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A number of exact relations are proved for periodic water waves of finite
amplitude in water of uniform depth. Thus in deep water the mean fluxes
of mass, momentum and energy are shown to be equal to 27'/c, (41'—3V)
and (37 —2V)c respectively, where 7' and ¥V denote the kinetic and
potential energies and c¢ is the phase velocity. Some parametric properties
of the solitary wave are here generalized, and some particularly simple
relations are proved for variations of the Lagrangian (7'— V). The integral
properties of the wave are related to the constants @, R and S which occur
in cnoidal wave theory.

The speed, momentum and energy of deep-water waves are calculated
numerically by a method employing a new expansion parameter. With the
aid of Padé approximants, convergence is obtained for waves having
amplitudes up to and including the highest. For the highest wave, the
computed speed and amplitude are in agreement with independent calcula-
tions by Yamada and Schwartz. At the same time the computations
suggest that the speed and energy, for waves of a given length, are greatest
when the height is less than the maximum. In this respect the present
results tend to confirm previous computations on solitary waves.

1. INTRODUCTION

In arecent paper (Longuet-Higgins 1974, to be referred to as (I)) some new relations
were found between certain fundamental integral properties of solitary waves in
water. These relations were used to obtain simple approximations to the profile of
the solitary wave of maximum amplitude and, in a second paper (Longuet-Higgins
& Fenton 1974) to assist in the accurate calculation of the speed, energy, momentum,
ete., of solitary waves of arbitrary amplitude.

One of the unexpected findings of the second paper (II) was that the speed and
energy of solitary waves attain maxima for waves of less than the maximum ampli-
tude. This property has possible implications for the manner in which waves break
in shallow water.

There is naturally some interest in the question whether all gravity waves of
finite amplitude have a similar property. The present paper was stimulated by an
attempt to answer this question for periodic gravity waves and in particular for
gravity waves in deep water. The answer, as we shall see, is in the affirmative.
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158 M. S. Longuet-Higgins

In the first part of the paper we deduce a number of exact relations for periodic
waves in water of uniform depth (and in particular when the depth is large compared
to a wavelength). The analysis for waves of finite length differs in some significant
respects from that for solitary waves, and some new definitions are required.

Let rectangular coordinates (z,y) be chosen with the 2-axis horizontal and the
y-axis vertically upwards. Let the equations of the free surface and the bottom be
y =7 and y = —h respectively. The velocity (u,v) is assumed irrotational (=V¢)

and periodic in « with wavelength A.
We choose axes so that the mean elevation 7, given by

A
/\ﬁ:f pde = M (1.1)
0

is zero. So the origin lies in the mean surface level, and % equals the mean depth (or

the mass per unit horizontal distance).
Similarly by choosing axes moving with the required horizontal velocity, we may

make the mean velocity %, defined by
A
i =j wdz = [¢Ph_y = C (1.2)
0

vanish at one particular level and hence (since the motion isirrotational) at all levels

within the fluid.
The wavelength A being finite, the vanishing of 7 and % implies that both M and C

must vanish, whereas for the solitary wave both these quantities are positive (see (I)).
We define the mean wave momentum or impulse per unit horizontal distance

I=f” udy (1.3)
~h

(an overbar denotes the average over one wavelength or period), the mean kinetic

energy

T =f” F(u?+0?)dy, (1.4)
—h

and the mean potential energy

7
V=f gy dy. (1.5)
0
We also define the radiation siress (the excess flux of momentum due to the waves)
1
Spe = f (p+u?) dy — 390, (1.6)
—h

and the mean energy flux

1
F=f [p+ L (u?+ %) +gyludy. (1.7)
—h
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Between these quantities some simple relations have been established. Thus
Levi-Civita (1924) showed that
o7 = cl, (B)

where ¢ is the phase velocity. A short proof is given in §2 of this paper, where we
also deduce some alternative expressions for the kinetic energy 7'. Next in §3 we
prove that

S,, = 4T -3V +huf, (©)

where w2 denotes the mean velocity on the bottom. We show that (C) is another
form of a relation due to Starr (1947). It becomes particularly simple in deep water,
when u,, tends to zero. Similarly we prove that in general

F=BT-2V)c+}ch+I)ud,

a relation not found previously. In deep water this also simplifies, so that the three
fluxes of mass, momentum and energy are given respectively by

I=2Tle, &8,,=4T—3V, F=@3T-2V)c,

(the first relation remains true in water of any depth).

In § 4 we deduce some new parametric relations between these integral properties,
which govern the rates of increase of 7', ¥V and ¢ when the wave amplitude is allowed
to vary, with the depth and wavelength fixed. For instance we show that

d(7T'[c?) = (1/c?)dV, (D)

which generalizes a result proved previously for the solitary wave. (Equations (B),
and (C) and (D) are analogues of the corresponding equations of paper (I).) from (D)
can be deduced a number of interesting relations, particularly some involving the
Lagrangian (T'— V).

Finally in § 5 these integral properties of the waves will be related to the quantities
@, R and 8§ introduced into shallow-water theory by Benjamin & Lighthill (1954).
It is noted that the integral quantities I, 7' and ¥ may have some advantages as
parameters of the wave motion, particularly in deep water.

We emphasize that all the relations just mentioned are exact, and do not in any
way depend upon the approximations either of small-amplitude wave theory or of
cnoidal wave theory.

In the second part of the paper we use some of the above relations to calculate the
values of I, 7', V and ¢ for waves in deep water. The small-amplitude expansions for
this case are quite different from those used previously for solitary waves. Never-
theless a similar result appears, namely that the speed, momentum and energy all
appear to attain their maximum values for wave amplitudes less than the limiting
amplitude (for which the crest angle is 120°). Moreover, the calculated values of the
speed and height of waves of limiting amplitude are in very good agreement with
the independent calculations of Yamada (1957) and Schwartz (1974). Further
discussion of these results is given in § 7.

I1-2
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2. MOMENTUM AND KINETIC ENERGY

Let — @ be the mass flux in the steady flow relative to an observer moving with
the phase velocity ¢, that is let

1
f h(u——c)dy:—Q. (2.1)
On integrating each side with respect to « between 0 and A we have
M —c(Ah+M) = —AQ, (2.2)
where M is given by (1.1). Since M is taken to be zero this gives
ch—1I =@, (&)

a relation analogous to equation (A) of (I).
Now to prove equation (B) of §1 we have from (1.4)

20T = f/\fﬂ {[(w—c)+c]2+ 02 dy da
0J-n
=ff[(u—c)2+v2]dxdy+2cff(u——c)dxdy+czf dzdy

- f AP AW — 260Q + A(Nh + M),

where @ and ¥ denote the velocity potential and stream function of the steady flow,
since 0(®, V)[0(x, y) = [(w—c)?+v?]. But
[Pho=C=Ac, [P])-_pn=—Q.

Hence 20T = — Q(C — Ac) — 2¢AQ -+ c2(Ah + M)
= —QC—cAQ+ (AL + M)
=—QC+cAl, (2.3)

by (2.2). Taking C' = 0, we arrive at equation (B).
It is worth noting that in some physical circumstances it is appropriate to assume
I = 0 (the total horizontal flux is zero) rather than C' = 0. Then equation (2.3)

leads to T = —QC/A, (2.4)

a different result in general.
Equations (A) and (B) have some further consequences. Since (z+iy) is an
analytic function of (@ +i¥) we have, by the Cauchy—Riemann relations

oy ox
([2avar - [[Zavar,

where the integral may be taken over one wavelength, and from bottom to free

surface. Hence
f(h+17)d<15 — Q.
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Since @ = ¢ —cx and dP = d¢ —cdx we have

by (A). Hence f(h+77) d¢ = A(ch—@) = Al

f pdp = AT—1C. (2.5)
Taking C' = 0, equation (B) now gives

2T = (¢/) f 7dg. (2.6)

This is analogous to equation (2.2) of (I).
Further we have

d¢ =dP+cde = —gds+cda, (2.7)
where ¢ is the speed at the free surface in the steady motion. Writing
p+3[(u—c)?+07]+g(y+h) = B, (2.8)

for the total head we have
q% = 2R—2g(h+7).
Hence altogether (2.6) yields

2T = (¢/A) f : {e—(1+9")} 2R - 29(h+ )]} de, (1)

where 5’ = dy/dz. This expresses the kinetic energy as an integral involving only
the surface elevation 5 and other constants of the motion.

3. MOMENTUM FLUX AND POTENTIAL ENERGY

To prove relation (C), let us assume that M and C both vanish, and consider
Bernoulli’s equation in the form

[P+ (u—c)’]+(gy —c*) +v*+ (0 +gy) = 2B, (3.1)
where clearly we have from equation (2.8)
B = R—gh— }c2. (3.2)

Now by the equation of vertical momentum

Dv ©
w+1 [+ 5 0| =0 (3.3)
Adding (3.1) and (3.3) and rearranging terms we have
D d
[P+ @@=+ gy =M+ [+ )]+ 5 [y +h) (p+oy)l = 2B (3.4)
On integrating the first group of terms on the left of (3.4) we get

[ e+ t—or+u—ctdyds = (8., =201+ 7).
—n
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When integrated similarly, the second group of terms in (3.4) vanishes, while the
third group yields (since p vanishes at the free surface)

A
f (h+7) gy de = ghM + 22V = 2AV.
0

Altogether we find A(S,,—2¢I+3V) = 2ABh,
and so S, = 4T ~3V +2Bh. (3.5)

A simple expression for B can be found as follows. Consider the total vertical
momentum of the fluid over one wavelength, between # = 0 and « = A, say. Its
time-rate of change is zero. Since this rate of change is the result of the external
forces acting on it we must have simply

A
f .pb dx = )‘gh’
0

where p,, is the pressure on the bottom. The fluxes of vertical momentum across the
two planes x = 0, A just cancel, by periodicity. So on integrating both sides of (3.1)
over one wavelength at y = — A we obtain

A —_—
2B = ;:fo up de = uj, (3.6)

where u,, denotes the velocity on the bottom.

On substituting for B into equation (3.5) we obtain the relation (C).

In deep water it can be shown (see, for example, Longuet-Higgins 1953) that
(u2+ v2) decreases exponentially with y, in any motion which is irrotational, incom-
pressible and periodic in x, and such that % = 0. Hence as & ->c0

Bh—0,
and (C) reduces to Sy, = 4T-3V. (C")

Note that for waves of infinitesimal amplitude 7' == ¥V = 1/, where £ is the total
density of energy per unit horizontal area. Equation (C’) then reduces to

the well-known relation for waves of small amplitude (Longuet-Higgins & Stewart
1960).

It can be shown that equation (C) is related to equation (4.5) of Starr (1947),
which involves the difference in kinetic energies of the horizontal and vertical

motions.
The mean energy flux F defined in §1 can be expressed in terms of the other

quantities. For from (1.7) and (3.1) we have

—h

F =f” (B+cuw)udy = BI+CJW u?dy (3.7)
~h
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and from (1.6)

Sm+,V=f” (p+gy)dy+f” wrdy. (3.8)
—h h

But from (3.1) B = (p+gy) + (@ +v?) —cu.

So on integrating with respect to y and taking mean values,

1
Bh =f (p+gy)dy+T —cl.
—h

Using equation (B) we have then

f”h(p+gy) dy = T+ Bh. (3.9)

From (3.7), (3.8) and (3.9) it follows that
F = BI+c(S,,+V—T-—Bh),
and so on substituting for S, from (3.5) we find
F = 3T-2V)c+ (L +ch)B. (3.10)
In deep water, when BA— 0, we have simply
F=3T-2V)c. (3.11)
For waves of small amplitude this reduces to
F=}Ee,

the usual formula, since }c equals the group velocity.t

4. DIFFERENTIAL RELATIONS

We shall now prove some differential relations between I, 7', V and ¢ by using
a variational method analogous to that used in paper (I) (see also Luke (1967) and
Benjamin (1973)).

The total energy AE over one wavelength may be written

2 A
=1 derespayars [ dar (+.1)
0J—h 0

where ¢ is the velocity potential. The motion being progressive, the kinematical
and dynamical conditions at the free surface can be written

¢:c77a:_¢y = CMy, (4 2)
H(P2+ ¢2) + g7 = cp, + constant. :

+ The relations (3.10) and (3.11) are not among those given by Starr & Platzman (1948).
Equation (32.48) of Wehausen & Laitone (1960) appears to be true only if B = 0 and ¢ = 1.
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Now let 8¢ and &7 denote arbitrary small variations of the velocity potential and
surface elevation such that 8¢, and &7 are periodic with period A. It follows that

[8p1x+2 = &C, (4.3)

independently of the point ¥ = (z,y). Assuming that 87]= 0 we have

2 A
2o =" [" (@,80.+4,50) dyar+ [ g+ g -+onl By de

fs¢ a¢d8+f [8¢]¢$dy+f o(,), &7 e

by Green’s theorem and (4.2), where a suffix s denotes the value at the free surface,

and
0 da
¢ ( ¢x77.c+¢y = c/’]wdsa

on
by (4.2). Hence

2 7
288 = o 1(8.),80- (Gpndde v 50" gay. (44
A
Also, starting from Al = f f ! ¢, dy dz,
0J -0
Ay A
we find ABI = f f 8¢, dy dx +f (P,)s Sy de, (4.5)
0J —h 0
o (7 7
and since _—f dpdy = f 8¢, dy + 9, (84);,
0x J _p ~h

we have on integration with respect to z,
(h+7) 80 = f : f jh 8¢, dy dz + f :vx(ngS)s da. (4.6)

From (4.4), (4.5) and (4.6) it follows that
ABE —c¢8l) = [f ¢xdy c( h+77)] = - 8&C. (4.7)

Taking 8C = 0 as before we have
S = cdl. (4.8)

Suppose now that the variations 8¢ and &y are specialized so as to describe the
growth of a wave of fixed wavelength A but variable amplitude. Then we may write

d(T+ V) =cdl. (4.9)
But in addition equation (B) will apply, so that we have also

2dT = cdl +1Idec. (4.10)
Subtracting, we get d(T—V) = Ide. (4.11)
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These relations are identical with those for solitary waves (see (I) § 3) except that
now I, T and V denote densities of momentum and energy. It follows immediately

that d (T _1dv o
oTc'(z) =2 & (D)
av 1 ,
T=czf—62—=V—cszd(5-2), D)
and if L = T'— V denotes the Lagrangian, then
dL 2T .,
-~ b (")
d(L/C) _ 7
d(ife) — -B, (D)

L=f]dc=JT§§=-—cszd(El—2) =—cfEd(%). (D"

Equation (4.9) may be further generalized to include variations in the wave-
length A and depth % by the following argument.

Ifin (4.1) we allow a change 84 in the depth but keep A constant, then an extra
term A
f $u} da 8h = AB &h,

0

must be added to the right-hand side of (4.4), and an extra term
2
f uy, da 8h = C &h,
0

must be added to (4.5). Since C' = 0 this means that equation (4.8) becomes in general
S8E = ¢ 81+ B &h. (4.12)

Hence for the special variations appropriate to free waves we have in place of (4.11)
the more general relation

dL = Idc— Bdh. (4.13)
If we now include variations in the wavelength A, equation (4.13) becomes
dL = Idc—Bdh+«kda, (4.14)

where the coefficient « remains to be determined. Consider a variation which simply
enlarges the scale of the wave, keeping the shape constant, then since A is propor-
tional to % and since L oc %2 and ¢ oc &% we have from (4.14)

2L = }cl — Bh+«kA, (4.15)
or on using equation (B)

Kk = (I'—2V + Bh)/A. (4.16)
Altogether then we have

dL = 2T defc+ (T — 2V + Bh) dAJA— B dh. (4.17)
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5. RELATION TO @, B AnD S
We now seek to express the above relations in terms of the constants @, £ and §
used by Benjamin & Lighthill (1954) in their approximate theory of cnoidal waves.
@ and R have already been defined in (2.1) and (2.8) respectively. The third
constant § is the momentum flux in the steady motion:

S = ?’h[p+(u—c)2]dy. (5.1)

On expanding the right-hand side and taking mean values it is readily seen that

S = Sy —2¢I +h(c*+ Lgh). (5.2)

To express I, T and V in terms of ¢, R and S we have, first, from equation (A),

I=ch—@Q, (5.3)

then from equation (B), §1, 2T = ¢(ch—Q), (5.4)
and on eliminating (S,,— 2¢I) and B from (3.2), (3.5) and (5.2),

3V = 2hR -8 —3gh?. (5.5)

The radiation stress, from (5.2) and (5.3), is given by
Sz = 8 —2cQ + h(c®— 1gh), (5.6)
while from (3.9) we find after some reduction
F = Q(gh—c%— R)+ 2c(Rh+8) +ch(3c?—gh). (5.7)

From §4 we can also write down differential relations for @, R, S and ¢, but these
appear less simple.

We note that apart from an arbitrary phase constant a gravity wave is uniquely
defined by three parameters, for instance the wavelength, wave height and the
mean depth. The three quantities @, B and § are particularly suitable for use in
shallow water, when % < A. However, in deep water when 4/A—co we have

Q ~ Ch_loo?
B~ gh+ Lc?, (5.8)
S ~ 1gh®+c?h— 3V,

where the suffix co denotes the limiting value as A/A —co0. Hence @, R and S all tend

to infinity, for fixed A.

On the other hand all the integral quantities I, 7', V, S, and F remain finite as
hjA—c0. Any three of these quantities, within certain ranges, would serve to define
the motion. However no exact differential equation for the wave profile, with these

quantities as parameters, has yet been given.
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6. CALCULATION OF ¢, T AND V FOR WAVES IN DEEP WATER

We shall now apply some of the foregoing analysis to the calculation of the speed
and energy of finite-amplitude waves in deep water.

Following Stokes (1880) we consider the motion in a frame of reference moving
with the phase velocity, and take the velocity potential @ and stream-function ¥
as independent variables. Let

exp[i(@+iP)c] =W (6.1)

say. On the free surface we have
V=0, W=el?e, (6.2)
and as y—— 00, S0 ¥~—cy, W-0. (6.3)

In general (z +iy) is expanded in the Fourier series
(x+iy) =1 (ln Wtayg+a, W+ ia, W2+... +%an Wr+ ) (6.4)

(the wavelength being normalized to 2x) and hence the particle velocity (U, v) is
given by

1 d(z+iy) . "
U= A0 +1%) (t+a, WHa, W+ ... +a, Wr+...). (6.5)
The coefficients a,,a,, ..., which are all real, are determined from the constant

pressure condition at the free surface, which can be written
|U—iv|2+2g(y—ap) =K on W=0, (6.6)

the constant a, being at our disposal. Equating coefficients of cos (n®/c) in this
equation we get a sequence of relations to be satisfied by a,, a,, as, ..., c? and K (see,
for example, Schwartz 1974).

Schwartz assumes expansions in powers of a small parameter ¢, dependent on
the wave amplitude, in the form

[re]
— j+2k
a; = 3, o€,
k=0

= 3 i, (6.7)
o
.K= 2 Skezk,
k=0

and gives algorithms for the successive calculation of the coefficients oz, v, &;. As
expansion parameter Stokes (1880) chose ¢ = a,. Schwartz (1974) shows that a, is
not a monotonically increasing function of the wave height, and prefers instead
¢ = a, where a is the wave amplitude, defined by

a = %(ncrest_mrough)' (6-8)
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Thus for instance it is found that

¢t =1+a?+ o'+ jab—22a% — .., } (6.9)
o 2_ 144 56301 :
K =1+2a2—1a*—2a®—~3%al— ...

From these expressions we can calculate not only ¢ but also I and 7' in powers of a,
for from equation (2.5) we have

I = %fﬂdqﬂ = %fﬁ(cdx+d®) = ¢(T—ay), (6.10)

while on letting y—— oo in Bernoulli’s theorem we find from (6.6) that
K = c+ 2907 —aqp). (6.11)

With g = 1 the last two equations yields
I = Je(K—c?, (6.12)
and so T = 4cl = 13K —c?). (6.13)

In calculating the potential energy V from equation (1.5) we must be careful to
choose @, so that the mean level 7 vanishes. Alternatively we can let ¢, = 0, as in
Schwartz (1974), and then use the more general relation

V = 39 —7?). (6.14)

In terms of @y, @y, ... we have, if gy = 0,
2

=5 m(yz‘%‘) o=y 3 Walwy 5 I

2me J o 0D/ y_g n=2 l+m=n 4M m=1 2m*
1 21re ox @ a2
7= e @) ap= y n
and K 2re fo (y ad)) w0 m%:]_ 2m

Using the expansions of the coefficients a,, in powers of ¢ as given by Schwartz we
find that

m— 1a2 — 1906 __3317,8
T = 0 48(1, 2880(‘7’ ,.‘ (6 15)
V=1g2_1g4_19,6_3077,8 ‘
ta?—§at — 3ab—33Lla ,f
V) = gt —_Lg8 1017410 ;
and (T'=V) = §a*— 508 — 333502 — ... (6.16)

These expansions confirm those obtained by Platzman (1947), who expanded
T and V in powers of £ = (c2—1)%.

However, for waves of large amplitude a, terms of much higher order are required.
Nor is it known o prior: what is the maximum value of @, expected to correspond to
the wave of limiting amplitude. For this purpose we introduce a new parameter o

defined by
1— qgrest qgrough

v = o (6.17)

>
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where ,,.e51 a1d 1.0, denote the particle speeds at the wave crest and wave trough
respectively, and ¢, is the speed of waves of infinitesimal amplitude. This parameter
has the following convenient properties:

(1) For waves of small amplitude, w < 1, while for waves with a sharp-angled
crest, at which ¢, vanishes, we have w = 1. Thus the limiting value of w is
accurately known.

(2) Since from equation (6.5)

ll%rest = (1 +a1+a2+a3+...)/c,} (6.18)
1/q4rougn = (1= +ag—asz+...)c,

and a,, contains only odd or even powers of @ according as n is odd or even, it follows
that w can be expanded in powers of a2, Thus

w = 5a?—1rat+93LaS + ... (6.19)
Reverting, we have a? = 3w +1w? — 7323 50%— ..., (6.20)

and ¢2, T and V can also be expanded in powers of w. This not only reduces drasti-
cally the length of the computation at high orders, but also improves considerably
the rate of numerical convergence.

(3) It will be noticed that for solitary waves the ‘trough’ occurs at « = + oo, so
that ¢;.ouen = ¢. Hence w becomes simply (1 — g2eqt/c), which is the parameter used
previously by Longuet-Higgins & Fenton (1974).

Schwartz (1974) calculated the coefficients a;;, v, and 5, as far as the terms in a7,
The numerical values of these coefficients were kindly supplied to the present
author by E. D. Cokelet, who had recalculated them on the I.B.M. 370 in quadruple
precision (about 32 decimal places). The present author then inverted the series
for w and expressed c2, T and V as power series in w. Calculations were carried to
order w*® (that is to a%%) beyond which point rounding errors prevent any further
gain in accuracy.

As an important check on the algebra, the coefficients of w™ on each side of the

identity de?
T-V = f T -

(see § 4) were compared and were found to be in agreement to one part in 107, where
p ranged from 32 when n = 4, down to 21 when n = 40.

The series for a2, ¢2, I, T' and V were then summed by [V, N] Padé approximants.
Surprisingly good convergence was obtained right up to the limiting value w = 1
(see, for example, table 1). The final values as determined in this way are given in
table 2, and also shown graphically in figures 1 and 2.

With the alternative expansion parameter

[ 2 2 4
W = I_chest%rough/c ’

the rate of convergence was less rapid, but the limiting values were consistent with
those in table 2.
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TABLE 1. SUCCESSIVE PADE APPROXIMANTS [N, N] TO THE SQUARE OF THE WAVE
SPEED %, FOR VALUES OF & CLOSE TO THE MAXIMUM

N w = 0.96 o = 0.97 o = 0.98 o = 0.99 w = 1.00
10 1.194453 1.19417 1.19370 1.19315 1.1927
11 1.194454 1.19417 1.19371 1.19316 1.1927
12 1.194458 1.19418 1.19374 1.19324 1.1930
13 1.194458 1.19419 1.19374 1.19325 1.1931
14 1.194458 1.19419 1.19374 1.19325 1.1931
15 1.194458 1.19419 1.19374 1.19326 1.1931
16 1.194458 1.19419 1.19374 1.19326 1.1931

TABLE 2. CALCULATED VALUES OF I, T, V, ¢ AND a/n as FUNCTIONS OF ®

1) I T 14 ¢ alw
.10 .010003 .005052 .005001 1.01016 .045266
.20 .019961 .010187 .009978 1.02065 .064351
.30 .029778 .015357 .014880 1.03143 .079187
40 .039315 .020492 .019633 1.04247 .091809
.50 .048374 .025485 .024135 1.05366 .102959
.55 .052638 .027879 026245 1.05926 .108093
.60 .056664 .030169 .028231 1.06482 .112962
.65 .060391 .032318 .030061 1.07029 117572
.70 .063746 .034282 .031696 1.07558 121921
75 .066633 .036002 .033089 1.08059 .125993
.80 .068936 .037403 .034180 1.08516 .129760
.85 .070507 .038392 .034899 1.08904 .133178
-90 071176 .038856 .035165 1.09184 136178
.91 071188 .038876 .035158 1.09222 136723
.92 071157 .038871 .035130 1.09252 .137249
.93 .071085 .038839 .035082 1.09275 .137755
.94 070972 .038783 .035016 1.09290 .138242
.95 .070823 .038703 .034932 1.09295 .138712
.96 .070644 .038604 .034836 1.09291 13917
97 .070449 .038493 .034734 1.09279 .13961
.98 .070260 .038382 .034638 1.09258 .14006
.99 .07012 .03830 .03457 1.0924 .14053
.00 .0701 .0383 .0346 1.0923 1411

7. DISCUSSION

It will be seen from figure 1 and table 2 that whereas the steepness (a/x) is a
monotonic function of w, both I, 7', V and ¢? apparently have maxima before the
highest wave is reached. A similar property was found for the solitary wave by
Longuet-Higgins & Fenton (1974). Both sets of calculations relied on Padé approxi-
mants, but the series expansions in the two cases were quite different. In the previous
paper a physical discussion was given of the possibility of & maximum phase speed
within the range of w, and it was seen that apparently such a maximum was not
unreasonable. Maxima in the magnitudes of the Fourier coefficients a,,a,, ... were
previously found by Schwartz (1974).
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Fieure 1. The square of the wave amplitude ¢ and wave speed ¢ as
functions of the parameter w.

As a check on the calculations we may compare the values of ¢ and a in the
extreme case w = 1 with the limiting values of the speed and wave height as found

by previous authors.

Yamada (1957) calculated the profile of the highest wave by fitting a Fourier
series at 12 points on the profile, so as to satisfy the constant pressure condition
numerically. His result ¢ = 1.1932 is close to the value ¢2 = 1.1931 in our table 1.
Schwartz (1974) calculated ¢ = 1.1930 at a wave steepness a/r = 0.14 very near
to thelimiting wave and suggested that the speed had a stationary value (maximum)
in the limit. (Our calculations suggest that if there is such a stationary value, it is

a minimum.)
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As regards the limiting wave amplitude, Yamada (1957) found a/x = 0.0412, and
Schwartz the same value, to four places of decimals.} This is close to the limiting
value 0.1411 found by the present method. Thus it would appear that the values
in table 2 are not seriously in error, at least for the limiting wave.

One point at issue in the previous calculations for the solitary wave (II) was
whether the small-amplitude expansion used in that paper was truly convergent,
or only asymptotically valid as the amplitude tended to zero. In the present situa-
tion of waves in deep water it is known that the small-amplitude expansions in
powers of & or w are convergent for sufficiently small wave amplitude, as was proved
by Levi-Civita (1925). Numerically, the radius of convergence in powers of w is
found to be close to unity, and there is no reason to doubt the completeness and
convergence of the series up to and including the highest wave.

As pointed out by Longuet-Higgins & Fenton (1974), a maximum in the total
energy (7' + V) would have some implications for wave breaking, and may contribute
to the intermittency of spilling breakers as observed for example by Longuet-
Higgins & Turner (1974). However the energy maximum has no apparent con-
nexion with the instability of gravity waves in deep water which was discovered by
Benjamin & Feir (1967). This latter instability can occur at much lower wave
amplitudes.
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