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Wave Refraction by a Current Whirl

MARTIN MATHIESEN

Norwegian Hydrotechnical Laboratory, Trondheim

A computer model for the computation of refraction of ocean directional wave spectra has been
developed. The model is applied to wave propagation through a circular current whirl. Both refraction
diagrams and computed directional wave spectra are presented. Wave heights are computed for points
outside the whirl. Relative changes in wave heights are found to be within +20%. The computations
reveal two areas of crossing seas on the lee side of the whirl. Between these areas is an area of reduced

wave heights and nearly unidirectional waves.

INTRODUCTION

The theory of wave refraction was extended to directional
wave spectra by Longuet-Higgins [1957], who showed that the
spectral wave energy density is conserved along a ray. His
theoretical results were translated into practical use by Ab-
ernethy and Gilbert [1975], who presented a computer method
for the calculation of refraction of wave spectra. This method
uses the so-called backward ray tracing technique, whereby
the directional wave spectrum at an inshore point of interest is
determined in terms of an offshore directional wave spectrum
model. Since the ocean wave field can be given a realistic
representation through the use of directional wave spectra,
reliable estimates of wave heights are obtained.

The theory of refraction of ocean waves referred to above is
concerned only with refraction due to the varying depth.
When considering both depth and current refraction, the spec-
tral density is no longer conserved. The basic result then is
that the spectral wave action density is conserved along a ray,
as follows from the work of Bretherton and Garrett [1968].
The use of backward ray tracing methods in the analysis of
depth and current refraction at first received little attention
except for Tayfun et al. [1976], who presented results from
unidirectional shear current models for which ray data were
obtained analytically.

Numerical methods for the computation of depth and cur-
rent refraction of directional wave spectra were presented first
by Brink-Kjer [1984] and Mathiesen [1984] and later by
Treloar [1986]. These methods differ only by the choice of
solution technique used for the determination of ray paths:
the rays are computed either through direct numerical integra-
tion of the ray equations or through the computation of ray
curvature. -

In this study we are concerned with the effects of wave
refraction by a current whirl typical of the whirls appearing in
the Norwegian coastal current. By using the backward ray
tracing technique, we show how the djrectional wave spectrum
varies over a large area on the lee side of the whirl. The study
extends the work of Mapp et al. [1985], who used the forward
ray tracing technique to study wave refraction by warm core
rings, similar in form to the present current whirl model.

The spectral computations performed are limited to points
outside the current whirl. This means that the wave data pre-
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sented are fairly independent of wave height but are depen-
dent on the direction of the incoming waves. As regards the
navigational conditions for passing ships, we believe that wave
form is just as important as wave height. The emphasis in the
presentation is therefore as much on changes in the directional
distribution of the waves as on changes in wave height.

In the following we first give a brief introduction to the
theory of wave refraction and a presentation of the numerical
method used in the wave computations. We then describe the -
current whirl model and the input “offshore” wave spectrum
model. Finally, we present the results from the wave refraction
computations and discuss the possible extension of the appli-
cability of the computer model.

WAVE REFRACTION

We start by giving a brief introduction to the theory of
wave propagation of ocean surface waves in an area of vary-
ing depths and varying currents. For a more detailed presenta-
tion, we refer to Phillips [1977, pp. 23-35, 59-60, 179-183].

We assume that the waves can be described within the
framework of linear wave theory, that is,

ak « 1
a/h « (kh)?

when kh « 1, where a is the wave amplitude, k = |k| is the
wave number, and h is the water depth. The wavelength is
defined by L =2m/k. We further assume that the relative
change in water depth over wavelength is small:

|Vh|/kh « 1

and that the relative change in the current velocity u over
wavelength and period 1s small;

|Vu|/ku « 1 |ou/otl/wu « 1

where o is the absolute angular wave frequency. The wave
period is defined by T = 27n/w.
The results obtained are the ray equations

dr/dt=c, +u )
dw/dt = k - (5u/o1) ()]

dk/dt = —(96/0h)Vh — (Vu) -+ k 3)
d(S(k)/o)/dt = 0 @

where the rays r = r{t) are parametric curves which can con-
veniently be interpreted as streamlines of wave energy trans-
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port. The other variables are the relative group velocity c,, the
intrinsic angular frequency ¢, and the wave number spectrum
S(k).

The ray equations have to be solved together with the Dop-
pler shift equation

wo=0c+k-u %)

and the dispersion relation
a? = gk tanh (kh) (6)

where g is the acceleration due to gravity.

By tracing the rays backward from points in the inshore
area outward to the offshore areca where the waves do not
refract, we see from (4) that the inshore spectrum S can be
determined in terms of any choice of offshore spectrum model
S, by

S(k) = (6/6)S(ko) M
where the zero index refers to offshore values.

When the current field is assumed steady in time, we see
from (2) that the absolute frequency f = w/2r is constant along

a ray. It is then convenient to use the directional wave spec-
trum S(f; 6) obtained from S(k) through the relation

Sk) = J(/, 6)S(f, 6) ®)

where 0 is the wave direction and J(f, 0) is the Jacobian
determinant of the mapping from wave number to frequency
direction domain. The Jacobian is given by

J(f, 6) = |8w/Ok x 26/0K|/2n

which after insertion for the partial derivatives may be rewrit-
ten in the form

J(f, 6) =c, - (¢, + w)/2mke, 9)

Consequently, we can write

S(f, 0) = T(, 0, 04(f, NSo(f; Bo(f; 6) (10)
where the transfer function T is defined by
T(f, 0, 05) = Jof; Bo)o/J(f, B)a, (1

We note that in spectral refraction studies the only purpose
of the ray calculations is to establish the relation 8, = 64(f, 6)
between the inshore and the offshore wave directions. Back-
ward ray tracing poses no new computational problems, as
the computations can be performed in a “forward mode”
simply by reversing the current field prior to computations.

NUMERICAL METHOD

A ray is a parametric curve in the plane and is therefore
uniquely determined by its curvature. This means that the ray
paths can be obtained numerically through the calculation of
ray curvature. The ray curvature x is computed from

i« = (dr/dt x d?r/dt?),/\dv/dt)? (12)

where the subscript z denotes the vertical component of the

vector.
Noting that ¢, = k™ Y(0o/0k)k, o = alk(k(t)), h(x(t))] and
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u = u(r(t)), the vector d’r/dt* is derived from (1) using the
chain rule for differentiation. The result obtained is

d*r/dt?
= (dr/dt) - Vu+k~ 2{[520'/6k2 —k ™ '95/0k][k - (dk/dt)]

+ k[ 0%0/0koh][(dr/dt) - VH]}k +k~ 0o/ 0k)dk/dt) 13)

Since the curvature is slowly varying along the ray, points
along the ray path can be determined by assuming that the
curvature is locally constant. In this way the rays are modeled
as a progression of circular arcs.

In order to update the ray curvature for continued compu-
tations, we need to calculate the wave number vector k, given
the direction of the ray tangent vector t. This is done by
solving the system of equations

w=c+k-u
(c,+uyxt=0
which is preferably rewritten in scalar form:

kucos(@—¢@)+o—w=0 (14)

cysin (0 —a) +usin(p —a)=0 (15)

where o is the direction of the current u and « is the direction
of the ray tangent vector. These equations are solved with
respect to k and 6 using Newton’s iterative method, making
use of (6).

Now, assume that at some point along the ray ¢, - (¢, + u)
becomes zero. At this point the Jacobian J(f, 6) also becomes
zero, and the directional spectrum density becomes infinite.
This is physically acceptable, as the wave energy obtained by
integration of S(f, 0) may still be finite. It is most probable,
though, that at this point the waves are close to breaking, and
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Fig. 1. Circular current whirl model and radial profile of tangential

velocity.
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Fig. 2. Refraction diagrams for waves of period 6.0 s, 10.0 s, and 14.0 s.

the use of linear wave theory is questionable. In practice,
therefore, the ray calculations are continued only as long as
¢, -(c,+u>0

CURRENT WHIRL MODEL

The occurrence of whirls in the Norwegian coastal current
is most effectively inferred from satellite thermal images and
field measurements of current velocity and sea temperature as
shown by McClimans and Nilsen [1983]. The current within
such whirls may be strong, and current speeds in excess of 1.5
m/s have been measured.

The study of whirls in the Norwegian coastal current has
received much attention during the past few years. It is now

well established that the occurrence of large current whirls is
related to strong outflows of brackish water from the Skager-
rak. As the brackish water flows northward along the coast of
Norway, unstable waves or eddies, which can evolve into cy-
clonic or anticyclonic whirls, are formed along the current
front.

The current whirl model we have chosen here is a highly
idealized circular whirl. The tangential current velocity in-
creases linearly from zero at the center of the whirl according
to

u(r) = u,(r/ry) r<r, <r,
until the current speed is close to its maximum at r =r,,.
Further away from the whirl center the current follows a
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Fig. 3. Computed wave height coefficients for points outside the
whirl for input spectral peak period of 10.0 s.

Gaussian profile,

u(r) = u_,, exp {—[(r — roy/bro1*} r>r,

Continuity of u and its derivative at r = r, requires that
rifro = [1 +(1 — 26332
Uy gy = €XP {—[(r; — ro)/bro1*}

In the numerical computations we have chosen u_,, = 1.0
m/s, ro = 10 km, and b = 0.3. The resulting model, shown in
Figure 1, is considered to be fairly representative for the anti-
cyclonic whirls occurring in the Norwegian coastal current.

For the numerical calculations we have chosen an 80
km x 40 km rectangular grid with triangular elements. The
grid spacing is 800 m in both x and y directions. The water
depth is set constant and equal to 200 m.

When computing the ray paths, we assume that the ray
curvature is constant within each triangle. The wave parame-

(16)
17
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ters hecessary for the computation of ray curvature are deter-
mined at triangle sides only.

In tests of ray computations, using unidirectional velocity
profiles for which the wave directions can be determined ana-
lytically, the errors in computed wave directions were found to
be within 0.1°. This is similar to the errors reported by Treloar
[1986].

INPUT SPECTRUM MODEL

The input offshore directional wave spectrum model S(f, 6)
is written in the form

S(f, 6) = S( D/, 6)

where S(f) is the frequency spectrum and D(f; 6) is the direc-
tional distribution function described below. The directional
distribution of wave energy is obtained by integration of
D(f, 8) over the frequency range.

The frequency spectrum chosen is a Joint North Sea Wave
Project (JONSWAP) spectrum model,

(18)

o en 50

JPRY!
+ In () exp I:—('gasz"z :I} (19)

o =007

where

f<s
=009 f>f,

The JONSWAP spectrum is uniquely determined by three
parameters: the Phillips constant a, the peak enhancement
factor y, and the peak frequency f,. In practice, « is replaced
by the significant wave height H_, in the choice of model
parameters.

The most widely used directional distribution functions are
proportional to some power of cos (6) or cos (6/2). Here we
have chosen a Gaussian directional distribution,

D(f, ) = [1/2n)*?6,] exp [—(8 — 6,)%/205°]  (20)
where the two parameters are the mean wave direction 6, and
the circular standard deviation g,

The mean wave direction is assumed to be constant over the
whole frequency range. However, the circular standard devi-
ation is taken to vary with frequency according to

0o/00, = UIf)"2  f</,
o'o/"'op=(f7fp)+l'04 f>fp

This formula is in agreement with the empirical results for
the corresponding cos (6/2) distribution function presented by
Hasselmann et al. [1980]. The directional spread at the peak
6,, is here chosen equal to 0.349, ie., 20°.

In the spectral current refraction study reported here, rays
have been computed for wave periods from 4.5 s to 18.0 s at
1.5-s intervals and for wave directions at 2.5° intervals over
the full circle. This means that 1450 rays have been computed
for each “inshore” point chosen for the detailed spectrum
analysis.
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Results of wave refraction studies have traditionally been
presented in terms of refraction diagrams. The rays which
start out parallel from the offshore boundary, can be con-

Fig. 4. Directional wave spectra for the point on the 15-km circle east of the whirl center for waves with mean wave
directions Thm = 300°, 280°, 260°, and 240°.

MobDEL RESULTS

gence of rays indicates increasing concentration of wave
energy and consequently increasing wave heights. Crossing
rays indicate crossing seas and pyramidlike waves.

Figure 2 shows refraction diagrams for incoming waves
with periods of 6, 10, and 14 s from the west. The distance
between the rays is 2 km. Although the general refraction

sidered as streamlines of wave energy propagation. A conver-
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pattern is the same, we see that current refraction affects the
high-frequency waves more than it affects the low-frequency

waves.

The refraction diagrams show two areas of crossing seas.
one area of relatively strong focusing of wave energy to the

Fig. 5. Directional wave spectra for the point on the 25-km circle east of the whirl center for waves with mean wave
directions Thm = 300°, 280°, 260°, and 240°.

southeast of the whirl center and one minor focusing area to
the northeast. In between these areas we find an area of re-
duced energy concentration.

A more detailed description of how the current whirl affects
the wave conditions, is obtained from spectral computations.
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TABLE 1. Computed Wave Height Coefficients at the Point 15km TABLE 3. Computed Mean Wave Directions at the Point 15 km
East of the Whirl Center East of the Whirl Center
Off- Off-
shore shore
Wave Offshore Peak Period, s Wave Offshore Peak Period, s
Direc- Direc-
tion, deg 16.7 14.3 12.5 111 10.0 9.1 83 tion, deg 16.7 14.3 12.5 11.1 10.0 9.1 8.3
180 0.95 0.94 0.94 0.94 0.94 094 0.94 180 177 177 177 177 177 178 178
200 0.96 0.96 0.96 0.96 0.96 0.96 0.98 200 200 201 202 203 204 205 206
220 1.06 1.06 1.06 1.07 1.07 1.08 1.08 220 224 225 226 227 228 229 230
240 1.13 1.14 1.14 1.15 1.15 1.15 1.14 240 240 240 240 241 241 242 243
260 1.06 1.07 1.07 1.07 1.07 1.06 1.05 260 255 254 253 253 252 252 252
280 0.93 0.92 091 091 0.90 0.89 0.89 280 275 274 272 271 269 268 267
300 0.86 0.84 0.83 0.82 0.80 0.79 0.79 300 299 298 298 297 295 294 293
320 0.92 091 0.90 0.89 0.88 0.87 0.86 320 322 322 322 322 321 321 321
340 1.02 1.02 1.02 1.02 1.02 1.03 1.03 340 339 339 338 338 338 337 337
360 1.06 1.07 1.07 1.08 1.09 1.10 1.10 360 356 355 355 354 354 353 353

Figure 3 shows computed wave height coefficients in the area
to the east of the whirl resulting from incoming waves from
the west with a spectral peak period T, of 10.0 s. The wave
height coelficients are defined as local significant wave height
divided by offshore significant wave height. The figure gives a
quantitative description of the general refraction pattern seen
in the refraction diagrams.

Directional spectral for two points on the 15 and 25 km
circles east of the whirl centre, is presented in Figures 4 and 5.
In the figures the whole lines represent the input offshore
spectra, while the broken lines represent the computed inshore
spectra. The only parameter varied in these spectral presenta-
tions, is the mean wave direction 0, (Thm in Figures 4 and 5).
However, because of the symmetry of the problem, these spec-
tra can also be seen as the spectra resulting from incoming
waves [rom the west at points on the 15- and 25-km circles in
the direction 360° — 6, as viewed from the whirl center. The
wave direction is here the direction from which the waves
come and is measured in degrees clockwise from north.

The point of minimum wave height on the 15-km circle is in
direction 60° (see Figure 3). The directional spectrum for this
point which corresponds to 6, = 300° is shown in Figure 4.
We see that the directional distribution is bimodal with a very
narrow main lobe. Consequently, the sea here has a well-
defined dominant wave direction and some low-energy waves

TABLE 2. Computed Mean Wave Periods at the Point 15 km East

of the Whirl Center

Off-

shore

Wave Offshore Peak Period, s

Direc-

tion, deg 16.7 14.3 12.5 11.1 10.0 9.1 83

180 124 11.0 9.7 8.6 7.8 71 6.5
200 12.3 11.0 9.7 8.6 7.8 7.1 6.5
220 12.6 11.2 9.9 8.8 8.0 73 6.7
240 129 114 10.1 9.0 8.2 75 6.9
260 12.7 11.3 10.0 9.0 8.1 7.4 6.8
280 12.3 11.0 9.8 8.7 7.9 7.2 6.7
300 12.1 10.8 9.6 8.5 7.7 7.0 6.5
320 12.4 11.0 9.7 8.7 7.8 7.1 6.6
340 12.7 11.2 9.9 8.9 8.0 73 6.7
360 12.6 11.2 9.9 8.9 8.0 73 6.8

propagating in the direction normal to the main wave direc-
tion.

Moving southward along the 15-km circle, that is, consider-
ing spectra for decreasing values of 8,,, we see that the energy
in the directional side lobe grows until we reach the point of
maximum wave height for 8, = 240°. The directional distri-
bution of wave energy has become unimodal, but very broad.
The result is a confused sea with pyramidlike waves. The same
general pattern is repeated along the 25-km circle, but the
refraction effects are seen to be less pronounced (see Figure 5).

Computations have also been made for other input spectral
peak wave periods. Results from these calculations are pre-
sented in Tables 1, 2, and 3. The general impression is that the
computed wave parameters are relatively insensitive to the
choice of peak wave period.

A generalization of the results presented is achicved by in-
troducing nondimensional variables. Let L, T, and U be
characteristic length, time, and current velocity scales. The
deepwater wave refraction problem considered can then be
characterized by two nondimensional numbers « and §,

a=gT}L B=UT/L

In order to keep o and f constant, we see that if T is doubled,
L has to be increased by a factor of 4 and U by a factor of 2.

DISCUSSION

When waves encounter an opposing current, the high-
frequency spectral density can increase until the equilibrium
range is reached and the waves start to break. Therefore the
relative change in wave height within the current whirl gener-
ally depends on the absolute energy of the incoming waves.
This argument also applies to points outside the current whirl,
but to a lesser degree.

From the above it is clear that the results of the wave height
computations for points outside the current presented in
Figure 3 are not independent of the input wave spectra. For
higher sea states this means that the computed high-frequency
spectral density is too large. However, as long as the input
wave spectra represent moderate sea states, the accuracy of
the computed wave height coefficients is not much affected, as
the spectral density in the high frequency region is relatively
low.

In wave refraction studies where accurate wave height esti-
mates are needed, this problem can be overcome by introduc-
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ing Phillips’ [1985] equilibrium wave number spectrum form
B(cos 0)(u,/c)k~*+, where B ~ 001, p ~ %, and u, is the friction
velocity. This form is applied to the highest value of the wave
number k attained along the ray. The same procedure is de-
scribed by Phillips [1977, pp. 77-78] for the case of unidirec-
tional waves opposing a unidirectional current.

The results of the wave refraction computations indicate
that the changes in wave height on the lee side of the whirl are
within +20%, which may not seem important as regards the
navigational conditions in this arca. However, the changes in
directional properties are considerable, varying from nearly
unidirectional waves to chaotic crossing seas with pyramidlike
waves. Such waves are likely to create difficult navigational
conditions for passing ships.

CONCLUSIONS

A computer model for the computation of refraction of di-
rectional wave spectra is described. The model is applied to a
circular current whirl typical for the whirls appearing in the
Norwegian coastal current. Wave heights are computed for
points outside the whirl. The relative changes in wave heights
are found to be within +20% as compared with the wave
height of the incoming waves. The computations reveal two
areas of crossing seas on the lee side of the whirl. Between
these areas is an area of reduced wave heights and nearly
unidirectional waves.

The results presented are fairly general, but they apply only
to nonbreaking waves. It is shown how the range of applica-
bility of the computer model can be extended by introducing a
limiting equilibrium spectrum form.

The wave refraction model can be used to produce detailed
directional wave spectrum information based on realistic input
wave data. It is therefore useful in localizing areas of crossing
seas hazardous to passing ships.
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