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Abstract. This paper is the third in a series of three that presents the results of
experiments designed to verify the use of a single bottom roughness length scale for waves
and currents over a rough bed. While the first two papers concentrated on the bottom
roughnesses experienced by monochromatic wave and current boundary layer flows, this
paper presents the results of additional experiments that investigate the use of an
equivalent wave representation to extend these results to spectral wave and current
boundary layer flows. Spectral waves, simulated by five components, and currents were
generated in a 20-m-long wave flume with a fixed rippled bottom. Attenuation due to
bottom friction is determined from total attenuation measurements for individual wave
components by removing the effects of sidewall dissipation and wave-wave interactions.
These attenuation estimates are used to establish representative friction factors, which are
used in conjunction with an existing eddy viscosity model to determine bottom
roughnesses. The bottom roughnesses experienced by spectral waves (in the presence and
absence of a current) match the bottom roughnesses for monochromatic waves. When
these experimentally determined bottom roughnesses are used in conjunction with the
eddy viscosity model, predictions of attenuation for individual wave components closely
match measurements. When the wave boundary layer thickness is defined to be the height
at which the predicted velocity deficit in the wave boundary layer is within 5% of the free
stream velocity, excellent agreement is obtained between predicted and measured velocity
profiles for currents in the presence of codirectional waves. Therefore these experiments
show that a single bottom roughness, when used in conjunction with an equivalent wave
representation, adequately characterizes both monochromatic and spectral wave-current
boundary layer flows over a fixed rippled bed.

1. Introduction

Fluid velocities in bottom boundary layers play a significant
role in defining circulation and sediment transport in coastal
regions. Accordingly, numerous investigators have developed
models to predict velocity distributions in bottom boundary
layers for waves and currents. The most widely used models
achieve turbulence closure using an eddy viscosity because of
the simplicity and utility of this approach. To scale the eddy
viscosity near the bottom, most eddy viscosity models use a
time-invariant shear velocity for a velocity scale and the dis-
tance from the bed for the length scale. Examples of these eddy
viscosity models include the models of Lundgren [1972], Smith
[1977], Tanaka and Shuto [1981], Christoffersen and Jonsson
[1985], and Grant and Madsen [1979, 1986]. In particular, the
model of Grant and Madsen [1979, 1986] defines separate
forms of the eddy viscosity for the regions inside and outside
the wave boundary layer. A shear velocity based on the shear
stress experienced by the current defines the velocity scale

above the wave boundary layer, and a shear velocity based on
the maximum combined bottom shear stress defines the veloc-
ity scale for the region within the wave boundary layer. Using
this approach, Grant and Madsen [1979, 1986] developed so-
lutions for the profiles associated with the wave velocity and
time-averaged current velocity.

All these eddy viscosity models assume that the effects of the
bottom on velocity profiles for waves and/or currents can be
represented in terms of a single roughness length scale kn.
However, the validity of this assumption is not intuitively ob-
vious in light of the different characteristics of fluid–bed form
interactions observed under pure currents and pure oscillatory
motion. Therefore Mathisen and Madsen [1996a, b] addressed
the validity of this assumption using experiments with periodic
or monochromatic waves over a fixed rippled bed in a wave
flume. These experiments made use of a piston-type wave
maker and current generation system to generate wave and
current boundary layer flows in a 20-m-long wave flume with
1.5-cm-high triangular bars placed at 10-cm intervals along the
bottom to simulate ripples. Mathisen and Madsen [1996a] mea-
sured wave attenuation and used the eddy viscosity model of
Grant and Madsen [1986] to determine roughnesses experi-
enced by the waves (i.e., wave roughnesses) in the presence
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and absence of a current. Grant and Madsen [1986] related the
bottom roughness to the wave friction factor by using the
velocity gradient to evaluate the magnitude of the wave shear
stress, ut(t)u, at an elevation of z 5 0 and neglecting any phase
difference between the bottom shear stress and near-bottom
velocity, u(t). Mathisen and Madsen [1996a] found that, when
the shear stress is evaluated at the hydraulic roughness height
( zo 5 kn/30) and the analysis of Grant and Madsen [1986] is
modified to account for the phase difference between the bot-
tom shear stress and near-bottom horizontal orbital velocity,
the roughnesses for waves matched the roughnesses for pure
currents flowing over the same bed.

The Grant and Madsen [1986] model can also be used to
predict a logarithmic time-averaged velocity profile outside of
the wave boundary layer. The nature of this outer velocity
profile is typically defined in terms of a current shear velocity
and an apparent hydraulic roughness that accounts for the
effects of the bottom roughness and wave-current interaction
within the wave boundary layer. Mathisen and Madsen [1996b]
estimated the bottom and apparent roughness using time-
averaged velocity profiles measured for currents in the pres-
ence of waves. These analyses showed that the predictions
afforded by the Grant and Madsen [1986] model underpre-
dicted the apparent roughnesses experienced by the current.
The difference was shown to be the result of an underpredic-
tion of the wave boundary layer thickness as well as a steady
streaming induced by the wave motion. By modifying the wave
boundary layer thickness and using data from pure wave ex-
periments to estimate the wave-induced mass transport, the
bottom roughnesses for pure current, pure wave, and com-
bined wave and current boundary layer flows were shown to be
the same.

The vast majority of the eddy viscosity models (including all
models cited previously) assume that the wave field consists of
simple periodic waves. Consequently, the experiments of
Mathisen and Madsen [1996a, b] served to verify the use of a
single bottom roughness when applied for simple periodic
waves in accordance with the eddy viscosity model of Grant
and Madsen [1986]. It is well known, however, that the wave
climate in the coastal environment is commonly dominated by
random or irregular waves with a range of amplitudes, frequen-
cies, and directions. The properties of near-bottom interac-
tions for these random waves will be different from the near-
bottom characteristics for monochromatic waves. For example,
as monochromatic waves pass over a rippled bed, eddies would
be expected to develop on the leeside of the ripples during
every wave cycle as wave crests (and troughs) pass by. How-
ever, as spectral waves pass over a rippled bed, the random
nature of the wave field leads to the formation of eddies on the
leeside of ripples that are also random in nature. The random
nature of these eddies is closely related to the random nature
of near-bottom horizontal velocities owing to the superposition
of individual wave components. Since the development of
these eddies has an important effect on energy dissipation in
the bottom boundary layer, it is not clear that the roughness
experienced by spectral waves would be the same as that of
monochromatic waves. Furthermore, no previous experiments
have been conducted that can be used to verify that a single
roughness can characterize boundary layers for monochro-
matic and spectral waves.

In addition to routinely representing the bottom in terms of
a single roughness scale, investigators have also commonly
represented random wave fields in terms of a single represen-

tative monochromatic wave, which provides an approach for
extending the application of monochromatic wave models to
random wave fields. A variety of formulations have been used
to define this representative monochromatic wave for a given
wave spectrum [e.g., U.S. Army Coastal Engineering Research
Center, 1984]. The application of the equivalent wave concept
to characterize wave attenuation in the bottom boundary layer
of spectral waves was first addressed extensively by Hasselmann
and Collins [1968]. Collins [1972] expanded upon this earlier
work and defined an equivalent wave representation by equat-
ing its root-mean-square (rms) near-bottom horizontal orbital
velocity amplitude to the rms amplitude for the near-bottom
orbital velocity spectrum. Madsen et al. [1988] developed a
theoretical spectral dissipation model that related the friction
factor to the bottom roughness for pure spectral waves. Mad-
sen [1994] showed from theoretical considerations that the
definition of an equivalent wave based on the rms horizontal
orbital velocity is appropriate for boundary layers. Accord-
ingly, by making use of the equivalent wave, Madsen [1994] was
able to extend the underlying concepts of the Grant and Mad-
sen [1986] model to spectral wave and current boundary layer
flows. However, no laboratory or field experiments have pro-
vided data to confirm that this equivalent wave representation
can be used to represent the characteristics of spectral wave
and current boundary layer flows.

The primary objective of this paper is to show that the
bottom roughness length scale for monochromatic waves prop-
agating over a fixed bed may be used in conjunction with an
equivalent wave representation to characterize boundary lay-
ers for pure spectral wave and spectral wave-current flows over
the same bottom configuration. This objective is satisfied using
a series of experiments with spectral wave and current flows
generated in the same flume as the flume used for the exper-
iments of Mathisen and Madsen [1996a, b]. Since the experi-
ments as well as the theoretical model of Madsen [1994] pro-
vide estimates of wave attenuation for individual frequencies in
a spectrum, this paper also addresses the prediction of wave
attenuation for different spectral frequencies. Accordingly, this
paper compliments those of Mathisen and Madsen [1996a, b] by
presenting the results of additional experiments in this same
wave flume to extend the monochromatic wave results of those
papers to the more realistic case of spectral wave and current
boundary layer flows.

Roughnesses experienced by the waves (i.e., wave rough-
nesses) are determined by analyzing wave attenuation mea-
surements, and roughnesses experienced by the current (i.e.,
current roughnesses) are determined by analyzing time-
averaged velocity profiles. Section 2 provides a brief descrip-
tion of the experimental setup and a discussion of the selection
of an eddy viscosity model for use in this analysis. Section 3
describes the procedures for using a discrete wave spectrum to
approximate a continuous wave spectrum, and section 4 sum-
marizes the use of wave surface profile measurements to de-
termine wave attenuation due to bottom friction. Section 5
presents the use of these attenuation data to determine values
for the pure wave roughness, kw, and wave roughness in the
presence of a current, kwc, and section 6 discusses the use of
the Madsen [1994] model to predict attenuation for individual
wave components. Finally, section 7 presents comparisons be-
tween measured and predicted time-averaged velocity profiles
and their interpretation in terms of the apparent hydraulic
roughness experienced by the current, zoa. This section also
includes an alternative approach in which the measured ap-
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parent roughnesses are used as input to the Madsen [1994]
model to provide independent estimates for the bottom rough-
ness for the current in the presence of waves, kcw.

2. Experimental Approach
2.1. Experimental Setup

The spectral waves and currents were generated in a 20-m-
long by 0.90-m-deep by 0.76-m-wide flume equipped with a
piston-type programmable wave maker and a current genera-
tion system. A low-powered (20 mW), single-axis laser Doppler
anemometer was used to measure time-averaged velocity pro-
files, and resistance-type wave gauges were used to measure
wave characteristics. As discussed by Mathisen and Madsen
[1996a], the magnitudes of the bottom roughnesses are af-
fected by bed form geometry, near-bottom flow characteristics,
or a combination of both. Therefore all experiments make use
of a single, fixed bed form geometry in order to isolate the
effects of near-bottom flow characteristics on the bottom
roughness. Rough turbulent boundary layers were generated
using 1.5-cm-high triangular bars placed at 10-cm intervals
along the bottom of the flume. Since all bars extended across
the width of the flume, the bars acted as strip roughness ele-
ments that simulate bottom bed forms or ripples. This bottom
configuration is the same as that used for the majority of the
monochromatic wave experiments of Mathisen and Madsen
[1996a, b]. The bottom configuration also closely matches the
characteristics of ripples analyzed by Mathisen [1989] and
Rosengaus [1987] during experiments using a movable sedi-
ment bed and similar wave conditions in the same wave flume.
Information regarding the use of the experimental apparatus
to obtain accurate measurements is presented in appropriate
locations throughout this paper. More information on the ex-
perimental setup is given by Mathisen and Madsen [1996a], and
detailed information on the setup is presented by Mathisen and
Madsen [1993] and Mathisen [1993].

2.2. Roughness Determination

As noted previously, Mathisen and Madsen [1996a, b] used a
modified form of the Grant and Madsen [1986] eddy viscosity
model to analyze pure current, pure wave, and combined wave-
current boundary layers. Modifications to this model included
consideration of the phase difference between the bottom
shear stress and near-bottom horizontal orbital velocity, con-
sideration of an enhanced boundary layer thickness, and the
effects of wave-induced mass transport. The model of Madsen
[1994] also considers this phase difference, and the model can
easily be modified to account for the enhanced boundary layer
thickness and wave-induced mass transport. It also provides a
consistent technique for comparing experimentally determined
spectral wave roughnesses with the monochromatic wave
roughnesses determined by the procedures of Mathisen and
Madsen [1996a, b]. Therefore the Madsen [1994] model is se-
lected for use in determining wave and current roughnesses in
this study. As was the case for the application of the Grant and
Madsen [1986] model by Mathisen and Madsen [1996a, b], the
application of the Madsen [1994] model in the present analysis
is considered to be formal since it involves an extrapolation of
its range of validity to large roughness elements, which were
necessary to generate rough turbulent boundary layers, and the
choice of the Madsen [1994] model makes this model an inte-
gral part of the present study. Key aspects of the Madsen [1994]
model that are relevant to this paper, as well as any required

modifications to this model, are presented in appropriate lo-
cations in the text of this paper, and the reader is referred to
Madsen [1994] for any additional background and details per-
taining to this model.

Accordingly, roughness determinations for spectral waves
(wave roughnesses) in the presence and absence of a current
are determined from measurements of wave attenuation by
applying the techniques presented for monochromatic waves
by Mathisen and Madsen [1996a] and extended to spectral
waves by Madsen [1994]. The spectral wave roughnesses are
compared with wave roughnesses experienced by monochro-
matic waves propagating over the same fixed rippled bed. Fol-
lowing the nomenclature of Mathisen and Madsen [1996a],
pure wave experiments (experiments with no current present)
are designated with a lower case letter, and combined wave-
current experiments are designated with an upper case letter.
Furthermore, pure wave roughnesses are designated as kw and
wave roughnesses in the presence of a current are designated
as kwc. The values of kwc are also used to predict time-
averaged velocity profiles using the model of Madsen [1994]
with modifications suggested by Mathisen and Madsen [1996b].
These predicted velocity profiles are then compared with mea-
sured time-averaged velocity profiles.

3. Generation of Spectral Waves
In order to investigate the bottom roughness and energy

dissipation associated with boundary layers for spectral waves,
an appropriate wave spectrum must be generated. The ideal
approach would be to generate a full continuous spectrum.
However, the procedures for determining the wave roughness
for these experiments require accurate measurements that pro-
vide estimates of the wave attenuation due to bottom friction.
For a continuous spectrum, nonlinear interactions between the
infinite number of components would preclude accurate mea-
surement of the wave attenuation for specific wave frequen-
cies. Therefore, for this paper, an appropriate continuous wave
spectrum is first defined and is subsequently used only as a
guide for developing a discrete wave spectrum.

3.1. Definition of a Continuous Wave Spectrum

The amplitudes, frequencies, and phases for the spectral
waves utilized in this investigation are defined to conceptually
simulate a one-dimensional Joint North Sea Wave Project
(JONSWAP) spectrum modified for finite depth. This spec-
trum, which was initially developed during JONSWAP by Has-
selmann et al. [1973], is selected for simulation owing to its
demonstrated success in providing an ideal representation of
typical, real-world ocean wave spectra [e.g., Hasselmann et al.,
1973; Graber, 1984]. The energy in a JONSWAP spectrum, EJ,
is given by

EJ 5 EPMg exp @2~v/vp 2 1!2/ 2s2# (1)

where g is a peak enhancement factor, vp is the radian fre-
quency associated with the peak spectral energy, s is a spectral
width factor, and EPM is the spectral energy for the Pierson-
Moskowitz spectrum:

EPM 5
ag2

v5 exp F2
5
4 Svp

v D 4G (2)

where a is Phillip’s constant. As a spectrum enters finite
depths, the shape of the spectrum typically gets skewed such
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that energies are increased at the lower frequencies of the
distribution. Following Kitiagorodskii et al. [1975], Graber
[1984] defined a finite depth JONSWAP spectrum as

EJF 5 f~v! EJ (3)

where f(v) is obtained from

f~v! 5 x22@1 1 vh
2~x2 2 1!#21 (4)

with

vh 5 v@h/g#1/ 2 (5)

in which h is the still water depth, g is gravitational accelera-
tion, and x is obtained from

x tanh ~vh
2x! 5 1 (6)

An appropriate spectrum is determined by adjusting the spec-
tral energy distribution to match the characteristics of a rep-
resentative monochromatic wave (defined by amplitude arep

and radian frequency vrep). The spectral energy distribution
for experiment s (where the lower case letter designation in-
dicates that no current is present) is shown by the solid line in
Figure 1. This spectrum is developed by choosing values of 3.3
for g and 0.08 for s (which closely match typical values noted
by Graber [1984]), setting vp equal to vrep, and adjusting a
such that ES matches the energy associated with the represen-
tative monochromatic wave, given by

ES 5 E
0

`

EJF~v! dv 5
1
2 a rep

2 (7)

Conditions for spectral experiments were developed based on
a representative radian frequency of 2.18 rad/s and represen-
tative amplitudes of 4, 5, and 6.7 cm. The corresponding values
of a for these experiments are 0.00056, 0.00084 and 0.00157,
respectively.

3.2. Development of a Discrete Wave Spectrum

To reduce the complicating effects of wave-wave interac-
tions in these experiments, the continuous wave spectrum de-

scribed in the previous section is approximated by a discrete
wave spectrum. A discrete spectrum can be generated in the
wave flume by superimposing a finite number of wave compo-
nents with different discrete frequencies and amplitudes cho-
sen to approximate the spectral energy distribution of the con-
tinuous spectrum. Accordingly, for a spectrum of progressive
waves with N components, the water surface profile h may be
represented by

h 5 O
j51

N

h j 5 O
j51

N

aj cos ~kj x 2 v j t 1 u j! (8)

where, for the jth component, h j is the surface profile varia-
tion, aj is the amplitude, v j is the radian frequency, u j is a
random phase angle, and kj is the wave number defined by the
dispersion relationship

v j
2 5 gkj tanh kj h (9)

In this case, the total spectral energy ES can be written as

ES 5 O
j51

N 1
2 aj

2 5
1
2 a rep

2 (10)

where the total energy equals the sum of energies associated
with individual wave components.

The ideal approach to approximate the continuous spectrum
by a discrete spectrum is to define the frequencies and energies
for the individual wave components such that the collective
energy distribution closely matches the energy distribution of
the continuous spectrum. To represent the characteristics of a
continuous wave spectrum by an N component discrete spec-
trum, the area under the spectral energy distribution is inte-
grated and the spectral energy distribution is partitioned into
N portions, with each portion represented by a separate wave
component with an amplitude, frequency, and phase.

For these experiments, spectral simulations were defined in
terms of five wave components. Representation of the spec-
trum in terms of five components was found to ensure suffi-
ciently large (and measurable) wave attenuation and to accom-
modate the physical requirements of wave generation using
a wave maker as clarified in the following description of
wave maker operation. It is noted that the complexity of a
JONSWAP spectrum cannot be fully characterized by using
five wave components. However, a five-component spectrum is
considered to be adequate to verify the assumption of a single
roughness and application of a monochromatic wave to repre-
sent a multicomponent spectrum, which are the objectives of
this investigation.

For this case, the spectral energy dissipation can be repre-
sented using one of two approaches. First, a set of equally
spaced frequency components could be defined and the wave
amplitudes could be adjusted to model the energy distribution
in the spectrum. Second, a set of equal wave component am-
plitudes could be determined (from (10)) and the frequencies
could be adjusted to model total energy in the spectrum. Ow-
ing to the shape of the spectrum in Figure 1, most energy is
contained within the near-peak frequency wave components. If
the first approach is used, wave amplitudes for the lowest- and
highest-frequency components will be too small for wave at-
tenuation to be measured accurately. Therefore the second
approach is selected for this paper and the portions of the
spectrum are represented using equal wave component ampli-

Figure 1. Spectral energy distribution for experiment s (with
a design amplitude arep of 4 cm) showing energy partitions for
five spectral components.
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tudes with appropriately adjusted component frequencies. The
energy partitions obtained using this approach for the five-
component discrete spectrum for experiment s are shown as
the vertical lines in Figure 1.

Frequencies for the individual components are defined as
the centroids of the partitions in the spectral energy distribu-
tion. The frequencies are subsequently adjusted slightly to en-
sure that the actual component frequencies precisely equal the
discrete frequencies resolved by the fast Fourier transform
(FFT) algorithm used for the analysis of wave amplitude at-
tenuation. In addition, as clarified in section 4, energy dissipa-
tion is a function of the near-bottom horizontal orbital velocity,
which is given by

ubm, j 5
ajv j

sinh kj h
(11)

To assure that wave attenuation can be measured with the
same accuracy for each individual wave component, ampli-
tudes are adjusted such that the near-bottom horizontal orbital
bottom velocity is effectively the same for every component of
the spectrum. Since the accuracy of each wave attenuation
measurement is the same, this approach provides an ideal
format for comparison with predictions of the Madsen [1994]
model. Finally, the nature of (8) indicates that, at any given
location along the length of the flume, the phase difference
between any two of the five wave components varies in time,
effectively simulating a random phase difference. The phase
differences between individual wave components were also
shown to be inconsequential in the movable bed experiments
presented by Madsen et al. [1990]. Accordingly, a single set of
random phases was selected for the five wave components, and
this same set of phases was used for all three different spectral
wave conditions simulated.

Once the amplitudes, frequencies, and phases for the wave
components were defined, the discrete spectrum could be gen-
erated by superimposing the wave maker paddle motion for
individual wave components, where the wave maker paddle
motion for each component is determined following the linear
theory of Biésel and Suquet [1951]. Precautions were taken to
ensure that the water characteristics (e.g., temperature) and
equipment operation were the same for all of the experiments
completed. One hour of warm-up time was provided, and the
water in the flume was thoroughly mixed. In accordance with
the results of preliminary experiments, at least 20 min were
provided after the initiation of wave maker motion before
taking measurements to allow the wave spectrum to reach a
fully developed state. To illustrate how the approach effec-
tively simulates a random spectrum, a typical measured water
surface variation record is shown in Figure 2 for experiment s.
The measurement and subsequent use of this record are dis-
cussed further in section 4.

4. Determination of the Spectral Wave
Attenuation Due to Bottom Friction

4.1. Determination of the Total Spectral Wave
Attenuation

Total wave attenuation was determined from time records of
water surface elevations, which were measured using conduc-
tivity-type wave gauges as detailed by Mathisen and Madsen
[1996a]. Wave gauges were recalibrated before each experi-
mental run, and wave gauge output was monitored before and

after each run to ensure that any drift associated with elec-
tronics or water characteristics did not prevent accurate water
level measurement. The surface profile variation is repre-
sented using a sampling duration of 102.4 s, which represents
the periodicity of the five-component spectral simulation. En-
ergy dissipation and, subsequently, the bottom roughness ex-
perienced by spectral waves were determined by analyzing
measurements of wave attenuation. Accordingly, surface pro-
file time records (similar to the record shown in Figure 2) were
obtained for 20 locations along the length of the wave flume
and used to determine wave attenuation for each experiment.

An FFT algorithm was used to convert the surface elevation
time records into frequency records of amplitude and phase.
Typical amplitude spectra for experiment s, measured 5 and
16.25 m downstream from the wave maker, are shown in Fig-
ure 3. Primary amplitudes for the five wave components dom-
inate other components and are clearly defined. Amplitudes at
16.25 m are generally lower than those at 5 m, indicating, as
expected, that some wave attenuation exists. It can also be
noted that high-frequency residual components at 16.25 m
tend to be lower than the corresponding high-frequency resid-
ual components at 5 m, whereas the reverse is true for the
low-frequency residual components. These tendencies indicate
the presence of nonlinear energy transfers in accordance with
the theory of Hasselmann [1962].

Measured amplitudes for each primary frequency indicated

Figure 2. Water surface variation for experiment s, mea-
sured 5 m from wave maker.

Figure 3. Experimentally-determined discrete wave ampli-
tude spectrum for experiment s (actual arep 5 3.65 cm), mea-
sured at 5 and 16.25 m from wave maker.
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in Figure 3 include the effects of both incident and reflected
components. These components are resolved for each fre-
quency by fitting a least squares curve to the spatial wave
amplitude variation as presented by Mathisen and Madsen
[1996a]. The total amplitude variation along the flume’s test
section for the jth component, Aj, is approximated by

Aj 5 ao, j 1 mt, j x 1 ar, j cos @~ki, j 1 kr, j! x 1 ~w r, j 2 w i, j!# (12)

where ao , j, ki , j, and w i , j are the amplitude, wave number, and
phase, respectively, of the jth component of the incident wave
with ao , j evaluated at the wave maker ( x 5 0); ar , j, kr , j, and
wr , j are the amplitude, wave number, and phase, respectively,
of the jth reflected wave component; and mt , j is the total
amplitude attenuation slope. Since the beach of the flume is
covered with filter material and reflected amplitudes are re-
duced to less than 20% of the incident amplitudes, attenuation
of the reflected component is neglected in (12). For waves in
the presence of a current with an average velocity U , ki , j is
related to an absolute radian frequency v j using (9) with kj

replaced by ki , j and v j replaced by v i , j, where v i , j is defined
as (v j 2 ki , jU), which represents the radian frequency rela-
tive to the current. The wave number for the reflected wave,
kr , j, is determined from (9) with kj replaced by kr , j and v j

replaced by the radian frequency relative to the current for the
reflected wave, vr , j (defined as v j 1 kr , jU). For pure waves
with no current, ki , j equals kr , j and a single wave number kj is
determined directly from (9). Since the wavelengths for all
components are between 2.5 and 6.5 m, the length of the
flume’s test section is no more than six wavelengths for any
wave component. Therefore mt , j is approximated by a linear
change in amplitude per unit length along the flume.

The amplitude variation for the lowest-frequency compo-
nent ( j 5 1) for experiment s is shown along with the corre-
sponding least squares curve fit using (12) in Figure 4. With
ao ,1 5 1.311 cm, ar ,1 5 0.260 cm, (wr ,1 2 w i ,1) 5 1.4 rad,
and mt ,1 5 20.00002853 cm/cm, the curve fit afforded by
(12) provides an excellent match with the measured data (since
the root-mean-square error is within 0.02 cm). Since values for
ao , j and mt , j are used further for analysis of wave attenuation,
these values are included along with the summary of experi-
mental data tabulated in Table 1. Definitions for other param-
eters listed in Table 1 are provided in the text throughout this
paper as appropriate.

4.2. Isolation of the Bottom Friction Slope

The variation in incident wave amplitude indicated by mt , j

can be attributed to energy dissipation due to sidewall and
bottom friction and to nonlinear energy transfers between var-
ious frequency components in the flume. In terms of the total
attenuation slope, this relationship may be written as

mt, j 5 mb, j 1 msw, j 1 mnl, j (13)

where mb , j is the bottom friction slope, msw , j is a sidewall
dissipation slope, and mnl , j is an amplitude slope associated
with nonlinear energy transfers. For the purposes of discus-
sion, an amplitude change da over the flume test section may
be defined for a particular wave component as the total am-
plitude slope multiplied by 17 m (the length of the flume test
section). Figure 5a shows the values for da for each of the five
components in the flume for experiment s. Frequencies, hori-
zontal near-bottom orbital velocities, and other pertinent in-
formation corresponding to the five components can be found
in Table 1. Amplitude changes are generally negative, indicat-
ing an expected decrease in energy along the length of the
flume owing to bottom and sidewall friction. Since the ub , j

values for all wave components are effectively the same, the
dissipation changes for the various components would be ex-
pected to be the same as well. However, the total amplitude
changes are larger for the higher-frequency components, with
the lowest-frequency component effectively experiencing a
negligible amplitude change. These trends are a result of non-
linear energy transfers that exist between various wave com-
ponents in the flume. To isolate the amplitude changes due to
bottom friction, it is necessary to remove the effects of these
nonlinear energy transfers as well as any effects of sidewall
dissipation.

These two effects may be estimated by completing experi-
ments using a flat bed with no ripples in place. Flat bed exper-
iments were conducted using the same experimental condi-
tions as those with a rippled bed. The attenuation results for
the flat bed experiments (including the estimated amplitude at
the wave maker, aofb , j, and the flat bed total attenuation slope,
mtfb , j) are also included in Table 1. The wave period for the
smooth and rippled bed tests is exactly the same since the wave
maker operation is exactly the same for the two cases. In
addition, as is evident in Table 1, the amplitudes for individual
wave components are equivalent for the flat and rippled bed
experiments. To illustrate the relationship between flat bed
attenuation and rippled bed attenuation, total amplitude
changes for the flat bed experiments are shown for experiment
s in Figure 5b. For this case, the amplitude change is positive
for the lowest-frequency component, negligible for the second-
lowest-frequency component, and negative for the three high-
est-frequency components. This trend indicates that energy for
this experiment is generally transferred from higher- to lower-
frequency components, in agreement with expectations for
nonlinear wave-wave interactions [Hasselmann, 1962]. De-
tailed evaluation of these wave-wave interactions is not pur-
sued further here, since analysis of the nonlinear energy trans-
fer among frequency components is beyond the scope of the
present study. However, the estimates of the nonlinear energy
transfers in flat bed experiments provide the basis for isolating
the wave attenuation due to bottom friction in rippled bed
experiments.

Since the experimental conditions are effectively the same
for the flat bed experiments and rippled bed experiments, the
nonlinear energy transfers and sidewall dissipation should be

Figure 4. Wave amplitude variation along test section of
flume for lowest-frequency wave component (T 5 2.768 s) of
experiment s.
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effectively the same for both sets of experiments. Any differ-
ences between amplitude changes in flat bed and rippled bed
experiments should then be a result of differences in amplitude
attenuation in the bottom boundary layer. For the flat bed
experiments, Reynolds numbers are of the order of 1200 to
1500, which indicates that boundary layers are laminar for flat
bed experiments. Although energy dissipation in each laminar
boundary layer is generally less than 10 to 15% of the energy
dissipation in the turbulent boundary layer, laminar wave at-
tenuation is estimated and removed from the flat bed attenu-
ation results for completeness. Hunt [1952] estimated wave
attenuation due to energy dissipation in laminar boundary
layers for monochromatic waves. By extending this analysis to
spectral waves, a wave attenuation slope for the jth component
due to energy dissipation in a laminar boundary layer over the
flat bed, mfblam , j, can be approximated as

mfblam, j 5 2
1
2 Î n

2v j

v j ubm, j
2

gcg, j am, j
(14)

where n is the kinematic viscosity. For the flat bed experiments,
(13) also applies, although, for clarity, mt , j can be denoted as
mtfb , j and mb , j can be denoted as mfblam , j, since the laminar
attenuation given by (14) is appropriate. Using the notation
“rb” to indicate measurements with a rippled bed in place and

the notation “fb” to indicate measurements with a flat bed with
experimental conditions similar to those for the rippled bed,
amplitude slopes associated with nonlinear energy transfers
and sidewall dissipation for the jth component of the rippled
bed experiments, [mnl , j 1 msw , j]rb, can be approximated by
[mnl , j 1 msw , j] fb. Then, [mnl , j 1 msw , j] fb is equal to
[mtfb , j 2 mblam , j] fb, where mblam , j is given by (14) and an
expression for the bottom friction slope of the jth component
for a rippled bed experiment is obtained by modifying (13) to
read

mb, j 5 mt, j 2 @msw, j 1 mnl, j# rb 5 mt, j 2 @mtfb, j 2 mblam, j# fb

(15)

These procedures also apply for waves in the presence of a
current, in which (14) is modified by replacing cg , j by (cg , j 1
U) and v j by v i , j.

Wave attenuation slopes determined in this manner can also
be interpreted in terms of an amplitude change that is strictly
associated with bottom friction. Amplitude changes strictly due
to bottom friction are estimated by subtracting the flat bed
amplitude changes shown in Figure 5b (after removing the
effects of laminar bottom friction) from the total amplitude
changes (shown in Figure 5a). The resulting amplitude changes
due to bottom friction are shown in Figure 5c. All amplitude

Table 1. Attenuation Results for Combined Spectral Wave-Current Flow Experiments

Component
Number j

U,
cm/s

Tj,
s

ao, j,
cm

mt, j,
cm/cm

ubm, j,
cm/s

aofb, j,
cm

mtfb, j,
cm/cm

mb, j,
cm/cm fe, j fwc, j

u*wm,
cm/s

u*c,
cm/s

zoa,
cm

kwc,
cm

Experiment s
1 z z z 2.768 1.311 2.0000285 4.64 1.237 .0000626 2.0000956 0.419 0.458
2 z z z 2.560 1.657 2.0000891 5.55 1.633 2.0000025 2.0000923 0.335 0.481
3 z z z 2.276 1.639 2.0001420 5.14 1.603 2.0000474 2.0001002 0.392 0.518
4 z z z 1.933 1.715 2.0001448 4.96 1.673 2.0000526 2.0000982 0.387 0.575
5 z z z 1.553 1.796 2.0001904 4.30 1.686 2.0000524 2.0001438 0.646 0.663
Rep z z z 2.171 3.65 11.03 0.420 0.533 5.69 z z z z z z 27.6

Experiment t
1 z z z 2.768 1.530 .0000184 5.60 1.573 .0000783 2.0000656 0.201 0.309
2 z z z 2.560 1.915 2.0000695 6.54 1.946 .0000592 2.0001358 0.355 0.324
3 z z z 2.276 1.918 2.0001752 5.98 1.996 2.0000964 2.0000857 0.243 0.347
4 z z z 1.933 2.108 2.0002433 5.89 2.110 2.0001041 2.0001466 0.413 0.384
5 z z z 1.553 2.024 2.0001851 4.92 2.155 2.0001425 2.0000498 0.164 0.440
Rep z z z 2.184 4.27 12.99 0.287 0.357 5.49 z z z z z z 17.1

Experiment u
1 z z z 2.768 2.126 .0000548 7.88 2.109 .0002233 2.0001765 0.290 0.231
2 z z z 2.560 2.571 2.0000882 8.79 2.584 .0001227 2.0002043 0.322 0.241
3 z z z 2.276 2.616 2.0003119 7.92 2.640 2.0002007 2.0002007 0.194 0.258
4 z z z 1.933 2.764 2.0003591 7.60 3.050 2.0003559 2.0000132 0.020 0.284
5 z z z 1.553 2.689 2.0003600 6.24 2.775 2.0002625 2.0001065 0.209 0.324
Rep z z z 2.213 5.73 17.29 0.215 0.263 6.27 z z z z z z 13.8

Experiment S
1 z z z 2.768 1.260 2.0000268 4.52 1.217 .0000445 2.0000752 0.386 0.379
2 z z z 2.560 1.418 2.0000350 4.99 1.396 .0000321 2.0000717 0.332 0.397
3 z z z 2.276 1.428 2.0000754 4.75 1.408 2.0000114 2.0000687 0.333 0.426
4 z z z 1.933 1.601 2.0001084 4.89 1.601 2.0000395 2.0000742 0.344 0.469
5 z z z 1.553 1.664 2.0001682 4.28 1.648 2.0000789 2.0000945 0.497 0.536
Rep 16 2.152 3.31 10.49 0.370 0.459 5.02 2.71 1.76 17.5

Experiment T
1 z z z 2.768 1.536 2.0000079 5.59 1.506 .0000779 2.0000910 0.300 0.330
2 z z z 2.560 1.765 2.0000186 6.27 1.787 .0000741 2.0000988 0.288 0.346
3 z z z 2.276 1.798 2.0001200 5.87 1.796 2.0000292 2.0000968 0.302 0.370
4 z z z 1.933 2.050 2.0001950 6.03 1.992 2.0000134 2.0001885 0.561 0.408
5 z z z 1.553 2.035 2.0002270 5.10 2.095 2.0002162 2.0000170 0.061 0.466
Rep 12 2.174 4.13 12.94 0.317 0.393 5.74 2.35 2.77 18.0

Here “rep” refers to the characteristics associated with the representative wave.
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changes are now negative, indicating a decrease in energy due
to bottom friction. Amplitude changes are also similar for all
components, with the exception of the highest-frequency com-
ponent, which is slightly higher than the others.

4.3. Review of Attenuation Results

The total attenuation slopes (mt , j), flat bed attenuation
slopes (mtfb , j), and bottom friction slopes (mb , j) for all ex-
periments can be found in Table 1. For experiment s (which
was for pure waves) and experiment S (which included a cur-
rent), the bottom friction slopes are similar for the five spectral
wave components. The mb , j estimates are also similar for the
five frequencies of experiments t, T, and u. For these three
experiments, however, some variability is apparent in the mb , j

estimates, and this variability appears to increase with spectral
energy. Since repeated experiments indicated that the ampli-
tudes could be measured within 0.02 cm, this variability is not

considered to be associated with random experimental error.
Rather, it is likely that the apparent variability for higher
spectral intensities results from differences between the prop-
erties of wave components in the flat bed and rippled bed
experiments, which are more pronounced for higher spectral
energies.

Comparisons of near-bottom horizontal orbital velocities for
the flat bed and rippled bed experiments can be used to dem-
onstrate the significance of these differences. Since differences
in bottom friction between flat and rippled bed conditions
result in slightly different values of ubm , j at the flume mid-
point, ubm , j was recalculated using the wave amplitude located
adjacent to the wave maker to avoid these differences. These
values were then used to calculate values for ubm , j/ubm ,1 (in
which ubm ,1 is arbitrarily selected as a component for compar-
ison), and the results are summarized in Table 2. First, com-
parison of the values of ubm , j/ubm ,1 for each selected fre-
quency of the rippled bed runs of experiments s, t, and u (the
three pure wave experiments) reveals that the values of the
parameter are similar for all three experiments and decrease
slightly with increasing spectral intensity. Values of this param-
eter are also effectively the same for each selected frequency
for experiments S and T (the two wave-current experiments).
These results indicate that the wave spectra are repeatable and
similar in nature for all rippled bed experiments.

Next, review of the values of ubm , j/ubm ,1 for each selected
frequency of the flat bed experiments listed in Table 2 indicates
that the trends of the spectral distributions for the flat bed
experiments are similar to those of the rippled bed experi-
ments. However, direct comparisons between ubm , j/ubm ,1 val-
ues for similar components of flat bed and rippled bed runs do
indicate some slight differences. The interactions differ for
rippled and flat bed experiments because differences in wave
attenuation lead to slightly different amplitudes and phase
relationships among the various wave components for the two
cases. Since the extrapolation of the curve fits obtained from
amplitude data measured in the flume’s test section would tend
to exaggerate any experimental error, the differences apparent
in Table 2 are likely conservative estimates. However, the
corresponding differences between ubm , j/ubm ,1 values for rip-
pled and flat bed experiments are all less than 0.07, with the
only exceptions being the fourth frequency component (T 5
1.933 s) for experiment u and the highest-frequency compo-
nents (T 5 1.533 s) for experiments S and T. Review of mb , j

determinations reveals that the associated mb , j values for
these specific cases are also different from the other estimates.
Since this variability is well within our present ability to predict
energy dissipation for spectral wave components, the mb , j val-
ues listed in Table 1 are accepted as adequate indicators of

Figure 5. Amplitude changes for five wave components of
experiment s. (a) Total amplitude changes measured over a
rippled bed. (b) Total amplitude changes measured over a flat
bed. (c) Amplitude changes resulting strictly from bottom fric-
tion.

Table 2. Ratio of Near-Bottom Horizontal Orbital Velocity for Individual Wave Components (ubm , j) to the Near-Bottom
Horizontal Orbital Velocity for the Lowest-Frequency Component (ubm ,1): Comparisons Between Flat and Rippled Bed
Experiments

Component Number j Tj, s

Experiment s Experiment t Experiment u Experiment S Experiment T

Rippled Flat Rippled Flat Rippled Flat Rippled Flat Rippled Flat

1 2.768 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
2 2.560 1.24 1.29 1.23 1.21 1.19 1.20 1.11 1.12 1.13 1.16
3 2.276 1.18 1.22 1.18 1.25 1.16 1.17 1.08 1.10 1.11 1.13
4 1.933 1.15 1.18 1.20 1.17 1.14 1.26 1.14 1.17 1.18 1.18
5 1.533 1.02 1.01 0.98 1.01 0.93 0.97 1.13 0.98 0.98 1.07
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wave attenuation due to energy dissipation in the bottom
boundary layer. The overall uniformity in amplitude changes
(and hence mb , j estimates) for all frequency components (as is
apparent in Figure 5c), a result of the selection of wave com-
ponents with equal near-bottom horizontal orbital velocities
(as can be seen in Table 1), provides an adequate basis for
analysis of energy dissipation to determine the bottom rough-
ness for spectral waves.

5. Bottom Roughness for Waves in the Presence
and Absence of a Current
5.1. Energy Dissipation

Energy dissipation for pure spectral wave boundary layers
was modeled by Madsen et al. [1988]. This analysis was gener-
alized for combined spectral wave-current flows by Madsen
[1994]. Madsen [1994] represented the near-bottom character-
istics of a wave spectrum in terms of a representative near-
bottom horizontal bottom velocity, ubm ,r, defined by

ubm, r 5 ÎO
j51

N

ubm, j
2 (16)

and a radian frequency vr,

v r 5

O
j51

N

v i, jubm, j
2

O
j51

N

ubm, j
2

(17)

where ubm , j and v i , j are the maximum near-bottom horizontal
orbital velocity and radian frequency of the jth component,
respectively. These values are listed as the representative val-
ues in Table 1, where the representative period Trep 5 2p/vr.

Following the approach of Kajiura [1968], Madsen [1994]
estimated the rate of energy dissipation in the bottom bound-
ary layer for each wave component as

Ed, j 5 tb, j~t!ub, j~t! 5
1
4 r Îfwc, r Îfwc, j cos w j ubm, rubm, j

2

(18)

where r is the fluid density; fwc ,r is a representative wave
friction factor; ubm ,r is the representative horizontal near-
bottom orbital velocity given by (16); and, for the jth compo-
nent, tb , j(t) is bottom shear stress; ub , j(t) is the horizontal
near-bottom orbital velocity; fwc , j is a friction factor; ubm , j is
the near-bottom horizontal orbital velocity; and w j is the phase
angle between the bottom shear stress and near-bottom hori-
zontal orbital velocity. Owing to the significant effect the value
of ubm , j has on the energy dissipation given by (18), selection
of wave components with equal near-bottom horizontal orbital
velocities leads to approximately equal amounts of energy dis-
sipation for different frequency components.

Energy dissipation can also be conveniently characterized in
terms of an energy dissipation factor. By defining an energy
dissipation factor fe , j, such that

fe, j 5 Îfwc, r Îfwc, j cos w j (19)

(18) can be incorporated into the conservation of wave energy
equation

­

­ x F 1
2 rgaj

2~cg, j 1 U!G 5 rgam, j mb, j~cg, j 1 U!

5 2
1
4rfe, jubm, r ubm, j

2 (20)

which simply represents an extension of the procedure pre-
sented by Mathisen and Madsen [1996a] to the jth wave com-
ponent of a wave spectrum. In (20), am , j, cg , j, and ubm , j are
the mean amplitude, group velocity (taken relative to the cur-
rent), and near-bottom horizontal orbital velocity for the jth
component, respectively. The mean amplitude am , j represents
the incident amplitude evaluated from the first two terms in
(12) at the midpoint of the test section (i.e., at x 5 10 m from
the wave maker). Values for the near-bottom horizontal or-
bital velocity ubm , j are determined from (11) with aj replaced
by am , j, v j replaced by v i , j, and kj replaced by ki , j. These
values can then be used in conjunction with (16) to calculate
ubm ,r. Calculated values for fe , j, determined from experimen-
tal data using (20), are listed along with values for mb , j, ubm , j

and ubm ,r in Table 1. From (20), it follows that a representative
energy dissipation factor is defined by

fe, r 5

O
j51

N

fe, jubm, j
2

O
j51

N

ubm, j
2

(21)

Values of fe ,r for the individual experiments are listed in Table
1.

5.2. Bottom Roughness for Spectral Waves

Following Grant and Madsen [1986], Mathisen and Madsen
[1996a] presented a methodology to relate the energy dissipa-
tion factor for monochromatic waves to a bottom roughness,
kwc, by evaluating the shear stress at the elevation of the
hydraulic roughness, z 5 zo. Madsen [1994] used the equiva-
lent wave concept to extend this methodology to relate kwc to
fwc ,r for spectral wave-current boundary layer flows and devel-
oped explicit relationships for the wave friction factor and
phase angle for the representative wave defined by (16) and
(17). First, a maximum combined shear velocity u*r is defined,
which, for codirectional waves and currents, is given by

u* r
2 5 u*c

2 1 u*wm, r
2 (22)

where u*c is the current shear velocity and u*wm ,r is the
maximum wave shear velocity of the representative wave. Next,
a coefficient Cm is defined as (1 1 m) with m given by (u*c/
u*wm ,r)

2, where u*wm ,r is related to the wave friction factor
fwc ,r through

tbw,r

r
5 u*

2
wm, r 5

1
2 fwc,r ub,r

2 (23)

following Jonsson [1966]. For the range 0.2 , Cmubm ,r/
(kwcvr) , 102, which is appropriate for the experiments
presented in this paper, the fwc ,r to kwc relationship (presented
as equation (32) of Madsen [1994]) is given by

fwc, r 5 Cm exp F 7.02 SCmubm, r

kwcv r
D 20.078

2 8.82G (24)
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and the phase angle in degrees (presented as equation (39) of
Madsen [1994]) is approximated by

w r 5 33 2 6.0 log
Cmubm, r

kwcv r
(25)

For waves in the presence of a current, u*wm ,r (and therefore
Cm) is not known a priori, and an iterative technique is nec-
essary to determine kwc. The iterative technique for the
present case requires values for the current shear velocity u*c

as input. Estimates for u*c are determined by fitting time-
averaged current velocity profiles in the presence of waves with
a logarithmic expression of the form

u 5

u*c

k
ln

z
zoa

(26)

where k is von Karman’s constant (taken to be 0.4) and zoa is
an apparent hydraulic roughness. The current velocity profile
for experiment S, measured over the crest with the reference
elevation ( z 5 0) set at the flume bottom, is shown in Figure
6. In this profile, a clearly delineated logarithmic region is
observed between 6 and 15 cm. The region above 15 cm is in
the free stream and is outside of the logarithmic region. The
region below this logarithmic region is within the wave bound-
ary layer. The best fit to the data within the logarithmic region
is indicated by the solid line in Figure 6. This curve fit yields a
current shear velocity of 2.71 cm/s and a measured apparent
hydraulic roughness of 1.76 cm. The current shear velocities
and measured apparent hydraulic roughnesses for both wave-
current experiments are obtained in this manner and are in-
cluded in Table 1.

With a value for the current shear velocity, the iterative
procedure for determining kwc can be initiated by assuming
that Cm equals 1 and wr equals 338. Then, the energy dissipa-
tion factor, fe ,r, determined from (21) can be related to the
representative wave friction factor for the equivalent mono-
chromatic wave, fwc ,r, by applying (19) with fe , j replaced by
fe ,r, fwc , j replaced by fwc ,r, and w j replaced by wr. Using the
values of fwc ,r and Cm, kwc can be estimated from (24). Also,
(23) can be used to determine u*wm ,r, from which a new value
of Cm can be determined. The new value of Cm and the esti-

mate for kwc are then used to estimate a new value of wr.
Using the values of Cm and wr, the procedure is repeated until
the values for kwc converge. Note that for spectral waves with
no current present, Cm is equal to 1 and (24) and (25) can be
used directly to determine kwc 5 kw.

Spectral wave roughness results and corresponding repre-
sentative wave friction factors determined using this approach
are listed in Table 1. Some variability is evident in the spectral
wave roughness data, and trends in the wave roughness data
appear to be related to the representative horizontal near-
bottom excursion amplitude Ab ,r. These trends are consistent
with trends observed in monochromatic wave roughness results
presented by Mathisen and Madsen [1996a]. However, as was
the case in the work by Mathisen and Madsen [1996a], these
trends are considered insufficiently persistent to be accounted
for with the available data. Therefore mean values are used to
compare spectral wave roughnesses with monochromatic wave
roughnesses.

Mathisen and Madsen [1996a, b] presented results for the
average bottom roughness experienced by monochromatic
waves. In the preparation of the present paper, an unfortunate
error was uncovered in the program used to calculate fwc by
Mathisen and Madsen [1996a, b]. This error had only minor
effects on their calculated roughnesses, and the conclusions of
these papers remain the same. For completeness, however, this
error is discussed in the appendix, and corrected roughness
values for monochromatic waves are presented in Table A1.
Following Mathisen and Madsen [1996a] for the monochomatic
wave experiments with 10-cm spacing, the arithmetic mean for
the corrected kw and kwc values is now 18.6 cm, with a stan-
dard deviation of 4.3 cm. Since the arithmetic mean value for
the roughnesses listed in Table 1 for the spectral wave exper-
iments is 18.8 cm with a standard deviation of 5.2 cm, it is
concluded that the average monochromatic and spectral
roughnesses are equivalent within the accuracies indicated by
the standard deviations. Since the bottom roughness enters
(26) as an argument of the logarithm, Mathisen and Madsen
[1996b] also used a geometric mean to compare roughness
estimates. For this case, the geometric mean for the spectral
wave roughness is 18.2 cm with a standard deviation of 4.8 cm,
which closely matches the geometric mean of 18.1 for the
monochromatic wave experiments. Whether the geometric or
arithmetic mean roughness is considered, the excellent corre-
spondence between the mean spectral wave roughness and
mean monochromatic wave roughness indicates an agreement
that is significantly better than our present ability to predict the
bottom roughness for a movable sediment bed. Therefore, for
practical purposes, the monochromatic and spectral rough-
nesses are considered to be the same.

6. Prediction of Spectral Wave Attenuation
If the bottom roughness is known or can be estimated, a

spectral energy dissipation model may be used to provide pre-
dictions of spectral wave attenuation. A single energy dissipa-
tion factor fe ,r is often used to characterize energy dissipation
due to bottom friction for all components of the spectrum. The
validity of this assumption can be investigated by using exper-
imentally determined fe ,r values for particular experiments to
predict wave attenuation for individual wave components. In
this case, bottom friction slopes are determined using (20) by
replacing fe , j by fe ,r.

These bottom friction slopes are then used to predict am-

Figure 6. Time-averaged velocity profile for experiment S,
current shear velocity u*c determination.
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plitude changes for each component over the 17-m length of
the flume. The predictions for experiment s are compared with
measured attenuation data in Figure 7. Predicted amplitude
changes represented by the cross-hatched bars closely match
the measured amplitude changes represented by the unshaded
bars. However, the predicted amplitude changes, obtained for
a constant fe , j 5 fe ,r, decrease slightly as frequency increases,
while the measured amplitude changes increase slightly as fre-
quency increases.

Wave attenuation for individual wave components can also
be predicted using the theory of Madsen [1994], in which case
final values for fwc , j are variable, since they are determined
independently for each component. Following Madsen [1994],
(24) and (25) can be rewritten to calculate the wave friction
factor and the phase angle for individual wave components,
fwc , j and w j. In this case, kw or kwc (already determined from
(24) as discussed in the previous section) is used as input, and
(24) is rewritten now as

fwc, j 5 Cm exp F 7.02 SCmubm, r

kwcv j
D 20.078

2 8.82G (27)

and (25) is rewritten as

w j 5 33 2 6.0 log
Cmubm, r

kwcv j
(28)

where both equations are applicable for the range 0.2 ,
Cmubm ,r/(kwcvr) , 102. The values for fwc , j and w j can then
be used in conjunction with (19) and (20) to predict wave
attenuation.

Again, bottom friction slopes (mb , j) obtained from (20) can
be interpreted in terms of an amplitude change across the
length of the test section of the flume. Values for fwc , j and w j

used in this calculation are obtained in this manner, and the
resulting predictions for experiment s are compared with mea-
sured attenuation data in Figure 7. The predicted amplitude
changes (shown by the solid bars) are similar in magnitude to
the predicted amplitude changes assuming a constant fe , j 5
fe ,r (indicated by the crosshatched bars) and also agree well
with the measured amplitude changes (represented by the un-
shaded bars). However, the predicted amplitude changes based
on the Madsen [1994] theory provide a slightly improved cor-
respondence with the trends of the measured amplitude
changes for higher frequencies.

To compare the two approaches (i.e., use of a constant
fwc , j 5 fwc ,r and use of a variable fwc , j as determined using the
approach of Madsen [1994]), estimates for rms error were

calculated for each experiment. The average rms errors for
both approaches were 0.062 cm, indicating that the overall
correspondence with measured data was the same for both
approaches. Since the average wave attenuation due to bottom
friction for individual wave components is approximately 0.18
cm, these results indicate that this error is less than 35% of the
average wave attenuation. However, experiments s and S in-
cluded lower wave intensities and show less variability than
experiments t, T, and u. For experiment s, the use of a variable
fwc , j yields an rms error of 0.036 cm (or approximately 20% of
the attenuation), while the use of a constant fwc , j yields a
slightly higher rms error of 0.043 cm (or approximately 24% of
the attenuation). For experiment S (which included a current),
the average attenuation for individual components is 0.13 cm,
and, in this case, the rms error for a variable fwc , j is 0.017 cm
(or approximately 13% of the attenuation) while the rms error
for a constant fwc , j is 0.021 cm (or approximately 16% of the
attenuation).

These comparisons show that the constant fwc , j 5 fwc ,r and
variable fwc , j approaches both provide adequate matches to
these data. This result can be explained by closer inspection of
the nature of (27), where fwc , j is seen to be weakly dependent
on ubm ,r and v j, with no direct dependence on ubm , j. Conse-
quently, even if we subdivide the spectrum, fwc , j will not vary
significantly. Moreover, since an increase in v j results in a
slight increase in fwc , j and a slight increase in w j, the counter-
acting effects result in negligible change in fe , j when it is
calculated from (19). Since the Madsen [1994] model provides
a theoretical basis for a variable fwc , j and since the use of that
model provides predictions that match the trends and magni-
tudes of the data, the Madsen [1994] model is recommended
for prediction of wave attenuation. For higher wave conditions,
additional research is still recommended to clarify which of
these approaches is appropriate.

7. Wave-Current Interaction
Using wave roughnesses determined from wave attenuation

measurements and current shear velocities determined from
measured velocity profiles, the Madsen [1994] model can be
used to predict velocity profiles for a current in the presence of
waves. These predicted velocity profiles can be compared to
measured velocity profiles to show that a single roughness and
an equivalent monochromatic wave defined by (16) and (17)
characterize combined spectral wave-current flows. The veloc-
ity profile for experiment S, predicted using a direct applica-
tion of the Madsen [1994] model with a bottom roughness kwc

obtained from Table 1, is shown by the dotted line in Figure 8.
As can be seen in Figure 8, the velocity profile obtained from
a direct application of the Madsen [1994] model does not
match the measured velocity profile. The same discrepancy was
evident for experiment T.

However, the monochromatic experiments of Mathisen and
Madsen [1996b] showed that velocity profiles for currents in
the presence of monochromatic waves were affected by wave-
induced mass transport and an enhanced wave boundary layer
thickness resulting from the large roughness elements that
were necessary to generate rough turbulent boundary layers in
the flume. Review of Figure 8 reveals that velocity measure-
ments follow a steeper velocity gradient for elevations lower
than 6 to 7 cm. This region is indicative of a wave boundary
layer region. This enhanced boundary layer thickness is similar
to boundary layer thicknesses observed by Mathisen and Mad-

Figure 7. Comparisons between experimentally determined
bottom friction amplitude changes and predicted amplitude
changes for experiment s. Cross-hatched bars represent pre-
dictions using a constant friction factor, and solid bars repre-
sent predictions using model of Madsen [1994].
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sen [1996b] for monochromatic waves over identical bottom
roughness conditions.

Further evidence of the enhanced wave boundary layer
thickness is provided by near-bottom wave velocity profiles
measured in the flume 9.5 m downstream of the current inlet,
which provided profiles of wave velocity amplitude and phase.
Since velocity profiles were measured over a ripple crest, the
wave velocity amplitudes near the bottom were distorted owing
to the proximity of the ripple crest and therefore could not be
used to accurately estimate the wave boundary layer thickness.
Wave velocity phases, however, were not distorted extensively
by the proximity of the ripple crest and could be used to
estimate the wave boundary layer thickness. Profiles of the
wave velocity phase, which are measured relative to the phase
at 36 cm above the bottom, are shown in Figure 9 for all five
components of the simulated wave spectrum. The phases gen-

erally reach a minimum at the 6-cm elevation and increase for
lower elevations. If the boundary layer thickness is designated
as the height in the measured profile at which the wave velocity
phase reaches its lowest value, the boundary layer thickness
shows a slight decrease with increasing frequency as expected.
These trends are similar to the trends exhibited by the mono-
chromatic wave profiles of Mathisen and Madsen [1996b] and
led to the introduction of an enhanced wave boundary layer
thickness dwc, which was set to be 6 cm.

The reason for Mathisen and Madsen’s [1996b] necessity to
introduce the enhanced boundary layer thickness has been
resolved analytically by Madsen and Salles [1999]. Madsen and
Salles wrote the wave boundary layer thickness in the form

dwc 5 A
ku*, m

v r
(29)

and defined this boundary layer thickness to be the height at
which the wave velocity amplitude within the boundary layer is
within 5% of the free stream velocity amplitude. Grant and
Madsen [1986] estimated the coefficient A to be between 1 and
2. With the new approach of Madsen and Salles [1999], the
value of A is found to depend on the value of Ab/kn and
increases as the value of Ab/kn decreases. While the coefficient
A is between 1 and 2 for Ab/kn values between 100 and 1000,
its value is significantly higher for the low Ab/kn values asso-
ciated with these experiments. The values of A for the two
wave-current experiments were estimated from Table 1 of
Madsen and Salles [1999]. For experiment S, with an Ab/kn of
0.205, the value of A is estimated to be 6.5, in which case (29)
yields a corresponding boundary layer thickness of 5.1 cm.
When this modified boundary layer thickness is considered, the
predicted velocity profile shown by the solid line in Figure 8 is
obtained, which provides an excellent match to the measured
velocity profile. Good agreement is also obtained for experi-
ment T, for which the Ab/kn of 0.248 provides an A coefficient
of 6.15 and a corresponding boundary layer thickness of 5.36
cm. Since the predicted velocity profiles match the measured
velocity profiles, the Madsen [1984] model is shown to ade-
quately characterize boundary layers for both spectral waves

Figure 8. Time-averaged velocity profile for experiment S,
comparisons with predictions of Madsen [1994] model (dotted
line) and Madsen [1994] model incorporating the improved
prediction of Madsen and Salles [1999] (solid line).

Figure 9. Profiles of wave velocity phase for all spectral wave components for experiment S, measured 9.5 m
downstream of the current inlet.
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and currents, provided its application includes an appropriate
boundary layer thickness computed from (29) with the value of
A obtained from Madsen and Salles [1999].

Mathisen and Madsen [1996b] also used the current shear
velocity, u*c, and apparent hydraulic roughness, zoa, deter-
mined from measured velocity profiles as input to the Grant
and Madsen [1986] model to obtain independent estimates for
the bottom roughness experienced by the current in the pres-
ence of waves, kcw. Following the procedures outlined by Ma-
thisen and Madsen [1996b], the boundary layer thickness is set
to the value determined from (29), and zoa and u*c are used
in conjunction with the Madsen [1994] model to determine a
hydraulic roughness zo. This hydraulic roughness is then re-
lated to the bottom roughness since zo 5 kcw/30. Using this
approach, the kcw values for experiments S and T are deter-
mined to be 16.9 and 22.8 cm, respectively. These values
closely match the corresponding kwc values listed in Table 1
(17.5 and 18.0 cm, respectively). The close correspondence
between kcw and kwc, which is a result of the excellent agree-
ment between predicted and measured current velocity pro-
files, further demonstrates that the Madsen [1994] model, with
the boundary layer thickness predicted using the results of
Madsen and Salles [1999], characterizes currents as well as
waves for combined wave-current flows.

Mathisen and Madsen [1996b] showed that wave-induced
mass transport also could affect velocity profiles for currents in
the presence of monochromatic waves. In those experiments,
wave-induced mass transport was estimated at the edge of the
boundary layer for waves in the presence of a current from
experiments with no current present. Similarly, for the present
experiments, time-averaged velocity profiles were also mea-
sured for pure spectral waves with no current present in order
to estimate the magnitude of the wave-induced mass transport
for spectral waves. These measurements indicated that the
wave-induced mass transport at the edge of the wave boundary
layer was less than 0.5 cm/s for the two different wave condi-
tions, which is small relative to the time-averaged current ve-
locity at the edge of the wave boundary layer. Since any effects
of wave-induced mass transport are well within the accuracy of
the apparent roughness determinations, it is concluded that
wave-induced mass transport does not significantly affect cur-
rent velocity profiles measured for these experiments. There-
fore no correction is considered to be necessary to account for
the effects of wave-induced mass transport for these experi-
ments, and the Madsen [1994] model with modifications for an
enhanced boundary layer thickness is considered to be suffi-
cient to characterize velocity profiles for currents in the pres-
ence of spectral waves.

8. Summary and Discussion
Mathisen and Madsen [1996a, b] showed that a single rough-

ness may be used to characterize pure currents, pure waves,
and combined wave-current flows over the same bottom con-
figuration. This paper extends these results to spectral waves by
investigating the boundary layers for discrete wave spectra,
consisting of five wave components, propagating over the same
bottom configuration. Wave attenuation due to bottom friction
was determined for individual wave components by accounting
for the effects of sidewall dissipation and nonlinear energy
transfers between different wave components. Using an equiv-
alent wave representation defined by the root-mean-square
horizontal near-bottom orbital velocity, these wave attenuation

estimates were used in conjunction with conservation of wave
energy to determine representative energy dissipation factors
fe ,r. These fe ,r values were then used as input to the model of
Madsen [1994] to estimate bottom roughnesses experienced by
the spectral waves in the presence and absence of a current.
The roughness determinations agreed with similar roughness
determinations for the monochromatic wave experiments com-
pleted by Mathisen and Madsen [1996a, b] in the same wave
flume.

Once wave roughnesses were estimated, the representative
wave was investigated for use as a predictive tool for deter-
mining wave attenuation. Experimentally determined bottom
roughnesses, kw and kwc, and their associated representative
energy dissipation factors, fe ,r, were used to predict attenua-
tion for individual wave components. The use of energy dissi-
pation factors, fe , j, for individual wave components, as deter-
mined from the theory of Madsen [1994], was compared to the
use of a single energy dissipation factor, fe , j 5 fe ,r, for all wave
components. Comparisons of predicted attenuation with mea-
sured attenuation showed that both approaches yield good
agreement between predicted and measured attenuation.
However, the predictions of the Madsen [1994] model provided
a slightly improved agreement with measurements for experi-
ments with lower intensity wave conditions, in that the variable
friction factor reproduced an observed tendency of an increase
of attenuation with increasing frequency.

Using the wave roughness determined from experimental
data, the Madsen [1994] model was used to predict time-
averaged current velocity profiles. Wave-induced mass trans-
port was found to have a small effect on velocity profiles (and
therefore the roughnesses) measured in these experiments,
although additional research is necessary to define the role of
wave-induced mass transport in field conditions involving spec-
tral waves. In addition, the “enhanced boundary layer thick-
ness” that was originally observed by Mathisen and Madsen
[1996b] and is also observed in these experiments is now re-
solved analytically by modifying the model of Madsen [1994] to
incorporate the boundary layer thickness obtained by Madsen
and Salles [1999]. The velocity profiles predicted by the Madsen
[1994] model closely matched the measured time-averaged ve-
locity profiles for the current in the presence of waves, pro-
vided the wave boundary layer thickness was computed using
the result of Madsen and Salles [1999].

In addition to verifying the use of a single roughness for
spectral waves, these experiments also provide verification that
the characteristics of the boundary layer for spectral waves may
be represented using a single representative monochromatic
wave of the form defined by (16) and (17). Comparisons be-
tween wave attenuation for individual wave components and
predictions of wave attenuation afforded by the Madsen [1994]
model demonstrate this model’s ability to predict the distribu-
tion of spectral wave attenuation resulting from bottom dissi-
pation. The success of the Madsen [1994] model in represent-
ing the experimental results additionally confirms the utility of
using an equivalent wave representation as proposed by this
model to characterize boundary layers for spectral waves in the
presence and absence of a current. Since all data in the present
study were analyzed using the Madsen [1994] model (with
modifications to account for the presence of an enhanced
boundary layer thickness), the use of a single roughness can be
considered valid only when used in conjunction with this
model.

While the details regarding the practical application of the
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Madsen [1994] model (modified to incorporate the results of
Madsen and Salles [1999]) can be found in those papers, it is
appropriate to comment on the practical application of this
model when detailed experimental data are not available. For
instance, predictive models or field observations are often used
to provide a surface wave spectrum, Shh(v), consisting of
wave amplitudes, frequencies, and directions. For unidirec-
tional waves and currents, the representative near-bottom ve-
locity and radian frequency can be determined by converting
this surface wave spectrum into a bottom orbital velocity spec-
trum, Subub

(v), and making use of (16) and (17). With known
current conditions and this definition for the spectrum, the
only remaining parameter necessary to predict boundary layer
characteristics and spectral wave attenuation is the bottom
roughness. For a movable sediment bed, common practice is to
assume a roughness that is 4 times the bed form height. Mad-
sen and Salles [1999] used (24) to reanalyze available experi-
mental data on the energy dissipation in wave bottom bound-
ary layers over movable sediment beds and found that the
roughness is more appropriately represented as kw 5 12h .
For these experiments, the physical roughness height h for the
triangular bars is 1.5 cm and the roughness values in Table 1
range from 9h to 18h. Consequently, a selection of kw 5 12h
is consistent with these experiments and provides a reasonable
single-parameter relationship for estimating the roughness for
a movable sediment bed. In practice, kw could then be used in
conjunction with (24) and (27) to determine the representative
friction factor, fwc ,r, and individual friction factors for various
wave components, fwc ,i. Attenuation for individual wave com-
ponents can then be estimated from (20). Finally, for a codi-
rectional wave-current flow, the same roughness is appropriate
and the time-averaged velocity profile outside of the wave
boundary layer takes the form of (26), with the wave boundary
layer thickness defined by (29). If the current direction is at an
angle to the wave direction, the characteristics of the energy
dissipation and associated roughness change and the conclu-
sions regarding wave-current interaction obtained in the
present study may no longer be valid.

In any case, a major challenge is to obtain an appropriate
estimate of the bed form geometry and bottom characteristics.
The equivalent wave concept provides an approach that can
simplify some of the complexities of fluid-sediment interaction
to address this challenge. For example, the equivalent wave
provides a basis for comparing extensive data sets from labo-
ratory experiments using monochromatic waves to more real-
istic field conditions with spectral waves. Madsen et al. [1990]
completed experiments for monochromatic and spectral waves
propagating over movable sediment beds in the same flume as
the one used for the present study. For those experiments,
spectral wave roughnesses were determined to be lower than
the monochromatic wave roughnesses. The present experi-
ments provide confidence that the roughnesses for both mono-
chromatic and spectral waves (represented in terms of an
equivalent monochromatic wave) propagating over the same
bottom configuration are essentially the same. This suggests
that any differences between roughnesses for monochromatic
and spectral waves can be attributed to differences between
their respective bottom configurations. Therefore the results of
the present investigation confirm that any discrepancies be-
tween monochromatic and spectral wave roughnesses observed
in movable bed experiments should be attributed to differences
in bed form characteristics associated with monochromatic and
spectral waves.

Although the results presented in this paper verify that a
single roughness scale and representative monochromatic
wave can be used in conjunction with the Madsen [1994] model,
some questions still remain. For example, Mathisen and Mad-
sen [1996b] showed that wave-induced mass transport affected
time-averaged velocity profiles for combined wave-current
flows. Quantification of this wave-induced mass transport for
the present experiments and previous experiments of Mathisen
and Madsen [1996b] required experimental measurements of
time-averaged velocity profiles for pure waves with no current
present. Additional research is necessary to develop predictive
tools for quantifying this wave-induced mass transport. Fur-
thermore, the experimental conditions for the current investi-
gation included codirectional waves and currents. Additional
research is necessary to investigate the nature of the boundary
layer and bottom roughness when the waves and current are in
different directions. Thus the results presented in this paper
provide a basis for these additional investigations to better
understand the nature of bottom boundary layers and fluid-
sediment interactions.

Appendix: Corrections to “Waves and Currents
over a Fixed Rippled Bed” [Mathisen and
Madsen, 1996a, b]

When completing the analyses presented in this paper, an
approximation error was found in the software used to calcu-
late wave roughnesses presented by Mathisen and Madsen
[1996a]. While the graphical relationship shown by Figure 4 of
Mathisen and Madsen [1996a] was accurately presented, an
approximation error was found in the software used to repre-
sent this relationship in the calculations. Because of this un-
fortunate oversight, the roughnesses presented by Mathisen
and Madsen [1996a, b] were slightly in error. However, this
approximation error had only minor effects on the roughness
magnitudes determined by Mathisen and Madsen [1996a, b],
and all conclusions in these two papers remain the same.

To provide an accurate and complete summary of all rough-
nesses determined for the experiments conducted by Mathisen
and Madsen [1996a, b], a summary table is included here as
Table A1. This table follows the same format as Table 2 of
Mathisen and Madsen [1996b], but it now includes more accu-
rate values for the monochromatic wave roughnesses. As in the
work by Mathisen and Madsen [1996b], roughness comparisons
for the 20-cm spacing are considered to be inconclusive owing
to the limited data available for this spacing. In addition, some
variability is evident in the roughness estimates, although no
specific trends can be identified. Roughnesses are therefore
compared in terms of mean values. Mathisen and Madsen
[1996b] listed geometric mean roughnesses of 22.8 cm for kcw,
19.3 cm for kwc, 23.5 cm for kw, and 20.9 cm for kc. Calcula-
tion of corrected geometric mean values for the 10-cm spacing
yields 21.4 cm for kcw, 16.3 cm for kwc, 21.1 cm for kw, and
20.9 cm for kc. On the basis of these four roughness estimates,
the geometric mean roughness is now 19.8 cm, which is slightly
lower than the value of 21.4 listed by Mathisen and Madsen
[1996b]. Each of the four roughness estimates is still within
15% of this mean roughness, which indicates an accuracy that
is significantly better than our present ability to predict the
bottom roughness for a movable sediment bed. This result
leads us to the same conclusion as that of Mathisen and Madsen
[1996b]; that is, the roughness experienced by the current in
the presence of waves is the same as the roughnesses for pure
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currents, pure waves, and waves in the presence of a current
for the same bottom configuration.
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Table A1. Roughness Comparisons for Monochromatic
Waves

Experiment
T,
s

U,
cm/s

Ab,
cm

kcw,
cm

kwc,
cm

kw,
cm

kc,
cm

A 2.24 16 6.45 27.3 16.2 25.3 23.6
B 2.63 16 8.08 19.5 12.0 19.7 23.6
C 2.89 16 8.80 22.5 14.7 15.1 23.6
G 2.24 12 6.37 z z z 17.7 25.3 18.1
H 2.63 12 8.00 12.9 12.1 19.7 18.1
I 2.89 12 8.84 z z z 22.5 15.1 18.1
J 2.24 12 4.31 24.6 18.0 24.7 18.1
K 2.63 12 5.61 14.4 16.5 22.9 18.1
L 2.89 12 6.12 38.1 20.1 21.0 18.1
Ma 2.24 16 6.61 z z z 7.8 7.2 z z z
Na 2.63 16 8.22 17.7 6.9 7.0 z z z
Oa 2.89 16 9.11 z z z 8.4 4.8 z z z
Pa 2.24 12 6.55 z z z 6.3 7.2 12.6
Qa 2.63 12 8.20 13.2 8.7 7.0 12.6
Ra 2.89 12 9.18 z z z 13.5 4.8 12.6

aExperiments had a 20-cm roughness spacing.

18,461MATHISEN AND MADSEN: SPECTRAL WAVE AND CURRENT ROUGHNESS



18,462


