat that material here. Rather, the reader
is encouraged to read the present paper in conjunction
with that paper. In the present paper, as in TRM-I, the
averaging operator is a low-pass averaging operator in
time. The temporal averaging aspect can be understood
as accounting for unresolved processes such as meso-
scale eddies that are not present in eddyless ocean mod-
els, or perhaps submesoscale processes that are not re-
solved in eddy-permitting models.

In section 2 below a Taylor series analysis is used to
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provide the following physical interpretation of the qua-
si-Stokes (or eddy-induced) streamfunction. This
streamfunction is the contribution of eddies to the hor-
izontal transport of water of a certain density class, and
this physical interpretation assists in applying boundary
conditions to the quasi-Stokes streamfunction. This
leads immediately to the physical interpretation of the
horizontal TRM velocity as the thickness-weighted ve-
locity of density coordinates. Section 5 shows that the
diapycnal component of the TRM velocity is the same
as would be obtained by averaging the diapycna ve-
locity following a given density surface. These results
are used to show that the TRM approach is the way of
representing in height coordinates the velocity and the
conservation equations that would apply if one averaged
the instantaneous flow in density coordinates. There are
other ways of averaging the conservation equations such
as the Lagrangian-mean approach and the Effective ap-
proach, but these are less suitable for our purposes, as
discussed briefly by McDougall (1998).

This paper concentrates on theoretical features of re-
sidual-mean theory. We argue that the Gent and
McWilliams (1990) scheme for advecting tracers in
models is not equivalent to downgradient diffusion of
thickness, despite this being the original justification of
the scheme. The construction of the vertical component
of the eddy-induced velocity assumes that the eddy-
induced velocity is three-dimensionally nondivergent,
which ensures that the eddy-induced velocity is not the
bolus velocity because the three-dimensional bolus ve-
locity is divergent (see section 10 below). This also is
apparent in the diapycnal nature of the resolved-scale
velocity in such ocean models (see section 9 below). In
this way, the Gent et a. (1995) scheme can be seen as
a parameterization of the quasi-Stokes velocity of the
TRM theory. This realization provides the direction for
improved parameterizations, and it also hasimplications
for how we must interpret the model variables in such
coarse-resolution models.

The Gent et a. (1995) implementation of the TRM
circulation adds either a skew flux or a quasi-Stokes ad-
vection of tracer to the tracer conservation equations but
generaly leaves the momentum equations unaltered. We
show that with errors that are cubic in perturbation ampli-
tude, there is an alternative way that these TRM concepts
may be implemented in an ocean model, namely by adding
a horizontal stress to the horizontal momentum equations.
Then the continuity, tracer, and momentum equationscarry
only one velocity variable: the TRM velocity.

2. |sopycnal interpretations of ¥ and V*#
a. Horizontal transport of water denser than ¥

Here we follow the Taylor series approach of Mclntosh
and McDougall (1996) and consider the horizontal vol-
ume transport of fluid that is denser than a certain fixed
density. In that paper the averaging operation was azonal
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Fic. 1. (a) Sketch of the height of a’y density surface as a function of time at a given latitude and
longitude. The quasi-Stokes streamfunction W is equal to the horizontal volume transport between the
fixed height, z = z, and the instantaneous height of this density surface. This volume flux is equal
to the temporal average of the perturbation height, ', and the velocity appropriate to the column of
fluid shown, viz. (V + 3V,Z), where both V and V, are evaluated at the fixed height, z = z,. It is
this volume transport that must be added to the volume transport found by using the horizontal Eulerian-
mean velocity in order to correctly estimate the transport of the shaded fluid that is more dense than
Y(2). (b) The thickness-weighted horizontal velocity of density coordinates, V, is defined to be the
average horizontal velocity of the shaded fluid, and this is equal to the horizontal TRM velocity, V#
=V + W, with an error that is cubic in the amplitude of the temporal perturbations.

average, whereas here we are performing a temporal av-
erage at a fixed horizontal position.

Consider the density surface whose average height at
a given horizontal location is z,. This density surface
we will label as y(z,) and the instantaneous horizontal
transport of water (per unit horizontal distance) that is
denser than ¥(z,) is given by (Fig. 1a):

J V(X Y, zt)dz

—H

=J V(x,y,z,t)dz+f V(xYy,zt)dz, (1)
—H Za

where the bottom of the ocean isat z= —H and Z, is
the instantaneous displacement of the density surface
from its mean height z,. We assume that the water col-
umn is stably stratified. The right-hand side hereis sim-
ply a convenient rearrangement of the integral into two
parts. The horizontal velocity vector, V = ui + vj, is
a function of space and time, as emphasized by the
notation in (1). The water that is more dense than
Y(z,) we call *“marked fluid” as though it were colored
differently to the water that is less dense than ¥(z,).

Expanding the horizontal velocity in avertical Taylor
series about the fixed height, z = z,, the last term in
(1) may be written:

f Vdz = f (VO Y, 2, ) + V(X Y, z, D[z — 2] + -} dz

= V(K Y, 2, 02, + 2V v, 2, OIZ) + O(@), @
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where terms up to second order in perturbation quan-
tities have been retained. The terminology O(«?) indi-
cates additional terms that are of cubic or higher order
in perturbation quantities, and « is a general measure
of perturbation amplitude. That is, the remaining terms
in (2) each contain the product of at least three primed
quantities. Forming the temporal average of (2) and
Reynolds decomposing the horizontal velocity into
mean and perturbation parts, we obtain two equivalent
expressions:

Zatzy 1_
J Vdz = V'Z, + SV, (@) + O(a?)

= (V + %szg>z; + O(a?). (3)

It is emphasized that the instantaneous velocity V, the
instantaneous velocity shear V,, the perturbation veloc-
ity V', and the mean shear V, on the right of (3) are
all evaluated at the constant height z,.

We define the perturbation volume transport of (3) to
be atwo-dimensional streamfunction, which we call the
quasi-Stokes streamfunction, that is,

W(z) = f Vo (43)

The perturbation height of a y surface, ', is related to
the density perturbation at a fixed height, y’, by 2/ =
—v'l,/7, + O(a?) [see (10) below]. Hence (3) can be
written

= (4b)
Yz Y2\ 7z

where ¢ = 3(y")? is half the density variance at height
z. This eguation shows that the quasi-Stokes stream-
function W can be expressed in terms of the temporal
correlations V'y' and ¢ that are evaluated at constant
height, together with an error term that is cubic in per-
turbation amplitude. We will later show that the Taylor
series expansion beaks down near the top and bottom
of the ocean where the quasi-Stokes streamfunction (4a)
isactually zero even though the approximate expression
(4b) would indicate otherwise. The average transport of
fluid that is denser than y(z,) is obtained by taking the
temporal average of (1), giving the exact result

T L Y(E) s o

f V dz = J V dz + ¥(z). (5)
-H —H

Thefirst term on theright of (5) isthe straightforward
transport estimate based on the Eulerian-mean velocity,
while the quasi-Stokes streamfunction W(z,) accounts
for the balance of the total horizontal transport of
marked fluid. That is, W is the contribution of pertur-
bations (or eddies) to the horizontal flux of fluid that is
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denser than . This interpretation of W is also evident
from the second line of (3). There the quasi-Stokes
streamfunction W is seen to be the average of the in-
stantaneous velocity at the midheight z = z, + 37,
namely (V + 3V,z,), multiplied by z,, the height of the
small water column between the fixed height z, and the
instantaneous height of the density surface. The product,
(V + 3V,z.)z, is then the instantaneous value of the
volume transport between the fixed height and the height
of the y(z,) surface. The time average of this volume
transport must be added to the Eulerian-mean transport
in order to obtain the total transport of marked fluid.

b. The mean velocity between pairs of y surfaces

In the isopycnal reference frame one is interested in
the transport between a pair of isopycnals. Thistransport
is obtained by taking the difference between two ex-
pressions of the form (5) (see Fig. 1b):

fa anz=Janz+lIf(za)—lIf(zb). ©)

b+2zh

The left-hand side of this equation is the thickness-
weighted mean horizontal transport between the density
surfaces y(z,) and y(z,). Dividing (6) by (z, — z,) and
taking the limit (z, — z,) —» 0 gives

V=V+V]@),=V+w¥,=V". (@

Equation (7) provides a link between time-mean hor-
izontal velocities in the density and height reference
frames. On the left-hand side of (7) the thickness-
weighted mean horizontal velocity V has been expressed
as a function of density with V = V[, and V’|, being
the mean and perturbation velocity components evalu-
ated following the ¥ density surface. (We use the tilde
asageneral notation for time-mean at constant density.)
Theterm V& = V'|;(z,), is the correlation between the
perturbation velocity along density surfaces and therel-
ative perturbation thickness between adjacent density
surfaces; it was coined the ““bolus” velocity by Rhines
(1982).

The right-hand side of (7) is written in terms of quan-
tities evaluated in height coordinates, namely, V and
W. This eguation shows that the horizontal component
of the TRM velocity, V# = V + W,, is equivalent to
the thickness-weighted mean velocity in density coor-
dinates, V. This result is exact when the definition (4a)
is used for the quasi-Stokes streamfunction but, when
the approximate expression (4b) isused, thereisan error
that is cubic in perturbation quantities. Note that the
expression for the streamfunction, (4b), is not the same
as that found in McDougall and MclIntosh (1996) [their
Eqg. (11)]. The reason for this difference is due to the
different density surfaces that are being considered. In
McDougall and Mclntosh (1996) we considered the Eu-
lerian-averaged density surface, 7, that is, the density
surface whose perturbation density (at fixed height) was
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zero. By contrast, here we have chosen the density sur-
face whose perturbation height (at constant density) is
zero. To develop the TRM theory for this new density
variable we first need to derive an expression for y in
terms of quantities evaluated at fixed height.

3. The modified density, ¥

The modified density surface, y = y(z,), appropriate
to height z = z, is defined to have an instantaneous
height of z = z, + Z, such that the time-mean height
is z, and the temporal average of the perturbation height
iszero; that is, z, = 0 (see Fig. 1a). The density on this
surface is obtained in terms of quantities evaluated at z
= z, using the vertical Taylor series:

Y2+ z) = ¥(2)

V(@) + 7.2+ 572) + O @

—

aking a time average of this equation yields (using
= O)

N

¥(@) = (@) + V7 + 57.EF + 0, 9

while the perturbation part of (8), applied to any height
now (hence we drop the subscript a) shows that

Z = =y'lly, + O(a?). (10)

Substituting (10) into (9) gives an expression for the
modified density variable, ¥, in terms of quantitieseval-
uated at fixed height:

5=7- (?) + O(a),

z

11

where ¢ = (y")? is half the density variance at height
z. Thisresult is equivalent to realizing that the average
height of the Eulerian-mean density surface, y(z,), is

z=12,+ (U7)(/7.). + O(?).

As an example of the difference between these two
versions of an average density, consider the situation
where the vertical heaving of mesoscale eddies is as
large as 150 m such as occurs in the mesoscale fre-
guency band in the Southern Ocean (H. Phillips 2000,
personal communication) in a typical vertical density
gradient of 10-2 kg m~“. This gives a value of half the
density variance, ¢, of 10-2 kg? m=¢ and, if ¢ /v, is
assumed to vary in the vertical by its own magnitude
in 1000 m, the density difference, ¥ — 7, is 0.01 kg
m-2 and the associated height difference between these
surfaces is 10 m. The use of the modified density rather
than the Eulerian-mean density redresses the criticism
of Smith (1999) of level coordinate models that they
are ‘‘fundamentally unable to ... conserve mass be-
tween ensemble-mean isopycnals.”
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4. Derivation of the TRM density equation

Since the modified density y(2) has the desirable
property that its perturbation height is on average zero,
we explore the consequences of writing the mean den-
sity conservation equation for ¥ rather than for the Eu-
lerian-mean density . It will be found that in so doing,
the temporal-residual-mean circulation of McDougall
and Mclntosh (1996) must be modified in such a way
that the quasi-Stokes streamfunction becomes (4) above.

In developing the theory it is convenient to first deal
with the density conservation equation and to initially
ignore any nonlinearity in the equation of state. In prac-
tice ocean models do not carry a conservation equation
for density but rather for conservative tracers such as
salinity and potential temperature. Diapycnal mixing in
the ocean is relatively weak, so it proves very useful to
develop the residual-mean theory for the density con-
servation equation and to treat density as a conservative
variable for this purpose. Theinstantaneous density con-
servation equation is

Diy =y +U-Vy=Q, (12)
where U isthe instantaneous three-dimensional vel ocity,
U =V + kw, and Q represents a source term (such as
solar radiation), as well as the flux divergence of un-
resolvable diapycnal processes. The velocity isassumed
to obey the Boussinesg form of the continuity equation,
namely V-U = 0.

A Reynolds decomposition in time is applied to each
variable, breaking its instantaneous value into a low-
passed part and a perturbation part that is defined to be
the difference between the instantaneous value and the
low-passed value (that is ¢ = @ + ¢'). The standard
conservation equation for the Eul erian-mean density and
the conservation equation for density variance arefound
from (12) to be

% +V-(Uy)=Q—-V-(Uy) ad
D¢ = Qy — U¥y -Vy + O(¥),

(13)
(14

where ¢ = 5(y)? is again half the density variance
measured at a fixed height. Here we have assumed the
standard properties of Reynolds averaging, for example,
that ¥ = ¥ and 0’9 = 0O; however, thisis only strictly
true of ensemble averaging, not low-passed temporal
averaging (Davis 1994). These properties are approxi-
mately true if a spectral gap exists between the slowly
varying mean flow and the higher-frequency perturba-
tion motions.

The mean density equation (13) can be rearranged as
aconversation equation for the modified density y using
(11) to find

Y.+ V- (UYy) =Q*— V-F" + O(a?®), (15)

where the modified density flux, FM is defined by
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- k{(§> ek A %(3)} (16)
Y2/, Y2 Yz\7Y:
and the modified density source term is
g =g+ |- 92<f>]. an
Yz Y2\"7z/|.

The Q terms in brackets in (17) cancel in (15) with the
divergence of the last two terms of (16), but the terms
are deliberately written in this fashion because we shall
soon show that the total effect of the diabatic source
terms on the ¥ equation is contained in Q*, while
—V - FM represents the forcing of the 3 equation by the
adiabatic stirring of the eddy motions.

The density variance equation (14) is now used to
eliminatew’y’ from the expression, (16) and, after con-
siderable algebra and using the continuity equation,
V.,V + w, = 0, the modified density flux F™ can be
expressed in the following two convenient forms:

FM = 3U" + M + O(a®) = —AVy + N + O(a?).

(18)
The quasi-Stokes velocity, U*, is defined in terms of
the quasi-Stokes streamfunction of (4a) by

Ur=w, - k(V,-W) =V X (I X k) (29
and the density flux, M, is nondivergent and is de-
fined by
= (o + 2) i (w4 22

Yz /, Yz
=V X (—\PS/ + V¢> X k. (20)

The antisymmetric matrix A in (18) is defined in terms
of the two components of the quasi-Stokes streamfunc-

tion, ¥ = (Wx, W), as
0 X
H 0 o v ]
A= H 0 0 \IIVH (2D
D—‘I’X —py OD
and the nondivergent density flux N is given by
(5 5
Yz /, Yz
=V X (V_¢>><k. (22)
Yz

The rearrangement of the Reynolds-averaged density
equation (13) into the form (15)—(16) and the subsequent
two simplified forms of the modified density flux, (18),
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lie at the heart of this paper and are the essential math-
ematical manipulations of the TRM theory. The same
techniques will later be applied to the tracer conser-
vation equation, and we will then allow the equation of
state to be fully nonlinear. Substituting the two alter-
native expressions, (18), into the mean density conser-
vation equation (15) gives the following two versions
of the mean density equation,

¥, + V- (Uy)
=Q - V- (U'§) - V-M + O
= Q' + V-(AVy) — V-N + O(a®). (23)

The cubic-order error terms here are not needed if the
quasi-Stokes streamfunction is eval uated using the exact
expression, (4a), but are needed if the approximate ex-
pression (4b) is used. By the word **exact” we mean
that, if we had access to the exact Eulerian-mean ve-
locity and if the quasi-Stokes streamfunction was equal
to the exact expression (4a), then (23) is exactly the
same conservation statement for density as is found by
averaging in density coordinates (except for any cubic-
order terms in the difference between Q* and the exact
thickness-weighted form of Q, Q) In the context of a
forward numerical model, if we can regard the velocity
that is carried by the model’s momentum equations as
the Eulerian-mean velocity, the use of (4a) for the quasi-
Stokes streamfunction in the density equation means
that the density that is carried by the model can be
interpreted exactly as?¥y so that the relationship between
the averaging in density coordinates and in height co-
ordinates is exact.

In proceeding from the origina Reynolds-averaged
density equation (13) through (15) to (23) we have so
far not dropped any nondivergent fluxes so that, for
example, the horizontal fluxes of density per unit height
are identical in (13), in (15), and in both lines of (23);
that is [noting that —AVYy = =5, W + k(¥ -V, y)],

_ — v
Vy+V"y’=V§/+V*§/+< vy + (b)

Y2
()
Yz /,

By discarding the nondivergent flux, M, from (23) one
finds that the horizontal flux of density in this equation
is y(V + V*), which is the same horizontal flux of
density that is obtained by thickness-weighted averaging
the instantaneous density flux, Vv, in density coordi-
nates [this can be shown by substituting V+y in place of
V in the Taylor series analysis of section 2 or by sub-
stituting Vy in place of A in Eg. (A5) of the appendix].
We will prove in section 5 that the three-dimensional
velocity, U + U™, of (23) is the same as is found by
averaging the conservation equations in density coor-
dinates. Here we wish to emphasize that the key to
making the density equation (23) behave as though it

(24)



1228

has been averaged in density coordinates is to simply
recognize that these different averaged density equa-
tions differ by the nondivergent density flux M, which
has no effect on the evolution of density.

It is clear from (24) that there are at |least three ways
in which one can evaluate the horizontal flux of density
across an ocean section up to a fixed height in height
coordinates. One could vertically and horizontally in-
tegrate V y + V'vy’ to find the straightforward height-
coordinate estimate. (One complication with this ap-
proach is that, as we argue below, coarse-resolution
ocean models actually carry y as their density variable
rather than the Eulerian-averaged density 7, so one
would have to estimate ¥ in order to do the calculation
with a coarse-resolution model.) Alternatively, by ig-
noring the nondivergent flux M in (23) one can integrate
V¥ + V+¥ across the section up to a fixed height. In
so doing one has effectively done a temporal average
of avertical integration in density coordinates up to the
undulating ¥ density surface at each cast. The third
alternative is to ignore the nondivergent flux N in (23)
and to integrate Vy — W7y, across the ocean section.
Here —WY, is the horizontal component of the skew-
diffusion of density. The point here isto note that, quite
apart from the usual issues of having to arbitrarily
choose a reference potential temperature in the calcu-
lation of heat flux, now the presence of the nondivergent
fluxes, M and N, further complicate the issue and dem-
onstrate that the concept of a heat flux is to some extent
arbitrary until one integrates over a compl ete ocean sec-
tion.

The density variance equation (14) can be written in
terms of the modified density flux FM as (subscripts
denote differentiation)

or e o)) ()

+ O(a?). (25)

Apart from the three terms within braces (the two un-
steady terms and the diabatic term), it is apparent that
the advection of density variance by the mean flow is
only nonzero when the modified density flux has a com-
ponent through the density surface, asillustratedin Figs.
2aand 2b. Furthermore, the vector decomposition, (18),
shows that the diapycnal component of F™ is due only
to the nondivergent flux N since the skew flux is, by
definition, directed in the density surface so that
(AV?Y) - Vy = 0 (see Fig. 2c). That is, apart from the
diabatic and unsteady terms, we have D,¢p =
—N - V¥ + O(«?). In the same three-dimensional tur-
bulent situation as we are considering, Marshall and
Shutts (1981) have found that the horizontal advection
of variance is balanced by a nondivergent two-dimen-
sional flux. This finding was subject to the assumption
that the mean flow in the horizontal plane follows the
mean density contours. Without having to invoke such
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Fic. 2. As the mean flow moves through a region of increasing
density variance (a) the modified density flux F™ must have an up-
ward-directed diapycna component (b) [where it is assumed that the
unsteady and diabatic termsin (25) do not dominate]. This diapycnal
component of FM is supplied by only the nondivergent flux N since
the skew-flux is directed in the density surface (c). Panel ¢ also
indicates the construction of the modified density flux F™ according
toitsdefinition (16). The TRM decomposition of the modified density
flux FM into the two parts, —AV%y and N, is fascinating as it is only
the skew-flux that affects the mean density equation while it is only
the nondivergent flux that affects the density variance equation. (d)
Just the horizontal components of the full three-dimensional vectors
that are sketched in (c). (€) the decomposition of the modified density
flux FM into the advective part, yU*, and the nondivergent part, M,
while (f) shows the horizontal components of this decomposition.

an assumption, the present result generalizes Marshall
and Shutt’s finding to three dimensions, involving the
advection of variance by the three-dimensional mean
flow, D,¢, and the nondivergent part, N, of the three-
dimensional modified density flux. However, this result
appears to be of no real use but rather is in the nature
of atruism because neither sideof D, = —N - V¥ +
O(«®) involves the eddy density flux.

The vector decomposition of the modified density
flux, FM, into the advective component, yU*, and the
nondivergent flux, M, is sketched in Figs. 2e and 2f.
Note that the quasi-Stokes velocity, U+, is in genera
not directed along the isopycnal surface but rather has
a substantial diapycnal component.

The top line of (23) can be written more compactly as

Yo+ V- (U*%) = Q" + O(e?), (26)

where the nondivergent flux, M, has been ignored and
the TRM velocity has been defined as the sum of the
Eulerian-mean velocity and the quasi-Stokes velocity,
U# = U + U*. Equation (26) shows that, when the
flow is adiabatic (Q* = 0), the TRM velocity has no
component through y surfaces to third order in pertur-
bation quantities since D#y = ¥, + U# - Vy = O(a?).
This contrasts sharply with the Eulerian-averaged equa-
tion, (13), where the advection of 7y by the Eulerian-
mean flow,
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Dy =% +U-Vy,

is balanced by the divergence of the three-dimensional
flux vector, V - (U’y"), which is quadratic in pertur-
bation quantities. By comparing (15) and (26) it is ap-
parent that (up to a nondivergent density flux) the mod-
ified density flux FM represents the forcing of the ¥
equation (15) by the adiabatic stirring of the eddy mo-
tions. The TRM theory has revealed the following at-
tributes of the modified density flux, FM (see Fig. 2):

» FM can be regarded as the sum of an advective flux,
yU+, plus some nongradient-terms, M, which are
nondivergent and so do not affect the mean density
equation

e FM can be also regarded as the sum of a skew flux,
—AV?Y, plus some nongradient-terms, N, which are
nondivergent and so do not affect the mean density
equation

» with this decomposition of FV, its diapycnal com-
ponent is due only to the nondivergent flux N

» the skew flux, —AV?Y, does not contribute to the den-
Sity variance equation.

The above derivation of the TRM density equation
(23) or (26) has involved various manipulations of (i)
the mean density equation, (ii) the density variance
equation, and (iii), the continuity equation, followed by
ajudicious neglect of one of two different nondivergent
fluxes. Apart from simply writing these equations in
different forms, the important things that have been
achieved are (i) the realization that the relevant density
variable is not the Eulerian-mean density but the mod-
ified density, (ii) the establishment of the physical mean-
ing of the quasi-Stokes streamfunction as the contri-
bution of eddies to the flux of water that is more dense
than the modified density, and (iii) the reduction of the
task of parameterization from the three-dimensional task
in the Reynolds-averaged mean density equation (13)
to the two-dimensional task of parameterizing the quasi-
Stokes streamfunction, (4a). Moreover, if the Eulerian-
mean velocity is regarded as known (from the momen-
tum equations), an accurate parameterization of the qua-
si-Stokes streamfunction means that (23) and (26) are
exact and are not restricted to being only accurate to
cubic order in perturbation amplitude.

Gille and Davis (1999) have analyzed an eddy-re-
solving primitive equation model of a zonal channel
with respect to the Eulerian-mean density y rather than
the modified density y and they used only the first term
in the expression, (4b), for the quasi-Stokes stream-
function. Analyzing model data in this way leaves the
unwanted term

(=Uy" - Vyl7,), (27)

as an additional forcing in the mean density equation,
and Gille and Davis (1999) conclude that this term is
too large to ignore and needs to be parameterized along
with the quasi-Stokes streamfunction. The present paper
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shows that this extra forcing term does not need to be
parameterized because it does not arise when the full
residual-mean transformation is performed so that the
density of the eddyless forward model is interpreted as
the modified density, y. Rather, all that needs to be
parameterized is the quasi-Stokes streamfunction.

5. Averaging the density equation in density
coordinates

We have shown in (7) above that the horizontal com-
ponents of the TRM velocity are the same as the thick-
ness-weighted velocity of density coordinates; that is,
V = V# 4+ O(a?®). In this section we will show that the
diapycnal component of the TRM velocity, €, is the
same as the temporal average of the diapycnal velocity
when averaged on a given density surface, & This en-
sures that al three components of the TRM velocity
correspond to the appropriately averaged velocity com-
ponents in density coordinates and that the TRM density
conservation equation (26) is the way of expressing in
height coordinates the average density balance that ap-
plies when averaging in density coordinates.

First, we need a general expression for the thickness-
weighted value of any quantity. This is obtained using
a Taylor series approach as summarized in appendix A,
where it is found that the thickness-weighted value A
of any quantity A obtained by averaging A between a
pair of closely spaced y surfacesis
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where A is the value averaged on the density surface
(not thickness-weighted) and A’[;z, is due to the cor-
relations between perturbations evaluated on a density
surface and the thickness between two closely spaced
surfaces. As an example, with A equal to the horizontal
velocity V, (28) shows that the thickness-weighted av-
erage velocity in isopycnal coordinatesis simply V#, to
third order in perturbation amplitude, as found earlier
[Eq. (7)] by tracking the flux of water of certain density
classes. Another interesting example is found with A
equal to y in (28), showing that the thickness-weighted
mean density ¥ is the same as y (since y'|; is zero)
and the right-hand side of (28) reduces to (11).

The instantaneous conservation statement for density
iswritten as D,y = Q, where Q represents source/sink
terms and unresolvable mixing processes. If the material
derivative is expressed with respect to density coordi-
nates as y,|, + V-V, y + ey,, the tempora and iso-
pycnal density gradient terms vanish, leaving a simple
equation for the instantaneous value of the diapycnal
velocity: e = Q/vy,. The time mean of this equation
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following the density surface is& = (Q/vy,)|; and our
thickness-weighting result, (28), is used to show that

-

where the appropriate time-mean source/sink term, Q¥
was defined in (17) above. It is now apparent that this
TRM source/mixing term, Q*, is simply the thickness-
weighted source/mixing term averaged in density co-
ordinates, to O(a?).
Writing the TRM density conservation equation (26)
with respect to ¥ coordinates as
—#,, ~ —# ~ g~
Dy = ¥l +V - Vyy + W,
=75 +V V55 +89,=Q + 0(@), (30)

it is clear that this simplifies to &%, = Q* + O(a?).
Comparison with (29) proves the equivalence [to O(«?®)]
of the TRM diapycnal velocity € and the average dia-
pycnal velocity & through the y density surface; that is,

8 =18+ O(ad). (31)

We conclude from (7) and (31) that both the hori-
zontal and the diapycnal components of the TRM ve-
locity U# are the same as those obtained by averaging
the instantaneous flow with respect to y surfaces[within
cubic errorsin perturbation amplitudeif the approximate
expression (4b) is used for the quasi-Stokes stream-
function]. In this way, it is clear that the TRM theory
is the way of representing in height coordinates the rel-
evant terms that arise from averaging in density coor-
dinates and it isthe identification and then the discarding
of the nondivergent flux M that makesthisinterpretation
possible. The reason the TRM approach is needed in
height coordinates is that, unless significant changes are
made to the horizontal momentum equations, the re-
solved-scale vel ocity in height-coordinate model sisbest
thought of as the Eulerian-mean velocity.

Observations of microscale mixing activity in me-
soscale eddies have generally not shown a large am-
plification of microscale mixing activity in these me-
soscale features, so ocean modelers parameterize the
diapycnal source term in the TRM density equation Q
using the standard (small) values of the diapycnal dif-
fusivity that are observed in the thermocline. As Tandon
and Garrett (1996) have pointed out, this implies that
the eddy kinetic energy of mesoscale eddies cannot be
dissipated in the ocean interior but rather must be dis-
sipated near the upper and/or lower boundaries.

_Q_ 9— + O(a®),

. (29)
s Y. Y.

6. The continuity equation

The height-coordinate form of the continuity equation
for the TRM velocity isV,, - V# + W# = 0, which can
be written with respect to the y density surfaces as
(using the standard coordinate transformations)
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(32)

—#
1 \Y oe”
<~— ) +V;-<~—>+_~ = 0.
Vel /¢ Yz ay

In density coordinates, the instantaneous continuity

equation is
1 \% d
(_ ) + Vy . <_> + _e - O'
Vel ) Y., 9V

and the time-mean of this equation at constant density

vy =%Iis
1 Y &
Vel /), Y.) Y

where the diapycnal velocity, & = €5, is the result of
averaging e on a y_surface, and so is not thickness
weighted. Because V = V# + O(«a®) and & = & +
O(a?), each term in the TRM continuity equation (32)
corresponds to its opposite number in the continuity
equation that has been averaged in density coordinates,
(34).

(33)

(34)

7. The TRM scalar conservation equation

In order to motivate the derivation of the TRM tracer
equation, it is convenient to begin by averaging the
tracer conservation equation in density coordinates. The
instantaneous tracer conservation equation in density
coordinates is

(1 ) + V,(ﬁ> T (en), = X,
Y|, ) Yz Yz

where tracer 7 has a source term, X, which includes
local production or consumption, as well as the flux
divergence of unresolved mixing processes including
molecular diffusion (see, e.g., deSzoeke and Bennett
1993). Temporally averaging (35) between ¥ density
surfaces gives

L) -w (Z) -
Yo ) Y.

X n_n V’/ "
=~——<QT> —V;-< T>, (36)
Y. Y. /s Y,

where both overbars on the right represent quantities
averaged at constant density and subscripts denote dif-
ferentiation. In deriving (36) from (35) we have written
e as Q/y, and used (29) to express Q/y, as & The mean
value of the tracer here is the thickness-weighted tracer
value, and the double primed variables are the deviation
of the instantaneous variables from their thickness-
weighted values. These variables obey

~ T
Y =
Yz

T!/
) and —
5 Y.

(35)

=0

y

’7‘.

(37)
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In a forward ocean model the first two terms on the
right-hand side of (36) will be parameterized with a
diapycnal diffusivity so that these terms amount to
(V/%,) times the divergence of a diapycnal diffusivity,
D, operating on the diapycnal gradient of 7. The epi-
pycnal tracer flux (i.e., the flux directed along a density
surface) in (36) isaso normally assumed to take a Fick-

ian form so that
V!/ n K
( d ) - —2V.7 and
Y- Yz

X (Q”T”) _ (D7),

?Z ‘YZ ? ?Z ’
where K istheisopycnal diffusivity and D the diapycnal
diffusivity. These assumptions mean that the right-hand
side of (36) can be written in height coordinates as
(UY¥,)V - (SV7), where S is the symmetric diffusion
tensor of Redi (1982) and the diffusion tensor isrotated
into the local neutral tangent plane at each of the six
faces of the model’s tracer box.

In order to make progress with the z-coordinate TRM
tracer conservation equation, the turbulent fluxes on the
right-hand side of (36) need to be expressed in terms
of quantities that are evaluated in height coordinates.
The instantaneous value of any quantity (e.g., ) on a
density surface can be expressed in both the thickness-
weighted form and the nonthickness-weighted form so
that 7 + 7" = 7 + 7'[;, and, since the two mean quan-
tities differ by an amount that is quadratic in pertur-
bation quantities [i.e, T — 7 = O(a?) see, e.g., (60)
below], it follows that the perturbation quantities also
differ by a quadratic term so that 7" — 7'|; = O(a?).
This means that at leading order we can replace the
double primed quantities in (36) with single primed
quantities evaluated on the density surface, and asimple
Taylor series expression showsthat thisin turnisrelated
to perturbations at fixed height by

(39)

=71+ O0(a?) = 7" — FZZ— + O(a?).  (39)

z

Hence we have

(QHT"> _ Q/Tr B Qlyl B 6 ')/,T’

— z —2 z —2

v. )5 7 ¥: ¥?
+2Q,7,— + O(e®) and (40)

" Vi B V,’y, o ’le,

= T T3 — Vz —2

v. Jls 7 ¥? ¥?

+2V,7 ¢ 3
T,— + O(a®), (41)
Yz

where the overbars on the left are taken at constant
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density while those on the right are taken at constant
height. The epipycnal flux divergence term in (36) is
expressed in height coordinates by noting that for any
two-dimensional vector, C, the thickness-weighted epi-
pycnal flux divergenceis equal to the three-dimensional
divergence of a three-dimensional flux that is directed
in the density surface, according to

7.V, - (g) = V-(C - kC'~—m). (42)

We can now construct the TRM tracer conservation
equation by rearranging the Eulerian-mean tracer equa-
tion,

7.+ V- (UT)=X-V.(U7), (43)
into the form
o o n_n V/l "
%r+v-(u%)=x“—:yz(QT) —ay,( T)
Y: /5 Yz
— V-F" + O(a?), (44)

where the modified tracer flux, FV7, is defined by

Fur = U7 — U(—T_y + i—(?))
A AL N

(45)

and X* is the height-coordinate version of the thickness-
weighted source term; namely,

Y- Y\7Yz/|,

While the modified tracer flux, (45), looks quite
daunting, progress is made by forming the conservation
equation for the tempora correlation, 7y". This is
found by first multiplying the perturbation density equa-
tion by the tracer perturbation, then multiplying the per-
turbation tracer equation by the density perturbation,
and finally adding these two parts and averaging, yield-

ing

#

X =X+ (46)
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)+ 0 VE)
=Q 7 +Xv — Uy  -VF - U7 .-Vy
+ O(a?). 47)

This equation is now used to eliminate w7’ from the
expression (45), and after considerable algebra and us-
ing the density variance equation and the continuity
equation, the modified tracer flux FM~ can be expressed
in the two convenient forms

Fvr = U + M7 + O(a?)
— —AV7 + N7 + O(a?). (48)

The quasi-Stokes velocity U™ and the antisymmetric
diffusion tensor A are the same as in section 4, while
the tracer fluxes, M~ and N~ are both nondivergent and
are defined by

~2

Y- Yz

—v(—l . _d’) K
Yz Yz

Substituting the two alternative expressions, (48), into
the mean tracer conservation equation (44) gives the
following two versions of the mean tracer eguation,

5+ V- (U7)

_ X# B ?Z(QNT//>
Y. )5

MTEVX{

_\m_v(_g+ﬁ)

% k} (49)

and

NTEVX{ (50)

V// "
- w;-( ) - V(U

z

- V- -M"+ O(a®)
_ n_n V// "
=x#—aZ<QT> —?ZV;-( T)—I—V-(AV%)
’YZ ; z
— VN7 + O(c?). (51)

The modified tracer flux FM* represents the total effects
of mesoscale eddies in the thickness-weighted tracer
equation apart from the passive mixing of tracer along
isopycnals. Thisisin contrast to the usual tracer eddy
flux U’r” which also includes contributions from dia-
pycnal mixing. It is apparent from the vector decom-
position (48), or equivalently by comparing (44) and
(51), that (up to anondivergent tracer flux) the modified
tracer flux FM7 can be regarded as representing either
an extra advective flux of tracer, TU*, or an extra skew-
diffusive flux of tracer, —AV7. Such a simple interpre-
tation is not available for the original tracer flux U'r’
in the Reynolds-averaged tracer equation (43).

In proceeding from the origina Reynolds-averaged
tracer equation (43) through (44) to (51) we have so far
not dropped any nondivergent fluxes so that, for ex-
ample, the horizontal fluxes of tracer per unit height are

MCDOUGALL AND MCINTOSH

1233

identical in (43), in (44), and in both lines of (51); that
is [noting that —AVT = —7,W + k(¥ - V,7)],

3

+ (—llr”r— v<—ﬂ+ @)) + O(e®)

z z

z

o . VN ”
V7 +V'r =Vi+ Vg + %( T)

_ VN "
= V3 — W, + :yz( T)

y

)
Yz Yz )/,

+ O(a?®).

z

(52)

By discarding the nondivergent flux M~ from (51) one
finds that the horizontal flux of tracer isV7T + V=7 +
v.(V"7"lv,)|5, which is the same horizontal tracer flux
that is obtained by thickness-weighted averaging the
instantaneous tracer flux V 7 in density coordinates[this
can be shown by substituting V= in place of V in the
Taylor series analysis of section 2 or by substituting V
in place of A in Eq. (A5) of the appendix and using
(41)]. Just as in the case of the mean density equation,
the key to making the horizontal and vertical fluxesin
the tracer equation (51) the same as those that appear
when the averaging is performed in density coordinates
is to simply ignore the nondivergent density flux M.
Furthermore, just asin the case of the density equation,
the reasoning above shows that the concept of a tracer
flux at a given height is to some extent arbitrary. Just
as we found that W represents the amount of extra vol-
ume transport that occurs on integrating instantaneously
up to the temporally undulating y density surface (as
opposed to vertically integrating to the fixed mean
height), so it can be shown that ¥y — V¢ /v, and
VT + V(=7'y'ly, + T,0/v2) in (20) and (49) are
the extra horizontal fluxes of density and of tracer that
are found on vertically integrating up to the undulating
Y density surface.

When the Fickian rotated diffusion tensor is adopted
for the first three terms on the right-hand side of (51)
[as discussed below (38)] and on dropping the nondiv-
ergent fluxes, the mean tracer equation becomes

%+ V. (U) = V-(SVF) — V- (U*7) + O(a®)

= V-([S + A]V7) + O(cd). (53)

These two forms of the tracer conservation equation are
exactly the same as are solved in modern oceanic GCMs.
Griffies (1998) pointed out that adopting the skew-dif-
fusion approach in the second line of (53) is preferable
numerically because the quasi-Stokes streamfunction is
spatially differentiated one time less than in the advec-
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tive approach. It is worth noting that while the skew
flux,

~AVF = —3W + k(W - V,.3),

has no component in the direction of V7, the horizontal
and vertical components of the skew flux are often
downgradient and upgradient respectively (see Plumb
1979).

In section 4 when motivating the TRM theory using
the density equation we restricted attention to a linear
equation of state. This restriction can now be relaxed
because the only place in the TRM tracer conservation
(53) where the nonlinear nature of the equation of state
enters is in the calculation of the slope of the local
neutral tangent plane in order to correctly rotate the
symmetric diffusion tensor. Griffies et al. (1998) have
shown how this can be done in height-coordinate mod-
els. Since ocean models do not carry a conservation
equation for density but rather for thickness-weighted
potential temperature # and salinity S, it is clear that
the TRM development that has led to (53) is quite con-
sistent with a nonlinear equation of state. In particular,
cabbeling and thermobaricity will still arise in the nor-
mal way because, while the epineutral (i.e., along neu-
tral tangent plane) gradients of potential temperature
0 and salinity S are balanced in density terms, the epi-
neutral divergence of the epineutral fluxes of potential
temperature 6 and salinity Sare not balanced in density
terms and this imbalance causes the dianeutral motion
of cabbeling and thermobaricity (McDougall 1987).
Since the quasi-Stokes streamfunction,

v = _V,’y’/72 + vz$/722 + O(O[3),

is evaluated at fixed height, perturbations of in situ den-
sity are sufficient to evaluate V'y’ and ¢ while 7,
should be evaluated as the vertical gradient of locally
referenced potential density so that the nonlinear nature
of the equation of state does not pose a problem for the
evaluation of W.

It is important to realize that the mean tracer that
appears in the TRM conservation equation (51) or (53)
is not the Eulerian-averaged tracer value. If one wanted
to insist that the model’s tracer value was the Eulerian-
mean tracer value 7, then one would need to impose an
additional flux divergence in the tracer equation as fol-
lows

Tl + Vy - (VT) + (W7T),

=V-(S + AlVF) = V-E + O(a®, (54
where the additional flux, E is [using (28)],
E=k—¥+§<g> +0|- +f—<£) .
Y2 Y2\ 72/ |t Y2 Y2\7Yz/|.
(55)

Such nongradient terms would be very difficult to pa-
rameterize. It is perhaps surprising, but also fortunate,
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that the tracer that is naturally carried by an eddyless
height-coordinate model should beinterpretedin exactly
the same way as the tracer carried by an eddyless den-
sity-coordinate model, namely, as the thickness-weight-
ed tracer value 7. Lozier et al. (1994) have drawn at-
tention to the damage that can be done to water masses
by averaging salinity and potential temperature data at
fixed height. The theoretical result presented in this sec-
tion dictates that tracer data should be averaged between
density surfaces not only for the purpose of forming
atlases of hydrographic data, but also for comparing
with the output of ocean models, for the assimilation of
observed data into ocean models, and before using data
in inverse models. In particular, Fig. 4 of McDougall
and Mclntosh (1996) demonstrates how a coarse-reso-
[ution ocean model is able to model a thin injection of
tracer in the ocean even though the Eulerian-mean tracer
values would be vertically smoothed by the vertical ex-
cursions of isopycnals.

It is concluded that, up to error terms that are cubic
in perturbation quantities, the conservation statement for
tracers in an eddyless height-coordinate model is the
same as the isopycnally averaged conservation state-
ment, so long as the advection is by the TRM velocity,
U#= U + U, and anondivergent tracer flux isignored.
In addition, we have found that the tracers (such as
potential temperature, salinity, or tritium) must be in-
terpreted in a specific fashion. These tracers are not the
Eulerian-averaged values, but are the thickness-weight-
ed values averaged between ¥ surfaces. If the quasi-
Stokes streamfunction is evaluated using the exact ex-
pression (4a) rather than the approximate expression
(4b), the TRM tracer conservation statement isidentical
to the thickness-weighted density coordinate version.
That is, if we assume that the momentum equations of
a coarse-resolution model deliver accurate estimates of
the Eulerian-mean velocity components, then the use of
an exact quasi-Stokes streamfunction leads to exactly
the same tracer conservation equation as appears under
thickness-weighted averaging in density coordinates.

8. Boundary conditions on the quasi-Stokes
streamfunction

The physical interpretation of the quasi-Stokes
streamfunction, as described in section 2 above, pro-
vides guidance on the boundary conditions that should
be imposed at the top and bottom of the ocean. Figures
3a—c displays the temporal variations in the heights of
three different ¥ surfaces when the ocean’s density field
displays harmonic temporal variations. When a density
surface outcrops, it is assumed to still exist right at the
ocean surface. The modified density, ¥y, appropriate to
each height has the property (by definition) that the
height perturbation of this ¥ surface averages to zero,
asisindicated by the shading in Fig. 3 (the shaded fluid
appearing below the mean height is equal to the shaded
fluid above the mean height). As the sea surface (or the
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Fic. 3. Sketch of the temporal variation of the heights of three
different surfaces as the sea surface is approached. (d) theimplication
for the vertical tapering of the diffusivity.

ocean floor) is approached, the shaded area reduces to
zero, so the correlation of velocity and thicknessin this
shaded region also must tend to zero. To be more spe-
cific, the vertical integral on the right-hand side of (4a),
that is, the contribution of eddies to the transport of
water that is more dense than ¥y, reduces to zero as the
sea surface (or ocean floor) isapproached. Thistransport
is the quasi-Stokes streamfunction: the streamfunction
that together with the Eulerian-mean velocity provides
the exact connection between averaging in density and
height coordinates. In order to preserve this very im-
portant connection between averaging in density and in
height coordinates, we must taper the quasi-Stokes
streamfunction to zero at the top and bottom of the ocean
even though the expression on the right of (4b) does
not go to zero at these locations. The Taylor series ap-
proach that led to (4b) is inaccurate at the boundaries
because of the nonlinear clipping of the isopycna
heights at the boundary. For the case of zonal averaging,
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Mclntosh and McDougall (1996) also found that the
close correspondence between the zonal residual mean
and the zonal thickness-weighted mean velocities broke
down near the sea surface. As explained by Killworth
(2001), the relationship (11) between the Eulerian-mean
and modified densities becomes inaccurate at the top
and bottom boundaries. The difference between these
densitiesthereisfirst order in perturbation density rather
than quadratic.

Our TRM approach involves the insistence that the
scalar variables in an ocean model are exactly the thick-
ness-weighted scalars averaged in density coordinates
and that the density surfaces in which these variables
are averaged have exactly zero mean perturbation
height. This insistence persists right up to the ocean
surface and the ocean floor. With these interpretations
of the tracer variables and the density surfaces, it be-
comes clear that the real benefit that the TRM approach
delivers is the ability to represent in height coordinates
exactly the same quantities and property transports that
would be obtained if the averaging had occurred with
respect to instantaneous density surfaces. Thisaim dic-
tates that the quasi-Stokes streamfunction must be ta-
pered to zero at the top and bottom of the ocean as
occurs when using the exact definition of the quasi-
Stokes streamfunction, (4a), even though the definition
of the quasi-Stokes streamfunction expression, (4b),
would not go to zero in this fashion (see Killworth
2001). In other words, we value more highly the phys-
ical interpretation, (4a), of the quasi-Stokes stream-
function as the eddy contribution to the transport of
water of a certain density class than the Taylor series
expression, (4b), for this streamfunction. We note that
this requirement to taper the quasi-Stokes streamfunc-
tion as the seafloor is approached also applies when the
ocean floor is sloped.

The method of Killworth (1997) has delta functions
of horizontal velocity at the top and bottom of the ocean
and the reason these delta functions appear is that the
density variablethat is used to transform between height
coordinates and density coordinates is y(2) rather than
Y(2) that we advocate in this paper. While Killworth's
(1997) method involves a parameterization of thickness-
weighted transport in density coordinates, it is imple-
mented in height coordinates and so this method effec-
tively finds a streamfunction for the eddy-induced flow
in height coordinates. The aim of these parameterization
schemesisto represent in an eddyless height-coordinate
model processes that occur in an eddy-resolving model
(or in reality), and it is clear that, when such an eddy-
resolved model is analyzed in density coordinates, one
does not obtain a delta function of velocity in y(2) co-
ordinates at the sea surface and at the ocean bottom. By
the same token, it is clearly incorrect to imagine the
eddy-induced velocity to actually flow vertically
through the sea surface or through the ocean floor when
the model’s density is interpreted as the modified den-
Sity.
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Further evidence against the existence of delta func-
tions at the top and bottom of the ocean can be gleaned
from the work of Edmon et al. (1980), who contoured
the divergence of the Eliassen—Palm flux of the zonally
averaged flow and showed that for a finite amplitude
situation (their Fig. 3d), the contours are not all bunched
into surface boundary layers. These severa lines of ev-
idence lead us to conclude that, in addition to numerical
convenience, there are good physical justifications for
the tapering of the quasi-Stokes streamfunction over
several hundred meters when approaching the sea sur-
face or the ocean floor. Held and Schneider (1999) have
shown that much of the zonal-averaged equatorward
flow in the troposphere occurs in the potential temper-
ature layers that clip the ground at some longitude. This
demonstrates the importance of the volume transport
that occurs in the near-surface region where the quasi-
Stokes streamfunction is tapered toward zero.

In the absence of a horizontal boundary one would
estimate that a fluid parcel in a mesoscale eddy would
undergo vertical excursions (of height) that would scale
with the Rossby radius, R, multiplied by the magnitude
of the slope of the density surface, |L| = [V,¥/7,|. Both
R and |L| can be estimated locally at every point in a
GCM. One would estimate that, if R|L| were greater
than the depth of a certain gridpoint, then the density
surface, ¥, appropriate to that point would spend part
of its time clipping the sea surface as indicated in Figs.
3b and 3c. This suggests that the quasi-Stokes stream-
function (or a diffusivity that is used to parameterize
the quasi-Stokes streamfunction) should be tapered to
zero according to the scaled height, z/(R|L |) (as sketched
in Fig. 3d) and such a procedure is already in use (see
appendix B of Large et a. 1997). The physical inter-
pretation of the quasi-Stokes streamfunction makes it
possible to justify this procedure. Indeed, it would be
unphysical to not taper the streamfunction in this fash-
ion: we regard delta functions of eddy-induced velocity
at the top and bottom of the ocean (in the last vertical
grid point) as erroneous as they are not seen when an
eddy-resolved model is averaged in ¥ coordinates. The
observed vertical heaving of density surfaces in the
Southern Ocean in the mesoscale frequency range is
about 200 m at mean depths of 420 and 1150 m (H.
Phillips 2000, personal communication). The magnitude
of this vertical movement of isopycnals demonstrates
that the quasi-Stokes streamfunction should be tapered
to zero over avertical distancethat isconsiderably larger
than the typical vertical grid spacing in a numerical
model and also over a greater distance than the mixed
layer depth.

9. The diapycnal nature of the Eulerian-mean
velocity

The advection of y by the Eulerian-mean flow is giv-
en by [from (23) after ignoring various nondivergent
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fluxes, and for simplicity, reverting to consider a linear
equation of state]

Dy=%+U-Vy=0Q +V-(AVY) + O(a?)
=Q - U -Vy + O(c®)

=Q" +7,V,- W + O(a¥), (56)

where V., isthe spatial gradient operator ina?y surface.
Expressing the left-hand side of (56) with respect to
7y surfaces, the diapycnal component of the Eulerian-
mean velocity is clearly

€=Q"y,+ V, ¥+ O(ad). (57)

Thisis acompact way of expressing how the eddy forc-
ing affects the Eulerian-mean velocity: namely by the
epineutral divergence of the quasi-Stokes streamfunc-
tion, V5 - W. Since W is the contribution of eddy mo-
tions to the horizontal transport of water that is denser
than ¥, it is perhaps not surprising that its epineutral
divergence should be a diapycnal advection. (Note that
we use the word *‘diapycnal’” to mean the part of the
vertical velocity that flows through the 5 surface, not
through the 7y surface.) In contrast to the Eulerian-mean
flow, the diapycnal component of the TRM velocity, &*
is [from simply rewriting (30)]

e = Q*/y, + O(a?). (58)

The vector relationship between the three-dimension-
al velocity vectors U, U™, and U* isillustrated in Fig.
4a. The positions of agiven y density surface are shown
at an initial time and at a later time, and the labeled
velocity vectors are actually the displacementsachieved
by those velocities in this time interval. The vertical
component of the Eulerian-mean velocity, W, is due to
the sum of (i) the sliding along the density surface due
to its slope, —V -V, ¥/¥,; (ii) the vertical motion of
the density surface, —%,/v,; (iii) diabatic mixing pro-
cesses, Q#/y,; and (iv) the diapycnal eddy forcing of
the Eulerian-mean flow, V. - W. This last component
arises from the instantaneously epipycnal motions of
mesoscal e eddies and is not inherently diapycnal: it only
appears to be diapycnal when the flow is examined with
respect to the Eulerian-mean velocity. The vertical com-
ponent of the TRM velocity, W#, has no component
caused by mesoscale eddy forcing but rather is the sum
of just three terms: (i) the sliding along the density
surface due to its slope, —V* - V3 /7,; (ii) the vertical
migration of the density surface, —%.,/,; and (iii) the
diabatic mixing processes, Q*/7,. When the density sur-
faces are not migrating vertically, Fig. 4a simplifies to
Fig. 4c. The cubic terms in perturbation quantities are
not included in Fig. 4 as they are of higher order and
are believed to be unimportant.

The eddy forcing of the mean density equation can
be expressed as —U* - Vy [see the middle line of (56)].
The relative contribution of the vertical quasi-Stokes
velocity to thisis
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FiG. 4. (a) Sketch of the Eulerian-mean velocity U, the quasi-Stokes velocity U+, and the TRM
velocity U*. (b) The horizontal components of the same three velocities. (c) A simpler version of
(a) when the density surfaces are assumed to not be moving verticaly.

Wy, _ VW

-uUt-Vvy V..w’
In the quasigeostrophic (QG) limit thisratio is assumed
to be unity because only the vertical component of the
extra velocity appears as eddy forcing in the density
equation (see Treguier et al. 1997). Equation (59) shows
that the QG limit is equivalent to assuming that the
quasi-Stokes streamfunction varies much more strongly
with horizontal position than with height so that V,, - &

(59)

~ V. - W. To the extent that QG theory is applicable
to the real ocean, the implication would be that the
horizontal quasi-Stokes velocity is unimportant. While
this will often be the case as a point-by-point balance
in the ocean, the following argument suggests that this
implication of QG theory is misleading. McDougall
(1995) pointed out that while the eddy-induced hori-
zontal velocity V* might be small (rarely larger than 1
mm s-1), the fact that it tends to point in a direction
across the mean epipycnal property gradients meansthat
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it can be, and often is, the dominant term in a conser-
vation equation. Also, GCM experiments with the Gent
and McWilliams (1990) scheme show that the quasi-
Stokes circulation accounts for up to 0.5 PW of merid-
ional heat flux in the Southern Ocean (see Danabasoglu
and McWilliams 1995). This contribution to the merid-
ional heat flux is achieved by the northward quasi-
Stokes velocity v*. Hence we must conclude that the
horizontal components of the quasi-Stokes velocity can-
not be ignored in favor of just the vertical component.

Less than a decade ago it was commonplace in ocean
modeling to assume that in the Eulerian-mean density
conservation equation (13), the horizontal density flux
V’y" could be parameterized as adowngradient Fickian
flux while the vertical turbulent flux wy” was ignored
except for the part that was taken to be small-scale
diapycnal mixing. This parameterization caused serious
problems in ocean simulations due to the fictitious dia-
pycnal flux of density that results from the exactly hor-
izontal mixing (Veronis 1975). The temporal-residual-
mean theory has demonstrated the inadequacy of this
approach and it provides aroute forward that avoids the
fictitious diapycnal density fluxes of the Veronis effect
because the skew-diffusive density flux,

—AVy = =%, ¥ + k(¥ - V,7),

lies in the density surface. The prior approach is akin
to parameterizing the horizontal part of this skew flux
with a downgradient diffusion of density and ignoring
the vertical component.

10. The interpretation of the Gent—M cWilliams
scheme

a. The nature of the bolus velocity

Gent et al. (1995) and many subsequent authors have
described the Gent and McWilliams (1990) scheme as
a parameterization of the bolus velocity for eddyless
models. Also, in Gent et al. (1995) we took the model’s
resolved-scale velocity to be * an observed velocity that
has been filtered by a low-pass projection operator in
time and space at constant density.” We will show that
these interpretations of these velocities are incorrect at
leading order and that, while this difference applies to
both the horizontal velocities and the three-dimensional
velocities, the different interpretation is most important
for the three-dimensional velocities. Having said that,
it is not our intention to take issue with the Gent et al.
(1995) scheme itself. On the contrary, it is a valuable
parameterization scheme for including the effects of me-
soscale eddies in eddyless models. We do, however, dis-
agree with our prior interpretation of the velocity com-
ponents in that paper and we propose an alternative
explanation of these velocities. We suggest that the Gent
and McWilliams (1990) eddy parameterization scheme
is the community’s first attempt at parameterizing the
guasi-Stokes streamfunction of the TRM theory and that
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the resolved-scale velocity be interpreted as the Euler-
ian-mean velocity.

In what follows we argue that the bolus velocity does
not have a diapycna component and that it is divergent.
Then we discuss the implications of these two properties
for the interpretation of the Gent et al. (1995) method.

Thebolusvelocity, V& = V|, (Z'),, [see(7)] isdefined
to be that part of the flow between two neighboring
density surfaces that is caused by the correlation be-
tween velocity and thickness perturbations. Here the
velocity perturbation isinterpreted as describing motion
at constant density even though it is an exactly hori-
zontal velocity in density coordinates [Bleck (1978) and
appendix A of McDougall (1995)]. Hence the bolus
transport is confined between density surfacesand so is
fundamentally isopycnal. This is exactly analogous to
forming any weighted average of the horizontal velocity
in z coordinates; the result always lies in the horizontal
plane. Just as this weighted horizontal velocity in z co-
ordinates has no vertical component, so the bolus ve-
locity has no diapycna component.

The continuity eguation (34) demonstrates that, in the
simplest case of a steady state and in the absence of dia
pycnal diffusion, the thickness-weighted velocity in den-
sSity coordinates is nondivergent; that is, V-, - (V/y,) = 0.
There is no requirement that the two parts of V, namely
V and V&, should individualy be nondivergent. We con-
clude that, in general, the (three-dimensional) bolus ve-
locity is divergent. It is this divergent nature of the two
velocities that resolves the *“ curious point”” raised by Tre-
guier et a. (1997, p. 571). Note that, while the bolus
velocity has a zero vertical component in density coor-
dinates, when transformed to Cartesian coordinates it has
a vertical component.

In Gent et al. (1995) we stated that the extra eddy-
induced advection [U* in the present terminology and
u* + w*k in the terminology of Gent et al. (1995)] was
the bolus velocity. The vertical component of this ve-
locity, w*, was calculated by assuming that u* + w*k
was nondivergent. Since the bolus velocity is divergent
in general, this argues that the eddy-induced velocity of
Gent et al. (1995) is not the bolus velocity. In addition,
section 9 and Fig. 4 demonstrate that U* has a large
diapycnal component. In contrast, the bolus velocity has
no diapycnal component, so this adds weight to the
argument that the eddy-induced velocity of Gent et al.
is not the bolus velocity.

In Gent et al. (1995) we also assumed that the re-
solved-scale horizontal velocity of an eddyless z coor-
dinate ocean mode!l wasthe velocity averaged on density
surfaces, V. Since their eddy-induced velocity is non-
divergent, then their resolved-scale velocity must also
be nondivergent. Since V can in general be divergent,
it cannot be the resolved-scale velocity of Gent et al.
Also, under adiabatic conditions, V has no diapycnal
component, however Gent and McWilliams (1990) re-
alized that their suggested parameterization of eddies
caused the resolved-scale velocity to have a diapycnal
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component, and for several years this feature was con-
sidered a weakness of the scheme. This was considered
a sufficiently negative feature that it was emphasized
that the areal average of this diapycnal velocity com-
ponent was zero (see, e.g., McWilliams and Gent 1994).
We conclude that the resolved-scale horizontal velocity
cannot be V.

This conclusion is confirmed by numerical experi-
ments. Ocean GCM simulations using the Gent et al.
(1995) scheme have found large diapycnal transportsin
the Southern Ocean for both the resol ved-scale flow and
the eddy-induced circulation. For example, Hirst and
McDougall (1998) plotted the zonally averaged stream-
functions of both the resolved-scale velocity and the
eddy-induced velocity in density coordinates specifi-
cally to illustrate the diapycnal nature of both circula-
tions (their Fig. 6). They found about 14 Sv (Sv = 10¢

3 s1) of zonally averaged diapycnal transport in the
Southern Ocean in both the resolved-scale vel ocity field
and the so-called eddy-induced circulation. The sum of
these circulations had a much smaller diapycnal trans-
port.

We now interpret the resolved-scale velocity of the
Gent et al. (1995) scheme to be the Eulerian-mean ve-
locity, and the TRM theory demonstrates [see (57)] that
the Eulerian-mean velocity is expected to have the dia-
pycnal component V. - W induced by the mesoscale
motions that are themselves instantaneously adiabatic.
Furthermore we interpret the eddy-induced advection of
Gent et a. as including the bolus velocity, but also
accounting for the difference between horizontal veloc-
ities averaged on density and z coordinates.

b. Comparing the horizontal components, ¥, and V&

Here we examine the similarities and differences be-
tween W, and the horizontal component of the bolus
velocity VB by taking the vertical derivative of W [from
(3)] obtaining

Vi =W

z

B 1
= (V' +V,Z)z + (VZ + ZVZZZ’)z’ + O(a?®)

= ve +  (V-V) + 0.

(60)

The expression (V' + V,7Z') is the first-order Taylor
series expansion for the vel ocity perturbation at constant
density, V'|;, so that the first term of (60) is simply the
horizontal component of the bolus velocity V& to within
an error that is third order in perturbation quantities. At
leading order, the expression (V, + 3V 7)) is the in-
stantaneous value of the shear half way between the
fixed height and the instantaneous height of the ¥ den-
sity surface so that the second term in (60) is the dif-
ference between the horizontal velocities averaged at
constant density and at constant height, (V V). Itis
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apparent from (60) that the task of the quasi-Stokes
streamfunction is not only to parameterize the horizontal
bolus velocity, but also to take account of (V — V).

Usmg the above identification of (V — V) with
(v, + 3V ,2)Z, the followmg approximate expression
can be found for (V — V) using the thermal wind re-
lation,

= —(9/fpo)k X Vyy,
(which is used for both the mean and the perturbation

fields),
i)k x VH@).
fpo Y.

Taking a maximum expected value of half the density
variance of 102 kg? m~¢ (equivalent to a root-mean-
square vertical heaving by mesoscale eddies of about
150 m) and assuming the horizontal gradient of (¢ /vy,)
to vary by its own magnitude in a horizontal distance
of 10 m, we find from (61) that gv V) isabout 103
m s-1. While this estimate of (V — V) is as large as
the horizontal bolus velocity, it must be noticed that this
velocity is directed along the (usually closed) contours
of (¢ /,) inthe horizontal plane. Because of this, when
the normal component of (V — V) is integrated along
aclosed path (e.g., apath that encirclesthe globe passing
through Drake Passage) then the average of the normal
component of (V — V) is zero. Thisterm can contribute
to zonally averaged tracer budgets if there is a corre-
lation between the tracer values and the locations where
(V — V) is northward or southward, but thisis unlikely
to be of leading order importance.

Another consequence of the form (61) is that the hor-
izontal divergence of (V — V) is zero except for asmall
term due to the beta effect [as pointed out by Treguier
et al. (1997) for the quasigeostrophic case]. Thisimplies
that if the quasi-Stokes streamfunction was made to sat-
isfy W, = V8 rather than (60), this approximation would
not affect the determination of the correct vertical quasi-
Stokes velocity, w*. Hence we conclude that while it
may well be sufficiently accurate for many purposes to
regard the horizontal quasi-Stokes velocity of the TRM
circulation as the bolus velocity, the eddy forcing of the
mean density equation (56) is caused by the part of the
three-dimensional quasi-Stokes velocity that is directed
normal to the density surfaces, —U* - V¥, and this is
just the part that would be zero (in a steady state) if the
three-dimensional quasi-Stokes velocity werein fact the
bolus velocity. It is the construction of the vertical com-
ponent of the quasi-Stokes velocity that causes the full
three-dimensional quasi-Stokes velocity to have a com-
ponent normal to density surfaces. This construction
uses the nondivergent nature of the three-dimensional
quasi-Stokes velocity, and this is the key attribute that
makes it different to the bolus velocity, which is three-
dimensionally divergent.

vV -V)= ( (61)
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FiG. 5. (a) The horizontal quasi-Stokes velocity, V+ = W,, is sketched at a cast as a function of height. The dashed curve represents a
different choice for the quasi-Stokes velocity involving a different assumption about how the quasi-Stokes transport is distributed between
the upper and lower boundaries. (b) The vertical distribution of the quasi-Stokes streamfunction for the two cases shown in (). (c) The two
versions of the quasi-Stokes streamfunction plotted as a function of potential temperature. The area under this curve is the horizontal flux
of potential temperature on this cast caused by the horizontal quasi-Stokes transport. (d) Sketch of the vertical overturning circulation of
the three-dimensional quasi-Stokes velocity caused by the uncertainty in near-boundary values of W, on just one cast.

¢. On parameterizing mesoscale eddies in
density-coordinate models

The task of parameterizing the effects of mesoscale
eddies is very different for isopycnal models than for
height-coordinate models. In an isopycnal model the
extra horizontal velocity that is needed is indeed the
bolus velocity. The sum of the bolus velocity and the
resolved-scale horizontal velocity of an isopycnal mod-
el, V, givesthe thickness-weighted vel ocity of isopycnal
coordinates, V. In stark contrast to the large diapycnal
component of the quasi-Stokes velocity of height-co-
ordinate models, the bolus advection that is needed in
isopycnal models has zero diapycnal component.

11. Downgradient potential vorticity
parameterization

Several authors have suggested that, rather than mak-
ing a Fickian assumption on the horizontal flux of den-
sity [as is done by the Gent et al. (1995) scheme], a
plausible alternative is to assume that potential vorticity
is fluxed epineutrally down the epineutral gradient of
potential vorticity. Such a parameterization naturally
leads to an expression for the horizontal bolus velocity
(Killworth 1997); then thisis assumed equal to the hor-
izontal quasi-Stokes velocity, V* = W, of the Gent et
al. (1995) method. The arguments following (61) above
suggest that the error involved with equating the hori-
zontal bolus velocity with W,, while not being small
locally, is small when considering a spatial average.
Even if W, were estimated rather accurately in the ocean
interior by this procedure, it will be poorly known near
the ocean floor and near the sea surface (see Fig. 5a).
Thisuncertainty in the near-boundary values of W, caus-
es a depth-independent uncertainty of W in the ocean
interior (Fig. 5b).

By contrast, the TRM theory and also the Gent et al.
(1995) scheme recognizesthe need to specify W at every
point in the ocean and so avoids the depth-independent

uncertainty that characterizes the downgradient poten-
tial vorticity approach. The key here is the difference
between having knowledge in the ocean interior of ¥
versus only knowing its vertical derivative. The down-
gradient potentia vorticity parameterization, which is
suggested by the modeling study of Marshall et al.
(1999), only specifies the vertical derivative of the qua-
si-Stokes streamfunction; extra information from near
the boundaries is needed to close the problem and so
provide the quasi-Stokes streamfunction everywhere.
The main conclusion of the present paper is that what
needs to be parameterized for aforward eddyless model
isthe quasi-Stokes streamfunction (44). Thetask of find-
ing this quasi-Stokes streamfunction is more demanding
than simply parameterizing its vertical derivative.

The different vertical profiles of the quasi-Stokes
streamfunction shown in Fig. 5b have rather direct im-
plicationsfor the horizontal flux of potential temperature
on a cast, since (using integration by parts)

0 0(0)

f Vrodz= — W do (62)

—H 6(—H)
so that our relative ignorance of how the bolus velocity
should be distributed in the vertical near the upper and
lower boundaries, and apportioned between the upper
and lower boundaries, causes an offset to the quasi-
Stokes streamfunction in the ocean interior, which in
turn directly affects the horizontal flux of potential tem-
perature. By contrast, the TRM scheme requires knowl-
edge of the quasi-Stokes streamfunction at each height
in the ocean interior, so if one is able to directly pa-
rameterize this streamfunction rather than just its ver-
tical derivative, then the horizontal flux of potential tem-
perature is not sensitive to the way the streamfunction
approaches zero at the ocean boundaries.

It can be shown that in the downgradient potential
vorticity mixing approach achangeto the near-boundary
structure of W, on just one cast causes an adiabatic
vertical overturning cell of the quasi-Stokes velocity
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that extends all the way from the bottom boundary to
the top boundary where it must close, as sketched in
Fig. 5d. By contrast, in the TRM scheme, any uncer-
tainty in W near an ocean boundary only affects the
flow locally near that boundary.

The present tension then is between (i) a downgra-
dient potential vorticity mixing parameterization that
seems well supported by modeling studies but is not yet
able to provide enough information to close the eddy-
parameterization problem (because ocean models need
not only W, but also W) and (ii) the Gent et al. (1995)
scheme that is equivalent to the assumption that hori-
zontal eddy density flux is directed down the horizontal
density gradient in some area-averaged sense. This as-
sumption does not have as much theoretical or modeling
support as the downgradient potential vorticity assump-
tion, but it does constrain the full quasi-Stokes stream-
function rather than simply its vertical derivative. The
present choice then seems to be between having a good
vertical profile of the quasi-Stokes streamfunction but
an uncertain offset versus having less confidence in the
vertical structure of the quasi-Stokes streamfunction but
having the depth-integrated value of the quasi-Stokes
streamfunction in the ocean interior known with more
confidence.

This discussion draws attention to the importance of
the way eddies interact with bottom topography and, in
particular, to what extent this interaction may cause a
depth-independent offset to the quasi-Stokes stream-
function in the ocean interior. To date the only work
that uses the downgradient potential vorticity assump-
tion and that also specifies the quasi-Stokes stream-
function everywhere is Killworth (1997), where linear
stability analysisisused to estimate the ratio of the bolus
transport that is carried near the top and the bottom of
the ocean. It should be noted that at the large horizontal
scales appropriate to global circulation problems the
quasi-Stokes streamfunction can be parameterized in-
dependently of the **Neptune Effect” as described by
Holloway (1997). This is because at these scales the
Neptune effect forces a barotropic Eulerian flow where-
as the quasi-Stokes circulation of the TRM theory is
baroclinic, having no depth-integrated transport at each
location.

12. The TRM form of the horizontal momentum
equations

Gent and McWilliams (1996) have recently discussed
the horizontal momentum equations for use with the
Gent et al. (1995) eddy parameterization scheme. In this
regard we must caution against their use of the words
““Eliassen—Palm flux’’ since this type of flux has a spe-
cific meaning in the zonal averaging literature that has
not been demonstrated under other types of averaging.
An Eliassen—Palm flux has the very important property
that, though it is of second order in perturbation quan-
tities, its divergence is of higher order (cubic order)
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under steady conditions and for small amplitude per-
turbations. Hence the divergence of the Eliassen—Palm
flux can be ignored under nonacceleration conditions.
(Our nondivergent fluxes, M, N, M7, and N7 have the
same property that the individual components are sec-
ond order in perturbations but the divergences of these
fluxes can be ignored.) Andrews and Mclntyre (1976)
found an Eliassen—Palm flux for which this property
held under zonal averaging in afluid without meridional
boundaries. Neither Lee and Leach (1996) nor Gent and
McWilliams (1996) have proved this property under ei-
ther temporal or ensemble averaging and neither has
any other author, so the Eliassen—Palm flux for three-
dimensional flows remains to be discovered—if indeed
it exists.

The default approach when using the Gent et al.
(1995) eddy parameterization scheme has been to use
the Reynolds-averaged horizontal momentum equations
with a Fickian assumption on the Reynolds fluxes. The
momentum equations are then taken to be prognostic
equations for the horizontal Eulerian-mean velocity
whilethe skew diffusion (using the quasi-Stokes stream-
function) is added to the conservation equations for sca-
lars but not to the momentum equations. Here we derive
the TRM form of the horizontal momentum equations,
building on the derivation of the tracer equation in sec-
tion 7 of this paper.

The mean conservation equation for the eastward (or
northward) velocity component can be written as (43)
with u in place of the tracer = and replacing the source
term X with X — (U/p,)p, + fv. The same derivation
process as in (44)—(51) can then be followed so that the
top line of (51) becomes

0+ V(U0 - fo

1w e . Quu// . \VATK
0

’YZ
— V.Mt + O(a?). (63)

The nondivergent flux MU is defined as in (49) with u
in place of 7. The second and third terms on the right
of (63) are traditionally parameterized with a vertical
viscosity, while the fourth term is the transport of mo-
mentum along the isopycnals. It is not obvious that a
downgradient Fickian assumption is appropriate for this
epipycnal flux of momentum since momentum is not a
passive tracer, and it is well known that eddies can act
to accelerate the Eulerian-mean flow. The TRM form
of the horizontal pressure gradient in (63) is defined
[similarly to (46)] as

, (64)

z

() =p, +

BY p—”(i>

Y2 Y2\7-
and it is this form of the horizontal pressure gradient
that embodies the eddy forcing of the mean flow. The
new feature of (63) is that, unlike the work of Gent and
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McWilliams (1996) and Greatbatch (1998), the left-hand
sideiswritten in terms of the one velocity vector, name-
ly the thickness-weighted velocity (since we know that
the thickness-weighted velocity is the same asthe TRM
velocity, to third order in perturbation amplitude).
From our result (28) above we know that the TRM
form of the horizontal pressure gradient, (p,)*, can be
interpreted as the thickness-weighted horizontal pres-
sure gradient that arises when the momentum equation
is averaged in density coordinates (e.g., Lee and Leach
1996; Smith 1999). To parameterize the quadratic per-
turbation terms on the right-hand side of (64) we assume
that the perturbations are geostrophic so that fv’ =
potp; and (64) becomes (al so using the hydrostatic equa-
tion and the leading order geostrophic balance for the

mean flow, fv = py'p,)

Y- 72 71

[ 1
=) = =p + f
Po Po

z

1
—p, + TPy + O(ad).

Po

(65)

Assuming that the Reynolds stresses can be parameter-
ized in a Fickian form, that is, that X* — %,(Q"u"/
Y5 — ¥.V; - (V'U"ly,) can be written using a sym-
metric diffusion tensor as V - (SVU), the eastward mo-
mentum equation can be written compactly as

—#
u’+ U -vo' - fo'

1
= —Zp + V- (SVU" — kfW¥Y) + O(a?). (66)
Po

As noted above, only one type of velocity appears in
this TRM momentum equation, namely the TRM ve-
locity, and this form of the equation is the natural ex-
tension to three dimensions of the transformed Eulerian
mean zonal momentum equation of the zonal averaging
literature. By analogy then the flux, SVu* — kf Wv, is
the three-dimensional version of the Eliassen—Palm flux
of the zonal-averaging theory. The physical interpre-
tation of the quasi-Stokes streamfunction we have found
in section 2 providesinformation on how the extrastress
should behave as the ocean surface and floor are ap-
proached (see section 8).

One of the features of the Eliassen—Palm flux of the
zonal-averaging problem is that its divergence can be
approximated by the northward flux of potential vortic-
ity. While this has never been proven theoretically for
the three-dimensional case of temporal averaging, Lee
and Leach (1996) provide strong circumstantial evi-
dence that this result may carry over to three dimen-
sions. This would imply that

—%.V5 - (V'U'ly,) — £y

could be approximated by the northward flux of iso-
pycnal potential vorticity. Wardle (1999) shows that a
downgradient assumption on the potential vorticity flux
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can be more general that the normal Fickian assumption
on the Reynolds stresses because in many locations
where the Reynolds stress is directed up the relevant
velocity gradient (equivalent to a negative diffusion co-
efficient) the potential vorticity flux is still directed
down its gradient.

Greatbatch (1998), building on the earlier paper of
Greatbatch and Lamb (1990), has also recommended
that the effects of unresolved eddy motions be param-
eterized in the horizontal momentum equations rather
than in the tracer equations [as occurs in the Gent et al.
(1995) method]. Our accurate derivation of the TRM
momentum equations above, where we have retained all
terms that are quadratic in perturbation amplitude, sup-
ports this suggestion as an alternative method of param-
eterizing eddy motions in eddyless models, although it
should be noted that the geostrophic assumption had to
be made to arrive at (66). Moreover, the TRM theory
provides an expression in height coordinates, (4b), for
the quasi - Stokes streamfunction (that appears multiplied
by f as the extra stress in the momentum equations)
and this should act as a convenient target for the pa-
rameterization task. In this approach one would retain
separate parameterizations for the Reynolds stress and
for the thickness-weighted horizontal pressure gradient;
this contrastswith the potential vorticity approach where
one faces only one parameterization task (except that
the epineutral diffusion of tracers would still need to be
parameterized). Equation (23) of Gent et al. (1995) is
similar to our TRM momentum equation. That paper
went on to make a geostrophic approximation so that
the extra stress was parameterized using a vertical vis-
cosity and the difference between the Eul erian-mean and
the TRM velocity was also ignored in this viscous term.
The TRM momentum equation derived above shows
that the stress is best |eft as the Coriolis parameter mul-
tiplied by the physically motivated quasi-Stokes stream-
function and that the whole momentum equation then
contains only one type of velocity, namely the TRM
velocity.

If aparameterization isimplemented in the horizontal
momentum equations, then the whole system of equa-
tions (momentum, continuity, and tracer equations) car-
ries only the one type of velocity variable, namely the
TRM velocity, so there is no need to include skew-
diffusion or quasi-Stokes advection in the tracer equa-
tions. This procedure of parameterizing the unresolved
eddy motions in the horizontal momentum equations
needs to be thoroughly tested and compared with the
Gent et al. (1995) scheme where the quasi-Stokes
streamfunction is used to construct a skew flux of tracer
in the tracer equation but the standard momentum equa-
tion is assumed to time step the Eulerian-mean hori-
zontal velocity. In appendix B we discuss a rather small
issue related to the evaluation of the Eulerian mean of
the horizontal pressure gradient.
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13. Discussion

In this paper we have derived a new temporal-resid-
ual-mean circulation that has the desirable property that
for adiabatic flow, the TRM velocity has no component
through the appropriately defined mean density surfaces.
Unlike the results of McDougall and Mclntosh (1996),
this “adiabatic”” result holds regardless of whether the
low-passed time-averaged flow is evolving or not. The
definition of the TRM velocity field has changed slightly
and we have found that the mean density conservation
equation must be written for a very specific density
variable: it is the density variable whose surface is, on
average, at the height of the averaging. It is intended
that the definition of the density surfaces and the TRM
velocity used in this paper replace the definitions in
McDougall and MclIntosh (1996).

Since much of our intuition about ocean mixing and
modeling comes from thinking in density coordinates
and because the rate of diapycnal mixing is so much
less than the mixing that occurs along density surfaces,
we have pursued the relationship between averaging in
height coordinates and in density coordinates. Using a
Taylor series approach we have found the following
quasi-Lagrangian interpretation for the quasi-Stokes
streamfunction W of the TRM circulation: it is the con-
tribution of perturbations to the average horizontal vol-
ume flux of water that is denser than the model’sdensity,
v, a the depth of averaging. Because of this layered
interpretation of this z-coordinate streamfunction, it fol-
lows that the TRM velocity gives the same horizontal
transport of fluid between a pair of resolved-scale den-
sity surfaces as occurs when the averaging is done in
density coordinates between the same pair of density
surfaces. It has also been proved that the TRM velocity
has the same diapycnal component as is found by av-
eraging the instantaneous diapycnal velocity in density
coordinates, so the volume conservation statement writ-
ten in height coordinates using the TRM velocity is the
same asis obtained by averaging in density coordinates.
The TRM theory of this paper applies to models whose
vertical coordinate does not vary in height as afunction
of time. In this way the TRM theory applies to both
eddyless height-coordinate models and to eddyless sig-
ma-coordinate models such as SPEM. The Taylor series
approach of our section 2 has been used recently by
Kushner and Held (1999) to quantify the total flow be-
tween potential vorticity surfaces (rather than potential
temperature surfaces).

The rather surprising result of McDougall and Mc-
Intosh (1996) that the TRM velocity advects the iso-
pycnally averaged tracer value has been confirmed. This
result has been extended to include a general tracer that
isnow allowed to vary arbitrarily along density surfaces.
We conclude that the tracer in eddyless height-coordi-
nate models should be interpreted as the thickness-
weighted tracer that would result from averaging in den-
sity coordinates.
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It has been shown that the eddy-induced velocities
that are needed in eddyless models are quite different
in isopycna models compared with height-coordinate
models. In isopycnal models the extra velocity that is
needed is the bolus velocity, which has no diapycnal
component and is three-dimensionally divergent. In
stark contrast, in height-coordinate models the eddy-
induced velocity, U*, is nondivergent and has a sub-
stantial diapycnal component. While the horizontal
components of the bolus velocity and the quasi-Stokes
velocity are not materially different, their vertical com-
ponents are very different.

When the approximate expression, (4b), is used for
the quasi-Stokes streamfunction, the above results have
errors that are cubic in the amplitude of perturbation
quantities, so the question arises whether these errors
may be significant. On the basis of the corresponding
zonal-residual-mean theory, we have reason to believe
that the cubic terms will be quite small. Mclntosh and
McDougall (1996) extended the zonal-residual-mean
theory of Andrews and Mclntyre (1976) to the oceanic
situation where the continents interrupt the zonal inte-
grals; they showed that the zonally thickness-weighted
circulation (evaluated by zonally averaging in density
coordinates) was well approximated by the zonal-resid-
ual-mean circulation (which was evaluated in height co-
ordinates). This close correspondence occurred even
though at a constant latitude in the Southern Ocean,
density surfaces vary in height by about 1500 m. In the
TRM case of temporal averaging at a given latitude and
longitude, density surfaces undulate much less than
1500 m, with root-mean-square vertical excursions of
150 m being more typical. Hence we expect that ig-
noring the cubic terms in perturbation amplitude will
be quite adequate for our purposes in the TRM theory.
When the accurate expression, (4a), is used for the qua-
si-Stokes streamfunction, then all the termsin the tracer
conservation equations have a one-to-one correspon-
dence to the corresponding terms when thickness-
weighted averaging in density coordinates (thisassumes
that the momentum equations are prognostic equations
for the Eulerian-mean velocity). Hence the use of (4a)
circumvents the issue of the cubic-order approximation.

We have pointed out a very practical difficulty in
using the down-epineutral -gradient of potential vorticity
approach, namely that the uncertainty in the near-bound-
ary regions affects the solution throughout the whole
water column. In this way the section-integrated con-
tribution of eddy-induced advection to the horizontal
transport of heat is sensitive to the uncertain distribution
of eddy potential vorticity fluxes at the top and bottom
of the ocean. By having parameterized knowledge of
the quasi-Stokes streamfunction itself (rather than just
of its vertical derivative), the TRM theory avoids this
uncertainty. The eddy-resolving numerical calculations
of Marshall et al. (1999) show that the bolus velocity
is more closely directed up the isopycnal gradient of
potential vorticity than down the gradient of thickness,
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although the difference (being Bk9/f) is quite small
compared to the dominant bolus velocity in the southern
ocean. Thistype of study isvery useful in showing what
is required of the bolus velocity, and to sufficient ac-
curacy, probably what is also required of W,, (although
this type of study has only been performed to date for
zonal averaging) but only the work of Killworth (1997)
has to date addressed the practical issue of finding the
three-dimensional eddy-induced velocity. Killworth has
used linear theory to say something about the question
raised by our Fig. 5, namely, the relative fluxes of bolus
transport near the sea surface versus near the ocean
bottom.

__When it comes to parameterizing the Reynolds stress,
U’u’, in the  momentum equation, it has been tradi-
tional in the use of the Gent and McWilliams (1990)
method to simply assume Fickian diffusion with dif-
ferent horizontal and vertical viscosities. Using thispro-
cedure, the velocity that appears in the horizontal mo-
mentum equation is taken to be the Eulerian-mean ve-
locity and consequently the tracer equations need the
skew-diffusion (or quasi-Stokes advection) derived
from the parameterized quasi-Stokes streamfunction.
However, just as we now realize that mesoscale eddy
activity drives a skew-diffusive flux of tracer in the
tracer equations, so it is reasonable to expect that this
will be afeature of the momentum equations. Thisleads
to a procedure whereby an ocean model can include an
extra horizontal stress in the momentum equation and
that this need be the only placein all the model equations
that the dynamical effects of mesoscale eddies are in-
cluded. There is however one important caveat to this
picture, namely, that the eddies had to be assumed to
be in geostrophic balance in order to arrive at the TRM
form of the momentum equation, (66). Operationally
this procedure is very different to the Gent et al. (1995)
implementation of the temporal residual mean but im-
portantly, the TRM theory tellsuswhat the quasi-Stokes
streamfunction and the vertical form drag must be in
terms of quantities that are evaluated at fixed height. In
both cases the problem reduces to parameterizing the
quasi-Stokes streamfunction of (4). In both cases the
physical interpretation of this streamfunction demands
that it must be smoothly tapered to zero on all bound-
aries, and thistapering avoids unphysical deltafunctions
of horizontal velocity.

There is always the issue of whether the present im-
plementation of the TRM circulation in ocean models
is displaying improvements for the correct reasons. Sev-
eral authors have described substantial improvements
including greatly improved deep-water masses, less un-
wanted deep convection, and less drift in coupled at-
mosphere—ocean models (see Hirst et a. 1996). An im-
portant common element of these improvements is that
the bottom water of the world’s oceans has been able
to sink from the surface to the ocean bottom with very
little dilution. In fact, in the work of Hirst and Mc-
Dougall (1996) it was found that there was insufficient
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diapycnal mixing occurring in the overflow regions. Pre-
viously such a result had only been possible with a
density-coordinate model. In this way, a height-coor-
dinate model has been shown to be sufficiently ** adia-
batic”” for the purposes of climate modeling.

In practice this vertical motion of the deep and bottom
water occurs in canyons and across sills that are not
part of the coarse resolution models. The TRM advec-
tion scheme achieves this *‘adiabatic’’ sinking motion
because of two almost equal effects, as demonstrated
by Hirst and McDougall (1996). First, the unwanted
horizontal diffusion is eliminated and, second, an extra
advection (or skew diffusion) is added that assistsin the
transport of water from the surface to the deep. The
elimination of horizontal diffusionisthought to be phys-
icaly required, but the extra advection at the bottom of
the ocean seems to be more an artefact of the bottom
boundary condition on the quasi-Stokes streamfunction
than a representation of the actual boundary current
mechanisms that achieve the transport of bottom water.
In this way it may be that half of the benefits that we
are seeing to date have been obtained for the wrong
reasons. If so, what fraction of this half will respond
incorrectly to changing boundary conditions associated
with, for example, climate change?
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APPENDIX A
Thickness-Weighted Averaging

The thickness between two closely spaced density
surfaces differing in density by A¥ is given by h =
Ayly,inthelimit asAy - 0. The thickness-weighted
average of any quantity, A, following the ¥ density sur-
faceis A = (Ah)[; /A, which in terms of y becomes A
= (Aly,)];/(Uy,)];. The average thickness between two
closely spaced ¥ surfaces is clearly the same as the
difference between the average heights of the same two
surfaces, and hence it is apparent that, without approx-
imation, the nature of our ¥ surfaces ensures that
(I/y,)l; = Uy,. Thisfollows because the average per-
turbation height of any ¥(2) surface about the height z
is, by definition, zero. In order to evaluate (A/vy,)|; we
begin by writing a vertical Taylor series about the fixed

height, z,,
L= Gl =) 2 l)
= == +2Z|—| +=@)?—
Y5 \Y/|. Y.), 2 Y2)
+ O(a?), (A1)

where it is understood that the first- and second-order
partial derivativesof (A/vy,) are evaluated at the constant
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height, z = z,, and that these partial derivatives have
both mean and perturbation parts. The next step is to
find the mean and perturbation parts of A/vy, by first
performing the Reynolds decomposition

o).

so that the mean and perturbation parts are

(A + A)
Y.

(l — Z—Z, + Z—f) + O(a®) (A2

z z

A A

(_) :r<1+m]

Y| Ve vz
Ay,

(é) _A
‘YZ Za 72 yz
Taking the time average of (A1), multiplying by ¥, and

using (10), (11), (A3), and (A4) it can be shown after
considerable algebra that

) A, +O(a3) (A3)
FYZ

and

+ O(a?). (A4

Y T
. A/ 7 A Py
=A+ |-+ —Z(i> + O(d). (A5)
’YZ ’)IZ ’YZ z
APPENDIX B

The Hydrostatic Equation Using Modified Density

Here we discuss issues related to the evaluation of
the Eulerian mean of the horizontal pressure gradient.
In appendix B of McDougall and MclIntosh (1996) we
pointed out that there are two reasons why p;tV,.p is
unavailable to an eddyless model. The most important
reason was that one does not know the horizontal var-
iation of temperature variance in an eddyless model.
The model’s estimate of the horizontal gradient of the
Eulerian-mean density, V,p, is therefore incomplete
[see Eq. (B3) of that paper] and, because these models
vertically integrate the hydrostatic equation, thisimplies
an incomplete evaluation of p;*V,p. This problem is
not associated with the use of an eddy parameterization
scheme as such, but rather is a problem inherent to an
eddyless model. While this can result in amisestimation
of the geostrophic velocity by up to 1 mm st locally,
this has not been regarded as a problem because the
error occurs in the form of a horizontal divergence.
Therefore any local overestimation in a region of high
eddy activity is matched nearby with a region of un-
derestimation so that no persistent errors can accumu-
late.

Now we address a third (but equally unimportant)
reason why p,*V,,p isunavailable to an eddylessmodel.
In this paper we point out that the tracers of an eddyless
model should be interpreted as the thickness-weighted
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tracers evaluated on a specific density surface, namely
the surface whose height is on average at the height
concerned. In the ocean interior, this density is different
to the Eulerian-mean density by the amount —(¢/7,),
(plus higher order terms). The use of the hydrostatic
equation to evaluate the model’s pressure field,

pr = —gp(S 8, p) = —gp™,

means that the horizontal pressure gradient that is avail-
able to the model, —p;*py, is different from —pg'p,.
Since p™ — p = —(¢/%,),, the true Eulerian-mean hy-
drostatic equation, p, = —gp, is used together with the
model’s hydrostatic equation to show that —pg*(p —
P™), = (9/po)(¢/7.), s0 that (66) becomes

—#
uf+ U -vu* - fv*

. —
= ——pr + g(?) - f¥y + V- (SVU?)
Po Po\Vz/y

+ O(a?). (B1)

This new term is equivalent to a velocity difference of
no morethan 1 mms-tintheterminvolving the Coriolis
parameter in (B1). Hence we can conclude that there is
no more loss of accuracy in estimating the Eulerian-
mean pressure field by vertically integrating the model’s
density field, p™ = p(S, 6, p), than has traditionally been
incurred in eddyless models due to the lack of the larger
cabbeling term [as described in the appendix of Mc-
Dougall and Mclntosh (1996)]. Furthermore, as these
error terms occur as horizontal divergences, they do not
cause persistent errors. From (61) we note that if the
perturbations are assumed to be geostrophic, the extra
term in (B1),

(@17,
Po

is equal to f(v — v) and from (60) this is equal to
f(¥y — v®) so that the sum of the second and third
terms on the right of (B1) amount to — fv® if the per-
turbations are assumed to be in geostrophic balance.
Since there is a larger term missing from (B1) due to
cabbeling, we do not attach much store to the difference
between — fW¥y and — fv® on the right-hand side.
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