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It was shown by Stokes that in a water wave the particles of fluid possess, apart from their orbital
motion, a steady second-order drift velocity (usually called the mass-transport velocity). Recent
experiments, however, have indicated that the mass-transport velocity can be very different from
that predicted by Stokes on the assumption of a perfect, non-viscous fluid. In this paper a general
theory of mass transport is developed, which takes account of the viscosity, and leads to results in
agreement with observation.
. Part I deals especially with the interior of the fluid. It is shown that the nature of the motion in
the interior depends upon the ratio of the wave amplitude a to the thickness ¢ of the boundary layer:
when 2/8? is small the diffusion of vorticity takes place by viscous ‘conduction’; when a2/6? is large,
by convection with the mass-transport velocity. Appropriate field equations for the stream function
of the mass transport are derived. The boundary layers, however, require separate consideration.

In part II special attention is given to the boundary layers, and a general theory is developed for
two types of oscillating boundary: when the velocities are prescribed at the boundary, and when
the stresses are prescribed. Whenever the motion is simple-harmonic the equations of motion can
be integrated exactly. A general method is described for determining the mass transport throughout
the fluid in the presence of an oscillating body, or with an oscillating stress at the boundary.

In part ITI, the general method of solution described in parts I and II is applied to the cases of
a progressive and a standing wave in water of uniform depth. The solutions are markedly different
from the perfect-fluid solutions with irrotational motion. The chief characteristic of the progressive-
wave solution is a strong forward velocity near the bottom. The predicted maximum velocity
near the bottom agrees well with that observed by Bagnold.
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536 M. S. LONGUET-HIGGINS ON

PART 1. THE INTERIOR OF THE FLUID

1. INTRODUCTION

As was pointed out by Stokes in a classical memoir (1847), the individual particles in a
progressive, irrotational wave do not describe exactly closed paths; besides their orbital
motion they possess also a second-order mean velocity (called the mass-transport velocity)
in the direction of wave propagation. If the equation of the free surface is

z = aei®-94 0(a?k), (1)

where x and z are horizontal and vertical co-ordinates (z measured downwards), ¢ is the
time, a is the wave amplitude, £ = 27-+wave-length, and ¢ = 27-+wave period, then
Stokes’s expression for the mass-transport velocity U is equivalent to

=  a?ckcosh 2k(z—h)
U= ""osmnrmr — ¢ @)

where 7 is the depth and C'is an arbitrary constant. Ifitis assumed that the total horizontal
transport is zero, we must have

C— a’osinh 2kh  a’c

~ Wsmhirn = g Coth Ak (3)

In deep water (k2> 1) equation (2) becomes simply
U = a2ok 2=, (4)

direction of wave advance

—
mean surface - +
level
U
i
bottom

Ficure 1. A typical profile of the mass-transport velocity in a progressive,
irrotational wave (kh=1-0).

The velocity profile for a typical ratio of depth to wave-length (% = 1) is shown in figure 1.
It will be seen that the velocity increases steadily with height above the bottom and that on
the bottom itself the velocity gradient is zero. Both these features can be shown to be
necessary consequences of the irrotational character of the motion, and not to depend on
the smallness of the wave amplitude as assumed by Stokes (an elegant geometrical proof
for waves in deep water was given by Rayleigh (1876); proofs for finite depths have been
given by Ursell (1953) and Longuet-Higgins (1953)).

The irrotational wave is not the only type of wave theoretically possible in a perfect fluid:
in the exact solution of Gerstner (1809) and Rankine (1863) the particles describe exactly
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circular orbits, and the mass-transport velocity vanishes identically; indeed, Dubreil-
Jacotin (1934) has shown that a wave motion may be superposed upon a steady stream
having an arbitrary velocity distribution, so that the mass-transport velocity could take
any desired value. The hypothesis of irrotational motion was assumed by Stokes on the
ground that, under conservative forces, no vorticity can be generated in the interior of
a uniform fluid, even with viscosity; if, therefore, the motion is started from rest it must
initially be irrotational. The mass transport is then uniquely determined.

However, the mass-transport velocities observed in laboratory experiments may differ
markedly from those predicted by the irrotational theory, especially in water of moderate
depth. Thus Bagnold (1947) has found a strong forward velocity near the bottom and a
weaker backward velocity at higher levels—the exact opposite of the Stokes velocity dis-
tribution. Other observers (Caligny 1878; King 1948) have found a forward drift both
near the bottom and near the free surface, with a backward drift between.

It appears, therefore, that some assumption on which Stokes’s theory is based is not valid.
Now, in the theory of perfect fluids it is supposed that at a solid boundary the fluid may
‘slip’, i.e. that it may have a tangential velocity relative to the boundary. In fact, however,
the particles of fluid in contact with the boundary must have the same velocity as the
boundary itself; on the bottom, for example, they must be at rest. But quite near the bottom
the fluid is observed to be in motion with velocities comparable to that in the interior of
the fluid, so that in general there must be a strong velocity gradient near the bottom. This
implies that there is in fact strong vorticity in the neighbourhood of the bottom; and it
will be seen that, even if the vorticity is confined to a layer of infinitesimal thickness, the
total amount of vorticity must still be finite. In an oscillating motion this vorticity will be
of alternating sign; and the question then presents itself: will any of the vorticity spread
into the interior of the fluid, or will it remain in the neighbourhood of the boundary ?

In considering the diffusion of vorticity, the viscosity of the fluid must be taken into
consideration; for, although the viscous terms in the equations of motion vanish when the
motion is irrotational, they do not do so when there is vorticity. Although the viscosity may
be small it cannot be neglected near the boundaries; for it is found that, as the viscosity
tends to zero, so the thickness of the boundary layer decreases; the viscous terms in the
equation of horizontal motion, which depend upon the second normal derivative of the
velocity, remain of finite magnitude.

A straightforward method of taking into account the viscosity would be to proceed by
successive approximations as in Stokes’s solution for a perfect fluid; that is, in the first
approximation to neglect all terms proportional to the square of the displacement; in the
second approximation to neglect all terms proportional to the cube, and so on—all the
viscous terms being retained. For surface waves in water of uniform depth there are now
four boundary conditions: both components of velocity must vanish on the bottom, and
both components of stress must vanish at the free surface. This was the method by which
the present author originally approached the problem. The first approximation, which
had been calculated by Hough (1896) and Bassett (1888), is practically identical with the
verfect-fluid solution except that there are now transitional boundary layers at the bottom
and at the free surface, and that the motion has a small attenuation, either with the hori-
zontal co-ordinate x or with the time ¢ (Hough and Basset considered only the latter case).

66-2



538 M. S. LONGUET-HIGGINS ON

To obtain the mass transport, the present author took the solution to a second approxi-
mation; and when this was done some new and unexpected features appeared. These will
be briefly described here, although another method, as will be explained below, was later
found to be more satisfactory. |

Two cases were considered : the progressive wave and the standing wave. On the assump-
tion that the total mass transport in a horizontal direction was zero, a unique solution for
the mass-transport distribution was found. But, when the viscosity was made to tend to
zero, the limiting velocity distribution was different from the irrotational, perfect-fluid
solution. The thickness of the boundary layers at the bottom and at the free surface tended
to zero; but the mass-transport velocity just outside these layers tended to a value different
from zero and from that in the Stokes solution. In the progressive wave, the forward
velocity near the bottom (i.e. just beyond the boundary layer) was given by

= 5 ak
= 4sinh2AR’ (5)
and the velocity gradient near the surface was given by
v, .
i 4a’ck coth kh; (6)

this is twice the corresponding value for the irrotational wave (cf. equation (2)). In the
interior of the fluid the velocity distribution was given by the sum of the distribution (2)
and a parabolic distribution, which was adjusted so that equations (5) and (6) and the
condition that the total horizontal flow should be zero were all satisfied. Some theoretical
velocity profiles, for different ratios of depth to wave-length, will be illustrated in figure 6,
part III.

The case of a standing wave, in which the surface elevation is given by

z = 2acos kx cos dt, (7)

had already been partly evaluated by Rayleigh (1883), who showed that there must be a
circulation in cells of width one-quarter of a wave-length, very similar to that occurring in
a Kundt’s tube. The magnitude of the circulation is independent of the viscosity, when this
is small. Rayleigh considered only the case of deep water, and he did not take into account
the boundary conditions at the free surface. In the general case when the depth is finite
the present author found that the mass-transport velocity near the bottom (just outside
the boundary layer) is given by

— 3 alk .
U:*5m81n2/€x, : (8)
the velocity gradient near the free surface is zero,
U
a2, =0 (9)

(The distribution of the mass transport in a typical standing wave will be illustrated in
figure 7, part III.) The solution again differs from the corresponding solution when the
motion is irrotational ; in an irrotational standing wave the mass-transport velocity vanishes
everywhere.
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An interpretation of these results may be given as follows. Suppose the motion is generated
from rest by conservative forces, or by propagation of the waves from outside into the region
considered. Then at first the motion in the interior will be irrotational, and the mass
transport will be given by Stokes’s expression. But this state is not permanent; vorticity
will diffuse inwards from the boundary layers at the bottom and at the free surface until
a quasi-steady state, given by the viscous solution, is obtained. Thus the Stokes solution
describes the initial motion (except very near the bottom); the viscous solution describes
the final motion.

However, the method by which these results were derived is open to criticism: the process
of approximation involves, in general, the neglect of the inertia terms in the equations of
motion compared with the viscous terms; and this implies, as is shown in this part of the
present paper, that the amplitude a of the motion should be small compared with the
thickness ¢ of the boundary layer (4 is defined as (2v/o)}, where v is the kinematic viscosity).
It can also be shown that, unless a<<4, it is not permissible to use Stokes’s classical method
of obtaining the boundary conditions at the free surface, for this involves expansion in a
Taylor series, which is only valid if the displacement of the free surface is small compared
with all other distances involved. Since the thickness of the boundary layer may be of the
order of a few millimetres only, this condition seems to restrict the validity of the solution
to very small waves indeed.

In this paper a different, and more general, approach is adopted. We start from the two
fundamental assumptions that the velocity is periodic in time, and that the motion can be
expressed as a perturbation of a state of rest. A general definition of the mass-transport
velocity U can then be given (see § 2), and equations of motion for U can be derived. On
examining these equations it is found that the expression for the diffusion of the vorticity
consists of two parts. The first represents viscous diffusion, similar to the diffusion of heat
in a solid, and the second represents diffusion by convection with the mass-transport velocity
itself. These two sets of terms may be called ‘conduction’ and ‘convection’ terms respec-
tively. The equations used by Stokes and Rayleigh are only valid, in the interior of the fluid,
when the convection terms are small compared with the conduction terms, which restricts
the solution to waves of very small amplitude (¢ <90). If, on the other hand, ¢> §, the motion
is governed by convection; there is then a quite different field equation for the motion in
the interior of the fluid (see §4).

The boundaries, however, require special consideration, on account of the large velocity
gradients encountered there. These are treated in part II, again in a general manner, so
that the results could be applied to motions other than those of a standing or progressive
wave in uniform depth. A general, oscillatory motion of the boundary is assumed, and
moving co-ordinates relative to the boundary are taken. A boundary-layer approximation
is made, similar to that used by Schlichting (1932) for a cylinder oscillating in an infinite
fluid. Two different types of boundary layer are considered: first when the normal and
tangential components of velocity at the boundary are prescribed (a special case being a
fixed boundary or bottom); secondly, when the normal and tangential stresses are pre-
scribed (a special case being a free surface, when both components of stress must vanish).
In both cases the equations of motion can be integrated through the boundary layer,
although the order of magnitude of the velocity gradients is different. In the first case the
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mass-transport velocity beyond the boundary layer (i.e. just in the interior of the fluid) is
determined in terms of the boundary conditions and the known first-order motion; it differs
in general from the mass-transport velocity at the boundary itself. In the second case it is
the normal gradient of the mass-transport velocity which is determined just beyond the
boundary layer, and this also differs from the velocity gradient at the surface itself.

The boundary-layer method just described has the advantage of not depending for its
validity on the smallness of the ratio ¢/d. By combining the new ‘boundary conditions’
with one or other of the field equations for the interior of the fluid which are derived in
part I, the mass-transport velocity throughout the field can be completely evaluated. In
part III the method is applied to the special cases of the progressive and standing waves
in water of uniform depth. The ‘conduction solution’, i.e. the solution for small values of
a/d, is identical with that obtained by the method of successive approximations described
above, as one would expect. The ‘convection solution’, however, is indeterminate for the
progressive wave, and for the standing wave there are infinitely many solutions. Indeed,
is seems very probable that for such large wave amplitudes the mass-transport velocity in
the interior of the fluid is unstable; the assumption of periodicity then breaks down.

However, the solution in the boundary layers is still well determined, and is suitable for
comparison with observation. In the last section of part III the experiments of Bagnold
(1947) and others are discussed, and rather good agreement with the theory is found.

2. DEFINITION OF THE MASS-TRANSPORT VELOCGITY

When the motion is not progressive, an exact definition of the mass-transport velocity
for waves of finite amplitude, such as was given by Rayleigh (1876), is no longer possible;
but for small motions a definition may be given as follows.

Let u(x, ¢) denote the velocity at the point X, = (x,y, z), at time ¢. We assume, first, that
the motion is periodic in time with period 7:

u(x,t+7) = u(x,8); (10)
secondly, that u is expressible asymptotically as a power series:

where ¢ is a small quantity and u,, u,, etc., are of order //7. Here / denotes a typical length
in the geometry of the system, for example, the wave-length if the motion is periodic in
space. Equation (11) implies that we are considering the motion as a perturbation of a
state of rest. The order of magnitude of the displacements is €/, or a, where a denotes the
wave amplitude, so that ¢ is of order /.. Thirdly, if a bar denotes the mean value with respect
to time over a complete period, we assume

u_—1 =0, (12)
that is, there are no steady first-order currents. It may not, however, be assumed that
u, is zero.

Let U(x,,#) denote the velocity of the particle whose co-ordinates at time ¢ = 0 are X,.
Then the displacement of the particle from its original position is

f:Udt. (13)
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We have therefore
U=u(xo+JtUdt,t), (14)
0

t
— u(x,,d) + f Udt-gradu(Xe, &) +..., (15)
0

by Taylor’s theorem. Since U is of a same order as u we assume that

U =eU,+e2U,+..., (16)
whence, on substituting in (15) and equating coefficients of ¢ and €2, we have
]Ul = U, (17)
t
U, = u2+f u,d¢-graduy, (18)
0
and therefore o
— J— ¢
U, = “z‘l‘f u,d¢-grad u,. ' (20)

The lower limit of integration in (20) has been omitted, since it contributes nothing to the
mean value. Thus, besides the first-order oscillatory velocity ¢U,, each particle possesses
a steady drift velocity given by

U= U, = eZ(u—z—I— f u, d¢-grad ul) (21)

to the second order of approximation. If U, U,, etc., are calculated, they are found to be
aperiodic in general, so that no mean value independent of the initial value of ¢ can be
assigned to them. Indeed, U cannot in general be expected to be a periodic function of ¢,
since in the course of time a particle may drift into a region where the motion is quite
different from that at its initial position. The progressive wave is an exception, since each
particle remains at a nearly constant level; but the period of the motion for a fixed particle
then depends upon the vertical co-ordinate z,. Thus the mass transport can only be defined,
in general, if terms of higher order than the second are neglected, that is, for small motions.
We shall therefore define the mass-transport velocity as being that given by equation (21).

The mass-transport velocity may be measured as the ratio of the displacement d of a
particle to the length ¢ of the corresponding time interval provided that | d | </ and that the
contribution to d from the second-order terms is large compared with that from the first-
order terms; this implies | 62U, #|> |eU;7| and so ¢>¢~!7. Both conditions are satisfied if
¢ is sufficiently small and if ¢ is of order, say, ¢~i7.

Let f be any periodic quantity associated with the motion and let

f—cf, e, +..., (22)

where f| is zero. Then we may show similarly that the mean value of f following a particle
is given by .
ez(f;—l— u, d¢-grad fl) (23)
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to the second order of approximation. Suppose f is the acceleration,

f= (??t +u-gradu; (24)
then f, = —a—%, f, = %‘;Ll-ul -grad u,, (25)

and the mean value of f following a particle is therefore given by

du, du
(a;—i—u1 gradu, + [u,d¢-grad at)

ow, a((_ .. .
( (;;2—{-[%{ uldt-gradul}),

€2 t=T7
=< [u2+ u, dt-grad "ILO , (26)
which vanishes by the periodicity of the motion.

The mean acceleration of a particle is therefore of a higher order than the second. This,
indeed, is what we should expect. For the mean acceleration over one complete period is
the difference between the initial and final velocities, divided by 7. But since in this time the
particle has advanced through a distance of second order, the difference between the
velocities at the initial and final positions of the particle is of third order at most.

3. THE STREAM FUNCTION FOR ﬁ

In the following we shall restrict ourselves to the consideration of two-dimensional motion
only; thus if #, ¥ and w are the components of the velocity, v is zero, and « and w are in-
dependent of the horizontal co-ordinate y. Assuming the fluid to be incompressible we have

du Jw
%+52 = 0, (27)
_ (W 9/
whence (u,w) = (52’ —3—;), (28)
where ¥ is a stream function. The vorticity is given by
du ow )
iz dx _ VY- (29)

We may write
(4, w) = e(uy, wy) + 62Uy, o) + .., |

30)
¥ =ef+e,+ J (
so that

@i a_wi_()

ox ' dz

o, o, .

o) = (%), (=12, (31)

du; Jw; Ve

(9z % Vi,
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From (12), the arbitrary function of the time contained in ¥, may be chosen so that
¥y = 0. (32)

The components (e2U,, e2W,) of the mass-transport velocity are given by

Zf-ﬁuﬁf dtﬁ“1 +f dtau1

s ; (33)
T w w
Wy = w,+ uldta—xurfwldtﬁ—zl.
Now if 4 and B denote any periodic quantities we have identically
04 B 9 —r
ﬁtB +A4- % ﬁt(AB) [AB]H,_ 0. (34)
Hence
Wy 4, %1 [0 4,9 _ 0T
2+f Wovaz ) ox W92 = 32 55)
o [Ty [T P 0
0x? toxaz ax’
where
¥ =9,+ J 14,7 dt(wl (36)

Thus ¢2¥'is a stream function for the mass-transport velocity U.

4. THE EQUATIONS OF MOTION

The equations of motions for a viscous, incompressible fluid may be written

(;ﬁ”aic aa _"Vz) (u, w) = *(;‘1 ;;a—z) (%—gZ) (37)

in the usual notation. On differentiating the first component of (37) with respect to z and
the second with respect to x, and subtracting, we find

a0 9
(at+ua +w9——vv2) vy — 0, (38)
d hen (ﬂ+ 9_ v2)v2¢—o 39
and hence o twa —v = 0. (39)

The second and third terms in equation (38) represent minus the rate of change of the
vorticity at a fixed point due to convection; the last term, which is similar to a term in the
equation of heat conduction, re presents minus the rate of change of the vorticity due to
viscous diffusion. On substituting from equations (30) and formally equating the coeflicient
of the highest power of ¢ to zero we have, from (38),

(%—vvz) Vo, — o, (40)
J a\. -
and from (39) (ul 7 T 6‘—2) Ve, —vVip, = 0. (41)

VoLr. 245. A. 67



544 M. S. LONGUET-HIGGINS ON

Equation (40) gives V&, = VfV‘Wf, dz;, (42)
so that on substitution in (41) we have
e d d
Vg, = (ul oy 5-2«) f Vi, dt. (43)
Hence the field equation for ¥ in terms of ¢, is
| i L
ap il — 4 4| Zr1qp il
VAP — (u1 S ﬁz)fv Yy di v f Traih, (44)

The introduction of viscous terms into the equations of motion involves a new funda-
mental length §, =(2v/r)}, and a new dimensionless ratio a/d. In the case of water waves,
if v = 0-01 cm?/s and 7 = 1-0s, we see that J is of the order of 0:02cm. We may therefore
assume that

dl<1 (45)
(but not necessarily that ¢/d<<1). Now, a typical periodic solution of the equations
(g;'“ VVz)f =0, f=0 (46)
is given by
fo = eitaxthozingy (47)
where 7 1s a positive integer and
k3 4k} = —ingfv = —in/02. (48)
Hence, in a direction perpendicular to the plane
R(ik x+ikyz) = 0 (49)

Jfo must increase or decrease by a factor ¢ in a distance of the order of 0. If f; is to remain
bounded in the interior of the fluid, it can be appreciably large only in the neighbourhood
of the boundaries, and must decrease inwards exponentially.

It is useful to distinguish between the ‘boundary layer’ or the region near the boundaries
whose thickness is of the order of J, and the ‘interior’ of the fluid, or the region ‘beyond’,
i.e. inside, the boundary layer. For the remainder of the present section we shall be con-
cerned only with the motion in the interior.

From equations (32) and (40) we see that V2y, satisfies equations (46). Therefore,
assuming that V2¢, is expressible as the sum of functions of the type (47) over any region of
the interior, we may expect that

V&, -0 (50)

exponentially inwards. The second-order terms in equation (38) now give
(%_vvz) V2,0 (51)

in the interior, so that by a similar argument we may expect that

V(i — ) =0 (52)
exponentially inwards. Equation (50) states that in the interior the first-order vorticity is
exponentially small, while equation (52) states that the second-order vorticity becomes
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indepéndent of the time, though it is not necessarily zero. From the third-order terms in

(38) we now have P! p)

(%—VVZ) V2, (ula w5 )Vwﬁo | (53)
50 that V= (e + [o,ded) Vg v, (54
where V(s — ) — 0. (55)

Let us now return to equation (39) and retain temporarily all the terms up to the fourth
order. Assuming (50) and (52) we have, in the interior,

J d —d —0 -~ o - o
64[(“1 ax +uw, (?_z) Vst (uz“a; + W, 3;) VZ%:\ — vV (e, +e¥Ys+etyy) = 0. (56)

We may substitute for V2, from equation (54). Then since

d i} , J 0\ v
(”1 5;"‘”’19‘2) Vs — (ul 5;4””’1 52) V23 =0, (57)

in the interior of the fluid we have

64[——(u1 £+wl%) :(fuldt%+fwldi;—z) VZ%}+(£%+&)§£) Vzg—k;]
| OV Yyt etPy) — 0. (58)

Now if 4, B and C are any three periodic quantities we have identically

7[00\ _ 9BIC, LC
45 (BG) = A5 3t 4B g (59)

But, if A = dB/dt, and C is independent of the time,
0%C dBd*C 1 02C

— 2
ABGe =B — o Blogz =0 (60)
Thus writing

A=u, B-— fuldt, C = V2, = V2, (61)
we have ula%(fu d¢ - V %2) (ul; fuldt)(%cvzﬁ, (62)

and therefore (using equation (34))
ulc—?—i—c( j u dt Ve yfz) ( f dtau‘) =V, (63)
Similarly wla%( [ ar v: )=~ f de? ) ) vy, (64)

and 1 %(fwldt(%wm) +w19‘?-(fuldt v2¢2)

(J dt"—-’"l) --V%—(m%);%v% (65)

67-2
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Therefore on substitution in equation (58) we find

Tyt W5 V= vV (e e i) = 0, (60)
where U, and W, are given by (35). The first group of terms on the left-hand side represents
minus the rate of change of the vorticity due to convection by the mass-transport velocity.
The second group of terms represents minus the rate of change of the vorticity due to
viscous ‘conduction’. These groups of terms may be called the convection terms and the
conduction terms respectively.

Suppose that all termsin (66) of higher order than the second are neglected. We then have

Vi, = 0, (67)
or vew = ve [ A dt(wl (68)

which are the equations that would be obtained by setting V?),, = 0 in the right-hand side
of equations (43) and (44). But, if the velocity gradients in the interior of the fluid are not
large, then the ratio of the convection terms to the conduction terms in equation (66) is
of order €2¢/v, that is, of order a?/d2. Therefore a necessary condition for the validity of equa-
tions (67) and (68) in the interior of the fluid is that a2/0%2<1.

In most practical cases, however, we shall have ¢>4; so that the ‘conduction equation’
(67) will not apply. We should expect in this case that the appropriate field equation would
be that obtained by equating to zero the convection terms on the left-hand side of (66).
This cannot be deduced from the preceding analysis, which rests on the assumption that
@?[02<1; but the same equation can be derived by another method. Let us assume that the
viscous terms in the original equation of motion (38) are entirely negligible; thus

(;t+u—;—+w a)VM (69)
and (u§+w a) V2 — 0, (70)

On substituting from (30) and equating coeflicients of ¢ successively to zero we have from
(69), in the first approximation,

d
5 (V) =0, (1)
so that V2y, is independent of £ Thus, by (32),
V2, = V2, = 0. (72)
From the second-order terms in (69)
d 0 U
5t (V) + (1 g+ 52 ) V3, =0 (73)
Since the second group of terms vanishes,
d
5 (VoY) = (74)

and so V2, = V2, (75)
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Similarly in the third approximation

i) i i} —
5 (V) + (1 g5+ 52) V= 0, (76)
oy ad

so that V¢3W—Uuldta + [y de }V 7 (77)

The terms of highest order in (70) give

(“1 31 +w, ai) Vs + ({t;;«—{—@;—) V2% = 0. (78)

On substituting from (78) into (77) and using the relations (63), (64) and (65) we obtain

(a4 Wigs) V3, = 0, (79)
or, from (35) and (36), I
0¥ 0 9¥ 9\ ool (1 4,90) _
(azﬁic axéz)v( fﬁz d ax)‘“o' (80)

In deriving (79) the first non-zero term omitted owing to the neglect of the viscosity is
e2v V4, (since V4, is zero) ; the largest terms retained are the fourth-order terms in equa-
tion (79). Hence a necessary condition for the validity of these equations is that

eV, <ot ( g T, ‘?) Vi, (81)
and hence that 42> §2.
Equations (68) and (80) may be called the ‘conduction equation’ and the ‘convection
equation’ respectively.
Let us consider equation (79) more closely. It may be written in the form

(Y, V)

Tl =0 (82)
where the left-hand side is the Jacobian of ¥ and VZ,. Thus V2§, is functionally related
o ¥ Vi, = (P, (59)
or by (36) ve(w f 91 4,9 ¢1) FP). (84)

Hence the vorticity is constant along a stream-line. Also, since ¥, satisfies Laplace’s equatlon
we have, on differentiation,

v [Tl = o [P0 0T o [P o,

0x0z 022 " 0xdz
=2 [ aaa -2 G s,
— o[ )
using equation (34). From (84) and (85) we obtain
VAW — F(¥ f (214,70 g:{;z (86)

an alternative form of the conduction equation.
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PART II. THE BOUNDARY LAYERS

5. INTRODUCTION

In part I the mass-transport velocity in any oscillatory motion was defined, and field
equations were obtained for the mass-transport stream function W in the interior. It was
shown, however, that the neighbourhood of the boundaries requires special consideration,
on account of the large velocity gradients encountered there; it can no longer be assumed,
for example, that the first-order vorticity is zero, as in the interior of the fluid.

An exact solution of the problem of an oscillating plane boundary, in a fluid at rest at
infinity, was given by Stokes (1851). Lamb (1932, p. 662) gave the solution to the closely re-
lated problem of a semi-infinite fluid, with a fixed plane boundary, moving under the action
of a harmonically oscillating body force. In these exact solutions the vorticity remains always
in the neighbourhood of the boundaries, and the motion beyond a layer of thickness of the
order of 6, = (2v/0)?, is zero. Also the mass-transport velocity vanishes identically. Approxi-
mate solutions for wave motion in water of finite or infinite depth have been given by
Basset (1888), Hough (1896) and Lamb (1932). In these approximate solutions the vor-
ticity is also confined to the boundaries, to the first approximation; but to obtain the mass
transport it is necessary to study the second-order terms.

The objections to a direct extension of the solutions of Basset and Hough to a second
approximation have been discussed in part I. Briefly, the method would only be valid for
very small values of the ratio «/d, where a is the wave amplitude. A different method, for
the case of a circular cylinder oscillating in an infinite fluid, was used by Schlichting (1932).
This involved initial neglect of d//, where ! was the radius of the cylinder—essentially a
boundary-layer approximation. It will be found that in Schlichting’s analysis there is no
implied restriction on the ratio a/d for the motion near the boundaries.* In the following
we shall use a similar approximation to Schlichting’s, but treat a much more general
problem, assuming an arbitrary oscillating motion of the boundaries, and taking into
consideration more than one type of boundary condition.

6. CoO-ORDINATES AND GENERAL EQUATIONS

Since the normal displacement of the boundary may be large compared with 4, a co-
ordinate system must be chosen which is attached to the moving boundary. As in part I,
assume the motion to be two-dimensional and independent of ¥ and let

s = arc length measured along the boundary,

k(s,t) = curvature of the boundary (positive when concave inwards),

(see figure 2a). The co-ordinates (s, 7) are to be chosen so as to be in the same sense, right-
handed or left-handed, as the cartesian co-ordinates (x, z) of part I. (s,n) are orthogonal,

* However, for the interior of the fluid Schlichting uses the ‘conduction equation’ (see §4), which may
not be justifiable.
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the lines n = constant, being parallel curves. The square of the displacement corresponding

to small increments ds, dz is
n%ds®+dn?, (87)
where ,
n=1—nk. (88)

If ¢, and ¢, denote the components of velocity, resolved parallel to the directions of s and n
increasing, the equation of continuity

dq, 0
Ds ‘I'an (ng,) = (89)
implies the existence of a stream function y such that
_ (%W L1y
(qsﬂ Qn) (57; ’ —5 5}) (90)
0 ds 0 s
s
nds 5
dn, dn 0
de
s P
n ]v;n
(a) ()
Ficure 2

To find the normal and tangential stresses we temporarily introduce rectangular co-
ordinates (S, N) tangential to (s,7) at the origin. The corresponding velocity components
gs and ¢y are given by )

gs = ¢,cos 0 —gq, sin 0,}

91
gy = ¢,sin 0+q, cos b, (91)

where 6 is the angle between the normals s = 0 and s = constant (see figure 25). Thus

$ a0 a6
0 = folcds, 75 = 3, = - (92)
When s = 0 = § we have
Gs = 45 ds  Os —KGus % = 'a_n", (93)
=g, W . % %4,
AL 95 0s on  on’
The normal stress p,,, and the tangential stress p,, are given, when s = 0, by
c? (?
<p,m +p) = 234 — 920,
94
m[, _ 0qs 0w 39s1r1£9@] (94
s T35 = on n os’
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where p is the mean pressure. Thus from (93)

35 (b = an(“"#)

nds)’ (95)
1. 8% 0;# 913y
pvl) ns = gz T ds (77 33)]

Since the form of these equations is independent of the position of the origin, they are valid
for all values of (s, n).

A.ds B
-4 A/

Kds oy,

I/

!/ ok
LA+ SEde)ds
1
I/

Ficure 3

To describe the motion of the co-ordinate system, let

V.(s,t) = velocity of the point (s, 0) parallel to the boundary,
V (s,t) = velocity of the point (s, 0) normal to the boundary,

Q(s, t) = angular velocity of the normal s = constant (positive in the sense of ¢
increasing).

Then the velocity components of the point having co-ordinates (s, z) are
(V,—nlL, 1), (96)

and if (5, 7) denotes the rate at which the co-ordinates of a particular element of fluid are
increasing, and (q,, ¢,) denotes its actual velocity in space, we have

s-:;.@s_mng), i = g,— V. (97)

The following relations between V,, V, and €2 will be of use:
v,

??—KV 0
v (98)
7% iV = Q,

ok 0

These may be proved as follows. Consider the normals to the surface at two neighbouring
points 4 and B, separated by an arc-length ds (see figure 3). Suppose that, in a short time
dt, A and B are displaced to A’ and B’ respectively. The displacements of 4 perpendicular
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and parallel to the normal at 4 are V,d¢ and V, d¢; thus, if the tangent and normal at 4 are

taken as co-ordinate axes, the vector A4’ is given by

Ad = WV, V) de. : (100)

Similarly, the displacements of B perpendicular and parallel to the normal at B are
(VJK ds)dt and (7, A ds) .
S 0s "0

But the normal at B makes an angle «ds with the normal at 4. Hence, referred to the
tangent and normal at 4, we have

BB — (Vs+%€xds—-l<dsr/;,, V,,+%Ijﬂds+/<dsz) dt (101)
to the present order of approximation. From (100) and (101)
BB — AA" — (%_KV, a—V:'+KV) dsdz. (102)
ds ™ ds g

Now in time d¢ the vector AB remains of constant length ds (neglecting ds3) and turns
through a small angle Qd¢. The displacement of the vector AB is therefore given by

A'B'— 4B = (0, Qdeds). (103)
But since

AA'+ A'B' = AB' = AB+ BB/, (104)
the left-hand sides of (102) and (103) are equal. This proves equations (98). Equation (99)

may be proved similarly: if A/]\?, A"/E’, etc., denote the angles between the normals at 4
and B, A" and B’, etc., we have

5 T ok
AB=«ds, AB = ("WZ dt) ds. (105)
A AN Q)
Also A —od, BB = (Q+ o ds) de. (106)
AN Py Py Py Py
But AN+ AB — 4B — AB+ED, (107)

from which (99) follows.
As a result of the first of equations (98) we may write

(b) ()
=% A

= hETya (108)

where o — f 7V ds, (109)
oy 1y

and therefore q;—V, = o’ I P (110)

where V= g — ¢+f;ﬂ/;,ds. (111)

Clearly y® is a stream function for the motion of the boundary itself; ¢ is a stream function
for the motion ‘relative to the boundary’. There is in general no stream function for the

VoL. 245. A, 68
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motion of the co-ordinate system at points other than on the boundary, since the term
(—n£,0) in (96) represents a divergent velocity field. From (97) and (110) we have

ay’ . lay’
(372 HZQ) n= s (112)

Consider now the equations of motion. Equation (38), which is obtained after elimination
of the mean pressure p, may be expressed in the invariant form

D 2) ) —
(-D—t—VV)w—O, (113)
where D/D¢ denotes differentiation following the motion, V2 is Laplace’s operator and w
is the vorticity of the fluid: 0 = V2. (114)
With the present co-ordinates
D o, 6.0 .0
D=t 35T "o (113)
and
_1 d
I:(?s 7 05) (071):' (116)
Thus (113) can be written
9y’ 10Y°0 e vey —
a”i*”"(an +n9)77 5.V | vy =, (117)

V2 being given by (1186).

For future reference it will be convenient to state also the equation of motion for each
component of the velocity separately. If the co-ordinates (S, N) are taken to refer to a
definite instant of time, say ¢ = 0, then we have

) (118)
=V g = e £ —
(o7 v == (5 -#)
Now when ¢ = 0,
096” — ags
o~ ot v
dan g (119)
ZAN __ Zdin
TR TR
Also, from equations (91) we find
g5 _ 9%, _ dg, _dk 9%q5 _ 0%,
a2 as TG Ta e G n20)
Pqy _0°¢, og,  dx Pqy _ 0%,
352 T g5t K TGO Iy on? — dn?’
whence, after some simplification, we have
0%, 10%
29— 0 10%, 1
Is = 3n2 " pason pv Kbns (121)
VZ azqn v][_ l_azqs 1 1 albns‘
W= g2 n0sdn  pvy ds



MASS TRANSPORT IN WATER WAVES 553

The equations of motion are therefore

9g; 9g; dg; %__12?_@) 1 ____!_Q(l) )
( Qq")_r_s(ﬂrﬂKq")_Fnﬁn (3712 E&sﬁn +pr’” -~ nds —& (122)

2 2
wi (i on) o )il o) 3 om

Up to the present point no approximations of any kind have been made.

In order to define the mass-transport velocity we assume, first, that the motion at each
point of space is time-periodic, and that the co-ordinate system is also chosen in a periodic
way; all functions of the velocities, for given co-ordinates (s,n), are then periodic in ¢.
Secondly, we assume that the motion is expressible in the form of an asymptotic series

¥ = et eyt s (124)
and we write g, = €q,1+€%q 0+ ..., (125)
with similar expressions for ¢,, V., V,, Q, §, 7, y® and y’. Thus the motion of the co-ordinate

$)

system, defined by V,, ¥, and €, is of first order at most. On the other hand, we write
K = Ko+ €K, + €%y ,]
1= noten eyt

allowing for a curvature «, of the boundary in the undisturbed state. As in § 2 the mean values

of the first-order velocities at each point in space are supposed to be zero. Thus, if the co-
ordinates (S, N) are chosen as above, we have with an obvious notation

(126)

451 = qn1 = 0, (127)
where a bar denotes mean values with respect to time. It follows from (91) that
41 = qu, = 0, (128)
since ¢ is constant with respect to time except possibly for a first-order variation. It may
be sh h
e shown also that V=T =0, (129)
: 0O aﬁ =7 {
and, since Q= Fn = [0],=5 = 0, (130)
we have Q=0,=..=0. (131)
From (98) and (99) we have also the useful relations
v,
63 koV,1 =0,
s AR (132)
8/<l _ 08y
at  ds )
Since, from (88), Mo = 1—Kyn, N = —Kn, (133)

it follows, by the third of equations (132), that
d
" :—f-g}(nﬂl)dt. (134)

68-2
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The choice of the normal s = 0 is still at our disposal. If the boundary is rigid, the origin

(0,0) may be chosen to be a point on the boundary and fixed relative to it, so that, at all
oints on the boundar '

P & Vi=4s V.= 4. (135)
On the other hand, it may be more convenient to take the origin at the point of intersection
of the boundary with a line fixed in space, say a line normal to the position of the undis-
turbed surface. Since the angle between this line and the normal to the moving surface is of
first order in ¢, it follows that V;(0, ) is of order ¢? at most, i.e.

V=0 (136)
when s = 0. But from (132) we have '

=5 =kl (137)

so that when «, vanishes ¥}, is constant along the boundary and (136) holds for all values
of 5. In other words, if the undisturbed surface has no curvature, the co-ordinates may be
chosen so that ¥, vanishes at all points of the surface.

In precisely the same way as in § 2, it may be shown that the mean rate of increase of
the co-ordinates (s,n) of a particle is given, to order €2, by

— = . 4,0 R AN
62[(523 7iy) + (JJI dta}+f”1dta_n) (515 ”1)]’ (138)
where, from (112),
51 -1 %‘i‘”gl > Ty z_“l'a%a
Mo\ On Mo 08
AT T - AT AT (139)
5, =l(%~ﬁ%*ﬁng) ;:_L(%_ﬁ%>
2 \dn o dn e ) R g\ ds e 05/

But the position of the co-ordinate axes remains on the average unchanged. We therefore

define the components of the mass-transport velocity ¢2(Q,,, @,,) by the equations

1 ~— . 1,08, . ,08
%Qsz = 52+fsldt§;+J”1dt%,

(140)

— (. 4,07 . 4,07
Q.= n2+fsldt7?}l+fnldt%1.

It can be shown by direct differentiation, using equation (134) and the periodic property
of the motion (equation (34)), that

— J¥ 10¥
Qszr:’?;{: anzm%ﬁs—: (141)
where ¥, which is a stream function for the mass-transport velocity, is given by
o LW o) 4,9 149
V= ¢2+77_0f( 372- l“an) d¢ ds ° ( )

— ’Jg_%ffldml. (143)
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In order to simplify the above equations we shall now make a boundary-layer approxi-
mation. The procedure we shall adopt will be, first, to neglect all quantities of order §/!
(where § = (2v/0)* and [ is a typical length associated with the geometry of the system),
then to find a first-order solution in powers of ¢, and finally to derive the mass transport.
The initial neglect of §/ involves relative errors of the order of 4/ in the first approximation.
But it will be found that, although the normal velocity gradients may be of order ac/d, the
corresponding components of the normal velocity 7 relative to the boundaries are in that
case of order acd/l; by equation (140), the mass transport remains a homogeneous second-
order function of the velocities. Hence the relative errors involved in the mass-transport
velocity are only of order d//; no restrictions on the ratio a/d are implied.

The orders of magnitude of the different terms will depend, however, on the type of
condition to be satisfied at the boundary. The two cases where the tangential velocity and
the tangential stress, respectively, are prescribed will therefore be considered separately
(§§7 and 8).

The velocity gradients in the interior of the fluid are assumed to be of ordinary magnitude,
i.e. of order ac/l. Thus, over distances which are small compared with / the velocity may be
assumed to be uniform. The velocities or velocity gradients in the boundary layer, which
may vary rapidly in the boundary layer itself, will tend to their relatively constant values
‘just beyond the boundary layer’, that is, in a region whose distance from the boundary is
greater than a few multiples of § but is still small compared with /. For points in this region
we shall write n =00, with the understanding that this implies only §<n</. Thus the
components of the velocity just beyond the boundary layer will be denoted by ¢ and
¢$”; those at the surface itself by ¢! and ¢{.

7. THE VELOCITIES ARE PRESCRIBED AT THE BOUNDARY

When n = 0 we have

oy O W _
s V== 25 =% (144)
1) ay’

and on 7", on " =V (145)

Assuming the tangential velocity dy/dn to be of order unity (in powers of §//) throughout the
boundary layer, we have

02
3“;@ — 0(1), (146)

and therefore, on integrating from n = 0,
Wy W’
Fri —V,+0(d/1), e 0(d/l). (147)

But, since the tangential velocity ¢{* just beyond the boundary layer in general differs from
¢'9, we must have P

2 92
o, SE =00, (148)
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and so on. ¥® and its derivatives being of order unity at most, we have also (since
V=g 2
We_o, " —opnr, TV 0w (149)

etc. Each differentiation of ¢’ with respect to n raises the order of magnitude by a factor
(0/1)~1, whereas differentiation with respect to s leaves the order of magnitude unchanged.
Retaining only the terms of highest order, we have from (88) and (112)

7 =1 (150)

L0y oY
and §mm, Mo

The equation of motion (117) becomes

d oy'ad dyY' o 9%\ %y’
(5t 2w 0= 35 o) e = © 152
and on taking mean values with respect to time we have
day'a ody’ 9 9%\ %y
(3 35— 35 o 32) 22 = © 1o%)

In the first approximation (in powers of ¢) we have from (152)

J 9%\ %Yy
(37 ) o = © (154)
J *\NoYy 0,
and so (?t 071) on _ dt (Qsl "“Kl): (155)

for the expression on the left-hand side, being independent of z, equals its value just beyond
the boundary layer. From (154)
2 4
0 V’I fa ¢‘dt (156)

3
and from (155) A = vfa ¢1dt+ (¢ =V.)). (157)

sl

The terms of lowest order in ¢ in equation (153) give

Wid AP\, Iy ~
- (372 ds  ds 072) on? ont 0, (158)
and so from (156)
3% PP 4 3% Py 0N .
'3‘3’9‘;{4 ——— ‘572‘5“ dt a i 0. (109)

Now from (142), to the present approximation,

= Yyt f ua dt(w‘ (160)
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If (142) is differentiated four times with respect to # it will be seen that the terms of highest
order in /[ are simply those that would be obtained by differentiating (160) four times.
Thus, by Leibniz’s theorem

W _ 9,
dnt  ont

0%y 1, 0V} Yy 1,0% 3y 4, % Yy L 0y | [V 35%
+f dt +4j dta3n+6fan3dtaan2+4fan2dtasan3f des- . (161)

On substituting for d*y5/dn* from (159) and using a property of the periodicity (equation

(34)), we find
a“F O 0% a% 2y, 02;//1
4f Fdio 0n+6f PR +4f0n2 dt (162)

This is our differential equation for W in terms of ¥{. It may be integrated as follows:
from (156) and (157) (and (34))

fa‘%l s f02¢1 i fa‘l;ﬁl dt (2[ fﬁf‘% dt-+ (g — ]_Vfa‘*% dtf P 4,

on* (93(771 on? " dsdnd ) ont dson’

- Padien o .
Thus (162) may be written

LA o VA
el s d’é‘ 751 V)+3a 2) n2 Y asan’

By, BV W

On integrating twice from n = oo, where B I o and 2 vanish to the present

(164)

order, we have

ks S 4 ¢ — %1 4,0 ,
=[5 dt~ )+3 f de L, (165)
which can also be written
Ut ) g %Y1 . (0%
O A A AR Far(hL) (166)
On integrating once more, from zn = 0, we have
T\ (2% () 1 4, (1
( ) 4[( ) dtﬁs (¢ +3f I:j dn? d (0s3n) :Idn. (167)
Now when n = 0 we have from (144), (145) and (160)
ihd e J
(Ga). . = @=T+ [(@9 Vo) de; (42 —V, ), (168)

so that altogether

o = G iy v va [ [ [ aGR) Jan

S ]
(@3 + [ (g Vo) de g (49 =T2o). (169)
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Suppose that the first-order motion is simple harmonic, that is, that ¥, ¢, etc., are
given by the real parts of complex quantities proportional to ei”. Then equation (155)
becomes

(w Vo )_lﬁ =10(¢P-V;1), (170)
the general solution of which is given by
(Ml = (¢’ V1) +4 e Beon, (171)
where 4 and B are arbitrary constants and
« = (iop)t =11, (172)

Since the solution is to remain finite in the interior of the fluid, 4 must vanish. The second
constant B must be chosen so as to satisfy the boundary condition

a ’
L) - (173)
Hence we have 6;#1 = (¢ —V.)) + (§9—¢) e-an. (174)

Thus the first-order velocity tends to its value in the interior of the fluid exponentially, but
with a phase depending on 7, since « is complex. A graph of the function (e-*»—1) ei** for
different values of ¢is given by Lamb (1932, p. 623) to illustrate the motion in the neighbour-
hood of a plane boundary when the fluid at infinity is oscillating harmonically. Equation
(174) shows that in the first approximation the boundary may be regarded as plane and
79, ¢’ and V,, as independent of s as well as n. However, the fact that these velocities are
not completely independent of s produces a small normal velocity relative to the boundary,
given by

Y d d
O V) g (g9 g 3 (1), (175)

Just beyond the boundary layer this velocity is given by

Y 10
_(?@)n:w = o (19— ) (176)

In considering the second-order terms a development of the notation will be useful.
If F, and F, are any two periodic quantities of the form
F, = 4%f, e, F,=9f,e", (177)
where f; and f, are complex and independent of 7, and # denotes the real part, we have
Py = 3y €t f 07 X 3 fy et fh o)
= HAS P S35 e S A ), (178)

a star (*) being used to denote the conjugate complex quantity. Thus

Fy = M+ = RLSE = ANz (179)
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If the symbol £ is omitted in (177) and (179) we may write
B F, = 3R Ff = }FYF,, (180)

it being understood that the real part only is to be taken. Any group of terms in a product
may therefore be replaced as a whole by the conjugate complex group of terms.
From equation (174) we have

0
(LY = () (=),
62
D (09— g) ae, | (181)
02 0
(5), = 3 (@2 —gp) e-on.

On substituting these results in (169) and integrating the second term using (172) we find

v 2
n o

+(g%— sz)'+§i7,(q§‘i’—1/§1) (g* V1) (182)

2 (g9 55 =V (emon—1) + 20D (g g & g — ) (etoramn 1)

ust beyond the boundary layer' we have
v 2 v ok 1-+i . .
(an )n=w - io (q(s(i) qgl)) (QEﬂ — s>lk (4 ) (gfv(i) q(sl )) ds (qgol)* q )*)

T 9
+(g2 =) +2w (4 =Vo1) 5, (€3 =ViD)- (183)

Thus the tangential component of the mass-transport velocity is determined by the
tangential velocity ¢ at the boundary, the tangential velocity ¢{7’ just beyond the boundary
layer, and the velocity ¥, which depends partly on the movement of the boundary and
partly on the choice of origin. When there is no stretching of the boundary we may take

7, = 9. (184)
Equations (182) and (183) then become
v 1 ) . .
O = b (49— ) 7, (9 — ) [8(01—e=0) +:3(1 ) (e —1)]  (185)
and Gr) . =252 -9 5 (8 — "), (186)

respectively. In particular when the boundary is stationary we have

g0 = (187)
and so
oY 1 (oo) agsl e—an 1 —(at+a*)n
= 4 [8(1—e~n) 4 3(1+i) (e~(+en—_1)] (188)
ihd 5—31 ,,,0q\D*
and (%)n_ e P Frat (189)

VoL. 245. A. ’ 69
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At the boundary itself the normal component of mass-transport velocity vanishes and so
Y must be constant. In general the normal component of the mass-transport velocity can
be found from the equation P R

For example, when the boundary is stationary we have from (188)

410

azqolo)* . .
s ) [8(1 —an—e~a) 4 3i(e~@+e9n | (g +-a*) n—1)],

B 05 05 Ta
; (191)
afic 8o ﬁ{)‘ _ aq(w)aq(w)*+ (w)azg(solo)* 1 ey o -
( 8s)n_ — 410( LDy g 2T )a[(s 3i) — (8—3i) an -t 3ia*n].  (192)

8. THE STRESSES ARE PRESCRIBED AT THE BOUNDARY

Let 9 denote the tangential stress at the boundary, which i§ assumed to be of order
pvac[l. We have then

oy = 9 _ 9 9.
(%) n=0 Ve [((7712 PR 0n) ¢:| (193)
2
If we assume % 0(1) (194)

(in powers of d/1), it follows that dy/ds and dy/dn are constant, to this order, throughout the
boundary layer. Thus

W v——go, W= o), (195)
a"k — (0) 0¢J — 0) __
3y = oy = =V (196)

The second of the two boundary conditions (193) may therefore be written
02 a,
(a_nlz’)n p«» ( n qu)) (197)

or alternatively, since, when n = 0,

229
2:
v _~(952+0n2 (?n)’ (198)
o
we have (V) g = —p«» ( i +/<g<0>). (199)

But the value of 0%y /0n? just beyond the boundary layer in general differs from that given
by (197). Therefore we must have

sh=oem,  Sh=owm, (200)
and hence also ,
o, LH—opm, TV = o@mn (201)

an?
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each further differentiation with respect to # raising the order of magnitude by (3/1)~!
It should be noticed, however, that there is a break in the sequence, since both dy’/dn
and 0%’ /dn? are O(1). This introduces a significant difference between the present case
and that considered in §7.
The equation of motion (117) now becomes
d oy a dy'a 02\ oo,

e T T AR (202)
This may be compared with equation (152), where the corrésponding terms are of a higher
order of magnitude. It is not possible in the present case to replace V2 by d2)/dn? or by
0%y’ [dn?. In the first approximation we now have

P |
(%—V?) V2¢1 = O, (203)
4
and so v¢l_vfazvzz/fl tﬁvjawldt (204)
On taking mean values in equation (202) we find
dyid  dyy 0 2 o RV
(5 50 ) V= s V= (205)
W0 00N [9 4, %5 _ v
so that, by (204), (&'n % 35 6‘72) e d¢— Pt 0, (206)

as in equation (159). The mass-transport velocity is constant throughout the boundary
layer; for from (139)

5=%=q§°’—fé= 0(1), = — ‘M 0(5/1),
Js 0%’ ay’ an (?Zg/f (207)
an = gz Ty TR0 ar =55, = O

and so from (140) %= (Vo) + [ (49 V.0) de (g9 V0. (208)

However the velocity gradient 02%/dn? is not constant. We have from (142), after differ-
entiating four times, using Leibniz’s theorem, and retaining only the terms of highest order,

I _ oMy (0% 4,0 Yy (1 4, 9
e = | e 4 [t [ Gt (209)
which may be compared with equation (161). Thus, from (206),
64‘]" (0% L, 0
on* 4f dn* " dsdn (210)
= o [ sV de5 (0T, (211)
On integrating from n = c0 we have
3N
s =4[ Ll (g7, (212)

69-2
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and on integrating from 7 = 0
ik A\ J
(Guz). =4[ (P (49 -7.). (213)

To obtain a boundary condition for ¥ when 7 = 0 we have from (140) and (141), after
differentiating with respect to z,

d (1LOW\ 9s, (05 . 05, 0%, (07 ., 08, (. ;,0%;
-9;&(7—7-0 6n) +f e %1 +f dtasanJrJ a2 —|—fn1dt9~n—2, (214)
or, since 7, vanishes and d7,/dn equals — ds,/0s,
I S 4 052 d$y 1,08, 02 sl
(G ) =i+ Ghary! o i (215)
But from (207) gj; > ¢’+K(q<0> V) +Q. (216)

so that from (197) and (132)
0 0}
()= @

Hence

02 1 p©
Gre)._, o0y = o P2 [0t (g9 Vo +[ (g~ e | (219)

Thus altogether

ko =4 [ (Vs (49— T.)

+ [+ f st (g7 + [ - ] (29)

From (219) we have, on replacing V| by ¢\9,
(V)aeo = 82— 2P0 4 k008) (220

so that (219) can be written
’?ng 0’?‘_ 4 vy, ad (g9 —T;,) +8 | (aq"‘ +/<Og<0>) a5 (49 V,1)

A2 oo arg (9T + [ap vy @] @2

Also W'is to be constant along the boundary.

When the first-order motion is simple harmonic, equation (203) becomes

(10 . ; ) V2, = 0. (222)

The only solution of this equation which is finite for large » and which satisfies the boundary

condition (220) is . .
vy, = [ om—2 (P kpg) | e (223)
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Thus from (219)

Y W 2r1 g (0)] 0%k % (p—an _
Ty = il ((,S+oqﬂ)a<q< —T§) (e —1)

1 opx
b Bt b e 09—V 4 -V B ], (a2
and just beyond the boundary layer we have from (221)

2 v 4 (3q® 9
(G toT) =& (L +x0a) 5 (e2* V)

? 1 P
o B b 5 (0 =T+ @V T (229)

At a free surface p{9 vanishes, making the last group of terms in (224) and (225) zero. If
also k, = 0, then the co-ordinates may be chosen so that I/, vanishes (see § 6). We have then

?F  40g9949*
on®  ig 0s s

(1—eom), (226)
and just beyond the boundary layer

(227)

(&P’ ) 4 g 9q3;
om2), .. ic s ds°

Thus, in the present case, it is the normal gradient of the mass transport which is deter-
mined throughout the boundary layer.

9. DETERMINATION OF W' IN THE INTERIOR

Suppose that it is desired to find a periodic motion satisfying, at the boundaries, one of
two types of condition: either the normal and the tangential velocities are prescribed to be
equal to ¢ and ¢® respectively or else the normal and tangential stresses are to be equal
to £ and p? respectively. Suppose also that a perfect-fluid solution ¢, exists, satisfying
Laplace’s equation in the interior of the fluid, having the normal velocity ¢ at the first
type of boundary, and having a value of p equal to —p{ at the second type of boundary.
(¢, will not of course satisfy the other two boundary conditions, in general.) Let ¢y, ; be the
first approximation to ¥,, in powers of ¢; ,, is to be considered as being referred to co-
ordinates normal and tangential to the boundaries. Since y,, satisfies Laplace’s equation,
it satisfies also the equations of viscous motion in the interior of the fluid. Also, since p,
apart from the hydrostatic pressure, is a function of the velocities of the order of pas?l (see
equation (122)) and since, from equation (94),

it follows that ey, gives the prescribed value of the normal stress p,,, with relative errors
of the order of (d/)2. Further, from §§7 and 8 we see that by adding to ¢, functions, say
¥y 1, which vanish exponentially inwards from the boundaries, the conditions of prescribed
tangential stress or velocity may be satisfied (to order ¢). The functions ¢y, ; produce also
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additional stresses and velocities normal to the boundaries. But, considered as functions
of the velocities, these are at most of order §// relative to the corresponding functions for
¢y, ;- Hencee(y, ,+¥,,) satisfies all the prescribed boundary conditions for ¢y, with neglect
only of d/. In the interior of the fluid ¢, tends exponentially to ¢y, ,. Hence the velocities
47, ¢9, V;; and V, | may be calculated by the ordinary theory of perfect fluids, and will be
correct to order d// in the interior. The effect of surface tension, which enters only into the
normal stress, may be taken into account by calculating its effect on ¥, in the usual way.

Thus the theory of perfect fluids can be expected to describe the motion in the interior
of the fluid successfully to order ¢. But to order ¢? this is not so. From § 7 we see that when
the normal and tangential velocities at the boundary are given, the mass-transport velocity
0'¥'/dn just beyond the boundary layer is well determined, and not arbitrary as in the theory
of a perfect fluid. To the present order of approximation the velocity is independent of the
viscosity, and, as v tends to zero, it tends to a value different from that at the boundaries.
This phenomenon was noticed by Schlichting (1932) and Rayleigh (1883) in special cases.
Similarly, from .§ 8, when the tangential stress is prescribed at the boundary the normal
gradient of the mass-transport velocity, or rather (%%f + Ky %f) , is determined just beyond
the boundary layer.

To determine ¥ in the interior of the fluid, suppose that the first-order solution ¥, is
found by the classical theory; ¢'9, ¢'9, ¢!, etc., are then known. At the first type of boundary
we have P

= =0, (229)
and just beyond the boundary layer (if the velocities are expressed as the real parts of
complex quantities)

FRg w s 3(14+1) T) .. 7, .
o = 4B~ e =) - (2 (g~ o) ez (85— %)

TV [V g (q9—Ta)  (230)

by (183). Since the boundary layer is only of thickness J, the second condition may be
supposed to be satisfied at the boundary itself, or at the mean boundary, for this will not
affect the value of W' in the interior to the present approximation. Similarly, at the second
type of boundary we have P

w_, (231)

and from (221)

2y 34 ,
ey =8 (2t k) e (49 T,)

(0)
o [p(m 2[!9539)1 At (g9 — _|_J dtapnsl (232)

In the interior of the fluid the field equation may be taken to be either (68) or (86), accord-
ing as a2<4? or a?> 62 Solutions of these equations may be called conduction solutions
and convection solutions respectively, corresponding to the names for the equations
suggested in §4.
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Since the conduction equation is of the fourth order we may expect that a conduction
solution satisfying all the boundary conditions exists in general. But since the convection
equation is only of the second order, a convection solution can be expected to exist only in
special cases.

Let us consider more closely the conditions to be satisfied by the convection solution near
a free surface, say z = 0. Setting p@ = k, = V,, = 0 in equation (232), we have

2 3,0 )0 (0)
‘7 IF = f 09ut dt | (233)

or, on replacing (s,7) by (x, z),

iard 0%, ,.0%,,
(822) J 0x? dt ﬁxﬁz ) (234)
Now since ¥ is constant when z = 0 we have from the convection equation (86)
2 2 . 3% .
(%;I—;) = constant— 4fa Var dt%fé‘zl . (235)
From (234) and (235) it follows that a necessary condition is
32¢a1 9? ¢‘al —
252 dt TraL — constant, (236)
Y, 0%,
or f ;ﬁzldt 0¢6 ! — constant, (237)

since ¥, satisfies Laplace’s equation. This is equivalent to

32¢a1 02'¢a1 a2¢al (7 ¢a1
w02 Y andz T o f dt=0 (238)

(on differentiating with respect to ¥ and using the property of the periodicity, equation (34)).
Now the condition of constant normal pressure at the free surface gives, for the perfect-
fluid solution

’ 02¢a 1 a¢a 1 __

92 8 az

where ¢,, is the velocity potential corresponding to ,, (Stokes 1847). On differentiating
with respect to x and replacing d¢,,/dx by —dy,,/0z we have

=0, (239)

3y, oy,
31%“}_5’ azﬁz‘é’1 =0 (240)
Thus the left-hand side of (238) may be written
1T 301 ar | Y019V
2 L9x0z0t 9xdz T 322 azzat]° (241)

Each term vanishes, by the periodicity; thus the necessary condition is satisfied. The proof
can be extended to the case when the surface tension is taken into account. Hence, if both
normal and tangential stresses at the surface vanish, it may be possible to satisfy the con-

dition (232); but if the stresses do not vanish a convection solution cannot in general
be found.
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PART III. WAVES IN WATER OF UNIFORM DEPTH

10. INTRODUCTION

In parts I and IT a general method was described for finding the mass-transport velocity
in any oscillatory motion of small amplitude, given the first-order motion for a perfect fluid.
In this part the method will be applied to the case of waves in water of uniform depth.

As shown in part I, the motion in the interior of the fluid has a different character when
the ratio 42/0? is small, and when it is large, compared with unity (¢ denotes the amplitude
of the first-order oscillation, and § = (2v/0), where v is the viscosity and 27/s is the period).
In the first case the vorticity is diffused throughout the fluid by viscous conduction, and
in the second case by convection with the mass-transport velocity. There are two different
field equations for the two cases (equations (68) and (84)). The mass transport near the
boundaries, however, does not depend critically on the ratio ¢/d, but is determined by the
first-order motion and the local boundary conditions. The thickness of the boundary layer
is of order 8. Just beyond this layer either the mass-transport velocity d''/dn itself or its
normal gradient 02¥/dn? takes a certain definite value, depending on whether the boundary
is fixed or ‘free’; and, by combining the known values of d'W/dn or d2¥'/dx? just beyond the
boundaries with the approximate field equations for the stream function ¥ in the interior
of the fluid, a ‘conduction solution’ or a ‘convection solution’ may be obtained.

In order to treat the progressive and the standing wave together we shall consider a
motion which, in the first approximation, consists of two waves of the same period and
wave-length travelling in opposite directions; that is, we suppose that the equation of the
free surface is z = a, cos (kx— ot) +a, cos (kx+ ot) (242)
in the usual notation; or, if the real part only is taken,

z = (a, e 4 g, e1h*) eiv, (243)
The corresponding stream function is given by

osinh k(z—#h)

—_ N —ikx ___ ikx) aioct
elﬁal Tk sinhkh (a,€ a, ¢ ) ¢ (244)

(Stokes 1847). The condition of constant pressure at the free surface gives
0% = gktanh kh. : (245)
To obtain a single progressive wave of amplitude a travelling in the direction of x increasing
we shall write
a, = a, a, = 0. v (246)
To obtain a standing wave of amplitude 2z we shall write
a4, = ay = a. , (247)

We shall first evaluate the motion in the boundary layers, and then proceed to consider the
motion in the interior of the fluid. Finally, the results will be compared with some observa-
tions of mass-transport velocities.
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11. THE BOUNDARY LAYER AT THE BOTTOM

In equation (188) we write

s=—x n=h—z, (248)
and g\ = éih%ﬁz (a, €% —a, e1#) eivt, (249)
This gives
¢ %llzf - tﬁi—g—ﬁ.ﬁcﬁ (af — a3 —2a, a,sin 2kx) [8(1 —e~*"~2) —3(1 +vi) (1 —e-(etant-2)],
| , (250)
Now a(h—2z) = (1+i)—;§. (251)
Thus, retaining only the real part, we have
@0t o - (’%—5) +9a, 0, 5in 2kx f© (”;;Z)] , (252)
where
SOu) = 5—8e*cosp+3 e‘%} (253)
SO(p) =—38+8e #sinu+3e2)
(a) The progressive wave
Assuming (246) we have - ;
d a’a. h—z
22 = [¢2]
©9z T 4sinh? k/zf ( 0 ) ) (254)
6 -
w4
2 -
[ O N
0 2 4 6

FOw

Ficure 4. Graph of f®)(u), representing the profile of the mass-transport
velocity in the boundary layer at the bottom, in a progressive wave.

JS®(u), which represents the typical velocity profile near the bottom for the progressive wave,

is plotted against x in figure 4. It will be seen that f®(4) is always positive and, when g

tends to infinity, tends to the value 5. Thus, just beyond the boundary layer,
0 BdPok

9z = &sinhZkh (255)

VoL. 245. A. 70
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Also df @

= 8,/2e #sin (u+ 1) — 6 e 2~ (256)

so that stationary values of the velocity occur when

| sin (44 1m) — Zg‘j/ze"”' (257)
The lowest root is given by
4= 2306, f® = 5505, (258)
so that the maximum value of the velocity is given by
ha a’ok
20 -
¢ ( - )max 1376 -t gr. (259)

Subsequent maxima or minima occur when

p=(m—Pn (m=2,3,...). (260)

(b) The standing wave
Assuming (247) we have

0‘1" 1 a?ck g h—z |
()
¢ 3, = emhe SR 2kx S ( 5 ) (261)

SO () is plotted against 4 in figure 5. As x tends to infinity /© tends to — 3. Thus just beyond
the boundary layer we have

A 3 a’ck
eZE=—~§SI 37 sin 2kx. (262)
Y
6._.,
[
4._-
2.._
| L1 1.0 |1
-4 -2 0 2
S ()

FiGure 5. Graph of f(u), representing the profile of the mass-transport
velocity in the boundary layer at the bottom, in a standing wave.

However, for small values of x, /) takes positive values. There is one zero, namely, when
4= 0-93. Since dre )
= 8./2e #sin (u+3m) —6e 2, (263)

maxima and minima occur when

sin (u+4m) = 4J2 (264)
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The first two stationary values occur when

=049, fO=—041 (265)

and 4=394, [f©=3-11. (266)
Subsequent maxima or minima occur when

u=(m—34n) (m=3,4,...). (267)

We see from (261) that the horizontal mass-transport velocity varies as sin 2kx; in the planes

x¥ =0, +1A, +-4A, ..., it is zero, and in the planes x = 4§, +24, ..., it is a maximum. The

particles very close to the bottom tend to move towards the planes of greatest horizontal
first-order motion and away from the planes where the motion is purely vertical, but for
larger values of (h—z)/d the particles drift in the reverse sense. Hence there is a circulation
in the boundary layer itself, in cells whose length is 1. The vertical velocity is given by

¥V a20k20 (h=2)[8
€2 3z = smh? kSO 2kxf SO (p) dpe. (268)

This vanishes when (2—z)/6 = 0 and 1-47.

0

12. THE BOUNDARY LAYER AT THE FREE SURFACE

Since the boundary is moving we retain at first the co-ordinates (s,7). In equation

(226) we write ¢qQ = io(a, e~ -+ g, eihs) el (269)
and €qQ = —o cothkh (a, e~k —q, e1s) elot) (270)
giving €2 Z—n\l; = —40k? coth kh (a% — a§— 2ia, a,sin 2ks) (1 —e~o"). (271)
Thus, retaining only the real part of (271) we have
o, 0¥ 22 coth kh | (a2 —a2) o (™ i1 9s o (™
6 g = 40k? cot [(al —a3) g (—8—) +2a,a,81n 2ks g (5)] ) (272)
where
gP(u) = —1+e #cosp, (273)
g9 (p) = —e #sin p. (274)

(a) The progressive wave

02y n
2" 5 =4a%0k? coth kh g (5) . (275)

As p tends to infinity g tends to —1. Thus, just beyond the boundary layer the velocity

In this case

gradient is given by 2y
€2 T 4a’ck coth kh, (276)
which is twice the corresponding value for the irrotational wave (see Stokes 1847). Hence
there i ticity given b —
erei1s a VOruCly lVen by avay — 04282 coth kh. (277)
From (273) we see that g® is always negative except at the free surface, where it vanishes.
The stationary values of g are given by

p=(m—Dnr (m=1,2..). (278)

70-2
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The greatest value of the velocity gradient is given by

m=1, u=32n g»=-1-67. (279)

(b) The standing wave
In this case we have from (274)

2
62% — 8420k coth khsin 2ks g (g) : (280)
As u tends to infinity g© tends to zero. Thus, just beyond the boundary layer
02‘1”
K P 0, (281)

as in the irrotational wave. In the boundary layer itself the velocity gradient may take
both positive and negative values. The stationary values of g are given by

=m—H7 (m=1,2,...). (282)

The greatest and least values of the velocity gradient occur when
u=4m g9 =—0-617, (283)
and U=3%n, g9=014, - (284)

respectively. The velocity gradient vanishes when

u=mmr (m=0,1,2,...). (285)

13. MOTION IN THE INTERIOR: THE CONDUCTION SOLUTION

As boundary conditions for the motion in the interior we find the values of d¥/dn (or
0%¥/9n?) just beyond the boundary layers (r>>4), and suppose that these are to be taken at
the mean boundary itself. Thus from (252) and (273) we have, so far as the motion in the
interior is concerned,

oY ok )
(az )h Zsinh? i, [9(01 —a3) — 6aya,5in 2kx] (286)

¢ ((92‘P') _ 20k*sinh 2kh
z= 0

and (287)

022 Tsinhegh (G-
On each of the mean boundaries 1" is to be constant. The arbitrary constant in ¥ may be
chosen so as to make 1" vanish at the upper boundary. Thus

(lF)z=0 =0 (288)

and (V),-, = constant. (289)
Also from equation (244) we have

f@;ﬁa Ly 0y,, osinh 2k(z—h)

2 ___ 42
0z Yox T4 smhehr (4% (290)

so that the conduction equation for ¥ in the interior of the fluid is, by equation (68),

osinh 2k(z—#A
V44 51nh2k}z )( i—a3). (291)

VY —
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However, the equations (286) to (289) and (291) are not quite sufficient to determine V'
uniquely; one further condition is required. We may suppose that

(IF)z=h = O’ (292)

i.e. that the total horizontal flow due to the mass transport is zero. Assume a solution
of the form

eV = m [(af—a3) {sinh 2k(z —h) +Z®)(2)}+2a, a,sin 2kx Z6)(z)].  (293)

Then Z® and Z© must satisfy

d4Z®
dz4 Y
dZ®)
) = ®) _ = i
( dz )zzh 3k, (Z29),-p = 0, (294)
d2Z®) . .
(V) o —4k2sinh 2kh, (Z®),_, = sinh 2kh
and
d2 5 2Z(s) o
(&5—4 ) =0,
dZe
= - (s) —
( dz )Z=h 3k’ (Z )z=h 0, q (295)
d2z®
“dq-2 = (s) —
( dZZ )z=0 0, (Z )z=0 0. )

The solutions of these equations are given by

Z® — sinh 2kh 1 3kz + k22 sinh 2k (2353 — 222/h2 -+ z|h) -+ L (sinh 2k + 3kR) (23/h3 — 3z/h)

and (296)

2kh cosh 2kh sinh 2kz — 2kz cosh 2kz sinh 2kk

) —
Z9=3 Sinh 46— 4k

(297)

This gives the solution (293) uniquely. But if the condition (294) is relaxed an arbitrary
iple of
multiple o a20(23 /13— 32/h) (298)

may be added to ¥'. The expression (298) represents a parabolic velocity distribution which
vanishes on the bottom and has zero velocity gradient at the free surface.

(a) The progressive wave

When ¢, = a, a, = 0, we have from (293) and (296)
6‘2% = a?0kF®)(z/h), (299)
where  F®)(u) = ZSTI’%WIZ [2 cosh 2kh(pu—1) + 3+ kh sinh 2kh(3u? —4u+-1)

+3(Sir12h——,;}21—kf‘+g) (,uz—l):l. (300)
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In figure 6, F® is plotted against u for k4 = 0-5,1-0 and 1-5. It will be seen that the curve is
always concave towards the right. For small values of k4 the velocity is greatest near the
bottom. When £# is negligible we have

5
Fo) = oo (32-1), (301)
2
and so 62% = 5b80k (3z%/h*—1), (302)

where b is the amplitude of the horizontal motion:

b = acoth kh = a/kh. (303)

F&O (2[h)

Ficure 6. Graphs of F®(z/k) when kh=0-5, 1-0 and 1-5, representing the profile of the mass-
transport velocity in the interior of the fluid in a progressive wave (conduction solution).

Equation (302) gives a parabolic velocity distribution, which is zero when z/k = ,/3 and
has a vertical tangent at the mean free surface. However, for small values of k4 the present
approximation may not be good unless the wave amplitude « is very small; for the method
can only be expected to remain valid if the mass-transport velocity is small compared with
the orbital velocity of the particles; it will be seen that this requires a/2<1.

For large values of 4 the velocity is greatest near the free surface. When (k4)~! and e~#*

are negligible we have FO() = 3hh(342—4u+1), (304)
and hence ez%gf = La%0k?h(322/h?—4z/h+1). (305)

This represents a parabolic velocity distribution which is zero when z/A =1 and z/h =},
and has a vertical tangent when z/h = 4.

(b) The standing wave
When ¢, = a, = a we have from (293)

a’o .
62 == ME sin 2kx Z(S)(Z) s (306)

Z© being given by (297). Contours of the function sin 2kx Z®)(z) when £k = 1-0 are shown in
figure 7. The circulation is in cells bounded by the vertical planes x = }mA (where m is any
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integer) and by the horizontal planes z = 0 and z = 4. It may be shown that Z®)(z) has only
one stationary value, given by

2kz tanh 2kz = 2kh coth 2kh—1. (307)

-A/4

Ficure 7. Contours of sin 2kx Z¢)(z) when £k =1-0, representing the circulation
of mass transport in a standing wave (conduction solution).

Hence there is only one cell in each vertical line. When £/ is small we have

V' = — 3b%0khsin 2kx (23/h3 —z|h), ‘ (308)
where b is given by (303), so that there is a point of zero velocity where
x= (Im+3$)A, z/h= /3. (309)
When £h is large we find ;
2V = 3420 sin 2kx e ~2kh 2k (h — z) e~ 2kA=2), (310)

This is the special case found by Rayleigh (1883).* The velocities are very small, owing to
the factor e~2#%, The circulation is driven by the tangential velocity near the bottom, and
takes place almost entirely within a quarter of a wave-length from the bottom. There is
a point of zero velocity where

x=3m+1A 2k(h—z)=1, h—z=2»~/47. (311)

14. MOTION IN THE INTERIOR: THE CONVECTION SOLUTION

The boundafy conditions for ¥ are given, as before, by equations (286) to (289), but the
field equation, from equation (84), is now

inh 2k(z—h
V{\If‘--”lfsinhgzh ) (a%—a%):l — F(¥). (312)

(a) The progressive wave
In this case a solution is simply

Y = _Zo H(z) (313
4 sinh2kh ? , )

* Rayleigh did not examine the motion near the free surface, or show that the mass-transport velocity
gradient vanishes there. His solution is therefore incomplete, even for waves in deep water; for, a non-zero
velocity gradient near the free surface would produce additional velocities near the bottom of order
a’cke~%%:, which are comparable with those produced by the tangential velocity near the bottom.
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where H(z) is an arbitrary function satisfying only the conditions

oH
(E)z=h - 5k,
02H . 314
(ﬁ)po = —2k%sinh 2kh, (314)
(H )z=0 = 0,

and, if the total horizontal flow is assumed to be zero,

(H) =y = 03 (313)

for, equation (313) defines z as a function of ¥, and then ¥ can be defined by equation (312).
The motion represented is a horizontal flow depending only on z. It can only be defined
further if the conditions at ¥ = 4- 00 are specified.

(b) The general case

When neither g, nor a, vanishes, we assume, as the simplest hypothesis, that Fis a linear

function of ¥': Cok?
F(W) = ishZFh (a}—ad) — 1V (3186)

where C and 7 are constants to be determined. The differential equation for W is then

(V242 W = ) 10 4 g inh 2k (2 — ). (317)
Let
2
2P — Eifﬁz—/%[(“%“ 2) {C’“ + 4/;]; 4K sinh2k(z— /z)+Z(1’)’(z)}—|—2alazsm 2ka(~‘)’(z):|
(318)
Then Z®’ and Z®’ must satisfy
2 9
((%24—72) Zor — o,
(dZU')’) (12K -5
& )™ W
d2zwr h __@Rse ( (819)
( dz? )z_o‘“ Takrper
, Ck: . 4k
(Z® )FO:_ +4k2+ 5 sin h2kh
and ©
(@+r2~4k2) Zo — o,
(s)
) @) -
d2Ze) ,
EES L (£)zm0 = 0.
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From the first and the last two of equations (319) it follows that

= —4sinh 2kA. _ (321)
The first three equations give
. (12k24+5r2) k sinrz  (2k24-12) 82 . cosr(z—h)
Zov _ s 72))7 sinre <(4k2+r“’) - sinh 2R =22, (322)

Equations (320) possess a solution
sin (r2—4k?%)tz

6y = —
Z Sk =4k cos (P— DT (323)
provided that 12 = 4k2+m?n[h2, (324)
where m is a positive integer. In this case (323) may also be written
Zr = (= 1)m M i (e ). (325)

Once m is chosen, both Z©®" and Z®’ are completely defined. There is an infinite number
of solutions, each corresponding to a different integer m, but solutions corresponding to
different values of m are not of course superposable. Now when z = & we have
(2k%+7%) 8K .

W Slnh 2/(?;1 SE€C T;l:l .

2 o(@3—ad)[ 4k? (12k2+5r2) k

= LSt hh —Wsinh2kh—|—~——~———‘ @) tanrh -+

(326)
It may be shown that the expression in square brackets cannot-vanish when k4>0. Hence

the present solution does not represent a motion having zero total horizontal flow, except
when d} = 4 (the case of the standing wave).

(¢) The standing wave
When q; = a, = a we have from (318) and (315)

P (_pynd ok

% mm sinhZFh sin 2kx sin (maz/h). (327)

This represents a circulation in cells similar to those in the conduction solution (§13),
except that in each vertical line there are now m cells instead of only one as formerly. The
vertical boundaries of the cells are the planes x = tm’A (where m’ is any integer), and the
horizontal boundaries are the planes z = m"k/m (0<m" <m). The circulations in adjacent
cells are in opposite senses; those in the lowest cells are in the same sense as the circulations
in the corresponding cells in the conduction solution.

The results of the present section may be summarized by saying that for the progressive
wave the convection solution is arbitrary, for the standing wave there is an infinity of possible
solutions, and in the general case of two opposite waves of unequal amplitude there exists
an infinity of homogeneous solutions of the present type; these, however, represent motions
with non-zero total horizontal flow.

VoL. 245. A. 71
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15. Discussion

The conduction and convection solutions for the first-order motion which is represented
by (244) are exact, to the present degree of approximation. However, owing to the dissipa-
tion of energy by viscosity, equation (244) itself is only approximate; for the motion cannot
be exactly periodic in both space and time. The assumption usually made (see Basset 1888;
Hough 1896) is that the motion is periodic in space and has a small decrement in time. But
since one of our fundamental assumptions is that the motion is periodic in time, we must
here suppose that the motion is attenuated in a horizontal direction. For a progressive
wave in which the energy is propagated in the direction of x increasing, there will be an
exponential decrease with x; instead of a ‘standing wave’ we may consider the sum of
two progressive waves attenuated in opposite directions.

Now the energy dissipation E per unit volume is proportional to pv times (velocity
gradient)?. Thus in the interior of the fluid, and in the boundary layer at the free surface,
E is only of order pva®0?k?, or pga’sk(/1)%, where [ is the wave-length. But in the boundary
layer at the bottom the velocity gradients are of order as/d, and hence the energy dissipation
is of order pga?ck per unit volume, or pga’s(d/l) per unit area of the bottom. Thus most of
the energy dissipation takes place in the boundary layer at the bottom, provided the depth
is not too great. But the transfer of energy horizontally can be shown to be almost in-
dependent of the viscosity, so that the proportional rate of attenuation horizontally is of
order /] per unit wave-length at most. This is of the same order as quantities already
neglected.

The conduction solution for the progressive wave given in § 13, which is independent of
the horizontal co-ordinate x, satisfies also the convection equations; for the stream-lines
are parallel, and the vorticity along each is constant. It might therefore be supposed that
the solution is valid for all values of @?/0%. However, if the horizontal attenuation of the waves
is taken into account there must be a small vertical component of velocity, and the con-
duction terms no longer vanish identically. It then becomes difficult to find a convection
solution. The conduction solution, on the other hand, can easily be modified to take account
of the attenuation. Since the vertical velocities are small it is possible that, for the progres-
sive wave, the range of validity of the conduction solution (for which it was specified that
a2/82< 1) is slightly greater than that assumed. However, in the case of the standing wave,
where the convection terms do not vanish identically, the condition 4?/§?<1 cannot be
relaxed.

Let us now consider the possible sequence of events, supposing that the motion is started
from a state of rest. For definiteness suppose that waves are generated in a rectangular tank
of length L, width D, and depth % (where L is large compared with a wave-length) by an
oscillating plunger or paddle at one end of the tank. If a progressive wave is considered,
the waves may be supposed to be dissipated by a ‘beach’ or wave absorber at the far end
of the tank, or they may be partially or wholly reflected by a suitable obstacle placed in the
tank; if they are wholly reflected a standing wave is formed.

Observation has shown (see Cooper & Longuet-Higgins 1950) that the wave energy
travels down the tank with approximately the theoretical group velocity g/2¢, and that
soon after the passage of the ‘wave front’ the first-order motion is well established. The mass-
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transport distribution in the boundary layers can be expected to be set up almost immedi-
ately, for it depends, as was shown in part I1, only on the first-order motion and on the local
boundary conditions. There may be some departures from the theoretical velocity dis-
tribution owing to the presence of large velocity gradients just beyond the boundary layer,
for these might not at first be small compared with the velocity gradients in the boundary
layer itself, as was assumed. But after a few cycles the velocity gradients just beyond the
boundary layer can be expected to be smoothed out by the viscosity.

In the interior of the fluid the motion will at first be irrotational, since no vorticity can
be generated there. The mass-transport distribution should therefore be as described by
Stokes (1847). Subsequently the nature of the motion will depend upon the ratio a?/62.
If a2/02<1, that is, for very small waves indeed, the motion would be as described by the
conduction solutions of § 13 (except possibly near the vertical sides of the tank, where the
motion has not yet been considered). In order that the solution should be valid it must be
supposed that the width D of the tank is great compared with the depth % of water. By
analogy with the diffusion of heat, the time taken for the vorticity to diffuse into the interior
and for a steady state to be reached will be of the order of /42/v.

In nearly all practical cases, however, we shall have ¢?/62> 1, so that, if a steady state
exists, it is given by the convection solution of § 14. For the progressive wave, this solution
is arbitrary, or rather it depends on the boundary conditions imposed at # = 4-00. In prac-
tice, therefore, we may expect that the motion will depend upon the special conditions at
the wave maker and the wave absorber respectively; vorticity will be generated at these
points and will be diffused horizontally along the stream-lines. The time taken for the whole
interior of the tank to be affected in this way is of the order of L/(a?ck). In the meantime,
some vorticity will be diffused inwards from the bottom, from the free surface and from the
vertical sides by viscous conduction. The width affected in this manner is of the order of
(Lv/a?ck)* (this quantity is assumed to be small compared with % or D). However, it is by
no means certain that a steady state will exist which is compatible with the boundary con-
ditions at both the wave maker and at the wave absorber, or that, if it exists, it is stable. The
situation is even less predictable when one considers a partially reflected wave, for which
no convection solution satisfying the condition of zero total transport has been found, or
the standing wave, for which there is an infinity of such solutions.

16. COMPARISON WITH OBSERVATION

It appears from the preceding discussion that the theory can best be compared with
observation, first, in the boundary layers, where the motion is well-determined irrespective
of the ratio 4%/6%, and, secondly, in the interior of the fluid before vorticity has had time to
be diffused inwards; the motion should then be described by Stokes’s irrotational theory.
Not many quantitative determinations of mass-transport velocity have been made under
controlled conditions, but the chief observations will now be discussed.

Caligny (1878)
The earliest quantitative observations seem to be due to Bertin & Caligny (Caligny
1878). These authors used a tank of length 29-7 m, depth 47 cm and width 50 cm; the depth

71-2
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of water was 36 cm. Waves were generated at one end by a steam-driven plunger, travelled
down to the far end and were dissipated on a sloping plane ‘beach’. The movement of
particles of resin suspended in the fluid was observed through glass windows in a side wall
of the tank. Caligny gives the following values of the mean horizontal velocity for waves
of period 1s, wave-length 130 cm and height 6 cm:

distance above bottom (cm) 0 5 9 15 23 27 36
mean velocity (cm/s) 04- 00 -03 —05 0-0 0-3 0-5

This shows a forward velocity both near the bottom and near the free surface, with a nega-
tive velocity between. Assuming ¢ = 275!, £ = 27/130cm™!, 4 = 36cm and a = 3cm we
find that the theoretical velocity just in the interior of the fluid, according to equation (255),
is 0-45cm/s, in good agreement with the observation at the lowest level. The velocity
gradient near the free surface was not recorded; the theoretical value given by equation
(276) is —0-56 571, compared with a mean value of —0-02s~! between the two observations
nearest the upper surface. Caligny, however, mentions that the observations at the upper-
most levels were rather scattered. This might either be because the motion was not steady,
or because the velocity gradient was so large that the velocity depended critically on the
depth of the particle of resin below the free surface.

In some previous but less precise experiments (1861) Caligny had observed a backward
movement of grains of sand and resin on the bottom. But this movement diminished
rapidly with distance from the wave maker and seems to have been due to the fact that
locally the waves were not progressive.

Mitchim (1939)

A systematic experimental study of deep-water waves was made by Mitchim (1939) using
a tank 60ft. long, 1ft. wide and 3ft. deep. The depth of water was 2-5ft., and the wave-
lengths investigated were from 2 to 5 ft., or less than twice the depth of water; thus the waves
were, effectively, in deep water. The motion was generated at one end of the tank by
a wooden flap hinged on the bottom, and was dissipated at the far end on a sloping plane
beach. The mass-transport velocities below the free surface were measured by photographing
the tracks of white liquid particles suspended in the fluid; the velocities at the surface were
measured by observing the progress of a small wooden cylinder in. in diameter.

The surface velocities agreed fairly well with the irrotational theory, being mostly within
20 %,. The velocities in the interior were in qualitative agreement with the irrotational
theory, being forward near the surface and backward at the lower levels; but the scatter
of the observations, even on the same run, was such that it seems unlikely that a steady state
had been reached. No observations very near the bottom are reported.

The United States Beach Erosion Board (1941)

Some mass-transport observations are included in an experimental study of surface
waves by the United States Beach Erosion Board (1941). The wave-lengths A used were
between 3:5 and 12-2ft., and the depth of water was between 1, and 3 ft. There were no
observations near the bottom, nor is it stated for how long the waves had been running at
the time of the observation. In deep water (2>31A) there was reasonable agreement with
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Stokes’s theory in the upper half of the fluid (though no observations within 2in. of the
surface are given); in shallow water (2< }A) the agreement with Stokes’s theory was poor
and the observations show considerable scatter; it seems unlikely that a steady state had
been reached.

Bagnold (1947)

In the course of a study of the movement of sand by water waves, Bagnold (1947) also
made observations of the motion of the water particles themselves. His apparatus consisted
of a glass-sided channel 11 m long, 30 cm wide and 30 cm deep, opening at one end into
a slightly deeper channel 3m long. A paddle hinged at the bottom of the deeper channel
generated waves which travelled down the channel and were dissipated on a beach of pebbles
or sand. To observe the mass transport, grains of dye impregnated with fluorescein were
inserted into the water; these fell to the bottom, leaving a vertical streak which then
gradually deformed, giving a direct picture of the velocity profile.

dye inserted
here direction of wave advance
—————
mean surface
level

backward
drift

forward F——““"““““‘"“-.‘ ———————————————————
it bottom

Ficure 8 (after Bagnold 1947). Successive positions of the dye streak, indicating the profile of
the mass-transport velocity (a) after one wave (b) after 10 waves.

Bagnold’s first observations were made with a sandless bed, the bottom being of painted
wood. His sketch of a typical velocity profile is reproduced in figure 8. It shows a strong
forward drift near the bottom, and a weaker backward drift at higher levels. The upper-
most part of the profile was unsteady; but in all cases there was a forward bend at the top
of the curve.

The velocity of the foremost tip of the dye was observed ; Bagnold’s two series of obser-
vations are tabulated in the final column of table 1 () and (4). The parameters used by him
to define the motion were the period 27/7, the wave height 24 and the height of the wave
troughs above the bottom (4—a in the present notation). For each observation the non-
dimensional parameter ¢2h/g has been calculated, and k% found from equation (245). In
the fourth column of table 1 is given the theoretical maximum velocity in the boundary
layer, calculated from equation (259).

The agreement between the last two columns of table 1 (a) is within 15 9/, which is
satisfactory considering the errors probably involved in the observations. In table 1 (5)
there is good agreement at the two ends of the range of observation, but some discrepancy
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for intermediate values. No explanation of the ‘kink’ in the experimental curve has been
found.

On reaching the point at which the waves broke, the dye was observed to rise vertically
from the bottom and to become dispersed in the upper layers, which drifted slowly away
from the shore. From the velocities in table 1 we should expect that the motion, if controlled
by convection, would be established in a few minutes. After starting the paddle, a few
minutes were always allowed for the motion to settle down; afterwards the velocity profile
remained the same shape indefinitely. However, the initial drift profile could not be
observed very well owing a to ‘seiche’ which was set up in the tank when the motion was
started.

TABLE 1. COMPARISON OF THE OBSERVED AND THEORETICAL MASS-TRANSPORT
VELOCITIES NEAR THE BOTTOM IN A PROGRESSIVE WAVE

7 (s) o?hlg kh Umax. (cm/s)  Upps. (cm/s)
(a) a=30cm, £=16-0cm
078 1-05 1-24 31 30
0-88 0-83 1-06 36 32
0:95 071 0-96 3-8 36
1-08 0-55 0-82 4-4 3-8
1-32 0-37 0:65 49 4-1
1-58 0:26 0-53 53 4-6
(6) a=1:55 cm, h=14-5 cm
0-59 1-67 1-77 05 05
0-78 0-96 1-17 1-0 14
0-98 0:61 0-87 13 2:2
1-09 0-49 0-76 14 2:0
1:30 0:35 0-63 1-5 1-8
1-57 0-24 0-51 16 16

Similar observations to those of Bagnold, but on an inclined wooden ramp, were made by
King (1948). In this case the forward movement was found both near the bottom and near
the free surface, with backward movement between.

Conclusions

The strong forward velocities near the bottom, which were observed by Bagnold and by
Bertin & Caligny, are accounted for quantitatively by the present theory. In a progressive
wave we may expect a forward bending of the velocity profile near the free surface—twice
that predicted by the irrotational theory—but no careful observations are yet available.
In the standing wave there should be a circulation in the bottom boundary layer in cells of
width one-quarter of a wave-length. Although there are some indications from the motion
of sand particles that this may be so, there is as yet no direct experimental verification.

The observations of mass transport in the interior of the fluid may be divided into two
classes: those in deep water and those in shallow water. In deep water the observations seem
to be not greatly different from those predicted by the irrotational theory—as one would
expect if the waves had not been running for long. In shallow water the observations appear
to be very scattered; it is uncertain whether, in any of the observations quoted, a steady
state had been reached.
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Further experiments are desirable to determine the range of validity of the boundary-
layer theory for progressive waves, to verify the results predicted for standing waves and
to determine whether the motion in the interior is stable.
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