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Abstract

wAn extended refraction–diffraction equation Massel, S.R., 1993. Extended refraction–diffrac-
xtion equation for surface waves. Coastal Eng. 19, 97–126 has been applied to predict wave

transformation and breaking as well as wave-induced set-up on two-dimensional reef profiles of
various shapes. A free empirical coefficient a in a formula for the average rate of energy

3² : Ž .Ž .Ž .'dissipation e s ar gvr8p gh rC H rh in the modified periodic bore model was foundb
Ž 1.25 0.5 2.5. 1.75to be a function of the dimensionless parameter F s g H T rh , proposed by Gourlayc0 0 r

w xGourlay, M.R., 1994. Wave transformation on a coral reef. Coastal Eng. 23, 17–42 . The
applicability of the developed model has been demonstrated for reefs of various shapes subjected
to various incident wave conditions. Assuming proposed relationships of the coefficient a and
F , the model provides results on wave height attenuation and set-up elevation which comparec0

well with experimental data. q 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction

Coral reefs occur in the tropical regions of the Pacific, Indian and Atlantic Oceans in
the form of fringing reefs surrounding islands, barrier reefs or separate atolls and island

Ž .reefs Veron, 1986 . Increased economic pressure for development, increased impact
from land-based and marine industries, and increased access to coral reef areas have all
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lead to the demands to provide a sound engineering and environmental basis for
infrastructure developments in reefal areas. This can only be achieved through compre-
hensive understanding of the physical processes which shape the reef environment and
control its ecology. Wave action is a significant contributor to these processes. Energy
of waves propagating over the reef slope and water turbulence associated with wave
breaking impose forces on the various types of structures located on the reef. Moreover,
water movement is essential for reef zonation and segregation of organisms.

Owing to steep slopes, large roughness of the reef bottom and complicated bottom
slope, coral reef hydrodynamics presents considerable difficulties for both experiments
and numerical modelling. Therefore, experimental and theoretical papers on waves on

Ž .reefs are not numerous. Gourlay 1994; 1996a; b; 1997 in a series of papers reported
the results of very comprehensive laboratory studies on reef hydrodynamics. These
results will be used extensively in this paper.

Field measurements of waves breaking on a reef and propagating into a lagoon were
Ž . Ž . Ž . Ž .obtained by Lee and Black 1979 , Gerritsen 1981 , Roberts 1981 , Young 1989

Ž . Ž . Ž .Hardy and Young 1996 , Hardy et al. 1991 , and Massel and Brinkman 1998 .
Theoretical descriptions and numerical models of reefs are even rarer. Gerritsen

Ž .1981 presented a very comprehensive report on measurement and calculation of wave
parameters on reefs. However, his approach was based mostly on the hydraulics’ type of
analysis rather than on the solution of the corresponding boundary value problem.

Ž .Massel 1993 developed an extended refraction–diffraction equation which allows
substantial variations in water depth and arbitrary bottom curvature. This equation was
subsequently supplemented by the dissipation term providing an analytical tool for

Ž .modelling of waves which propagate over a reef and break Massel, 1996a . However, in
this model, a free empirical coefficient a describing the intensity of wave breaking must
be assumed a priori or known from experiments.

This paper is aimed at the development of a predictive type model for wave
propagation and breaking over an arbitrary reef slope. The statement ‘‘predictive’’
means that the intensity of breaking is estimated using the initial deepwater wave
parameters and reef geometry. In the proposed model, a system of equations for wave
height and wave-induced set-up is solved simultaneously in an iterative manner. The

Ž .data from laboratory experiments by Gourlay 1994; 1996a; b have been used to
calibrate a free empirical coefficient of the model. Examples of the application of the
developed approach for various reef types, in the laboratory as well as in natural scales,
are given.

2. Numerical model

2.1. Velocity potential in particular regions of waÕe motion

Ž .Consider the coordinate system O x, y, z with z-axis positive upwards and equal to
zero at the still water level, the x-axis directed perpendicularly to the reef and the y-axis

Ž .extending alongshore Fig. 1 . The transect in Fig. 1a illustrates a typical cross-section
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Ž . Ž .Fig. 1. Reef types: a fringing reef, b platform reef.

through a fringing reef, while in Fig. 1b the cross-section for platform reef is shown.
Both reefs are assumed to be elongated along the y-axis. To facilitate a numerical
analysis, the whole area of interest was divided into different regions in which governing
equations are established. The solutions in particular regions are matched using appro-
priate conditions for continuity of pressure and velocities. In Region II: 0FxFb,

Ž . Ž .y`-y-`, the water depth h x is a varying function of x. In Region I xF0 and
Ž .Region III xGb , the water depth is constant and equal to h and h , respectively. A1 3

plane regular wave arrives at an angle Q with respect to the x-axis. The incident wave1

height is equal to H and the wave frequency is equal to v. The value of incident wavei

height H is determined from a deepwater wave height H , water depth h and wavei 0

frequency v using the linear wave theory.
In Region I, the wave field consists of incident and reflected waves, and potential F 1

Ž .takes the form Massel, 1993 :

yigHi
F x , y , z ,t s Z z exp ik x cos Q qK exp yik x cos QŽ . Ž . Ž . Ž .1 1 1 1 R 1 12v

=exp ix y exp yiv t , 1Ž . Ž . Ž .
in which:

cosh k zqhŽ .1 1
Z z s , 2Ž . Ž .1 cosh k h1 1

xsk sin Q ; 3Ž .1 1
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the K is an unknown complex reflection coefficient and wave number k shouldR 1

satisfy the dispersion relation:

v 2 sgk tanh k h . 4Ž . Ž .1 1 1

Under the assumption that there are no reflected waves in the Region III, the potential in
this Region represents only progressive waves propagating in the direction of the
positive x-axis, i.e.:

yigHi
F x , y , z ,t s Z z K exp ik x cos Q exp ix y exp yiv t , 5Ž . Ž . Ž . Ž . Ž . Ž .3 3 T 3 32v

in which:

cosh k zqhŽ .3 3
Z z s , 6Ž . Ž .3 cosh k h3 3

the K is an unknown complex coefficient, and wave number k and angle Q shouldT 3 3

satisfy the dispersion relation:

v 2 sgk tanh k h 7Ž . Ž .3 3 3

Ž .and Snel’s law Massel, 1989 :

xsk sin Q sk sin Q . 8Ž .1 1 3 3

Ž .In Region II, water depth h x varies substantially and refraction and diffraction effects
cannot be neglected. In order to account for these effects in this paper an approach based

Ž . Ž .on the mild-slope equation Berkhoff, 1973 is used. Massel 1993; 1996a , using the
Galerkin-Eigenfunction method, extended the applicability of the mild-slope equation
for steep slopes. The resulting refraction–diffraction equation includes the higher order
terms and evanescent modes as well as the energy dissipation due to breaking and
bottom friction. Thus, relatively rapid and physically realistic undulations in water depth

Ž .at the coral reef can be handled. The governing velocity potential F x, y, z,t can be
Ž .represented in the form Massel, 1993 :

yigHi
F x , y , z ,t s Z z w x exp ix y exp yiv t , 9Ž . Ž . Ž . Ž . Ž . Ž .2 22v

in which:

cosh k zqhŽ .2 2
Z z s 10Ž . Ž .2 cosh k h2 2

and
2d w dCC dwgy1 2 2q CC q k 1qc q ig k yx ws0, 11Ž . Ž .Ž .g 2 22 d x d xd x

Ž .where evanescent modes have been neglected. The w x is the non-dimensional wave
Ž .height H x rH , C and C are the phase and group velocities, respectively, and wavei g

number k satisfies the dispersion relation:2

v 2 sgk tanh k h . 12Ž . Ž .2 2 2



( )S.R. Massel, M.R. GourlayrCoastal Engineering 39 2000 1–27 5

The term c represents the influence of bottom slope and bottom curvature, i.e.:

2 2dh d h2 2
csE k h qE k h 13Ž . Ž . Ž .1 2 2 2 2 2 2ž /d x d x

Ž . Ž . Ž .in which E k h and E k h are complicated functions of k h and can be found1 2 2 2 2 2 2 2
Ž .elsewhere Massel, 1994, 1996a . The damping factor g is still unknown and will be

determined later.
The potentials F , F and F must satisfy the matching conditions which provide1 2 3

continuity of pressure and horizontal velocity, normal to the vertical planes separating
the fluid regions. A general evaluation of these boundary conditions for arbitrary bottom
slopes at xs0 and xsb, using the orthogonality of functions Z, is given in another

Ž .paper Massel, 1993 .
Ž .When the bottom profile h x is arbitrary, a resulting boundary value problem can2

be solved only numerically. In this paper, a finite difference method has been used and
the resulting system of linear equations for w was solved by the Cholesky’s method for

Ž .a band type matrix Haggerty, 1971 .

2.2. WaÕe induced set-up and set-down

The shoaling, refraction, diffraction and dissipation processes induce the spatial
Ž .changes in the radiation stress resulting in changes of mean sea level MSL . Longuet-

Ž .Higgins and Stewart 1964 have shown that a balance of sea level gradient and the
gradient of radiation stress takes the form:

dS dhx x
qr g hqh s0, 14Ž . Ž .

d x d x

Ž .in which h is a change of MSL wave set-up or set-down due to wave action, and Sx x
Ž .is a radiation stress tensor component. In Eq. 14 , the resultant shear stress and

oscillating part of the set-up have been neglected. The influence of these factors on a
Ž .value of resultant set-up will be discussed in another paper. Using the representation 9

for velocity potential for substantially varying water depth, the radiation stress tensor Sx x
Ž .can be written as follows Dingemans, 1997 :

r gH 2 Ew Ew
U 2C 1 E2 ww

UŽ .i g U2S s 2CC qv y1 ww q ghyCC ,Ž .x x g g 2½ 5ž /16v Ex Ex C 2 Ex

15Ž .
ŽU . Ž .in which the asterisk denotes the complex conjugate value. Eq. 15 is valid for an

arbitrary linear wave field, not only for purely progressive waves. However, as will be
shown later, due to wave breaking, the reflection from the reef is rather small. Hence, if
we neglect the reflected waves and introduce the wave energy E for progressive waves,

Ž .the tensor S takes a much simpler form Massel, 1989 :x x

3 1 1
S sE my q Em cos Q , 16Ž .x x ž /2 2 2
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where:

1
2Es r gH 17Ž .

8
2 2(H x sH Rw x q Iw x , 18Ž . Ž . Ž . Ž .i

1 2kh
ms 1q , 19Ž .ž /2 sin 2kh

in which R and I are the real and imaginary parts of the complex function w.
Owing to the rapidly changing water depth, the resulting gradient of the radiation

stress is affected by the local gradients of wave height, wave number and wave
direction, i.e.:

dS 1x x
s r gR x , 20Ž . Ž .

d x 8

in which:

ES d H ES dm ES dQx x x x x x
R x s q q . 21Ž . Ž .½ 5EH d x Em d x EQ d x

Ž . Ž .After substituting Eq. 20 into Eq. 14 we obtain:

dh y1
s R x . 22Ž . Ž .

d x 8 hqhŽ .
Ž . Ž .Eqs. 11 and 22 form a final set of equations for unknown non-dimensional wave

height w and set-up h. This set of equations is solved in a recurrent manner, i.e., first a
non-dimensional wave height w is determined for hs0, then the set-up h is established

Ž .and a new water depth hqh is used in calculation of a new w value. The process is
repeated until the required accuracy is obtained. In this paper, Cholesky’s method has

Ž .been used for solving Eq. 11 and a predictor–corrector method was applied for Eq.
Ž .22 .

2.3. Energy dissipation due to waÕe breaking

At steep coral reefs, two basic energy dissipation mechanisms dominate, i.e.,
dissipation due to wave breaking and due to bottom friction. Therefore, the total

Ž .damping factor g can be presented as Massel, 1996a :

gsg qg , 23Ž .b f

in which:

² :8 e b
g s , 24Ž .b 2r gC Hg

² :8 ef
g s , 25Ž .f 2r gC Hg
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² : ² : Ž .where e and e represent the average rate of energy dissipation per unit area dueb f

to wave breaking and bottom friction, respectively.
Wave breaking is a highly non-linear process and at present there is no theoretical

solution to this problem. However, there is a wide body of literature aimed at
parameterization of the breaking process to provide an approximate energy dissipation

Žrate during wave breaking at coastlines with very gentle or mild bottom slopes Battjes
and Janssen, 1979; Thornton and Guza, 1983; Dally et al., 1985; Lippmann et al., 1996

.and many others . All these models try to make accurate surf zone predictions under the
assumption that the bottom profile and some offshore wave parameters are known. Since
the details of the breaking process are still poorly understood, the models require the
specification of some free unconstrained coefficients. For steep reef slopes the situation

Žis even worse. At present, except some experimental estimations Gerritsen, 1981;
.Gourlay, 1994; Hardy and Young, 1996; Hardy et al., 1991 , there are no well

documented parameterizations of the breaking process at steep slopes.
To develop a parameterization of breaking at steep bottom slopes, existing models for

gentle slopes have been examined in terms of their applicability for steeper bottom
slopes. After many preliminary tests, the periodic bore model of Battjes and Janssen
Ž .1979 was selected for further modification and adaptation. In this model, the rate of
energy dissipation per unit area for each bore in a periodic wave train inside the surf

Ž .zone is given by see also Massel and Belberova, 1990; Dingemans, 1997 :
3'ar gv gh H

² :e s , 26Ž .b 8p C h
in which a is a free empirical coefficient which will be discussed in Section 2.5.

Ž . Ž .Substitution of Eq. 26 into Eq. 24 gives a final expression for the damping factor g :b

'av gh H
g s . 27Ž .b

p CC hg

Ž .The initiation of energy dissipation or the extent of the surf zone, in which Eq. 27
should be used, is controlled by the non-dimensional maximum allowable wave height
Ž .H rh . As the reef-face bottom slope is much steeper than the slope of the reef-top,m

Ž . Ž .two different forms of H rh have been used, depending on a local reef slope. a On am
< < Ž .reef-face when dhrd x )0.025 Singamsetti and Wind, 1980 :

y0 .1300.155H dh Hm 0
s0.937 , 28Ž .ž /h d x L0

Ž .where H and L are deepwater wave height and length, respectively. b On a reef-top0 0
< < Ž .when dhrd x -0.025 Massel, 1996b :

2
y2.5(1q0.01504h y1H
)m

s , 29Ž .y1 .25h 0.1654h
)

where:
h

h s . 30Ž .
) 2gT
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Ž .In fact, formula 29 is a different representation of the formula proposed by Nelson
Ž .1994 in terms of the so-called non-linearity parameter F , originally developed byc

Ž .Swart and Loubser 1979 :
5r21r2H g

F s T . 31Ž .(c ž / ž /h h

2.4. Energy dissipation due to bottom friction

At a sandy coastline, energy dissipation due to bottom friction is much smaller than
dissipation due to wave breaking. However, at reef slopes colonized by various types of
corals, the bottom roughness can be very high. Let us start with the common expression

Žfor the average rate of energy dissipation in waves due to bottom friction Gerritsen,
.1981 :

2
3² : < <e s r f u , 32Ž .f r b3p

in which the friction coefficient f has now a value from 0.1 to 0.2 in natural conditionsr
Ž .Nelson, 1996 . For a steep bottom slope, the bottom velocity u changes rapidly; thusb

the changes of a local wave number should be taken into account as well, i.e.:

EF yigH cosh k zqhŽ .2 i 2 2
u s s exp ix y exp yv tŽ . Ž .b

Ex 2v cosh k hzsyh 2 2

=
Ew x d k zqhŽ . Ž .2 2

qw x tanh k zqhŽ . Ž .2 2½ Ex d x

d k hŽ .2 2
ytanh k hŽ .2 2 5d x

zsyh

yigH exp ix y Ew x kŽ . Ž .i 2
s exp yiv t yw x tanh k hŽ . Ž . Ž .2 2½2v cosh k h Ex 2Ž .2 2

=
C dh xŽ .2

33Ž .5ž /C d xg

Ž . Ž .After substitution of Eq. 32 into Eq. 25 , a damping factor due to bottom friction is
obtained as:

< < 316 f ur b
g s , 34Ž .f 23p gC Hg

Ž .in which wave height H is given by Eq. 18 .

2.5. Determination of empirial coefficient a

Ž .In Eq. 27 the only unknown quantity is the coefficient a . This coefficient describes
the deviation of actual breaking from the periodic bore form. Numerous tests for gentle
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Ž .slopes Battjes and Janssen, 1979; Thornton and Guza, 1983; Massel, 1996a have
Ž .shown that this coefficient should be of O 1 . However, the value of a is totally

unknown for steep slopes and for a fully predictive model it is desirable to define the
coefficient a as a function of quantities which are already known. In this paper an
attempt has been made to link the coefficient a with Swart and Loubser’s type

Ž Ž .. Ž .parameter F Eq. 31 . Nelson 1994 has used F , based on local values of H and h,c c

in an analysis of field data for wave transformation on a reef. Using laboratory
Ž .experimental data Gourlay 1994 has argued that F , when based on deepwater wavec

height H and a representative depth over the reef h , is a suitable parameter for0 r

classifying wave transformation on a coral reef. Because of involvement of deepwater
wave height H , we denote F by F , i.e.:0 c c0

5r21r2H g0
F s T . 35Ž .c 0 (ž / ž /h hr r

In order to accommodate various reef-rim geometries, a representative water depth hr

may be defined as the still water depth over the reef-edge, or as the average still water
depth over the reef-rim between the reef-edge and reef-crest, or as the average still water

Ž .depth over the reef-rim between the break point and the reef-crest Gourlay, 1996b .
Unfortunately, the parameter F does not contain any information on the reef-facec0

slope b. To take into account the dependence of a also on the reef bottom slope we
assume a relationship between a and reef geometry and incident wave parameters in a
more general form as:

as f F ,b , 36Ž . Ž .c 0

in which b is a representative slope of the reef-face. The preliminary tests showed that,
Ž .for convenience of further analysis, the following form of relationship 36 will be

useful:

as0 if F FF Ž lim .
c 0 c 0

bŽ lim . Ž lim .asa F yF if F )F ,Ž .c 0 c 0 c 0 c 0

lim Ž .where F is a threshold value of parameter F at which observed or calculatedc0 c0

values of energy dissipation and set-up are negligible small. The practical implementa-
Ž .tions of formula 37 for various reef profiles are discussed in Section 3.

3. Application of the model for specific sites

3.1. Introduction

Laboratory experiments on waves propagating over coral reefs are not numerous. A
Ž .summary of the results of these experiments has been presented by Gourlay 1996b and

will be not given here. We only note that the reef profiles used in experiments represent
a wide range of reef types and profile shapes. Half the prototype reefs are fringing reefs,
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half of them are platform reefs. Geographically half of them are in the Great Barrier
Reef off northeastern Australia, the others are on islands in the Pacific and Indian
Oceans. More details on reef geometry and laboratory models can be found in various

Ž .papers by Gourlay 1994; 1996a; b .

3.2. Hayman Island reef

Ž .Hayman Island is a continental island in North Queensland Australia . The typical
reef profile adopted for the experiments is shown in Figs. 2 and 3. The reef-face with a
slope of 1 to 4.5 rises from a depth of 19 or 21 m, while the water depth at reef-edge
varies from 3.1 to 5.1 m depending on the tide level. The reef-top is initially sloping but
the slope reduces away from the edge until the reef-top becomes horizontal 170 m from
the reef-edge. The total reef width is of the order of 800 m. It should be noted that in the
Hayman Island laboratory model, the incident ‘‘ocean’’ water depth has been reduced to

Fig. 2. Comparison of theoretical and experimental wave height attenuation over Hayman Island reef for high
incident wave.
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Fig. 3. Comparison of theoretical and experimental wave height attenuation over Hayman Island reef for
smaller incident wave.

8 m. However, the influence of this reduction on wave transformation and wave-induced
set-up was negligible small and all calculations have been done for the prototype reef
profile.

The incident deepwater wave height used in experiments varies from 1.02 to 3.61 m
and the wave period is in a range from 3.8 to 6.8 s. Three water levels were chosen for

Ž .experiments corresponding to highest astronomical tide HAT , mean high water neap
Ž .MHWN and MSL. In each case, 0.3 m was added to allow for storm surge. In the

Ž .paper of Gourlay 1994 , all experimental values were presented in prototype units,
having been scaled using Froude similarity law assuming that gravity forces predomi-
nate. Wave heights were measured at locations determined by visually observed changes
in wave conditions, usually at a dozen or so locations. Wave set-up was measured by

Ž .piezometers spaced at 60 m prototype intervals.
Ž .At Hayman Island reef mean reef-face slope;1:4.5 , waves initially plunge on the

reef-edge and dissipate almost all their energy within five wavelengths of the reef-edge
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when 160-F -530. When 100-F -150, waves spill on the outer reef-top andc0 c0

when 70-F -100, waves spill further inshore on the reef-top. For smaller values ofc0

F waves either just break on the horizontal reef-top or pass over it without breaking.c0

To find the dependence of the unknown coefficient a on F for a given reef-face slope,c0

the following sub-set of experimental data on wave height transformation and wave-in-
Žduced set-up for Hayman Island reef was used: runs 1.1, 1.3, 2.3, 2.4, 2.5 and 3.3 run

.numbers are the same as in Gourlay, 1994 . This calibration, based on the minimaliza-
tion of the least square error between predicted and experimental values results in the
following relationship for a :

as0 if F F100c 0

0.576
as0.0156 F y100 if F )100. 38Ž . Ž .c 0 c 0

Ž . limThus, using the form Eq. 37 , we find that for bs1r4.5, the parameters a, b and Fc0

are 0.0156, 0.576 and 100, respectively. When F -100, there is no reduction of wavec0

energy due to breaking, but some energy still can be dissipated by bottom friction.
Now, we are in position to determine the wave height variation and wave-induced

set-up across the reef in a fully predictable way. Firstly, the coefficient a is calculated
Ž . Ž . Ž .from Eq. 38 for known incident wave parameters. Then, Eqs. 11 and 22 are solved

simultaneously in an interactive manner. Next, using the potentials F , F and F ,1 2 3
Ž . Ž . Ž .given by Eqs. 1 , 9 and 5 , the variations of wave height in all Regions are obtained,

i.e.:

< <Region I: H x , y sH exp ik x cos u qK exp yik x cos u exp ix y ,Ž . Ž . Ž . Ž .i 1 1 R 1 1

39Ž .

< <Region II: H x , y sH w x exp ix y , 40Ž . Ž . Ž . Ž .i

< <Region III: H x , y s K exp ik xyb cos Q exp ix . 41Ž . Ž . Ž . Ž .T 3 3

Ž Ž . .In Fig. 2 an example of attenuation of non-dimensional wave height H x rH over0

a distance of 250 m from the reef-edge for F s620 is shown. Agreement betweenc0

numerical and experimental results is very good. The oscillation in wave height at the
front of the reef is caused by partial reflection of waves from the reef structure. Waves
are plunging on the reef-edge and dissipate almost all their energy within 100 m of the
reef-edge. The reflection coefficient is very small, K s6.7% and the transmissionr

coefficient K s29.1%. This means that about 95% of wave energy is dissipated byt

wave breaking.
For comparison in the same figure a simplified analytical solution, developed by

Ž . Ž .Gerritsen 1981 , is shown. On the reef-top where h x fconst and bottom friction can
Ž .be neglected, a decaying of wave height is given by Gerritsen, 1981 :

B
H x sH 0 exp y , 42Ž . Ž . Ž .ž /A
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Ž .in which H 0 is the reference wave height at a reef-edge, x is the distance from
reef-edge and the coefficients A and B are:

1 1
As r gC f r gC 43Ž .g4 4

jr g
Bs . 44Ž .'4 2 T

Ž .Coefficient j is of an order one and is given by Gerritsen, 1981 :

aH 2qH(
) )

js 45Ž .
Fr 1qH(

)

in which:

C H xŽ .
Frs and H s . 46Ž .

) h xŽ .(gh xŽ .

Attenuation of wave height in Fig. 2 was given for js0.5. It should be noted that
Ž .approximation 42 is valid for a distance 0-x-120 m where wave breaking domi-

nates the bottom friction.
ŽThe case when smaller waves are plunging on the outer reef-top F is smaller thanc0

.300 is demonstrated in Fig. 3. The attenuation of wave height is more gentle than in
Fig. 2 with reflection coefficient K s2.7%, transmission coefficient K s39.1% andr t

the percentage of dissipated energy is equal to 85%.
The values of reflection and transmission coefficients K and K , are shown in Fig.R T

Ž .4. Definition of reflection and transmission coefficients follows directly from Eqs. 1
Ž .and 5 . It should be noted that this definition is different than the experimental

Fig. 4. Reflection, transmission and dissipation coefficients as a function of F .c0
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Ž . Ž .technique antinodal nodal pattern analysis used by Gourlay 1994 . Therefore, no
attempt has been made to compare the calculated and experimental coefficients.

In all cases reflection from the reef-face, while increasing slowly, remains small for
all F values. The transmission coefficient K attenuates as F increases and the ratec0 T c0

of attenuation of wave energy is controlled by wave breaking and bottom friction. In
calculations friction coefficient f s0.01 was used since it is believed that the laboratoryr

model reef surface was smoother than natural reef surfaces.
Additionally, in Fig. 4 the dissipation coefficient K is shown. This coefficient candiss

be determined from the balance of the reflected, transmitted and dissipated wave energy
as follows:

1r2Ediss 2 2K s s 1y K qK , 47( Ž .Ž .diss R Tž /Ei

in which E and E are the dissipated and incident wave energy, respectively. Fordiss i

Fig. 5. Comparison of theoretical and experimental set-up value over Hayman Island reef for high incident
wave.
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F -100, the only dissipation mechanism is bottom friction and therefore the dissipa-c0

tion coefficient becomes much smaller than for higher F values.c0

The set-up h induced by breaking waves is determined simultaneously with the
transformation of waves on the reef profile. In Figs. 5 and 6 examples of set-up variation
across the reef-top, corresponding to the wave conditions shown in Figs. 2 and 3, are
given. As expected, the numerical model predicts small, negative set-up in the vicinity
of wave breaking and rising water level on the reef-top. The agreement between the
calculated and experimental set-up is very good.

The most important set-up characteristic is the maximum set-up h . This value is amax

significant factor in determining flooding and erosion of reef-protected coasts and
flushing of reefal lagoons. In general, h is a function of reef geometry and incidentmax

Ž .wave parameters. In particular, Gerritsen 1981 related the dimensionless set-up hrH0
Ž 2 2 .to a modified Ursell parameter for shallow water gT H rh . In fact, this representa-i 3

tion is equivalent to the relationship between h rH and two dimensionless quantities,max 0

Fig. 6. Comparison of theoretical and experimental set-up over Hayman Island reef for smaller incident wave.
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Ž . Ž 2 .i.e., relative reef depth h rH and incident wave steepness H rgT . However, in3 0 0

order to provide a comparison between calculated values and measured data, the
Ž .dimensionless parameters h rT gH and h qh rH introduced by Gourlay(max 0 max 3 0

Ž .1996b; 1997 will be used. The results of comparison are presented in Fig. 7. The
Ž .tendencies in both, calculated and experimental values, are the same. Gourlay 1996b ,

using a theoretical analysis of energy fluxes and his experimental data, showed that a
Ž .relationship between h rT gH and h qh rH takes the form:(max 0 max 3 0

2
h 3 h qh 1 h qhmax max 3 max 32 2s K 1yK y4pgŽ .p R r (ž /64p H T gT gH( 00

=

3r2H0
, 48Ž .ž /h qhmax 3

in which K is a reef profile shape factor representing the difference between observedp

and predicted set-up, and g is a reef-top breaker index. If we assume K s0.44,r p

Ž .K s0, g s0.4 and T gr h qh s15, as suggested by Gourlay 1996b , we( Ž .R r max 3

obtain:

2 3r2
h h qh Hmax max 3 0

s0.006565 1y0.134 , 49Ž .ž /ž /H h qhT gH( 0 max 30

Ž .Relationship 49 is shown in Fig. 7. The agreement of this relationship with the

Fig. 7. Non-dimensional maximum set-up as a function of non-dimensional submergence for Hayman Island
reef.
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Ž .numerical model is very good, and for lower values of h qh rH the agreementmax 3 0

with numerical values is even better than with the experimental ones.
Ž .Let us rewrite Eq. 48 in a slightly different form:

3r2 1r2
h 3 H Hmax 0 02 2 y1r2 1r2s K 1yK y4pg U U ,Ž .p R r 0 0ž / ž /H 64p h qh h qh0 max 3 max 3

50Ž .

in which:

22 2gT H gT H0 0
U s s 51Ž .0 2 ž /H h qhh qhŽ . 0 max 3max 3

is the shallow water form of the Ursell number expressed in terms of deepwater wave
Ž .height and total depth on reef-top h qh .max 3

Ž .Eq. 50 predicts that the maximum set-up is a function of both the Ursell number U0
Ž .for shallow water and the inverse submergence H r h qh to power 1r2. How-0 max 3

Ž .ever, the proportionality coefficients terms in brackets are also functions of a priori
Ž .unknown h and U . In other words, Eq. 50 is a transcendental equation for hmax 0 max

Ž .and can only be solved in an iterative manner as shown by Gourlay 1997 .
In this paper, as was explained in Section 2, h values are solved simultaneouslymax

with the wave height H values in one numerical scheme. In Fig. 8, resulting numerical
as well as experimental values of h rH are shown as a function of the Ursell numbermax 0

U . The numerical values agree well with experiments.0

For this set of experiments the values of gT 2rH are approximately constant. Hence,0
Ž .scatter of both experimental and numerical points reflect variations in H r h qh .0 max 3

Fig. 8. Non-dimensional maximum set-up as a function of the Ursell number for Hayman Island reef.
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The values of h rH increase monotonically with Ursell number and this trend can bemax 0

represented approximately by the following equation:

hmax
s0 for U FU s450 c 0H0

hmax 0.75s0.0017U for U )U , 52Ž .0 0 c 0H0

also shown in Fig. 8. However, this relationship is valid for Ursell numbers greater than
about 45. Below this threshold value, set-up is negligibly small. A similar threshold

Ž .value results also from Eq. 50 , in which the first bracket becomes zero at about
U s45.0

Fig. 9. Wave height attenuation over the Male reef. Numerical result.´
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3.3. Male Island reef´

Ž .Jensen 1991 used laboratory experiments to investigate wave transformation and
set-up on the reef at the southwestern corner of the island of Male in the Maldives´
Ž .Indian Ocean in connection with the development of a new harbour for this part of the
reef. The reef is characterized by a very steep slope of about 1:1 from water depth 21.3
m till a water depth of 8.3 m. Between water depths of 8.3 and 6.3 m, a slope of 1:4 was
used, while for depths smaller than 6.3 m the average slope is 1:15 up to reef-crest.
Water depth at reef-top was assumed to be constant and equal to 1.3 m.

The laboratory tests have been performed for three wave periods, i.e., Ts5, 10 and
15 s and for four different wave heights for each wave period. The measured quantities
include mean set-up and its standard deviation, maximum wave crest elevation and
wavefront velocities.

Fig. 10. Set-up over the Male reef. Numerical result.´
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Fig. 11. Non-dimensional maximum set-up as a function of non-dimensional submergence for the idealized
reef.

Ž .The relationship as f F ,b for runs with wave periods 5 and 10 s, which providesc0

the best approximation for observed maximum set-up values, fits very well into the
Ž . Žlim.general formula 37 with the following parameters: as0.0208, bs0.560 and F sc0

100, i.e.,
as0 if F F100c 0

0.56
as0.0208 F y100 if F )100. 53Ž . Ž .c 0 c 0

Figs. 9 and 10 give an example of calculated wave height and set-up over the reef
profile. Initially, wave height drops at the reef-face. Then, owing to the relatively long

Fig. 12. Non-dimensional maximum set-up as a function of the Ursell number for the idealized reef.
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gradually shoaling reef-rim, wave height oscillates before final breaking over the reef
slope in front of the reef.

Ž .The oscillating wave height also radiation stress over the shoaling reef-rim induces
a small lowering of the mean water level. Only when wave breaking commences, does

Ž .set-up occur see Fig. 10 .

3.4. Idealized two-dimensional horizontal reef

Model arrangements and experimental results for wave transformation at an idealized
Ž .two-dimensional reef model have been described by Gourlay 1996a . Therefore, only

the basic model features are outlined here. A 400-mm high horizontal model reef with a
particularly absorbent 1 to 1 face slope has been constructed. The sea bottom in front of
the reef has a slope 1 in 84 and the effective reef height is 320 mm. The width of
reef-top is about 15 m. Two wave periods of 1.48 and 1.10 s have been used and
deepwater wave height varied from 41 to 218 mm. In the numerical model, only the runs

Fig. 13. Comparison of theoretical and experimental wave height attenuation over the idealized reef.
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with 0.1 m water depth over the reef-top have been reproduced. Hence, the correspond-
ing F parameter ranges from 250 to 1214. The values of F greater than about 1000c0 c0

Ž .correspond to very shallow water, where the extended refraction–diffraction Eq. 11 is
not applicable. Therefore, the following analysis has been restricted to runs when
F -1000.c0

The calculations showed that the best agreement with experiments, in terms of the
maximum set-up on the reef-top, was obtained with coefficient a satisfying the
following relationship:

as0 if F F100c 0

0.517
as0.0252 F y100 if F )100. 54Ž . Ž .c 0 c 0

Ž . Ž .The relationships 53 and 54 are very similar, which is not surprising since both reefs
have the similar reef-face slopes, namely 1 in 1.

In Fig. 11, non-dimensional maximum set-up h rT gH is shown as a function of(max 0
Ž .non-dimensional submergence h qh rH . Numerical and experimental points ex-max 3 0

Fig. 14. Comparison of theoretical and experimental set-up value over the idealized reef.
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hibit the same definable tendency and there is a close correspondence between both
Ž . Ž .values two points coincide exactly . In the same figure the relationship 48 suggested

Ž .by Gourlay 1996b is given with K s0.78, K s0, g s0.4 and T gr h qh s( Ž .p R r max 3

15. A comparison of Figs. 7 and 11 indicates that reef with steeper front face produces a
higher set-up on a reef-top for the same submergence parameter values.

Ž .A dependence of the non-dimensional maximum set-up experimental and numerical
on the Ursell number is illustrated in Fig. 12. The solid line gives the best linear fitting
to the numerical and experimental data, and a corresponding equation of the straight line
is:

hmax
s0.0008U . 55Ž .0H0

A different power of the Ursell number U illustrates an influence of the front reef slope0

on the maximum set-up value, and scatter of both experimental and numerical points
Ž .reflect variations in H r h qh .0 max 3

Fig. 15. Wave height attenuation and wave-induced set-up for Ala Moana Reef, HI. Numerical result.
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An example of wave transformation on the idealized reef is shown in Fig. 13. The
numerical calculations start at the fore reef slope and energy dissipation due to bottom
friction and beginning of breaking increases. As a result, wave height decreases over a
front slope of the reef and over the reef-top. The observed oscillations in wave height
are a result of the partial reflection of the approaching waves.

Fig. 14 illustrates the corresponding set-up on the reef-top. Because wave height
continually decreases, set-down only occurs on the reef-faces, and set-up gradually
increases up to its maximum value that is reached at 3 m from reef-edge. At larger
distances from the reef-edge, wave height remains almost constant and the set-up also
does not change. The oscillations in set-up result from the oscillations of wave height
Ž .and radiation stress at the reef front.

3.5. Fringing reef, Ala Moana Reef, HI

Ž .Gerritsen 1981 conducted comprehensive field and laboratory studies of wave
attenuation and wave set-up along a transverse section of Ala Moana Reef at Honolulu.

Fig. 16. Wave height attenuation and wave-induced set-up for fringing reef at Guam. Numerical result.
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The application of the developed numerical model is demonstrated for a case of regular
waves of incident height H s1.5 m and period of Ts10 s. Water depth on the0

reef-top of 1.22 m was assumed. The results of the calculations are given in Fig. 15. The
very long incident wave, in comparison with water depth, gradually decays as it travels
over the reef. Wave set-up is relatively small; the maximum value reaches about 16 cm.
This value agrees very well with experimental values presented, for example, in

Ž .summary Figs. 3 and 4 given by Gourlay 1996b .

3.6. Fringing reef at Guam

Ž .Seelig 1983 conducted laboratory experiments to investigate the influence of wind
waves on set-up level and transmitted wave characteristics of an idealized reef–lagoon
system. The laboratory study was designed to reproduce an expected design water level
for the island of Guam. For the purpose of this study a case of regular waves incident on
the reef with lagoon width of 150 m was chosen. As Seelig found, the lagoon width has
little influence on the set-up for the range he tested. Incident wave parameters adopted in
the numerical model are the following: H s5.0 m and Ts10 s. The water depth over0

the reef-crest is 2 m. The variations of non-dimensional wave height and set-up across
the reef and lagoon are given in Fig. 16. As the waves are rather high, they start to break
offshore of reef-crest and subsequently decay when moving inshore. Set-up rapidly rises
in front of the reef-crest but then changes only marginally over the reef lagoon. Close to
the shoreline set-up increases again due to the breaking of reformed waves. The mean

Ž .value of set-up in the reef lagoon about 64 cm is a little lower than the equivalent
Žvalue of 80 cm derived from Seelig’s experimental data see Gourlay, 1996b; Figs. 3

.and 4 .

4. Conclusions

Ž .1 In this paper, a numerical model, designed for prediction of wave transformation
and wave-induced set-up, has been presented. This model is based on the extended

Ž .refraction–diffraction equation Massel, 1993 which allows relatively steep slopes and
arbitrary bottom shapes.

Ž .2 Reef slopes as steep as 1:1 can be modelled under the assumption that the
Ž .dimensionless submergence h qh rH is larger than f0.6. Numerical modellingmax 3 0

and experimental data have shown that set-up is negligible for the Ursell number
U -45.0

Ž .3 Two energy dissipation mechanisms have been incorporated into this model, i.e.,
wave breaking and bottom friction. The wave breaking process has been parameterized

Ž .using a modification of the Battjes and Janssen 1979 periodic bore approach. A free
empirical coefficient a has been related to the incident wave parameters and the
characteristic water depth at the reef through the dimensionless parameter F . Thec0

Ž .experimental data Gourlay, 1994, 1996a,b has been used to calibrate the dependence of
a on F .c0

Ž .4 For a known value of a , the proposed model can predict wave transformation and
wave-induced set-up at all points across a reef. The applicability of the developed model
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has been demonstrated for reefs of various shapes subjected to various incident wave
conditions. Comparison of predicted and observed wave heights and set-up values
showed good agreement. The model is easily implemented on the common PC computer
and the time for calculations is of the order of seconds.

Ž .5 Many natural reefs may vary in elevation in the y-direction. This variation
induces a horizontal circulation which affects wave set-up. A paper on wave transforma-
tion and wave set-up, when flow over reef is permitted, is now under preparation.
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