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SUMMARY
We use a coupled surface wave version of the Born approximation to compute the
3-D sensitivity kernel KT (r) of a seismic body wave traveltime T measured by cross-
correlation of a broad-band waveform with a spherical earth synthetic seismogram. The
geometry of a teleseismic S wave kernel is, at ¢rst sight, extremely paradoxical: the
sensitivity is zero everywhere along the geometrical ray! The shape of the kernel
resembles that of a hollow banana; in a cross-section perpendicular to the ray, the shape
resembles a doughnut. The cross-path extent of such a banana^doughnut kernel depends
upon the frequency content of the wave. The kernel for a very high-frequency wave is a
very skinny hollow banana; wave-speed heterogeneity wider than this banana a¡ects the
traveltime, in accordance with ray theory. We also use the Born approximation to
compute the sensitivity kernel K*T (r) of a di¡erential traveltime *T measured by cross-
correlation of two phases, such as SS and S, at the same receiver. The geometries of
both an absolute SS wave kernel and a di¡erential SS^S kernel are extremely compli-
cated, particularly in the vicinity of the surface re£ection point and the source-
to-receiver and receiver-to-source caustics, because of the minimax character of the
SS wave. Heterogeneity in the vicinity of the source and receiver exerts a negligible
in£uence upon an SS^S di¡erential traveltime *T only if it is smooth.

Key words: Frëchet derivatives, inhomogeneous media, S waves, tomography,
traveltime, wave propagation.

1 INTRODUCTION

In seismic traveltime tomography, it is commonly assumed that
the arrival time of a body wave phase depends only upon the
wave speed along the geometrical ray path between the source
and receiver. In fact, ray theory is only an in¢nite-frequency
approximation; scattering and di¡raction e¡ects render the
traveltimes of finite-frequency waves sensitive to 3-D structure
o¡ the ray. In traditional seismological practice, an analyst
measures the traveltime of a phase by hand-picking the ¢rst
break; the use of ray theory is generally justi¢ed by the
argument that such a picked time corresponds to the arrival of
the very highest-frequency waves. The widespread availability
of broad-band digital data has led to the recent development
of automated traveltime measurement techniques, based upon
the cross-correlation of an observed body wave phase with
the corresponding spherical earth synthetic phase. Cross-
correlation methods have also been used to measure the
relative arrival times of a phase at a number of stations in a
seismic array (VanDecar & Crosson 1990) and the di¡erential

traveltime of two phases at the same station (e.g. Kuo et al.
1987; Sheehan & Solomon 1991; Woodward & Masters 1991).
We formulate a procedure for interpreting such ¢nite-
frequency, cross-correlation traveltime measurements in this
paper. The foundation for the method is a coupled surface
wave version of the Born approximation, which we have
previously used to study the 3-D sensitivity of seismic wave-
forms (Marquering et al. 1998). To determine a 3-D sensitivity
kernel for an absolute or di¡erential traveltime, it is simply
necessary to represent such a measurement as a functional of
the ¢rst-order waveform perturbation.

2 THEORY

To focus the discussion, we restrict consideration to a tele-
seismic phase such as S, SS or ScS in an earth model whose
shear wave speed is of the form b(r)zdb(r), where r~krk is the
radial distance from the centre. The quantity db(r) represents a
3-D perturbation away from a spherically symmetric earth
model b(r); we shall assume that this perturbation is slight, in
the sense

jdb(r)j%jb(r)j . (1)
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Let T be the theoretical traveltime of an S, SS or ScS
wave in the unperturbed spherical earth. The ¢rst-order travel-
time di¡erence dT~Tobs{T is given, in the ray-theoretical
approximation, by

dT~{

�
ray

b{2(r)db(r) ds , (2)

where ds is the di¡erential arclength along the ray. Eq. (2) is the
basis of essentially all global traveltime tomography; Fermat's
principle allows the integration to be performed along the
unperturbed ray path in the spherical earth. We seek a more
general ¢rst-order relation between dT and db(r), which
accounts for the ¢nite-frequency e¡ect of o¡-path structure.
Strictly speaking, 3-D perturbations to the compressional
wave speed a(r) and the density o(r) will a¡ect the traveltime of
a ¢nite-frequency shear wave as well; in this paper, we ignore
such perturbations, for simplicity.

2.1 Cross-correlation traveltime measurement

We begin by considering the simplest caseöthe measure-
ment of an absolute shear wave traveltime by cross-correlation
of an observed seismogram with a synthetic spherical earth
seismogram. Let uobs(t) denote an S, SS or ScS signal that
arrives during a time interval t1¦t¦t2, and let u(t) be the
corresponding synthetic signal. The latter spherical earth
waveform may be computed in any desired manner; we employ
fundamental and higher-mode surface wave summation. We
de¢ne the cross-correlagram of the observed and synthetic
pulses by

C(q)~
�t2
t1
u(t{q)uobs(t) dt . (3)

The slightness (1) of the 3-D heterogeneity of the Earth
guarantees that the observed pulse will di¡er from the
synthetic pulse by an in¢nitesimally small perturbation:

uobs(t)~u(t)zdu(t) , where jdu(t)j%ju(t)j . (4)

The cross-correlation (3) may likewise be decomposed into a
zeroth-order and a ¢rst-order term:

C(q)~c(q)zdc(q) , (5)

where

c(q)~
�t2
t1
u(t{q)u(t) dt , (6)

dc(q)~
�t2
t1
u(t{q)du(t) dt . (7)

In applications, the traveltime shift dT~Tobs{T of the
observed phase uobs(t) with respect to the synthetic u(t) is
determined by ¢nding the maximum of C(q). The unperturbed
cross-correlation c(q) obviously attains its maximum at zero
lag: Lqc(0)~0. In the vicinity of this unperturbed maximum, we
can expand (5) in aTaylor series, keeping terms of second order
in the peak shift dq:

C(dq)~c(0)zdqLqc(0)z
1
2

dq2Lqqc(0)zdc(0)zdqLqdc(0) (8)

~c(0)z
1
2

dq2Lqqc(0)zdc(0)zdqLqdc(0) .

To ¢nd the shift in the position of the maximum we
di¡erentiate (8) with respect to dq and set the result equal to
zero:

Ldq c(0)z
1
2

dq2Lqqc(0)zdc(0)zdqLqdc(0)
� �

~0 , (9)

or, equivalently,

dq~{
Lqdc(0)
Lqqc(0)

. �10)

Upon carrying out the indicated operations in (10) and making
the identi¢cation dq~dT , in accordance with our sign and
`which signal is lagged' conventions in eq. (3), we obtain an
explicit expression for the cross-correlation traveltime shift:

dT~

�t2
t1

_u (t)du(t) dt�t2
t1

�u (t)u(t) dt
, (11)

where a dot denotes di¡erentiation with respect to time. A
negative traveltime shift, dT < 0, corresponds to an advance in
the arrival of the observed signal uobs(t) with respect to
the synthetic signal u(t), whereas a positive traveltime shift,
dT > 0, corresponds to a delay.

2.2 Waveform sensitivity kernel

The Born approximation allows us to express the ¢rst-order
sensitivity of the perturbation du(t) to the 3-D heterogeneity
db(r) in the form

du(t)~
�
+

Ku(r, t) db(r) dV , (12)

where the integration is over all points r within the earth +,
and the subscript serves as a reminder that Ku(r, t) is the
Frëchet kernel for the waveform. In the formulation of
Marquering et al. (1998) the kernel in (12) is expressed as a sum
over all minor-arc surface waves of the form

Ku(r, t)~
1
n
Re

�?
0

X
n,n0

Rn(u)
exp i [kn(u)*r(r)zn/4]������������������������������������

1
2

nkn(u) sin*r(r)

r
8>><>>:

9>>=>>;

|Vnn0 (r, u)
exp i [kn0 (u)*s(s)zn/4]�������������������������������������

1
2

nkn0 (u) sin*s(r)

r
8>><>>:

9>>=>>;Sn0 (u)

| exp ({iut) du . (13)

The frequency-dependent terms in the inverse Fourier
transform (13) can be read from right to left as a `life history' of
the singly scattered waves. The two terms in braces account for
the propagation through an angular distance *s(s) from the
source to the scatterer, and through an angular distance *r(r)
from the scatterer to the receiver; the quantities kn0 (u) and
kn(u) are the wavenumbers of the fundamental or overtone
modes propagating along these two great-circular paths. The
term Sn0 (u) accounts for the radiation pattern of the waves
excited by the source, Vnn0 (r, u) is a surface wave scattering
matrix that accounts for the conversion from mode n0 to mode
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n at the scatterer, and Rn(u) accounts for the polarization
of the waves that arrive at the receiver. The 3-D sensitivity of
teleseismic S waves and surface-re£ected SS, SSS, . . . waves
can be modelled by summing all Love and Rayleigh waves
with mode numbers less than n, n0&20. A signi¢cantly larger
number of modes must be included to model the sensitivity of
core-re£ected phases such as ScS or ScS2.

2.3 Traveltime sensitivity kernel

To relate the traveltime shift dT to the perturbation db(r) we
substitute the representation (12) into (11). An interchange in
the order of integration yields the result

dT~

�
+

KT (r) db(r) dV , (14)

where

KT (r)~

�t2
t1

_u (t)Ku(r, t) dt�t2
t1

�u (t)u(t) dt
. (15)

The quantity KT (r) is the desired 3-D sensitivity kernel of a
¢nite-frequency traveltime shift measured by cross-correlation
of an observed and synthetic seismogram; the subscript T
serves to distinguish this from the time-dependent waveform
kernel Ku(r, t).

2.4 Di¡erential traveltime kernel

The result (14)^(15) can be easily generalized to a di¡erential
traveltime shift measured by cross-correlation of two observed
seismograms,

uobs(t)~u(t)zdu(t) and oobs(t)~o(t)zdo(t) . (16)

The two signals uobs(t) and oobs(t) can either be the same phase,
recorded at two closely spaced stations, or they can be two
di¡erent phases, recorded at the same station. In the latter
case, it is assumed that the waveforms have been processed so
that they resemble each other; for example, it is necessary to
Hilbert transform an S pulse prior to cross-correlation with
SS, to account for the caustic phase shift of the latter (Hill
1974). The cross-correlation

C(q)~
�t2
t1
uobs(t{q)oobs(t) dt (17)

can again be decomposed into a zeroth-order and a ¢rst-order
term:

C(q)~c(q)zdc(q) , (18)

where

c(q)~
�t2
t1
u(t{q)o(t) dt , (19)

dc(q)~
�t2
t1
[u(t{q)do(t)zdu(t{q)o(t)] dt . (20)

The unperturbed cross-correlation in this case attains its
maximum at the di¡erential traveltime q~*T between the two
phases in the spherical earth model. The perturbation db(r)
shifts the position of this maximum by an amount dq~d(*T ).

The Taylor series expansion of (18) about the spherical earth
maximum is

C(qzdq)~c(q)zdqLqc(q)z
1
2

dq2Lqqc(q)zdc(q)zdqLqdc(q)

~c(q)z
1
2

dq2Lqqc(q)zdc(q)zdqLqdc(q) , (21)

where we have once again used the unperturbed condition
Lqc(q)~0 to obtain the second equality. The shift in the
maximum is obtained from the perturbed condition

Ldq c(q)z
1
2

dq2Lqqc(q)zdc(q)zdqLqdc(q)
� �

~0 . (22)

This leads to a result identical to (10), with the argument zero
replaced by the unperturbed lag q:

dq~{
Lqdc(q)
Lqqc(q)

. (23)

Upon making the identi¢cations q~*T and dq~d(*T ), we
¢nd

d(*T )~

�t2
t1
[ _u (t{*T )do(t)zd _u (t{*T )o(t)] dt�t2

t1
�u (t{*T )o(t) dt

, (24)

where a dot again denotes di¡erentiation with respect to time.
The waveform perturbations du(t) and do(t) are related to db(r)
via their respective kernels

du(t)~
�
+

Ku(r, t) db(r) dV , (25)

do(t)~
�
+

Ko(r, t) db(r) dV . (26)

Upon inserting (25)^(26) into (24) and interchanging the order
of integration, we obtain the desired result,

d(*T )~
�
+

K*T (r) db(r) dV , (27)

where

K*T (r)~

�t2
t1
[ _u (t{*T )Ko(r, t)z _K u(r, t{*T )o(t)] dt�t2

t1
�u (t{*T )o(t) dt

. (28)

The quantity K*T (r) is the 3-D sensitivity kernel for a
di¡erential traveltime shift measured by cross-correlation of
two observed pulses uobs(t) and oobs(t).

2.5 Validity

By de¢nition, the Born kernels KT (r) and K*T (r) are the ¢rst
Frëchet derivative of the traveltimes T and *T with respect
to the 3-D shear wave speed heterogeneity db(r). Measured
traveltime shifts dT and d(*T ) will be well described by the
local linearized relations (14) and (27) only if they are small
compared to the dominant period of the cross-correlated
waves. Larger traveltime shifts and cycle skips cannot be
modelled using the Born approximation.
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3 RECAPITULATION

Mindful of our obligation not to indulge in excessive
regurgitation, we brie£y reconsider a simple synthetic example
from Marquering et al. (1998), which illustrates the principle
of cross-correlation traveltime measurement. Fig. 1(a) shows a
cross-sectional representation of a 3-D discretization of the
mantle; the S and SS ray paths between a surface source
and receiver separated by an epicentral distance *~600 are
depicted by thick black lines. The spherical earth synthetic
seismogram u(t) obtained by surface wave summation for this
source^receiver geometry is shown at the top of Fig. 1(b). The
underlying traces in (b) show the waveform perturbations
duj(t) produced by a positive perturbation in shear wave
speed, db(r) > 0, within each of the shaded parameter cells
j~1^9. Each such single-scatterer perturbation is a scaled,
discretized measure of the 3-D waveform sensitivity kernel
Ku(rj , t) at the centroid rj of the cell. Ray-plane cells situated
just beneath the SS bounce point give rise to scattered waves
that arrive in the SS time window, whereas cells near the
turning point of the S wave give rise to scattered waves that
arrive in the S time window. Figs 1(c) and (d) show a magni¢ed
view of the spherical earth seismogram u(t), the perturbation

du7(t) and the sum seismogram u(t)zdu7(t) for a 10 per cent
perturbation, db(r7)/b(r7)~10 per cent. The principal e¡ect of
such a positive wave-speed perturbation in cell 7 is to produce
an advance in the arrival time of the S wave, dT < 0, as
expected.
Fig. 2 illustrates the mechanics of measuring this travel-

time shift by means of cross-correlation. The unperturbed and
perturbed seismograms u(t) and u(t)zdu7(t) are duplicated in
the top panel (a). The next panel (b) shows a magni¢ed view of
the two S waves; a 20 per cent cosine taper has been applied
to each end to reduce the in£uence of energy arriving outside
the time window. The cross-correlagram of the two windowed
signals, shown in Fig. 2(c), has a maximum at dq~{6:3 s,
corresponding to a traveltime advance of the perturbed S wave
relative to the unperturbed one. Fig. 2(d) shows the optimum
¢t, with the spherical earth pulse u(t) shifted backwards by
6.3 s. The superposition makes it clear that the perturbation
has given rise to a slight alteration in the shape of the wave-
form; nevertheless, the aligned signals are quite similar, and
the time shift dT~{6:3 s can be measured quite accurately.
The dominant period of these decidedly non-impulsive S waves
is approximately 50 s, eight times greater than the traveltime
shift. This is the proper province of the Born approximation.

Figure 1. (a) Cross-section through the source, receiver and centre of the Earth. The ray-plane parameter cells j~1^9 are shaded. (b) Thick grey line
at top is the spherical earth synthetic seismogram u(t) at an epicentral distance *~600, showing the S, SS and fundamental-mode Love waves. Thin
lines are the individual Born `scattergrams' duj(t) resulting from a positive perturbation in shear wave speed, db(r) > 0, within each of the cells j~1^9;
all the plots are scaled to have the same maximum amplitude. (c) Unperturbed spherical earth seismogram u(t) and `scattergram' du7(t) due to a
perturbation in cell 7. (d) Superposition of the unperturbed and perturbed seismograms u(t) and u(t)zdu7(t). The SS and Love waves are not strongly
a¡ected by the increase in the shear wave speed within cell 7; however, the S wave is speeded up, so that it arrives slightly earlier. The amplitude of the
perturbation within a single cell needs to be large, db(r7)/b(r7)&10 per cent, to produce a perturbation *T of this magnitude; nevertheless, this
example illustrates how the addition of a scattered signal du(t) can result in a traveltime shift of the S wave.
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4 KERNEL CORNUCOPIA

In this section, we present a number of 3-D traveltime
sensitivity kernels KT (r) and K*T (r). For simplicity, we con-
sider only SH-to-SH scattering, and restrict attention to an
extremely simple, spherical earth model, with an unperturbed
shear wave speed of the form

b(r)~b0zb(r{a) . (29)

The wave speed at the surface, linear rate of increase
with depth, and radius of the earth are given, respectively, by
b0~4446 m s{1, b~1:53|10{3 s{1 and a~6371 km. More
realistic spherical earth models have a number of additional
complications, notably traveltime triplications, re£ections and
conversions associated with upper-mantle discontinuities. It is
straightforward to allow for a change in wave type upon
scattering, and compute the sensitivity kernels KT (r) and
K*T (r) for any compound wave in a more general earth
model a(r), b(r), o(r). However, the pictorial results we are
about to present are, at ¢rst sight, extremely counterintuitive;
for this reason, we consider only SH waves in the constant-
gradient model (29). The earthquake source in each of our
examples is a vertical strike-slip fault, and the azimuth to the
transverse-component receiver is perpendicular to strike; that

is, it is in the direction of maximum SH radiation. All of the
kernels KT (r) and K*T (r) are, as a result, symmetric about
the source^receiver ray plane.

4.1 S wave

In Fig. 3, we present a number of cross-sectional views of
the 3-D traveltime sensitivity kernel KT (r) for a 0.01^0.06 Hz
(17^100 s) S wave, at an epicentral distance *~400. The
quantity actually plotted in this and all the following ¢gures
is the traveltime shift dT (r) produced by a 10 per cent
perturbation in the shear wave speed, db(r)/b(r)~10 per
cent, within a 10|10|100 km parameter cell centred upon the
point in question. Fig. 3(a) shows a vertical cross-section in the
source^receiver plane; the geometrical ray path is depicted by
the black and white line. Fig. 3(b) shows the o¡-path structure
of the kernel on a series of parallel slices situated at distances
0:750, 1:500, 2:250 and 3:000 from the ray plane. Finally,
Fig. 3(c) shows a cross-section in a direction perpendicular to
the direction of propagation, at the turning point of the wave.
The most striking observation that can be made from this
ensemble of views is that the sensitivity of the traveltime of
an S wave is zero everywhere along its geometrical ray path.The
geometry of the kernelKT (r) resembles that of a hollow banana
centred upon the ray; the cross-path shape resembles a
doughnut. The observation that KT (r)?0 on the geometrical
ray is implicit in the analyses of both Woodward (1992) and
Yomogida (1992); however, neither of them emphasized the
paradoxical character of this result.
It may not be remiss to re-emphasize that KT (r) describes the

sensitivity of an in¢nitesimal traveltime shift *T measured
by cross-correlation of the entire 0.01^0.06 Hz pulse. The very
¢rst-arriving, in¢nite-frequency waves certainly propagate
along the geometrical ray path. The detailed shape of the cross-
correlated pulse is, however, the result of interference between
these ¢rst-arriving waves and later-arriving waves which
scatter and di¡ract o¡ wave speed heterogeneity db(r) in the
vicinity of the geometrical ray path. From this point of view,
it is not unreasonable that heterogeneity right on the ray
path does not exert any in£uence upon the cross-correlation
traveltime. Waves that are forward-scattered o¡ ray path
heterogeneity arrive at the same time as unscattered direct
waves; for this reason, they a¡ect the amplitude, but not the
traveltime of the waveform. Since the 3-D waveform sensitivity
kernel Ku(r, t) describes the amplitude as well as the phase
of du(t), it does not exhibit a minimum along the geometrical
ray (Marquering et al. 1998). The hole in the middle is a
characteristic feature only of the traveltime kernel KT (r).

4.2 Frequency dependence

Fig. 4 illustrates the e¡ect of frequency upon the sensitivity
kernel KT (r) of an S wave at an epicentral distance *~400.
The top two plots again show the ray-plane and cross-path
sections for a broad-band pulse, with frequencies in the
range 0.01^0.06 Hz (periods between 17 and 100 s), the middle
two plots show the kernel for a low-pass ¢ltered wave, with
frequencies in the range 0.01^0.02 Hz (periods between 50
and 100 s), and the lower two plots show the kernel for a high-
pass ¢ltered wave, with frequencies in the range 0.04^0.05 Hz
(periods between 20 and 25 s). The e¡ect of lowering the
frequency content of the cross-correlated signals is to `fatten'

Figure 2. (a) Spherical earth synthetic seismogram u(t) and perturbed
seismogram u(t)zdu7(t) due to a positive perturbation in shear wave
speed, db(r) > 0, in cell 7. (b) Blow-up of the unperturbed and per-
turbed S waves, during the windowed time interval t~900^1100 s; the
advance in traveltime *T is clearly visible. (c) Cross-correlagram C(t)
of the two seismograms u(t) and u(t)zdu7(t); the location of the max-
imum determines the traveltime shift, *T~{6:3 s. (d) Superposition
of u(t)zdu7(t) and the shifted spherical earth seismogram u(tz*T ).
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the banana, whereas the e¡ect of increasing the frequency
content is to `slenderize' it. The relatively narrow passband in
the high-frequency case also gives rise to a number of fringing
sidebands (banana skins) with alternating signs of KT (r). These
features are reminiscent of the ¢rst and higher-order Fresnel
zones which characterize the constructive and destructive
interference of strictly monochromatic waves. The cross-path
width of the innermost banana with negative values, KT (r) < 0,
closest to the ray is approximately the same for the broad-band
0.01^0.06 Hz wave as for the high-passed 0.04^0.05 Hz wave.
This is an indication that the width of the traveltime kernel
is governed by the highest frequencies in the cross-correlated
phase. The main e¡ect of including lower frequencies is to
cancel out the higher-order Fresnel zones. The sensitivity
kernel for a pulse dominated by extremely high frequencies
would be an extremely skinny hollow banana, centred upon
the geometrical ray. If the along-ray heterogeneities db(r) are
wider than this banana, they will exert an in£uence upon the
traveltime *T in accordance with ray theory, eq. (2).

4.3 2-D ray-plane sensitivity

A number of investigators have presented schemes for
computing and implementing the 2-D sensitivity of a seismic

traveltime or other `generalized data functional' within the
source^receiver geometrical ray plane (Li & Tanimoto 1993;
Vasco & Majer 1993; Li & Romanowicz 1995; Marquering &
Snieder 1995, 1996; Zhao & Jordan 1998; Katzman et al. 1998).
All such 2-D formulations are grounded upon the (often
implicit) assumption that the 3-D heterogeneity db(r) is smooth
in the direction perpendicular to the ray plane. It is possible to
¢nd the 2-D ray-plane sensitivity by means of a stationary-
phase evaluation of the cross-path integral in eq. (14). This
leads to a representation of the form

dT~

�
&
K2D

T (r) db(r) d& , (30)

where the integration is over all points r on the ray plane &.
The 2-D traveltime kernel K2D

T (r) is related to the corre-
sponding waveform kernel K2D

u (r, t) by an equation analogous
to (15):

K2D
T (r)~

�t2
t1

_u (t)K2D
u (r, t) dt�t2

t1
�u (t)u(t) dt

. (31)

Figure 3. Cross-sections through the 3-D sensitivity kernel KT (r) for a 0.01^0.06 Hz (17^100 s period) S wave at an epicentral distance *~400.
(a) Ray-plane cross-section through the source, receiver and centre of the Earth. (b) O¡-plane cross-sections at perpendicular distances *~0:750,
*~1:500, *~2:250 and *~3:000 from the ray plane. (c) Perpendicular cross-section through the turning point at *~200. Shading (black to white)
shows the traveltime shift produced by a 10 per cent perturbation in shear wave speed, within a 10|10|100 km cell, centred upon the plotted point.
Note that the greyscale is one-sided: {3 s¦dT(r)¦0 s. The banana^doughnut character of the kernel is evident.
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An explicit expression for K2D
u (r, t) is derived in Appendix B of

Marquering et al. (1998):

Ku(r, t)~
1
n
Re

�?
0

X
n,n0

2k{1
n (u)Rn(u)Vnn0 (r, u)Sn0 (u)

|
exp i [kn(u)*r(r)zkn0 (u)*s(r)z3n/4]������������������������������

1
2

nkn0 (u) sin*

r
8>><>>:

9>>=>>;
| exp ({iut) du , (32)

where *~*s(r)z*r(r) is the source^receiver epicentral dis-
tance. Fig. 5 compares the 2-D traveltime kernel K2D

T (r) with
the ray-plane cross-section through the 3-D kernel KT (r) for an
S wave at a distance *~400. It is evident that the two kernels
are fundamentally di¡erent; in particular, the 2-D kernel
does not exhibit zero sensitivity along the geometrical ray.
This di¡erence can be traced to the additional n/4 phase factor
that arises in the cross-path stationary-phase integration;
physically, the di¡erence is due to the interference of waves
scattered o¡ the cylindrically symmetric heterogeneity db(r) on
either side of the ray plane. These o¡-plane scattered waves do
not simply propagate along the geometrical ray path; hence,

they can contribute to the traveltime shift *T . Inspection of
current 3-D tomographic models of the earth does not give
us any reason to expect that db(r) should be signi¢cantly
smoother in the direction perpendicular to an arbitrary ray
plane than within it. In our opinion, this is ample justi¢cation
for using 3-D rather than 2-D sensitivity kernels in the future.

4.4 SS wave

The SS wave, which re£ects once o¡ the surface of the Earth, is
generally one of the most clearly observed shear wave phases
following a shallow-focus earthquake. Recent analyses have
pointed out a number of complications associated with this
phase (Paulssen & Stutzmann 1996; Neele et al. 1997); never-
theless, it is an important source of data, because of its ability
to sample shallow heterogeneity beneath the ray-theoretical
surface bounce point in regions which may not be well sampled
by subsource and subreceiver S waves. Fig. 6 shows a number
of cross-sectional views of the 3-D sensitivity kernel KT (r)
for an SS wave at an epicentral distance *~800. It is evident
that the kernel geometry is considerably more complicated
than that of the direct S wave. The ray-plane cross-section in
Fig. 6(a) reveals that a cross-correlation traveltime measure-
ment exhibits zero sensitivity along the ray between the

Figure 4. Frequency dependence of the S wave traveltime sensitivity kernel KT (r) at an epicentral distance *~400. The three frequency bands are
(a) 0.01^0.06 Hz, (b) 0.01^0.02 Hz and (c) 0.04^0.05 Hz. The bottom two kernels are computed by band-pass ¢ltration of u(t) and Ku(r, t) prior to
evaluation of the ratio (14). A vertical ray-plane cross-section and a perpendicular cross-section through the turning point are shown in each case.
To depict the fringing sidebands, we are compelled to use a two-sided greyscale in this case: {3 s¦dT (r)¦3 s. All of the kernels are nearly zero
(white and medium-grey) in the vicinity of the geometrical ray.
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source and the receiver-to-source caustic, at *&300, as well
as between the receiver and the source-to-receiver caustic, at
*&500. Between these two caustics, and in particular in the
vicinity of the surface bounce point at *~400, there is a local
maximum in sensitivity, as illustrated by the large white area
in the perpendicular cross-section in Fig. 6(b). The o¡-plane
sensitivity on a series of parallel slices at perpendicular
distances 2:250, 4:500, 6:750 and 9:000 is depicted in Fig. 6(c).
The bottom panel, Fig. 6(d), shows a map view of the near-
surface sensitivity. The saddle-shaped near-surface pattern is a
consequence of the minimax nature of the SS phase (Neele &
Snieder 1992). Waves that scatter o¡ in-plane heterogeneity to
the `east' or `west' of the bounce point arrive earlier than the
geometrical SS wave, whereas those that scatter o¡ out-of-
plane heterogeneity to the `north' or `south' arrive after the SS
wave. The large magnitude of KT (r) in the four tails of the `X' is
an indication that near-surface heterogeneity db(r) situated
more than 150 from the bounce point can exert a signi¢cant
in£uence upon the traveltime of an SS wave. Finally, we would
like to call attention to the presence of the fringing regions in
which KT (r) > 0, denoted by the dark shading in Figs 6(b) and
(d). A positive wave speed perturbation, db(r) > 0, in any such
region results in a traveltime delay, dT > 0. This apparently
acausal sensitivity is a sideband feature analogous to the outer-
Fresnel-zone sidebands in Fig. 4(c); note, however, that the
3-D kernel KT (r) in Fig. 6 is for a broad-band 0.01^0.06 Hz
(17^100 s) SS pulse. The pronounced sideband structure in

the vicinity of the surface re£ection point and all the other
geometrical complexities of KT (r) are the result of the complex
interference of the various scattered waves.

4.5 Love wave

Because of their large amplitude, their ability to sample the
Earth's shallow heterogeneity over extensive geographical
regions, and their dispersive properties which provide some
depth resolution, fundamental-mode surface waves have been
utilized since the time of Gutenberg (1924) to constrain the
structure of the crust and upper mantle. The most widely used
data in modern global inversion studies are measurements of
the path-averaged perturbation in the wavenumber dk(u) or
phase speed dc(u) of a wave of frequency u (Trampert &
Woodhouse 1995, 1996; Zhang & Lay 1996; Laske & Masters
1996; EkstrÎm et al. 1997). The relative wavenumber and phase
speed perturbations are related by

dk(u)
k(u)

~{
dc(u)
c(u)

. (33)

In the JWKB approximation, which is generally used as the
basis for inversion, a measurement of dk(u) or dc(u) depends
only upon the laterally averaged depth-dependent structure
beneath the source^receiver path,

db(r)~
1
*

�
path

db(r, h, �) d* , (34)

where h is the colatitude and � is the longitude.We can use our
Born cross-correlation formalism to assess the 3-D sensitivity
of a surface wave by reinterpreting dk(u), dc(u) in terms of a
frequency-dependent shift dT (u) in the phase delay, given to
¢rst order by

u dT (u)~dk(u)*~{uc{2(u) dc(u)* . (35)

This phase-delay perturbation is related to the perturbation
db(r) in the shear wave speed via a frequency-dependent
kernel:

dT (u)~
�
+

KT (r; u) db(r) dV , (36)

where

KT (r; u)~

�t2
t1

_u (t; u)Ku(r, t; u) dt�t2
t1

�u (t; u)u(t; u) dt
: (37)

Here we use the admittedly vague notation u(t; u) and
Ku(r, t; u) to denote the result of applying a narrow-band ¢lter
centred upon u to the surface wave portions of u(t) and Ku(t),
respectively. Fig. 7 shows the phase-delay sensitivity kernel
KT (r; u) for the fundamental-mode Love wave at an epicentral
distance *~600, computed in this manner. The 3-D sensitivity
of 0.01^0.02 Hz (50^100 s) Love waves is shown in Fig. 7(a),
whilst the sensitivity of 0.04^0.05 Hz (20^25 s) waves is
shown in Fig. 7(b). The most noteworthy feature of KT (r; u)
is its remarkable cross-path width. In fact, the sensitivity to
geographical structure o¡ the geometrical ray path is several
times greater than the depth sensitivity; this is evident in the
vertical cross-sections, which are one-to-one. Note, further-
more, that the sensitivity is not zero along the surface wave ray;

Figure 5. Comparison of the 3-D (top) and 2-D (bottom) sensitivity
kernels for a 0.01^0.06 Hz (17^100 s) S wave at an epicentral distance
*~400. The 2-D kernel K2D

T (r) is strictly appropriate only if the
heterogeneity db(r) is cylindrically symmetric across the ray plane
(that is, uniform and in¢nite in extent in and out of the page).
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Figure 6. Cross-sections through the 3-D sensitivity kernel KT (r) for a 0.01^0.06 Hz (17^100 s) SS wave at an epicentral distance *~800.
(a) Ray-plane cross-section. (b) Perpendicular cross-section through the surface re£ection point at *~400. (c) O¡-plane cross-sections at
perpendicular distances *~2:250, *~4:500, *~6:750 and *~9:000 from the ray plane. (d) Map-view cross-section at a ¢xed radius near the Earth's
surface. Note that yet a third greyscale is used in this ¢gure, ranging from dT (r)~{3 s (white) to dT (r)~3 s (black). Near the source (00¦*¦300)
and the receiver (500¦*¦800) the sensitivity is nearly zero (medium-grey) along the geometrical ray.

Figure 7. Sensitivity kernelKT (r; u) of the fundamental-mode Love surface wave at an epicentral distance *~600. (a) Frequency band 0.01^0.02 Hz
(50^100 s period). (b) Frequency band 0.04^0.05 Hz (20^25 s period). Lower panels show map-view cross-sections at the Earth's surface, and upper
panels show perpendicular cross-sections halfway between the source and receiver (*~300). The outer-Fresnel-zone sidebands of the high-frequency
kernel are more pronounced than those of the low-frequency kernel, because of the smaller fractional width of the bandpass *u/u. Note the
two-sided greyscales, with white (zero sensitivity) in the middle.

ß 1999 RAS,GJI 137, 805^815

813Born banana^doughnut kernels
D

ow
nloaded from

 https://academ
ic.oup.com

/gji/article/137/3/805/614927 by guest on 08 January 2023



this is a consequence of the 2-D rather than 3-D character of
the wave propagation. Both the depth sensitivity and the geo-
graphical sensitivity are reduced as the frequency of the wave is
increased. The former phenomenon is, of course, well known,
and is frequently exploited to invert 2-D maps of surface wave
phase speed dc(h, �, u) for the 3-D wave speed perturbation
db(r). The 3-D kernels KT (r; u) presented here can be used to
invert directly for db(r) without producing intermediary maps
of dc(h, �, u).

4.6 Di¡erential kernels

Di¡erential traveltimes are a popular source of data in
both global and regional inversion studies because they are
thought to provide strong single-path constraints upon the
location of the heterogeneity db(r). Thus, for example, tele-
seismic traveltime variations across a seismic network or array
are frequently used to invert for structure beneath the array;
the e¡ect of near-source and deep-mantle variations db(r) is
considered to be negligible because those portions of the
ray paths are so similar (e.g. Aki et al. 1977; Humphreys et al.
1984; VanDecar & Crosson 1990). Likewise, SS^S traveltime
variations are often ascribed to heterogeneity db(r) in the
vicinity of the surface re£ection point because of the similarity
of the near-source and near-receiver ray paths (e.g. Kuo et al.
1987; Sheehan & Solomon 1991; Woodward & Masters 1991).
In this section, we show how the 3-D di¡erential traveltime
sensitivity kernel K*T (r) enables us to quantify the notion that
`ray path similarity implies cancellation'.
Fig. 8(a) depicts the sensitivity kernel K*T (r) for a di¡er-

ential traveltime measurement made by cross-correlating
two 0.01^0.06 Hz (17^100 s) S waves, recorded on the same
azimuth, at epicentral distances *1~610 and *2~620. It is
evident that *T~T2{T1 is primarily sensitive to wave speed
variations db(r) in the vicinity of this two-station array;
however, due to the ¢nite-frequency `doughnut' geometry, the
3-D sensitivity is more complicated than might be expected
on the basis of geometrical ray theory. Fig. 8(b) shows the
di¡erential sensitivity of the SS wave, recorded at the same
two stations. The strongest sensitivity is once again in the
vicinity of the array; however, the cancellation along the
remainder of the path is not as thorough as in the case of
the S waves, even though the geometrical ray paths are closer
together. Finally, in Fig. 8(c) we show the 3-D sensitivity kernel
for a 0.01^0.06 Hz (17^100 s) SS^S di¡erential traveltime
measurement, at an epicentral distance *~600. As expected,
KSS{S

*T (r) looks like a superposition KSS
T (r){KS

T (r) of the
individual SS and S kernels; it is negative in the vicinity of
the SS bounce point and in a near-source and near-receiver
`half-banana' skin surrounding the SS ray, and it is positive in
the banana skin surrounding the doughnut hole along the S
ray. The most noteworthy feature is, however, the magnitude of
the kernel in the vicinity of the source and receiver; in fact,
KSS{S

*T (r) attains its maximum amplitude there, because of
the divergent factors 1/

�����������������
sin*s(r)

p
and 1/

�����������������
sin*r(r)

p
in (12).

Though large, the near-source and near-receiver sensitivity is
rapidly alternating between positive and negative (black and
white). This highlights the fundamental character of an SS^S
di¡erential traveltime measurement; only if KSS{S

*T (r) samples
a su¤ciently smooth perturbation db(r) will `similar ray path'
cancellation occur. In fact, many earthquakes occur in sub-
duction zones, where the gradients in db(r) are particularly

pronounced. Arguments about the geographical origin of
SS^S traveltime shifts can be avoided by utilizing the 3-D
sensitivity kernel KSS{S

*T (r) in future global inversions.

5 CONCLUSIONS

Geometrical ray theory has been the cornerstone of seismology
for most of this century; it has proven useful in a myriad of
applications, including earthquake location and tomography.
Many current 3-D models of the interior structure of the Earth
are based upon the ray-theoretical interpretation of body wave
traveltime variations. Geometrical ray theory is, however, only
valid if the scale length of the Earth's 3-D heterogeneity is
much greater than the seismic wavelength. Cross-correlation
traveltimes are often measured using intermediate-period
and long-period waves, which have wavelengths of the order
of 100^1000 km. Current global tomographic models exhibit
wave speed variations with comparable scale lengths. The
quest to resolve ¢ner-scale details of the Earth's deep interior is
certain to continue; it is inevitable that 3-D sensitivity kernels

Figure 8. Di¡erential traveltime sensitivity kernels K*T (r). Left
panel shows a ray-plane cross-section, and right panel shows a
perpendicular cross-section at the indicated epicentral distance in
each case. (a) 0.01^0.06 Hz (17^100 s period) S wave recorded at
two equi-azimuth stations, situated at distances *~610 and *~620.
(b) 0.01^0.06 Hz (17^100 s period) SS wave recorded at the same
two closely spaced stations. (c) 0.01^0.06 Hz (17^100 s period) SS^S
di¡erential kernel at *~600. Note the two-sided greyscale, ranging
from dT (r)~{3 s (white) to dT (r)~3 s (black).
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such as those developed here must play an important tomo-
graphic role in the future. We have restricted attention to an
extremely simple special caseöSH waves excited by a surface-
focus vertical strike-slip fault in a constant-gradient earth
modelöfor expositional clarity. It is straightforward to extend
the results presented here to account for a general moment
tensor source, compressional wave speed and density hetero-
geneity, and S-to-P and P-to-S scattering. Obviously, more
realistic earth models with upper-mantle discontinuities will
have even more complicated 3-D sensitivity kernels KT (r) and
K*T (r).
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