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Abstract

This paper focuses on the energy conservation properties of a hydrostatic, Boussinesq, coastal ocean model using a clas-
sic finite difference method. It is shown that the leapfrog time-stepping scheme, combined with the sigma-coordinate for-
malism and the motions of the free surface, prevents the momentum advection from exactly conserving energy. Because of
the leapfrog scheme, the discrete form of the kinetic energy depends on the product of velocities at odd and even time steps
and thus appears to be possibly negative when high-frequency modes develop. Besides, the study of the energy balance
clarifies the numerical choices made for the computation of mixing processes. The time-splitting technique used to reduce
the computation costs associated to the resolution of surface waves leads to the well-known external and internal mode
equations. We show that these equations do not conserve energy if the coupling of these two modes is forward in time.
Even if non-linear terms are negligible, this shortcoming can be significant regarding the pressure gradient term ‘frozen’
over a baroclinic time step. An alternative energy-conserving time-splitting technique is proposed in this paper. Discussion
and conclusions are conducted in the light of a set of numerical experiments dedicated to surface and internal gravity
waves.
� 2007 Elsevier Ltd. All rights reserved.

Keywords: Energy conserving; Free surface; Sigma coordinate; Gravity waves
C
O1. Introduction

The purpose of this study is to evaluate and enforce the energy conservation properties of the sigma-coor-
dinate free-surface ocean model Symphonie, described in Auclair et al. (2000). The model is inspired by the
POM model (Blumberg and Mellor, 1987; hereafter: BM87), widely used by the coastal ocean modelling com-
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munity. As we will see in the following sections, some of the algorithmic choices (notably the pressure gradient
force) are however significantly distinct from POM.

The incompressible Navier–Stokes equations are solved on a staggered C-grid using a classic finite differ-
ence method. In this context, the global conservation of primary quantities such as temperature, salinity or
momentum is easily obtained as long as the advection problem is put in the form of a flux-divergence, by com-
bining the continuity equation with tracer and momentum equations. The sigma-coordinate formalism is well
adapted to the conservation issue posed by the free surface, since it leads to a set of equations in which the
volume variation of grid cells is naturally included. The problem is slightly complicated by time-splitting tech-
niques, used to limit calculus costs regarding surface gravity waves. The coupling of the external and internal
modes (BM87) is partly conditioned by conservation issues, since the barotropic current involved in 3D advec-
tion fluxes is deduced from a time average of the external mode solution, consistent with volume variation of
grid cells over one internal time step. As the integral of the flux-divergence over the domain volume is equiv-
alent to the surface integral of the fluxes over the boundaries, global conservation of primary variables directly
concerns the boundary conditions of the model. The global tracer balance related to advection and diffusion
should remain intact in case of solid boundaries, since fluxes through the coastal or the bottom boundaries
should equal zero. As far as velocities are concerned, bottom friction (and eventually coastline friction in case
of no-slip condition) modifies the global momentum balance. Tracer and momentum balances strongly depend
on open boundary conditions. Most open boundary schemes are based on local dynamics considerations only,
such as the radiation of outgoing waves or the definition of incoming variables. Nonetheless, boundary con-
ditions can also satisfy global constraints (Shulman et al., 1998; Marsaleix et al., 2006).

In a primitive equation model, the conservation of derived integrals of motions (e.g., net heat content, tra-
cer quadratic variance, kinetic energy, etc.) is generally not straightforward. Since these quantities cannot be
independently enforced, they actually are the consequence of the discretised momentum and tracer equations.
The corresponding conservation properties are thus far from obvious and may not all be satisfied in some
numerical methods. As a consequence, modellers possibly have to choose between for instance energy and
enstrophy conservation (Sadourny, 1975; Madec et al., 1991). Nevertheless, powerful theories on oceanic
circulations are based on vorticity or energy conservation properties. This largely explains the interest of
model developers in energy-, vorticity-, and tracer-conserving methods (Arakawa and Lamb, 1977).

Although several studies have reported that energetically non-consistent models may perform better than
energetically consistent models (Shchepetkin and McWilliams, 2003; Beckmann and Haidvogel, 1993), conser-
vation of kinetic energy (hereafter KE) can also be viewed as a guarantee of numerical stability. As pointed
out by Ferziger and Peric (2002, p. 161): ‘‘if a numerical method is energy conservative and the net energy flux

through the surface is zero the total kinetic energy in the domain does not grow with time”, so that ‘‘the velocity at

every grid point in the domain must remain bounded”. An energy conservative model must fulfil four main
requirements. First, for closed domains, the momentum advection must not change the total KE. Second,
the Coriolis term must not change the KE. Third, momentum-mixing terms must constitute an energy sink.
Fourth, the variation of KE induced by the pressure gradient must be consistent with the variation of potential
energy (hereafter PE) induced by the vertical advection of density. The momentum advection scheme pro-
posed by Lilly (1965) and BM87 for the C-grid can be regarded as a particular case of the Arakawa and Lamb
(1977, Eqs. (90)–(93)) energy-conserving scheme (note that the more general form of the Arakawa and Lamb’s
scheme also enables enstrophy conservation for two-dimensional non-divergent flow). Concerning the Coriolis
term, the discrete form used in BM87 is the same as in Arakawa and Lamb (1977). It is relatively easy to guar-
antee KE conservation for this simple term (see Eqs. (101)–(104) in Arakawa and Lamb, 1977), so that it is
somehow of lesser interest than the other terms of the momentum equation. In the following, we neglect this
process and consider a set of equations in the Oxz vertical plane. Concerning mixing terms, the expected con-
sistency with the turbulent closure scheme is, to our knowledge, rather rarely mentioned in the literature (see,
however, Burchard, 2002). This particular point is addressed in this paper. Finally, the pressure gradient force
(PGF) is probably the most important term because of the large exchange between kinetic and potential ener-
gies through vertical advection of density. The importance of the consistency between the discrete forms of the
PGF and the density advection is long-known in atmospheric modelling (Janjic, 1977; Arakawa and Suarez,
1983). In oceanic models using terrain following coordinates, PGF schemes are sensitive to truncation errors
because of potentially steep bathymetric slopes, particularly in coastal areas (Haney, 1991). This issue
Please cite this article in press as: Patrick, M. et al., Energy conservation issues in sigma-coordinate ..., Ocean Modell.
(2007), doi:10.1016/j.ocemod.2007.07.005
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motivated several studies concerning ways to improve the accuracy of numerical schemes. Gerdes (1993), Song
(1998), Song and Wright (1998), suggested replacing the straightforward PGF schemes (assuming density as a
piecewise constant distribution within each grid box) by second-order density Jacobian type schemes, actually
more accurate. Shchepetkin and McWilliams (2003, Eqs. (A14) and (A19)) however point out a minor lack of
energetic consistency of the barotropic part of the PGF with the definition of discrete PE due to free-surface
motion. To our knowledge, the effect of time differencing on conservation of quadratic quantities has been
rarely discussed in the literature (see, however, the discussion about Crank–Nicholson scheme in Ferziger
and Peric, 2002, p. 163). Much of the explanation may lie in the fact that time steps are usually much smaller
than timescales associated with processes accessible to hydrostatic Boussinesq models (energy conservation of
the time-stepping scheme could be reasonably expected because of its small truncation errors), whereas in
regional or coastal models, the grid mesh is usually of the same order as the first baroclinic deformation radii.
Similarly, few studies deal with energy conservation properties of time-splitting methods enabling to compute
separately the baroclinic and barotropic parts of the flow (Higdon, 2005). In consequence, the present paper
focuses on aspects rarely studied in the past: lack of energy conservation due to leapfrog temporal schemes,
including free-surface motion, Asselin filter and time splitting of internal and external modes.

The plan of this paper is as follows: first, we describe the model. Secondly, we consider the details of the
energy balance, starting with the time variation and velocity advection terms. Next, we discuss the mixing
terms, including the Asselin filter (Asselin, 1972), considered here as a temporal mixing term and then we
examine the pressure gradient terms. We subsequently address the PE balance, looking at the respective roles
of advection and mixing tracer terms. Finally, we present a numerical experiment of internal wave generation
over a submarine ridge, after which we present our conclusions.

2. Model description

The model grid is adjusted to the bathymetry thanks to a sigma-coordinate system leading to the following
model equations:
Plea
(200
C
To~u

ot�
þ o~uu

ox�
þ o~vu

oy�
þ oxu

or
� f~v ¼ �H

q0

op
ox
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ox�
~Kx ou
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oy�
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H
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ð1Þ
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O
R

R
Ewhere asterisks refer to the sigma-coordinate system and tildes indicate a multiplication by the scale factor

H = h + g, which is the sum of the water column thickness at rest and the sea level anomaly, hereafter
SLA (e.g., ~u ¼ Hu). The appearance of the asterisk for time in partial differentiation with respect to time is
explained by the fact that sigma levels actually move (due to SLA variations) with respect to the absolute sys-
tem of coordinates. Details on the coordinate transformation leading to the formulation of derivatives in the
sigma-coordinate system can be found in Johns et al. (1983). The division of the pressure gradient by a ref-
erence density comes from the Boussinesq approximation. Hydrostatic equilibrium and the expression of
the horizontal derivative in the sigma-coordinate system lead to
C� 1

q0

op
ox
¼ �g

og
ox
� 1

q0

op0

ox�
þ oz

ox�
gq0

� �
ð3Þ
U
Nwhere p0 ¼ g

R g
z q0dz0 is the hydrostatic pressure anomaly associated with the density anomaly, q0 = q � q0.

This formulation of the pressure gradient is characterised by the appearance of a term depending on the
SLA only (first term on the right hand side of expression (3)). This is motivated by considerations on the
free-surface computation that will be detailed later on. For sake of clarity of the arguments developed in this
paper, density is related to temperature and salinity through a linear equation of state. Thus, the density vari-
ations are governed by a simple advection diffusion tracer equation, linearly deduced from those for temper-
ature and salinity, namely
o~q
ot�
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Using a linear equation of state is reasonable in a coastal context, since pressure effects on water density re-
main limited as long as we consider the shallow water approximation. We also note that a non-linear equation
possibly destroys the energetic consistency of the pressure gradient force (Gerdes, 1993), but the limitation of
this assumption should be kept in mind. The parameterisation of sub-grid processes is given by diffusion terms
on the right hand side (hereafter: RHS) of (4), involving mixing coefficients that can be calculated in different
ways. Although ðKz;Kz

T Þ are generally calculated by a turbulent closure scheme representing the energy cas-
cade toward small scales (Mellor and Yamada, 1982), the other mixing coefficients ð~Kx; ~Ky ; ~Kx

T ;
~Ky

T Þ are usually
given by more basic techniques intended to reduce numerical noise (Smagorinsky, 1993), if not simply reduced
to a fixed value. Momentum and tracer advection have the form of a flux-divergence, resulting from the com-
bination of the primitive equations with the continuity equation. The latter is given by
Plea
(200
Oog
ot�
þ o~u

ox�
þ o~v

oy�
þ ox

or
¼ 0 ð5Þ
R
OThis equation is used to compute x, the vertical velocity in sigma coordinates (BM87). We will just retain here

that x vanishes at the bottom and at the sea surface, so that the depth integral of Eq. (5) leads to a simple
relationship linking the SLA variations to the depth-averaged component of the current, ðû; v̂Þ ¼
H�1

R g
�hðu; vÞdz. This relationship reads
Pog
ot�
þ o~̂u

ox�
þ o~̂v

oy�
¼ 0 ð6Þ
C
T
E
Dwith ð~̂u; ~̂vÞ ¼ Hðû; v̂Þ. In the case of a finite difference method using a leapfrog scheme for the time-stepping

procedure, Eq. (6) is computed first, i.e. the SLA variation term is computed from the divergence of the
depth-averaged current known from the previous iteration. Then Eq. (5) gives x, using the horizontal current
components from the previous iteration and the SLA variation term provided by Eq. (6). Momentum Eqs. (1)
and (2) and density equation (4) are then computed using mixing coefficient values from the previous iteration.
In the case of an explicit method, the barotropic part of the pressure gradient (first term at the RHS of Eq. (3))
poses a problem of numerical stability, generally leading to a separate treatment of the barotropic variable,
using a time step specially suited for surface wave computation. This time step is normally much smaller than
what we would obtain if baroclinic physics was only considered. The so-called time-splitting technique, pre-
sented in BM87, is based on Eq. (6), completed with two equations for the depth-averaged current, deduced
from the vertical integral of momentum equations (1) and (2), i.e.,
C
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U
Nwhere (r0,r1) are the bottom and surface values of r.Our model uses the sigma-coordinate transformation of

Johns and Oguz (1987) with (r0,r1) = (0, 1).Let us note however that this is just a special case of the more gen-
eral terrain following coordinate transformation.Besides the numerical aspects developed in this paper can vir-
tually be transposed to a wide range of coordinate transformations, like for instance the hybrid terrain pressure
coordinate system often used in atmospheric models (see for instance Arakawa and Suarez, 1983).Note that
ðK̂x; K̂yÞ correspond to the depth-averaged values of ðKx;KyÞ.Eqs.(6)–(8) (hereafter external mode equations)
are used to compute ðg; û; v̂Þ with a small time step.The terms under the integral at the RHS of Eqs.(7) and
(8) are frozen over a time period equivalent to one time step of the so-called internal mode equations.The latter
consist of momentum equations (1) and (2), and tracer equation (4).The time-splitting technique works in the
following manner:at the beginning of each iteration, a baroclinic current, (u0,v0), is obtained by removing the
se cite this article in press as: Patrick, M. et al., Energy conservation issues in sigma-coordinate ..., Ocean Modell.
7), doi:10.1016/j.ocemod.2007.07.005
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depth-averaged value from the absolute current provided by the internal mode solution.This baroclinic current
and the three-dimensional pressure anomaly, p0, provide the last term at the RHS of Eqs.(7) and (8).The latter
and Eq.(6) are then integrated over one external mode sequence with a small time step.At the end of the external
mode sequence, the depth-averaged component of the absolute current is updated using a time-averaged value
of the external mode solution.Three-dimensional equations, e.g.continuity equation (5), momentum equations
(1) and (2) and tracer equation are then computed.We note that Eqs.(1) and (2) can actually be viewed as a pair
of equations for the baroclinic components of the currentðu0; v0Þ ¼ ðu� û; v� v̂Þ.
T
E
D

P
R

O
O

F3. Kinetic energy balance

3.1. Time variation and advection terms

3.1.1. Analytical formulation

An equation for the KE rate-of-change is obtained by multiplying the momentum equations by their
respective velocity components. A global balance is obtained by integrating the latter over the numerical
domain and over the duration of the simulation. The time splitting of the model into two modes, the so-called
external and internal modes, naturally leads to summing the barotropic and baroclinic balances (since the
orthogonality of the modes leads to

R r1

r0
u o~u

ot� dr ¼ û o~̂u
ot� þ

R r1

r0
u0 o~u0

ot� dr), separately obtained on one hand by mul-
tiplying the external mode Eqs. (7) and (8) by the depth-averaged components of current, ðû; v̂Þ, and on the
other hand by multiplying the internal mode equations (1) and (2) by the baroclinic components of current,
(u0,v0). Let us recall that, although it appears to be a set of equations for the total current, the internal mode is
only used to update the baroclinic component of velocities (BM87). We also note that, as we haveR r1

r0
u0 o~u

ot� dr ¼
R r1

r0
u0 o~u0

ot� dr, it is in fact no different to compute the baroclinic KE balance from Eqs. (1) and
(2) or from a pair of equations that would resolve u0 and v0 specifically, a property largely used in the follow-
ing. Moreover, in order to simplify the presentation of the energy balance without reducing the scope of our
conclusions, we now consider the previous equations in a vertical Oxz-plane. In other words, we neglect cur-
rent components and derivatives in the Oy direction. After some simple algebraic manipulations, the contri-
bution of the time variation terms to the global energy balance is written:
Plea
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Rwhere ÊC ¼ û2=2 and E0C ¼ u02=2 respectively represent the KE of the external and internal mode and D stands
for a difference between the final and initial times, t1 and t0. The last term at the RHS of Eq. (9), depending on
SLA variations, should vanish when the contribution of advection terms is taken into account. The latter is
given by
C
OZ t1
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û
o~̂uû
ox�
þ
Z r1

r0

o~u0u0
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 !
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" #
dx�dt� ð10Þ
U
N3.1.2. Discretised formulation

The discrete formulation makes use of an Arakawa C-grid (Arakawa and Lamb, 1977). Figs. 1 and 2 show
the location of the different variables on the model grid. Momentum equations are computed at horizontal
grid half-integer indexes, i, ranging from 1 + 1/2 to M � 1/2 and vertical integer indexes, k, increasing upward
from 1 to R � 1. Lateral boundary conditions are applied on i = 1/2 and M + 1/2. Tracer equations are com-
puted at horizontal grid integer indexes, i, ranging from 1 to M and vertical integer indexes, k. We use the
following sigma-coordinate transformation:
r ¼ ðzþ hÞ=H ð11Þ
se cite this article in press as: Patrick, M. et al., Energy conservation issues in sigma-coordinate ..., Ocean Modell.
7), doi:10.1016/j.ocemod.2007.07.005
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Fig. 1. Sketch of the C grid in the Ox direction. Triangles indicate location of horizontal velocities. Circles indicate location of tracers,
surface pressure, bathymetry, vertical velocities and TKE variables.

6 M. Patrick et al. / Ocean Modelling xxx (2007) xxx–xxx

OCEMOD 312 No. of Pages 29, Model 3+

24 August 2007 Disk Used
ARTICLE IN PRESS
EHalf-integer index sigmas, ranging from 0 at the bottom to 1 at the free surface, are defined first. Note that a
non-linear distribution can be employed at this stage. Integer index sigmas are then deduced from the latter
according to
 T

Plea
(200
rk ¼ ðrkþ1=2 þ rk�1=2Þ=2 ð12Þ
Cfrom which it follows that tracer nodal value at integer indexes (i,k) represents the mean over the cell surface,
DxDzi,k, where Dx is the distance between horizontal grid-points and the thickness of the cell is defined as
E

Dzi;k ¼ HiDrk ¼ Hiðrkþ1=2 � rk�1=2Þ ð13Þ
RIt follows from (11)–(13) that
Rrk ¼
X

q¼1;k�1

Drq þ 0:5Drk ð14Þ
and
 O
zi;k � zi;k�1 ¼ H iðDrk þ Drk�1Þ=2 ð15Þ
C

We recall that ð~̂u; ~u0Þ ¼ Hðû; u0Þ and that Ht+Dt � Ht = gt+Dt � gt. To derive discrete schemes we will use the
following averaging operators:
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Eq. (9) represents the sum of barotropic and baroclinic relations, namely
R t1

t0

R x1

x0
û o~̂u

ot� dx� dt� ¼
R x1

x0
D~̂EC dx�þR t1

t0

R x1

x0 ÊC
og
ot� dx� dt� and

R t1
t0

R x1

x0

R r1

r0
u0 o~u0

ot� drdx� dt� ¼
R x1

x0

R r1

r0
D~E0C drdx� þ

R t1
t0

R x1

x0

R r1

r0
E0C dr og

ot� dx� dt� respec-
tively. Their finite difference counterpart, based on our common leapfrog scheme, is then given by
Plea
(200
F

X
i¼1;M�1

t¼t0;t1

ût
~̂utþDte � ~̂ut�Dte

2Dte
DxDte

 !
iþ1=2

¼
X

i¼1;M�1

Dx
2

ût1~̂ut1þDte � ût0~̂ut0�Dte
� �� �

iþ1=2

þ
X

i¼1;M�1
t¼t0;t1�Dte

ûtûtþDte

2

�gxtþDte � �gxt

Dte
DxDte

 !
iþ1=2

ð17Þ
Oand
P
R

OX
i¼1;M�1

k¼1;R�1
t¼t0;t1

u0t
~u0tþDt � ~u0t�Dt

2Dt
DxDrDt

� �
iþ1=2;k

¼
X

i¼1;M�1
k¼1;R�1

DxDr
2

u0t1~u0t1þDt � u0t0~u0t0�Dt
� �� �

iþ1=2;k

þ
X

i¼1;M�1
k¼1;R�1
t¼t0;t1�Dt

u0tu0tþDt

2

�gxtþDt � �gxt

Dt
DxDrDt

 !
iþ1=2;k

ð18Þ

E
DEqs. (17) and (18) respectively represent the external and internal contributions. In Eq. (17), t varies from t0 to

t1 in increments of Dte, the external time step, and in increments of Dt, the internal time step, in Eq. (18). The
first term on the RHS of Eqs. (17) and (18) respectively, corresponds to the difference of barotropic (respec-
tively baroclinic) KE between the final and initial times (t1, t0). Let us note that, according to Eqs. (17) and
(18), the discrete form of the kinetic barotropic and baroclinic energy, ðût~̂utþDte ; u0t~u0tþDtÞ=2, can be negative,
since velocities at iterations t and t + Dte or t + Dt can have opposite signs.
T
E
C3.1.3. Surface motion

The last term of the RHS of Eq. (17) should equilibrate with the energy balance related to advection terms,
since, in case of closed boundaries, we actually have:

R x1

x0
û o~̂uû

ox� dx� ¼ �
R x1

x0

û2

2
og
ot� dx�. Using the numerical coun-

terpart of the barotropic continuity equation (6),
~̂ut
iþ1=2 � ~̂ut

i�1=2

� 	
=Dx ¼ �ðgtþDte

i � gt�Dte
i Þ=2Dte; ð19Þ
R
Rthe numerical rule of integration by parts given by (A.1) and (A.2) (in Appendix) and assuming closed bound-
ary ðû1=2 ¼ ûMþ1=2 ¼ 0Þ, one can show that the finite difference counterpart, based on our common centred
scheme ðF i ¼ ~̂ux

i û
x
i Þ, verifies
 OX

i¼1;M�1
t¼t0;t1

ût
iþ1=2ðF iþ1 � F iÞDte ¼ �

X
i¼1;M�1

t¼t0;t1

ût2

2

�gxtþDte � �gxt�Dte

2Dte
DxDte

 !
iþ1=2

ð20Þ
C

U

NNote that the expected equilibrium between (20) and the second term of the RHS of (17) is not exactly
achieved, since on the one hand ûtûtþDte=2 is not exactly equivalent to ût2=2, while on the other hand the for-

ward derivative, ð�gxtþDte � �gxt Þ=Dte, is not strictly equivalent to the centred derivative, ð�gxtþDte � �gxt�Dte Þ=2Dte.
Nonetheless, we assume this shortcoming to be negligible if the time step is small enough. In a similar manner,
we can show that the finite difference counterpart for the energy balance related to u0 o~̂uu0

ox� (with momentum
fluxes given by F i ¼ ~̂ux

i u
0x
i;k and closed boundaries) verifies
X
i¼1;M�1

k¼1;R�1
t¼t0;t1

u0
t
iþ1=2;k

ðF iþ1;k � F i;kÞDtDrk ¼ �
X

i¼1;M�1
k¼1;R�1
t¼t0;t1

u0t
2

2

�gxtþDt � �gxt�Dt

2
DxDr

 !
iþ1=2;k

ð21Þ
se cite this article in press as: Patrick, M. et al., Energy conservation issues in sigma-coordinate ..., Ocean Modell.
7), doi:10.1016/j.ocemod.2007.07.005



279

280

281

282

283

284

285

286

287

288

289

290

291
292

294294

295

296

297

298

299

300

302302

303

304

305

306

307

308

310310

311

312

313

314

315

316

317

318

320320

8 M. Patrick et al. / Ocean Modelling xxx (2007) xxx–xxx

OCEMOD 312 No. of Pages 29, Model 3+

24 August 2007 Disk Used
ARTICLE IN PRESS
For the reasons similar to previously mentioned, (21) does not exactly equilibrate the second term at the RHS
of Eq. (18). Some details concerning the use of barotropic currents in the internal mode equations may help in
understanding Eq. (21). Let us note that, because of the time-splitting technique, the barotropic current in-
volved in the momentum fluxes of (21) corresponds to a time average of the external mode solution over
the period bounded by internal time steps t � Dt and t + Dt (Mellor, 2003). The transport divergence term,
emerging due to the rule of integration by parts (A.1), is then balanced by a variation of the SLA between
time steps t � Dt and t + Dt, actually resulting in the RHS of (21).
O
F3.1.4. Purely baroclinic terms of advection

Purely baroclinic terms of advection, u0ðo~u0u0

ox� þ oxu0

or Þ, do not pose the same problem, since numerous authors
(Arakawa and Lamb, 1977; Haltiner and Williams, 1980) have long shown they conserve the global KE, as
long as the momentum fluxes and the continuity equation are formulated consistently. Indeed, defining the
momentum fluxes as in BM87 ðF X

i;k ¼ ~u0xi;ku0xi;k; F
Z
iþ1=2;kþ1=2 ¼ ðxxu0zÞiþ1=2;kþ1=2Þ, using the finite difference coun-

terpart of the baroclinic continuity equation (obtained by subtracting Eqs. (5) and (6)), i.e.,
O

Plea
(200
ð~u0iþ1=2;k � ~u0i�1=2;kÞ=Dx ¼ �ðxi;kþ1=2 � xi;k�1=2Þ=Drk; ð22Þ
P
Rapplying the numerical rule (A.1) and (A.2), and assuming closed boundaries ðu01=2;k ¼ u0Mþ1=2;k ¼ 0Þ, one can

show that the numerical counterpart of the corresponding energy balance,
P

i¼1;M�1
k¼1;R�1
t¼t0;t1

u0tiþ1=2;k
ððF X

iþ1;k � F X
i�1;kÞDrk þ ðF Z

iþ1=2;kþ1=2 � F Z
iþ1=2;k�1=2ÞDxÞDt, does not change the global KE.
D3.1.5. External/internal modes energy transfer

Terms in expression (10) that we have not detailed yet are
EZ t1

t0

Z x1

x0

û
Z r1

r0

o~u0u0

ox�
drþ

Z r1

r0

u0
o~u0û
ox�
þ oxû

or

� �
dr

� �
dx� dt� ð23Þ
T

E
CLet us recall that the term under the first vertical integral has been obtained by multiplying the non-linear

terms at the RHS of (7) by û and thus is a contribution to the barotropic KE balance. Conversely, the term
under the second integral was obtained by multiplying the non-linear terms (a part of them actually) at the left
hand side (hereafter LHS) of (1) by u0 and thus is a contribution to the baroclinic energy balance. Using the
continuity equations (5) and (6), we see that the latter satisfies
R

u0
o~u0û
ox�
þ oxû

or

� �
¼ ou0~u0û

ox�
� û

o~u0u0

ox�
ð24Þ
N
C

O
R

If, as previously, we consider a closed domain, the first term at the RHS of (24) disappears when the global
balance is calculated. In that case, the second vertical integral of (23) equilibrates the first one, indicating an
energy transfer between the external and internal modes, through the advection terms. In order to write a
numerical expression for (23), let us recall that the numerical counterpart for the momentum fluxes,
ð~u0u0; ~u0û;xûÞ, is based on a common centred scheme, namely: F XE

i;k ¼ ~u0xi;ku0xi;k, F XI
i;k ¼ ~u0xi;kûx

i and F ZI
iþ1=2;kþ1=2 ¼

ðxxûÞiþ1=2;kþ1=2. We will examine separately the numerical expression of the three terms involved in (23).
Assuming closed boundaries, we note that the balance related to the horizontal fluxes satisfies
UX
i¼1;M�1

k¼1;R�1
t¼t0;t1

ût
iþ1=2

F XE
iþ1;k � F XE

i;k

Dx
DrkDtDx ¼ �

X
i¼2;M�1

k¼1;R�1
t¼t0;t1

ð~u0txu0txÞi;kðût
iþ1=2 � ût

i�1=2ÞDrkDt ð25Þ

X
i¼1;M�1

k¼1;R�1
t¼t0;t1

u0tiþ1=2;k

F XI
iþ1;k � F XI

i;k

Dx
DrkDtDx ¼ �

X
i¼2;M�1

k¼1;R�1
t¼t0;t1

ð~u0txûtxÞi;kðu0tiþ1=2;k � u0ti�1=2;kÞDrkDt ð26Þ
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R
O

O
F

A few comments are now helpful. The baroclinic momentum flux, F XE
i;k , is involved in the coupling of the exter-

nal and internal modes since it also appears at the RHS of the barotropic momentum equation (7). As we use
the time-splitting technique described in Mellor (2003), this term is kept frozen over the external mode se-
quence bounded by two successive time steps, t and t + Dt, of the internal mode.

This means that the barotropic current, û, appearing in expression (25) is actually equivalent to a time
average of the external mode solution between internal time steps t and t + Dt, besides explaining the use
of time step Dt instead of Dte. In contrast, the barotropic current appearing in the momentum flux F XI

i;k is
involved in the internal mode computation. Since we use a leapfrog scheme, baroclinic velocities are obtained
by integrating momentum equations from time step t � Dt to t + Dt. Some conservation considerations,
related to the use of the time-splitting technique, normally affect the way we compute the barotropic compo-
nent of the current involved in advection terms of the internal mode (Deleersnijder, 1993). As in Mellor
(2003), the barotropic current is here provided by the external mode solution, time averaged over the two
external mode sequences bounded by internal time steps t � Dt and t + Dt. Therefore, barotropic currents
appearing in (25) and (26) are not exactly equivalent: the former have been averaged over one external mode
sequence and the latter over two. As we will see now, this prevents the energy transfer between external and
internal mode expressed by (23) from being numerically balanced. To achieve this, we temporarily assume
that barotropic currents of (25) and (26) were strictly the same. If so, and noting that we have
u0xi;kðûiþ1=2 � ûi�1=2Þþ ûx

i;kðu0iþ1=2;k � u0i�1=2;kÞ ¼ u0iþ1=2;kûiþ1=2 � u0i�1=2;kûi�1=2, one can show that the sum of (25)
and (26) gives
Plea
(200
D
PX

i¼1;M�1
k¼1;R�1
t¼t0;t1

ðu0t ûtÞiþ1=2;k

ð~u0txÞiþ1;k � ð~u0txÞi;k
Dx

DrkDtDx ð27Þ
Now, if we consider the vertical flux term of (23) we obtain
E
C

T
EX

i¼1;M�1
k¼1;R�1
t¼t0;t1

u0tiþ1=2;k

F ZI
iþ1=2;kþ1=2 � F ZI

iþ1=2;k�1=2

Drk
DrkDtDx

¼
X

i¼1;M�1
k¼1;R�1
t¼t0;t1

ðu0tûtÞiþ1=2;k

ðxtxÞiþ1=2;kþ1=2 � ðxtxÞiþ1=2;k�1=2

Drk
DrkDtDx ð28Þ
U
N

C
O

R
RAccording to the baroclinic continuity scheme (22), we can substitute ðxtx

iþ1=2;kþ1=2 � xtx
iþ1=2;k�1=2Þ=Drk ¼

�ð~u0tx
iþ1;k � ~u0tx

i;kÞ=Dx in the RHS of expression (28), and see that the sum of (27) and (28) is exactly zero. In
other words, the equilibrium expressed by (23) and (24) is actually numerically achieved. Unfortunately, this
does not happen when barotropic currents appearing in (25) and (26) are different. Nonetheless, we suppose
that the value of the barotropic value is not very sensitive to the way the time average is computed (over one or
two external mode sequences), notably in low frequency cases. Therefore, the associated energy conservation
defect may be regarded as negligible in most cases. We will make this point clear by means of the numerical
tests presented in Section 6.

3.1.6. Partial conclusion

At this stage, we retain that the discrete form of the KE can be negative because of the leapfrog time-step-
ping procedure. Furthermore, the time variation term of KE contains a time variation term of SLA that is not
exactly balanced by advection terms, evidencing an energy-conserving failure of the leapfrog scheme. Finally,
we note that the separation of the model equations in two (external and internal) modes must be dealt with
carefully, especially regarding the exchanges between the barotropic and baroclinic forms of the KE, notably
those involving advection terms. These processes are not balanced if a classic time-splitting technique is used,
because of the inconsistency between the leapfrog scheme used to update internal mode equations, and the
forward-like nature of the frozen terms in the external mode equations. We will see that the twin external
mode method is a possible alternative to that particular problem.
se cite this article in press as: Patrick, M. et al., Energy conservation issues in sigma-coordinate ..., Ocean Modell.
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3.2. Dissipation of kinetic energy induced by diffusion terms

3.2.1. Analytical formulation

The effect of the diffusion terms on the energy balance is given by
Plea
(200
F

Z t1

t0

Z x1

x0

Z r1

r0

u
o

ox�
~Kx ou

ox�
þ o

or
Kz

H
ou
or

� �
dx�drdt� ¼

Z t1

t0

Z r1

r0

u~Kx ou
ox�

� �x1

x0

drdt� þ
Z t1

t0

Z x1

x0

u
Kz

H
ou
or

� �r1

r0

dx�dt�

�
Z t1

t0

Z x1

x0

Z r1

r0

~Kx ou
ox�

� �2

þKz

H
ou
or

� �2
 !

dx�drdt�

ð29Þ
E
D

P
R

O
OThe first term on the RHS of (29) represents energy fluxes through lateral boundaries, which vanish in the case

of closed boundaries, as we suppose now. The second term represents energy fluxes related to surface and bot-
tom stresses. The last term is always negative, indicating diffusion is an energy sink. Models of the POM-type
generally use a turbulence closure scheme based on a prognostic equation for the turbulence kinetic energy
(hereafter TKE). The latter normally contains a production term, ~Kzðou

oz Þ
2, (BM87; Gaspar et al., 1990), so that

the loss of energy induced by vertical mixing in (29) in fact involves an energy transfer process from scales fully
resolved by the model grid to the scale of sub-grid turbulence, parameterised by the turbulence closure scheme.
Practically, the energy lost by vertical diffusion is counterbalanced by an equivalent gain of TKE. Horizontal
turbulence is generally not accurately represented in such models, so that dissipation induced by horizontal
mixing, �~Kx ou

ox�
� �2

, is directly lost by the system.

3.2.2. Asselin filter
Although it does not appear in the mathematical formulation of the model equations, we also consider a

time diffusion effect, induced by the use of an Asselin filter (Asselin, 1972). The Asselin filter is implemented as
in BM87, that is
 T
/�t ¼ /t þ a
2
ð/tþDt � 2/t þ /�t�DtÞ ð30Þ
E
C

where /t is any of the model variables and /�t is the corresponding filtered variable. Combined with the leap-
frog scheme, the time-stepping procedure now is
R/tþDt � /�t�Dt

2Dt
¼ RHSt ð31Þ
O
Rwhere RHSt is the numerical counterpart of the various model processes, except the Asselin filter term.

An inconvenience of expression (31) is that we lose, apparently, a basic property of local conservation,
since the numerical integral over the simulation duration of the LHS term of (31) is no longer equal to the
difference between the final and initial states. In fact, expression (31) can be rewritten using (30) at time t � Dt,
namely
C/tþDt � /t�Dt ¼ 2DtRHSt þ a
2
ð/t � 2/t�Dt þ /�t�2DtÞ ð32Þ
U
Nwhere the filtered variable, /�t�2Dt, can in turn be replaced by /t�2Dt owing to (30), thus introducing the addi-

tional term ða
2
Þ2ð/t�Dt � 2/t�2Dt þ /�t�3DtÞ on the RHS of (32). This operation can be repeated for /�t�3Dt and

soon, so that we finally obtain that the RHS of (31) is equivalent to 2DtRHSt þ
P

q¼1;qmax
ða

2
Þq

ð/t�ðq�1ÞDt � 2/t�qDt þ /t�ðqþ1ÞDtÞ where qmax is the total number of iterations since the beginning of the simu-
lation. As the Asselin coefficient, a, generally is a positive number much smaller than 1 (BM87), the terms of
the polynomial series with q P 2 can be neglected, so that (32) is virtually equivalent to
/tþDt � /t�Dt ¼ 2DtRHSt þ a
2
ð/t � 2/t�Dt þ /t�2DtÞ ð33Þ
se cite this article in press as: Patrick, M. et al., Energy conservation issues in sigma-coordinate ..., Ocean Modell.
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We will finally retain (33), because its conservation properties are more interesting than the ones of the classic
Asselin scheme. Indeed, the numerical equivalent of the time integral of (33) gives
Plea
(200
1

2
/t1þDt þ /t1 � a

2
ð/t1 � /t1�DtÞ

� 	
¼
X

t¼t0;t1

RHStDt þ 1

2
/t0�Dt þ /t0 � a

2
ð/t0�Dt � /t0�2DtÞ

� 	
ð34Þ
showing that the final state of the variables now only depends on the initial state and the time integral of the
forcing terms, as may be expected. Also note that expression (33) cannot be implemented as such, due to the
sigma formulation of our model, so that we actually use the following scheme:
 F~/tþDt � ~/t�Dt ¼ 2dt ~RHSt þ ~F t�0:5Dt

ass � ~F t�1:5Dt
ass ð35Þ
Owith
Oð~F t�0:5Dt
ass ; ~F t�1:5Dt

ass Þ ¼ a
2

Ht þ H t�Dt

2
ð/t � /t�DtÞ;H

t�Dt þ H t�2Dt

2
ð/t�Dt � /t�2DtÞ

� �
ð36Þ
D
P
RThe Asselin filter in its standard form is known to destroy conservation properties for tracer variables (e.g.

Griffies et al., 2001). The advantage of (35) and (36) is that the filter leaves homogeneous fields unchanged
despite possible motions of the SLA. In fact, the filter can be seen as a finite difference counterpart for a time
diffusion process, o

ot
~KA o/

ot (with ~KA=Dt2 ¼ ~a=2Þ, comparable to horizontal and vertical mixing processes.
Regarding velocity, for example, we expect that the KE dissipated by the filter is given by the integral over
time of �~KAðou

ot Þ
2. Now, let us note that the computation of the filter is centred on the previous time step,

t � Dt. The energy balance approach emphasises the interest of this particular feature. Indeed, using A1,
the KE balance related to the filter satisfies
 EX

t¼t0;t1

utð~F t�0:5Dt
ass � ~F t�1:5Dt

ass Þdt ¼ ut1 ~F t1�0:5Dt
ass � ut0 ~F t0�1:5Dt

ass �
X

t¼t0;t1�Dt

~KA ðut � ut�DtÞðutþDt � utÞ
Dt

ð37Þ
T

R

E
CWe clearly see that the product (ut � ut�Dt)(ut+Dt � ut), at the RHS of (37), should be positive most of the time

(so that the global effect of the filter is to dissipate energy, as expected). However, it is possibly negative, for
instance if the simulation develops some high-frequency instabilities reversing the signs of the current at suc-
cessive time steps. Although we might conclude that the KE produced by the filter amplifies the numerical
noise, in fact it does not. Indeed, in accordance with (17) and (18), we have seen that KE of high-frequency
instabilities is negative, so that the apparent production of energy by the filter reduces the level of numerical
noise. We would not have this interesting property if the computation of the filter was centred on the present
time step, t, as an intuitive approach would suggest.
R
O3.2.3. Horizontal and vertical mixing

These considerations also apply to the other diffusion processes. Horizontal mixing is therefore computed
with velocities obtained at the previous time step t � Dt. The related KE balance, supposing a closed domain
and using (A.1), satisfies
U
N

CX
t¼t0;t1
k¼1;R�1
i¼1;M�1

ut
iþ1=2;k

Dx
ð~Kxðut�Dt

iþ3=2;k � ut�Dt
iþ1=2;kÞ � ~Kxðut�Dt

iþ1=2;k � ut�Dt
i�1=2;kÞÞDrkDt

¼ �
X

t¼t0;t1
k¼1;R�1
i¼2;M�1

~Kx

Dx
ðut�Dt

iþ1=2;k � ut�Dt
i�1=2;kÞðut

iþ1=2;k � ut
i�1=2;kÞDrkDt ð38Þ
In most cases, the RHS of (38) is negative, evidencing the expected dissipation effect of the horizontal mixing.
In the particular case of a numerical mode having a 2Dt period the RHS of (38) becomes positive, counter-
acting the development of the former, since KE of numerical noise is negative. Similar comments apply for
se cite this article in press as: Patrick, M. et al., Energy conservation issues in sigma-coordinate ..., Ocean Modell.
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vertical mixing, except that its computation is now centred on the following time step, t + Dt (BM87). As an
inconvenient consequence, at a given grid node (i + 1/2,k), any model equation contains several unknown
variables inducing a vertical dependence on the other equations, requiring a linear system with the equations
of a same grid column be solved. On the other hand, implicit schemes are known to be more stable. Using A1,
the energy balance associated with vertical mixing verifies
Plea
(200
O
F

X
t¼t0;t1
k¼1;R�1
i¼1;M�1

ut
iþ1=2;k

siþ1=2;kþ1=2� siþ1=2;k�1=2

Drk

� �
DxDtDrk

¼
X

t¼t0;t1
i¼1;M�1

ðut
iþ1=2;R�1s

Surf
iþ1=2�ut

iþ1=2;1s
Bot
iþ1=2ÞDxDt�

X
t¼t0;t1
k¼1;R�2
i¼1;M�1

Kz
utþDt

iþ1=2;kþ1�utþDt
iþ1=2;k

ziþ1=2;kþ1� ziþ1=2;k
ðut

iþ1=2;kþ1�ut
iþ1=2;kÞDxDt

ð39Þ
P
R

O

where siþ1=2;kþ1=2 ¼ KzðutþDt
iþ1=2;kþ1 � utþDt

iþ1=2;kÞ=ðziþ1=2;kþ1 � ziþ1=2;kÞ and ðsSurf
iþ1=2; s

Bot
iþ1=2Þ are the surface and bottom

stresses, acting as source or sink of energy. The last term at the RHS of (39) is a term of energy dissipation.
For the sake of simplicity we have not detailed the separated contribution of internal and external mode

diffusion terms to the energy balance. This can easily be deduced from Eqs. (29)–(37), (refspseqn63), (39), since
we use a constant mixing coefficient, Kx, so that the depth-averaged horizontal diffusion process of Eq. (1) is
simply equivalent to the horizontal diffusion of the depth-averaged current. In other words, we verify that
DZ r1

r0

o

ox�
~Kx ou

ox�

� �
dr ¼ o

ox�
~Kx oû

ox�
ð40Þ
O
R

R
E
C

T
EIn case of a non-constant mixing coefficient, Eq. (7) should take into account an additional term,R r1

r0
ð o
ox�

~K 0 ou0

ox�Þdr, with K 0 ¼ Kx �
R r1

r0
Kx dr.

3.2.4. Partial conclusion

At this stage, we retain that the Asselin filter can be approximated as a time diffusion process, and thus
considered as a sink of energy. We also retain that a backward centring helps the scheme removing high-fre-
quency instabilities. For the same reasons, horizontal and vertical mixing computations are respectively cen-
tred on the previous and following time steps.

3.3. Pressure gradient

3.3.1. SLA slope

The pressure gradient is given by expression (3). Note that the latter contains a purely barotropic term asso-
ciated to the slope of the SLA. The contribution to the barotropic KE is obtained by multiplying the SLA
slope term, gH og

ox, of Eq. (7) by the barotropic current, û. Using the barotropic continuity equation (6), and
the divergence theorem, we obtain the related energy balance:
C�

Z t1

t0

Z x1

x0

gûH
og
ox

dx� dt� ¼ �
Z x1

x0

gg2

2

� �t1

t0

dx� �
Z t1

t0
g Hûg½ �x1

x0 dt� ð41Þ
U
Nwhere the first term at the RHS of (41) represents a variation of barotropic PE between initial and final times,

t0 and t1. The second term at the RHS of (41) vanishes in case of closed boundaries. The discrete form of the
surface pressure gradient is simply �gHx

iþ1=2ðgiþ1 � giÞ=Dx. Energy conservation is easily demonstrated (e.g.
Arakawa and Lamb, 1977) using the discrete barotropic continuity equation (19) and the numerical rule of
integration by parts (A.1). In the case of closed boundaries the finite difference counterpart of (41) is
�
X

t¼t0;t1
i¼1;M�1

g~̂ut
iþ1=2

gt
iþ1 � gt

i

Dx
Dte ¼ �

X
i¼2;M�1

g
2
ðgt1

i gt1þDte
i � gt0

i gt0�Dte
i ÞDx ð42Þ
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where the numerical counterpart of the barotropic PE anomaly is given by ggtgtþDte=2. While the continuous
form of the latter is always positive, we see that it may become negative in certain cases (in particular if the
model becomes unstable and develops numerical noise), due to the leapfrog time-stepping scheme. This issue
may be taken into account in order to obtain a consistent construction of the other numerical schemes in the
external mode, such as the boundary conditions. In case of open boundaries, the time integral of the PE flux
through the boundaries should be added to the RHS of (42), gðHxûtÞ1þ1=2g

t
1 � gðH xûtÞM�1=2g

t
M . Using a radi-

ative boundary condition that is decentred in time and space as described in Marsaleix et al. (2006), these en-
ergy fluxes become �gcgtþDte

1 gt
1 � gcgtþDte

M gt
M , where c is the phase velocity of surface waves. Clearly, in most

cases, these fluxes are negative, since gt and gtþDte share the same sign. In other words, the radiative boundary
conditions in question subtract energy from the system, a property that may be considered to enhance the
model stability. When case the model develops numerical noise, gt and gtþDte are of opposite sign, so that
the discrete form of the PE anomaly is negative. The fluxes through the open boundaries remain consistent,
since they become positive, and help reduce the noise level.

3.3.2. Baroclinic contribution of the density anomaly gradient

We consider the pressure gradient terms depending on density gradients, which are the two last terms at the
RHS of Eq. (3). These terms both contribute to the baroclinic and barotropic energy balance. Let us first
examine the baroclinic contribution which is obtained by multiplying, in Eq. (1), the part of the pressure that
depends on density gradients by the baroclinic current, u0. Using the divergence theorem, the hydrostatic equi-
librium and the baroclinic continuity equations, we can show that we have
Plea
(200
D�
Z t1

t0

Z x1

x0

Z r1

r0

u0
op0

ox�
þ g

oz
ox�

q0
� �

H drdx� dt� ¼ �g
Z t1

t0

Z x1

x0

Z r1

r0

xq0H þ oz
ox�

~u0q0
� �

drdx� dt� ð43Þ
EWe will see in the following section that PE balance related to the advection of density contains the same terms
as those at the RHS of (43), thus evidencing a mechanism of conversion between the kinetic and potential
forms of energy. Here, the pressure gradient force is given by a straightforward discretisation, namely
T

op0

ox�
þ g

oz
ox�

q0 ¼
p0iþ1;k � p0i;k

Dx
þ g

ziþ1;k � zi;k

Dx
q0xiþ1=2;k ð44Þ
C

with the hydrostatic pressure computed according to
E

p0i;k ¼ gHi

X
q¼kþ1;R�1

q0i;qDrq þ 0:5q0i;kDrk

" #
ð45Þ
U
N

C
O

R
R

Let us recall that numerous authors have considered the discretisation of the PGF. These studies were often
motivated by the problem of truncation errors induced by the sigma-coordinate scheme. Using a straightfor-
ward scheme similar to the one used here, Beckmann and Haidvogel (1993) and Haney (1991) showed that the
PGF accuracy can be improved by eliminating a mean density profile before calculating the pressure gradient.
However, this procedure is not retained here since it is known that this destroys the energetic consistency of
the PGF with vertical density advection (Gerdes, 1993). An alternative to the schemes (44) and (45) is the sec-
ond-order POM density Jacobian. Shchepetkin and McWilliams (2003) showed that this scheme is algebrai-
cally equivalent to (44) provided that the rectangular integration in (45) is replaced by a trapezoidal
integration. As a consequence the density Jacobian PGF vanishes identically, regardless the vertical structure
of the grid, if density is simply a linear function of z, a property that is not exactly satisfied by (44) and (45).
On the other hand, the rectangular integration (45) does not require any particular boundary condition at the
top of the grid while the density Jacobian scheme does (Shchepetkin and McWilliams, 2003). The energetic
consistency of the density Jacobian PGF with density advection terms is discussed in Song and Wright
(1998). Their study, however, neglected the effects of sea surface elevation variations. This was done by Shche-
petkin and McWilliams (2003) who showed that the energetic consistency of the barotropic part of the PGF
with the time differentiation term in the discrete density equation was possibly compromised by free-surface
variations. Opposingly we will see in Section 4.1 that the rectangular integration in (45), that assumes a piece-
wise constant distribution within each vertical cell, is consistent with the definition of the discrete PE. The
se cite this article in press as: Patrick, M. et al., Energy conservation issues in sigma-coordinate ..., Ocean Modell.
7), doi:10.1016/j.ocemod.2007.07.005



544

545

546
547

549549

550

551
552

554554

555

556

557

558

559

560

561
562

564564

565

566

567
568

570570

571

572

573

574

575

576

577

578

579

580

581

582

583

14 M. Patrick et al. / Ocean Modelling xxx (2007) xxx–xxx

OCEMOD 312 No. of Pages 29, Model 3+

24 August 2007 Disk Used
ARTICLE IN PRESS
scheme (44) and (45) was actually chosen for this particular reason but we keep in mind that the density Jaco-
bian scheme is virtually more accurate.

Let us now turn to the numerical counterpart of expression (43). It follows from (45) that
Plea
(200
p0i;k � p0i;k�1 ¼ �
gH i

2
ðDrkq

0
i;k þ Drk�1q

0
i;k�1Þ ð46Þ
Using (44) and (46), the continuity equation (22) and the closed boundary condition, u1/2,k = uM+1/2,k = 0, we
can show that the numerical counterpart expression (43) verifies
O
O

F�
X

t¼t0;t1
i¼1;M�1
k¼1;R�1

u0iþ1=2;k
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� �
H x
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¼ � g
2

X
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i¼1;M
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xi;kðDrkq
0
i;k þ Drk�1q

0
i;k�1ÞH iDxDt � g

X
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k¼1;R�1

~u0iþ1=2;kðziþ1;k � zi;kÞq0xiþ1=2;kDrkDt

ð47Þ
D
P
RThe RHS of (47) will be compared to the corresponding term of the PE balance in the following section.

3.3.3. Barotropic contribution of the density anomaly gradient

Here, we examine contribution of pressure gradient force associated with density anomaly to the barotropic
kinetic energy balance. The latter is obtained by multiplying, in the barotropic momentum equation (7), the
part of the pressure gradient depending on density gradients by the barotropic current û. Using the property of
the integral of a divergence over a closed domain and the barotropic continuity equation (6), we can show that
we have
T
E
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Z r1
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�u
op0

ox�
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ox�
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~�uq0
� �

drdx� dt� ð48Þ
CWe will see in the following section, focussing on the PE balance, that the RHS of (48) evidences a mechanism
of conversion between the kinetic and potential forms of energy. Now, we examine the numerical counterpart
of the LHS of (48). Using the closed boundary condition, û1=2 ¼ ûMþ1=2 ¼ 0, the latter verifies
R
R

E
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U
N

C
O

We can see that the RHS of (49) represents a numerical counterpart of the RHS of (48), especially if we replace
the velocity gradient by the time variation of SLA given by the barotropic continuity equation (19). However,
this point needs some comments concerning the coupling of the internal and external modes. The barotropic
KE balance is indeed based on the external mode equations, the latter being computed with a time step smaller
than the time step of the internal mode. The barotropic current appearing at the RHS of (49) is combined with
some terms provided by the internal mode, (p0,q0,z), which are kept frozen over a sequence of computation of
the external mode, bounded by the internal time steps t and t + Dt. In other words, the numerical time integral
of (49), that should normally use the time-stepping scheme of the external mode, can simply be computed with
the time-stepping scheme of the internal mode (as for the numerical integral of (47)), insofar as the barotropic
current value has been averaged over the duration of the external mode sequence bounded by internal time
steps t and t + Dt. If so, the continuity equation (19) requires that the barotropic current divergence equili-
brates the time variation of the SLA between time step t and t + Dt. In other words, the first term at the
RHS of (49) can be rewritten as
se cite this article in press as: Patrick, M. et al., Energy conservation issues in sigma-coordinate ..., Ocean Modell.
7), doi:10.1016/j.ocemod.2007.07.005
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F

3.3.4. Partial conclusion

At this stage we retain, according to the relationship (41), that the variations of barotropic KE induced by
the slope of the SLA must be equilibrated by an equivalent variation of the barotropic PE, of which the dis-
crete form may become negative due to the leapfrog scheme. We have also seen that this process is exactly
reproduced by the model, numerically speaking, provided that the barotropic PE is correctly defined, as stated
by expression (42).
 O
R
O4. Potential energy balance

As far as the effects of density are concerned, a PE balance is obtained by multiplying the density equation
(4) by gz (Winters et al., 1995). Considering a closed domain and no turbulent fluxes through the bottom and
the surface, this gives
D
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drdx� dt� ð51Þ
T
EThe LHS of (51) is a time variation term of PE. The first integral at the RHS of (51) represents the effect of

density advection on the PE balance. Considering that in the sigma-coordinate system the vertical velocity is
expressed as w ¼ oz

ot� þ u oz
ox� þ x, we recover the classic term, �gq0w (Gill, 1982), expressing the effect of vertical

motions on the PE level, as expected. The second integral at the RHS of (51) represents the effects of mixing.
R
E
C4.1. Time variation term

The time variation term of PE, ogz~q0

ot� , and the term related to the variation of the vertical grid levels, gz o~q0

ot�,
both come from the time variation term of the density equation (4), since we have gz o~q0

ot� ¼
ogz~q0

ot� � g~q0 oz
ot�. As far

as the PE balance is concerned, the corresponding numerical counterpart verifies
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NThe first term at the RHS of (52) represents the difference of PE between the beginning, g
2
ðzt0

i;k~q0t0�Dt
i;k þ zt0þDt

i;k ~q0t0i;kÞ,
and the end, g

2
ðzt1

i;k~q0t1þDt
i;k þ zt1�Dt

i;k ~q0t1i;kÞ, of the simulation. In the second term of the RHS of (52), we have used the
sigma-coordinate transformation (11) to express the variations of grid levels as a function of the SLA, namely
Uoz

ot�
¼ r

og
ot�

ð53Þ
Also recall that we have ~q0 ¼ Hq0. Expressed thus, the second term at the RHS of (52) allows to better evidence
a mechanism of energy conversion involving the pressure gradient since, using the hydrostatic equilibrium and
(53), one can show that the term related to grid level variations actually satisfies
se cite this article in press as: Patrick, M. et al., Energy conservation issues in sigma-coordinate ..., Ocean Modell.
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We see that the RHS of (54) also appears in expression (48), but with an opposite sign. Additionally, (54)
shows that the first term at the RHS of (51) should be equilibrated by the contribution of the pressure anomaly
gradient to the baroclinic and barotropic kinetic energies, namely (43) plus (48). Let us now examine the
numerical counterpart of (54), in order to compare it to the corresponding numerical counterpart of Eq.
(48), which is (50).

Combining (45) and (14) we obtain
 FX
k¼1;R�1

p0tk Drk ¼ gH t
X

k¼1;R�1

q0tk rkDrk ð55Þ
OIt follows from (55) that the RHS of (50) actually verifies
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E
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E
D

P
RClearly, the RHS of (56) is not strictly equivalent to the second term at the RHS of (52), since the time deriv-

ative of the SLA is computed with values obtained at time steps t and t + Dt for the former, and time steps
t � Dt and t + Dt for the latter. Therefore, the equilibrium expressed by (54) cannot be faithfully reproduced
by the model because of the inconsistency between, on one the hand, the leapfrog time-stepping procedure
used for the density equation, and the forward-like nature of the frozen terms coupling the internal and exter-
nal modes on the other hand. We note that except the time differentiation term of SLA, the RHS of (56) and
(52) are identical, as a result of the energetic consistency of the rectangular scheme used to compute the hydro-
static pressure (45) with the definition of the discrete PE.

4.2. Density advection terms

This part of the balance concerns the terms gq0~u oz
ox� þ gq0xH appearing at the RHS of (51), which stem from

density advection, o~uq0

ox� þ
oxq0

or . In order to build the numerical counterpart of the corresponding balance, we use
the classic centred advection scheme of the model. Meanwhile, the current is expressed as the sum of its exter-
nal and internal parts, ð~u ¼ ~̂uþ ~u0Þ, in order to separate the barotropic and baroclinic contributions. Using
(15), we obtain the corresponding PE balance:
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DrkþDrkþ1
the advection fluxes. In the vertical advection

flux, the interface density value is given by a particular weighted average in order to maintain a consistent
energy balance with the hydrostatic pressure scheme (45). Let us note, that, from the point of view of the
advection problem, this is a priori not the best estimate of the mid-point value, qi,k+1/2, since a second-order
scheme would rather reverse the Dr’s order, e.g. qi;kþ1=2 ¼ ðDrkþ1q0i;k þ Drkq0i;kþ1Þ=ðDrk þ Drkþ1Þ.
se cite this article in press as: Patrick, M. et al., Energy conservation issues in sigma-coordinate ..., Ocean Modell.
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Thus, we see that, as expected, the two last terms of (57) exactly equilibrate the numerical counterpart of
(43), i.e., (47).

The first term at the RHS of (57) is similar to the second term at the RHS of (49), but the expected equi-
librium is not exactly achieved. On one hand, the barotropic current appearing in (49) corresponds to a time
averaged value of the external sequence bounded by time steps t and t + Dt. On the other hand, the barotropic
current in (57) corresponds to a time averaged value of the two external sequences bounded by time steps
t � Dt and t + Dt. As discussed in previous sections, this is the consequence, first of the forward-like nature
of the frozen terms in the external mode equations, and second of the leapfrog time-stepping procedure used
to compute the density equation.

4.3. Partial conclusion

At this stage, let us recapitulate the results just obtained; thanks to (43), (48) and (54) we know that the KE
variations related to the pressure anomaly gradient must equilibrate the PE variations related to density
advection represented by the first term at the RHS of (51), namely
Plea
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ð58Þ
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E
DIn order to check whether this property is numerically reproduced by the model, we first calculated the numer-

ical counterpart of the LHS of (58), considering the barotropic and baroclinic contribution separately, leading
to numerical expressions (47) and (49). Then, we calculated the numerical counterpart of the RHS of (58),
considering the terms g~q0 oz

ot� and gq0~u oz
ox� þ gq0xH separately, arriving at numerical expressions (52) and

(57). At first sight, expressions (47), (49), (52) and (57) seemed numerically consistent, but extensive examina-
tion revealed that the balance expressed by (58) is in fact not exactly recovered, because of the method used to
couple the external and internal modes. Indeed, the barotropic current of (49) has been averaged over one
external sequence only, when a perfect equilibrium would actually require a time average over two sequences
bounded by time steps t � Dt and t + Dt.

4.4. Density diffusion terms

The contribution of density diffusion terms to the PE balance is obtained by multiplying the mixing terms
by gz. Taking into account that we suppose lateral, surface and bottom fluxes to be zero, the corresponding
balance satisfies
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U
N

CThe last term in brackets on the RHS of (59) is generally positive, since the vertical density gradient, oq0

or , is
generally negative. This means that vertical mixing tends to increase the PE level, in other words: energy is
consumed by vertical mixing. In general, this term is retrieved, with an opposite sign, in turbulence closure
schemes based on a prognostic equation of the TKE (Mellor and Yamada, 1982; Gaspar et al., 1990). This
highlights the fact that the energy amount required to mix water should be taken from the TKE tank. As
far as our turbulence scheme is concerned (Gaspar et al., 1990), the vertical mixing coefficient is proportional
to the square root of the TKE and thus mixing does not occur if the TKE level is low, and inversely. The first
term between brackets at the RHS of (59) corresponds to the effect of horizontal mixing. Strictly speaking, the
word ‘‘horizontal” is not appropriate since the slope of iso-sigma levels, oz

ox�, causes this mixing term to contain
a part of vertical mixing. As a consequence, this ‘‘horizontal” mixing induces a variation of the PE level. As far
as we know, the latter is not taken into account by the turbulence closure schemes mentioned previously. This
se cite this article in press as: Patrick, M. et al., Energy conservation issues in sigma-coordinate ..., Ocean Modell.
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point will be discussed in the following. These considerations on mixing processes may raise questions regard-
ing the advection scheme. Indeed, the centred form of the density advection scheme presented in (57) is not
always suitable, for instance because of numerical instabilities that can possibly develop in the wake of frontal
structures (Reffray et al., 2004). As suggested by some authors, it is possible to counter this drawback by add-
ing a diffusion term to the advection scheme, which prevents the development of numerical noise, using for
instance a Lax–Wendroff method or a TVD scheme (James, 1996). This diffusion operator has a form similar
to the scheme presented in Section 3.2, except that the mixing coefficient computation depends on numerical
concerns, such as the limitation of overshoot effects, rather than on physical considerations regarding turbu-
lence. This additional diffusion term is likely to induce significant vertical mixing, which may eventually raise
the question of a corresponding balance in the TKE scheme. In other words, whether any vertical diffusion
process should be equilibrated in the TKE equation by an equivalent buoyancy term, which will be discussed
in the following.

As far as the PE balance is concerned, the numerical counterpart of (59) is
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where ð~Kx

T ;K
z
T Þ are mix-

ing coefficients given by physical arguments on turbulence, and (Ãx,Az) those deduced from considerations
on numerical stability properties of the advection scheme. As for the momentum equations, we note that the
horizontal density-mixing scheme is centred on the previous time step, t � Dt, while the vertical density-mix-
ing is centred on the following time step, i.e. t + Dt, for numerical stability reasons. We also note that the
first term at the RHS of (60) vanishes when the slope of iso-sigma levels is zero. Finally, we retain that
the RHS of (60) can be possibly used to build a numerical scheme for the buoyancy term of the TKE equa-
tion, in order to retrieve an expected energy-conserving property. Namely, that through the buoyancy term
the TKE tank loses (gains) an amount of energy exactly equivalent to what was gained (lost) by the global
PE through density mixing processes. This includes vertical mixing occurring indirectly because of the sigma
level slope, and possibly additional diffusion required to stabilize the advection scheme. In the same range of
ideas, we note that expression (39) can suggest an energy-conserving scheme for the production term of a
TKE equation. The interest of using a conservative form of the TKE equation is presented in Burchard
(2002).
 C
U
N5. Time splitting: an energy-conserving scheme

It is clear that energy exchanges involving frozen terms of advection and pressure anomaly gradient in
external mode equations are not exactly equilibrated, because of the forward-like nature of the coupling of
external and internal modes. Here, an alternative scheme based on centred-like way of coupling the two modes
is proposed. We aim to use the frozen terms in a centred manner; in practice, the frozen terms computed by the
internal mode at time step t should be involved in the two external mode sequences bounded by time step
t � Dt and t + Dt. Because of this constraint two external modes are used (hereafter: twin external modes).
The coupling mechanism of the twin external modes with the internal mode is shown by Fig. 3. This figure
can be explained as follows:
se cite this article in press as: Patrick, M. et al., Energy conservation issues in sigma-coordinate ..., Ocean Modell.
7), doi:10.1016/j.ocemod.2007.07.005



O
F

740

741
742

744744

745

746

747

748

749

750

751

752

753

754

755

756

757

758

759

760

761

762

763
764

766766

767

768

769

770

771

772

773

774

775

t-Δt t t+Δt t+2Δt t+3Δt internal mode

external mode 1

external mode 2

1

2

3

4

5

6

7

8

9

10

11

12

13

14

t-Δt

t

t+Δt

t+2Δt

t+3Δt

t+4Δt

t+4Δt

15

16
Δt

Δte

t-Δt t t+Δt t+2Δt t+3Δt internal mode

external mode 1

external mode 2

1

2

3

4

5

6

7

8

9

10

11

12

13

14

t-Δt

t

t+Δt

t+2Δt

t+3Δt

t+4Δt

t+4Δt

15

16
Δt

Δte

Fig. 3. Sketch of the twin external modes method.
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OStep 1: At time step t, the internal mode solution allows computation of the frozen terms for external
mode 1:Z r1
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dr ð61Þ

Step 2: External mode 1 allows integration of SLA and transport equations from internal time step t � Dt
to t + Dt.
Step 3: The transport computed by external mode 1 is time averaged over the period between t � Dt and
t + Dt. This enables to update the depth-averaged component of the current in the internal mode equations,
similar to the time-splitting technique of BM87.
Step 4: The internal mode is integrated from time step t � Dt to t + Dt.
Step 5: At time step t + Dt, the internal mode solution allows for computation of the frozen terms for exter-
nal mode 2.
Step 6: External mode 2 allows for integration of SLA and transport equations from internal time step t to
t + 2Dt.
Step 7: The transport computed by external mode 2 is time averaged over the period between t and t + 2Dt.
This enables to update the depth-averaged component of the current in the internal mode equations.
Step 8: The internal mode is integrated from time step t to t + 2Dt.
Steps 9–16 are the same as steps 1–8, but for the two following internal time steps.

The barotropic kinetic and PE balances are now computed using the average of solutions of external modes 1
and 2. On the other hand, the energy balance related to the internal mode equations is computed in the same
fashion as before. Thus, barotropic KE related to the pressure anomaly gradient is numerically equivalent to
expression (49), except that now the barotropic current is averaged from time step t � Dt to t + Dt. As a con-
sequence, the RHS of expression (50) can be rewritten as
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U
Nwhich, taking (55) into account, is now numerically equivalent to the second term at the RHS of (52). How-

ever, the barotropic component of the current appearing in (49) is exactly the same as the one involved in the
density advection, so that the first term at the RHS of (57) now perfectly equilibrates the second term at the
RHS of (49). In the same vein, concerning KE exchanges between external and internal modes through advec-
tion terms, the twin external modes method causes the barotropic current appearing in expressions (25) and
(26) to be numerically the same, so ensuring a perfect equilibrium.

Among the possible shortcomings of the twin external mode method, one might fear the separation of the
two external mode solutions, through a process similar to the separation of the solutions at even and odd iter-
ations that might be induced by leapfrog time-stepping procedures. Similarly to the Asselin filter, intended to
se cite this article in press as: Patrick, M. et al., Energy conservation issues in sigma-coordinate ..., Ocean Modell.
7), doi:10.1016/j.ocemod.2007.07.005
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bring even and odd trajectories closer, one could imagine bridging an eventual gap between the two external
modes by a filtering procedure. However, this appears unnecessary, at least in the frame of the numerical
experiments presented in the following section. Indeed, the twin external modes seem linked closely enough,
driven along a common trajectory by the internal mode, so that finally no filtering procedure was used. Also
note that the method of the twin external modes technique still ensures global conservation properties for pri-
mary variables such as momentum, heat or salt, as confirmed by the numerical experiments presented
promptly.
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F6. Numerical experiments and discussion

The results of the previous section are now discussed by means of a set of numerical experiments. Our
reference experiment comprises the generation of internal gravity waves by surface gravity (external) waves
over a submarine ridge. The aim is to construct a complete energy balance, and to quantify the shortcomings
identified in the previous sections. First of all, the energy conservation errors related to the leapfrog time-
stepping procedure in the momentum equations are considered, since we have shown that the SLA time var-
iation term emerging from the momentum time variation term (a particularity of the sigma-coordinate for-
malism) is not exactly equilibrated by the term issued from advection terms as it should however be. Let us
recall that this shortcoming is evidenced by the inconsistency between, on one hand, expressions (17) and
(20), and expressions (18) and (21) on the other hand. Secondly, we examine the other shortcoming of the
momentum advection scheme, appearing when the internal to external mode coupling method leads to incon-
sistent values of the barotropic current in expressions (25) and (26), thereby preventing equilibrium KE
exchanges between the barotropic and baroclinic modes. Subsequently, we consider energy transfers that play
an important role in internal wave processes. That is, the conversion of mechanical barotropic energy into
baroclinic PE is considered, which involves on one hand density advection, and the frozen term of pressure
anomaly gradient in the external mode on the other hand. This latter process is of particular interest, since,
firstly, we may expect it to be quantitatively significant, and secondly, we know that this conversion mech-
anism is not numerically exact under the classic forward-like way of coupling the external and internal
modes. Two model configurations are then tested. The reference version uses the classic time-splitting tech-
nique, based on the forward-like coupling of the two modes suggested by BM87. In other words, the frozen
terms, provided by the internal mode solution at time step t, force the external mode equations between time
steps t and t + Dt. We compare this version of the model to that based on the twin external modes method
presented in the previous section, illustrating that it ensures an exact balance of the energy exchanges with the
internal mode. Furthermore, the contribution of the various dissipation terms to the energy balance is con-
sidered, using standard values for the Asselin and horizontal mixing coefficients, while the vertical mixing
coefficient is computed using the turbulence closure scheme proposed by Gaspar et al. (1990). Finally, the
density mixing processes are addressed.

The reference simulation is described as follows. As in the previous sections, a two-dimensional Oxz numer-
ical domain with closed boundaries is used. The bathymetry is constant (h = 5000 m) except in the central part
of the domain where we have introduced a submarine ridge, 1000 m high and about 60 km wide. The bathym-
etry is defined as hðxÞ ¼ 5000� 1000e�ð

x�x0
15 Þ

2
where x � x0 corresponds to the distance, in km, from the middle

of the domain. The total length of the domain is 4800 km. At the initial state, a constant surface pressure gra-
dient is prescribed, such that the SLA gap between the two closed boundaries is equal to one meter. The initial
density field is horizontally homogeneous, with a constant vertical gradient, 2 � 10�4 kg m�4, while the refer-
ence density equals q0 = 1000 kg m�3. Initial velocities are zero. The geometric features of the domain will
lead to the generation of a barotropic seiche at a 12-h period. The seiche will loose a part of its mechanical
energy in the production of internal waves over the ridge. Conclusions of these experiments will be helpful
when, in future studies, we will apply the model to quantify the energy lost by M2 tidal waves in the generation
of internal tides.

The external time step, deduced from a numerical stability criterion considering the grid resolution and the
theoretical surface wave celerity (BM87), is taken to be 4.31 s. In the reference simulation, the internal time
step is 50 times larger than the external one, about 215 s. The left column of Table 1 summarises the various
Please cite this article in press as: Patrick, M. et al., Energy conservation issues in sigma-coordinate ..., Ocean Modell.
(2007), doi:10.1016/j.ocemod.2007.07.005
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Table 1
Q3

Model parameters Reference simulation Sensitivity tests

Time splitting Single external mode Twin external modes
Internal/external time step 50 10, 100
Asselin coefficient (momentum, tracer) (0.1, 0) (0.1, 0.1)
Horizontal mix. coef. (momentum, tracer) (15, 0) m2 s�1

Advection with additional diffusivity No Yes
Turbulence closure: Gaspar et al. (1990)
Period of the barotropic seiche 12 h 6 h, 24 h
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Oparameters of the reference simulation. The right column shows the parameter modifications considered in

order to perform a set of sensitivity tests.
In Table 1, for the sake of clarity, the classical expression ‘‘Asselin filter” appears, while in fact the

modified version of the Asselin filter, i.e., the time diffusion scheme (35), proposed in Section 3.2 was used.
Also note that the reference simulation does not include any horizontal mixing processes in the density
equation.

The simulation quickly exhibits a regular barotropic oscillation at a 12-h period. Internal waves are excited
above the ridge at the same period. We now briefly examine their characteristics, using a vector projection of
the model solution onto the wave propagation modes analytically predicted for the case of a constant Brunt-
Väisälä frequency. As far as the vertical velocity is concerned, these propagating modes have a sinusoidal
shape (Gill, 1982, [p. 155]). For coherence with the remaining of the paper, here the horizontal (rather than
the vertical) component of the velocity is analysed, considering the KE related to each propagation mode sep-
arately. Thus, as far as the horizontal velocity is concerned, the z dependence of the modes is of the type
cosðmpz

h Þ where m is an integer number. Therefore, the horizontal velocity is converted into the cosinusoidal
series Amðx; tÞ cosðmpz

h Þ. The amplitudes, Am(x, t), of the seven first modes are shown in Fig. 4. The wavelength
of the first (m = 1) baroclinic propagation mode of the computed internal waves is about 95 km. Fig. 4a shows
that the corresponding phase speed is about 2.2 m/s, in good agreement with the analytical value (Gill, 1982),
obtained in the idealistic case of waves propagating in a linearly stratified medium with a Brunt-Väisälä fre-
quency, gq�1

0 dq=dz
� �0:5

, equal to 1.4 � 10�3 s�1. Fig. 4b–g also shows that higher (m > 1) modes verify the
expected relationship Cm = C1/m. Nevertheless, the phase speed seems to be underestimated when m is greater
than 8. For instance, at the beginning of the simulation, the 10th mode (not shown) seems to propagate with a
speed of 0.18 m/s instead of the expected analytical value of 0.22 m/s. It should be noted, considering the 12-h
period, that the associated wavelength should be close to 9 km, while such small patterns cannot be correctly
represented by a grid with a 3 km horizontal resolution. Nonetheless, Mode 7, with a related wavelength
roughly four times the horizontal grid mesh, is correctly modelled (additionally, note that a grid with 30 ver-
tical levels can accurately represent the vertical structure of Mode 7).

Fig. 5 shows the evolution of the global barotropic mechanical energy over the first 12 days. This period
corresponds to the time required for the fastest baroclinic mode to reach the closed boundaries, roughly
2400 km from the ridge where internal waves are excited. Since absolute magnitudes have little interest in
an academic two-dimensional model, curves of energy balance presented in the following figures have been
normalized by the global initial mechanical energy, E0. The energy balance curves each represent a fraction
of the barotropic PE available at the initial state. Fig. 5 shows that 0.12 � E0 (or 12% of the global initial baro-
tropic energy) has been dissipated and/or converted into baroclinic energy after 12 days, and that in the same
time the baroclinic energy has increased by 0.045 � E0. At this stage, no baroclinic PE curves are presented,
because we have not yet introduced the distinction between the available PE and irreversible transformations
of PE related to mixing processes. This point is discussed later on.

As mentioned previously , we will first examine the inconsistency between, on one hand, the SLA time var-
iation term emerging from the time variation term of momentum, and its counterpart emerging from advec-
tion terms on the other hand, as evidenced by expressions (17), (18), (20) and (21). Using the latter, the time
evolution of the corresponding errors for the barotropic and baroclinic balances was computed, which are
respectively represented by the quantities ee and ei, defined as follows:
Please cite this article in press as: Patrick, M. et al., Energy conservation issues in sigma-coordinate ..., Ocean Modell.
(2007), doi:10.1016/j.ocemod.2007.07.005
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U
NThe errors are observed to be rather small (figure not shown), since ee and ei are respectively of the order of

10�12 � E0 and 10�10 � E0 after 12 days of simulation, which is several orders of magnitude smaller than the
energy variations at play in the current simulation. Thus, these shortcomings have no influence on the accu-
racy of the global energy balance, at least in the context of the current numerical experiment.

Now, let us examine the equilibrium of exchanges of KE between external and internal modes through
momentum advection terms. In a closed domain, due to this equilibrium expression (23) should vanish.
The numerical counterpart of expression (23) was shown to be obtained by adding expressions (25), (26)
and (28). In addition, it was shown that, because of the forward-like nature of the coupling of the external
and internal modes, the inconsistency between values of the barotropic current appearing in expression (25)
and (26) is likely to prevent e = (25) + (26) + (28) from vanishing. Nevertheless, this error remains negligible
se cite this article in press as: Patrick, M. et al., Energy conservation issues in sigma-coordinate ..., Ocean Modell.
7), doi:10.1016/j.ocemod.2007.07.005
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(figure not shown), since after 12 days simulation we have e � 10�8 � E0. Therefore, it does not change the
global energy balance, at least, once more, as far as this particular experiment is concerned.

The third shortcoming identified in the previous sections concerns the exchanges between the barotropic
kinetic and potential forms of energy through, on one hand, the frozen term of pressure anomaly gradient
of the external mode, and, on the other hand, the density advection by the barotropic component of the veloc-
ity. This drawback arises from the forward-like nature of the coupling of the external and internal modes,
which causes the numerical expressions (47), (49), (52) and (57) to be numerically inconsistent. This inconsis-
tency prevents the energy balance expressed by (58) to be numerically exact. Indeed, Fig. 6 shows that the two
curves respectively representing the time evolution of the RHS and LHS numerical counterpart of (58) are not
superimposed. The relative error is defined as
Plea
(200
Ue ¼ jA� Bj
0:5� ðjAj þ jBjÞ ð65Þ
where A and B are respectively the numerical counterparts of the RHS and LHS of expression (58). After
12 days, the LHS of (58) is equal to 0.0447 � E0. This value is quite significant, since it is comparable to the
increase of the baroclinic KE over the same period. The corresponding value at the RHS of (58) is about
0.0456 � E0 (Fig. 6). According to (65), this represents a relative error of 2%. Recall that this error is caused
by the inconsistency between barotropic current values involved in the numerical counterpart of (58) because
se cite this article in press as: Patrick, M. et al., Energy conservation issues in sigma-coordinate ..., Ocean Modell.
7), doi:10.1016/j.ocemod.2007.07.005
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Fig. 5. Global barotropic mechanical energy (solid line) and global kinetic baroclinic energy (dashed line).
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to a time average over the period [t, t + Dt] when an exact equilibrium with (52) and (57) would actually require
a time average over two external mode sequences, i.e., [t � Dt, t + Dt]. The error margin of the barotropic cur-
rent value, and thus its impact on the imbalance of (65), is likely to be smaller for a signal with a longer period.
Alternatively, for a given periodicity, one expects the error to be smaller when using a shorter time step. To
check these two properties, sensitivity tests regarding the periodicity of the barotropic signal and the model time
step were performed. First of all, the reference time step (Table 1) is maintained, and periods of 6 h and 24 h are
considered. Note that these new periods are simply obtained by changing the size of the numerical domain. The
relative error, given by (65), is assessed at the end of each simulation. To maintain some coherence with the
previous 12-h period simulation, the end of these two simulations corresponds to the time required for the fast-
est baroclinic waves to reach the closed boundaries of the numerical domain, i.e., respectively 6 and 24 days. In
the case of a 6-h periodic signal, the relative error is about 12%, which actually exceeds the imbalance of the
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Fig. 6. Numerical counterparts of the LHS (solid line) and RHS (dashed line) terms of expression (62).
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reference simulation. Conversely, in the case of the 24-h periodic signal, the relative error is about 1%, which is
smaller than for the imbalance of the reference simulation, as expected. The second test focuses on the internal
time step, considering a given periodicity of the barotropic signal. The internal time step of the reference sim-
ulation corresponds to 50 external time steps. As far as the 12-h periodic signal is concerned, the relative error is
smaller (0.4%) with a shorter time step (equivalent to 10 external time steps) and greater (5%) with a longer
internal time step (equivalent to 100 external time steps), as expected.Table 2 summarises the results obtained
for all tests performed regarding the periodicity of the barotropic signal and the internal time step. Clearly, in
the least favourable case (longer time step and shorter period) the relative error can reach 30%. Conversely, the
equilibrium shortcoming is negligible in the most favourable case.

The imbalance of the energy transfer between terms involving density advection and the pressure anomaly
gradient has undesirable numerical repercussions on the amount of energy removed from the barotropic
energy tank through the internal wave generation process. Among them, we note a strong dependency on
the value of the internal time step. Fig. 7 shows, for the 6-h periodic signal case, the decrease of the barotropic
energy with time. After 6 days, which is the time required for waves to reach the boundaries of the domain, the
decrease of the global mechanical barotropic energy is about 0.068 � E0 (respectively 0.074 � E0) for an inter-
nal time step equal to 100 (respectively 10) external time steps. Alternatively, the same simulations performed
with the conserving method of the twin external modes appear to be much less sensitive to the value of the
internal time step. Indeed, after 6 days, the decrease of barotropic mechanical energy is very close to
0.074 � E0 regardless of the value of internal time step (Fig. 8). Therefore, the decrease of energy is close
to that obtained with both the classic time-splitting method and a very small internal time step, suggesting
that the shortcoming of the classic technique in terms of energy conservation is to underestimate the loss
of barotropic energy for large internal time steps.
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Fig. 7. Global barotropic mechanical energy using an internal/external time step ratio equal to 10 (solid line), 50 (dashed line), 100 (dotted
line).

Table 2
Balance error (%) given by Eq. (61), at the end of simulation, depending on wave-periodicity and internal over external time step ratio

6 h 12 h 24 h

Int/ext time step: 100 (%) 30 5 2
Int/ext time step: 50 (%) 12 2 1
Int/ext time step: 10 (%) 2 0.4 0.2

Please cite this article in press as: Patrick, M. et al., Energy conservation issues in sigma-coordinate ..., Ocean Modell.
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Fig. 8. Same as Fig. 7 but with the twin external mode method.
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D7. Conclusions

The numerical schemes of an ocean circulation model are considered in details in this work, from the point
of view of the global conservation of energy. An overview of the kinetic and PE transfers is shown in Fig. 9:
solid and dashed arrows recapitulate respectively the exact and approximate numerical balances associated to
these transfers together with the section numbers where they are discussed.

First, because of the free-surface method, the balance between the advection and tendency terms in the
momentum equation is not achieved anymore. However, numerical experiments indicate that this shortcom-
ing is negligible. Second, it is shown that some energy conservation properties are lost due to the time-split-
ting method used to limit computational costs associated to the resolution of surface waves. This arises when
the coupling of the external and internal modes is forward in time. In other words, when the coupling terms,
provided at time step t by the internal mode solution, force the external mode equations over a period of
time bounded by time steps t and t + Dt. Numerical tests show that the lack of energy conservation regard-
ing the gradient of pressure anomaly can be important, as non-linear terms appear to be negligible in the
framework of the considered test case. This drawback is shown to be more significant for large internal time
steps, or alternatively, when the internal wave periods are short. The principal effect is that the amount of
mechanical energy removed from the external mode by the generation of internal waves can be biased or at
least dependant on the internal mode time step. An energy-conserving alternative consists of using a leapfrog
type coupling of the external and internal mode, where the frozen terms, which force the external mode
equations over the period of time bounded by internal time steps t � Dt and t + Dt, are provided at time
step t by the internal mode equations. The main consequence is that the dependency of the barotropic
mechanical energy level on the model internal time step is reduced. This conservative time-splitting technique
is based on two sets of twin external mode equations. Numerical tests show that the two barotropic solutions
remain close to each other, since the single internal mode that the two external modes have in common binds
the two barotropic solutions to the same trajectory. This, however, may cease to be the case in realistic three-
dimensional simulations; future research might involve defining a way to ensure this property. Also note,
that the twin external mode technique has the inconvenience of doubling the computational cost of the baro-
tropic mode.

Moreover, the study of the energy balance sheds some light on numerical options concerning the mixing
processes of the model. Considering the Asselin filter, which can be approximated as a classic mixing sec-
ond-order operator, or considering the horizontal diffusion of velocities, the energy balance is a way to explain
Please cite this article in press as: Patrick, M. et al., Energy conservation issues in sigma-coordinate ..., Ocean Modell.
(2007), doi:10.1016/j.ocemod.2007.07.005
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of high-frequency numerical modes.

Not all details of the role of tracer mixing in the energy balance were considered, because, although a full-
fledged and non-trivial problem, the question of background PE is beyond the scope of this paper. Neverthe-
less, the energy downscaling problem raised by the turbulence closure is addressed. Insomuch as the increase
of PE induced by density mixing should be associated to an equivalent decrease term in the TKE equation, the
numerical analysis of the energy balance calls for an appropriate (i.e., conservative) form of the buoyancy term
of the turbulence closure scheme, as recommended by Burchard (2002). In a sigma-coordinate model, horizon-
tal tracer mixing operators, explicitly formulated or possibly hidden in an upstream type advection scheme,
actually contain a part of vertical mixing which is, a priori, not taken into account in the TKE equation. How-
ever, according to preliminary tests (not shown), it seems illusory to think that the TKE equation can be
adapted, because the amount of energy involved in these unexpected vertical mixing processes likely exceeds
the amount of available TKE.

The conclusions of this work form the foundation of a model well adapted to the study of the energy bal-
ance of internal waves. The estimate of the energy transferred from barotropic tides to internal waves in the
Bay of Biscay (North East Atlantic) will be the subject of future studies.
Please cite this article in press as: Patrick, M. et al., Energy conservation issues in sigma-coordinate ..., Ocean Modell.
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Appendix A

The numerical rule of integration by parts is given by
Plea
(200
OX
n¼N0;N1

Anþ1=2ðBnþ1 � BnÞ ¼ �
X

n¼N0þ1;N1

BnðAnþ1=2 � An�1=2Þ þ BN1þ1AN1þ1=2 � BN0
AN0þ1=2: ðA:1Þ
OWhen Bn is a momentum advective flux of the form Bn = Cn(An+1/2 + An�1/2), where An+1/2 is for instance a
velocity component with closed boundary conditions ðAN0þ1=2 ¼ AN1þ1=2 ¼ 0Þ, (A.1) becomes
RX

n¼N0;N1

Anþ1=2ðBnþ1 � BnÞ ¼
X

n¼N0;N1

A2
nþ1=2ðCnþ1 � CnÞ ðA:2Þ
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