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The acoustic source density given by Ribner’s version of the Lighthill theory is calculated for a stochastic
surface gravity wavefield. A Green function gives the acoustic farfield, as a volume integral. The method
eliminates some of the complications involving the moving ocean surface. For a homogeneous ocean, the
farfield acoustic spectrum agrees with the spectrum of Hughes [J. Acoust. Soc. Am. 60, 1032-1039 (1976)],
and at low frequencies with the spectrum of Brekhovskikh [Izv. Atmos. Ocecan Phys. 2, 582-587 (1966)], after
certain corrections ate applied to their results. At high frequencies, the Brekhovskikh spectrum is larger by a

factor (5/4)

PACS numbers: 43.30.Nb, 43.28.Ra, 43.20.Bi '

INTRODUCTION

The production of underwater sound by a surface
gravity wavefield has been treated by a number of
authors. "% In each treatment there is a perturbation
series expansion in the wave-height amplitude, and
from the fields at the surface a part is picked out which
represents a propagating acoustic field, An acoustic
wave is produced by gravity waves interacting via the
nonlinear terms in the hydrodynamic equations.

Lighthill” develops a theory of sound production in a
fluid in which quadratic nonlinearities in the hydrody-
namic¢ equations are isolated as a source.term in an
acoustic wave equation. In a modification of the Light-
hill theory, Ribner? works with the overpressure rela-
tive to the pressure p, in a hypothetical incompressible
flow, and obtains an acoustic source density —(1/¢%)3%,/
22, This has a very simple interpretation: A pressure
fluctuation 8p, produces a density fluctuation 5p=(1/
c?)8p, in the actual compressible ocean, so the Ribner
source density —2%p/a#* is that of a distribution of mon-
opoles; antireflection at the free ocean surface gives an
overall dipole effect in the farfield.

We model the surface gravity wavefield as a linear
stochastic superposition of plane gravity waves of the
usual theory, we calculate the Ribner acoustic source
density for this potential flow, and then we apply an
acoustic Green function for the moving ocean to obtain
an acoustic farfield. Our derivation has the advantage
that it represents sound production as a volume effect;
indeed, we must exercise considerable care to elimi-
nate considerations involving the moving ocean surface.
With this we are able to understand the effects of neg-
lected terms, e.g., vorticity, higher order terms in the
perturbation series, ete.

In Fig. 1 of Hughes® the various theoretical spectra
lie 10-20 dB below the observations (1-8 Hz) in a
representative case. His formula [Ref. 4, Eq. (33)] is
larger than our formula (35) by a factor of 2 (the dis-
crepancy is discussed at the end of Sec. V), so we ex-
pect our formula (35) to be 15-25 dB below the ob-
servations at these frequencies.
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i. THE HYDRODYNAMIC EQUATIONS

The kinematic, dynamic, and thermodynamic equa-
tions of the ocean water are all of a piece, and describe
all of the various motions identifiable as wave motions,
as well as the hydrostatic behavior.® It is feasible and
useful, however, to separate out the acoustical part of
the pressure fluctuation, i.e., the part whose presence
is due to the water compressibility. Such a separation
necessarily involves discarding number of interac-
tions. The method we use is derived from the Light-
hill’ theory, as modified by Ribner.® It gives an in-
tuitively appealing model for the generation of sound by
the gravity wave motion near the surface, and the phy-
sics of the approximations is more or less transparent.
We give the derivation for completeness, since there
are certain differences from the jet noise case con-
sidered by Lighthill and Ribner.

Various notations will be employed for Cartesian
components, as convenient, e.g., the coordinates x,y,z
may be denoted vectorially by r or tensorially by x,,
r=1,2,3, with the summation convention. The surface
of the quiescent ocean is {z =0}, and z increases up-
wards. The unit vector in the positive z direction is
denoted by e. The equation of the instantaneous ocean
surface s, at time # is of the form z —h(x,y,£) =0, —
<x, y <%, where % is single valued and as smooth as
necessary. The depth of the ocean does not appear in
our calculations, and at time £, the ocean water oc-
cupies the cegion

@ =[lx,y,2): - <z <h(x,y,8)] .

The velocity field of the ocean water is defined in &,,
and is denoted by (x,v,w), orbyvory,, r=1,2,3;
arguments are usually suppressed. The water density
being p, the continuity equation is

gtﬁ+v-(pv)=0, in®,, (1)

where ¥ is the gradient operator.
sion rate is denoted by e:

The water compres-

€==V-v,

and the continuity equation can be rewritten as
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€= E’

T

where D/Dt=3/3t+ V-v is the usual material deriva-
tive.

The Euler equation is

Du, 1 3p ] 130,
Jlap 8y 139 g 3
Dt poax, ox, (g2) p ax, ? 3)
where g is the constant acceleration of gravity, and
where the viscous deceleration is given by (Ref. 10,
p. 49):
' +
Laoy _u,, (/AL oe. @)
pax, p p ax,

A= ¥+vdenotes the Laplacian. Terms involving the
gradients of the dynamic viscosity coefficients u, £
have been omitted in (4). We take the divergence of (3)
and use

Dv ] (av, av,)
I=}=— +
v (Dt) ax, \at = ox,

De Vs aU,
==+
Dt ox, ox,
to obtain
D 1 dUs Uy
= _u R Y 9784 5
(Dt ”A)e v (pvp) ax, %, ’ ®)
where

v’ =4/3)v+ t/p (withv=yp/p),

is a total compressional kinematic viscosity; terms in
the gradients of » and v’ have been omitted in (5). Now
we substitute from (2) for € and multiply through by p:

D _ . )lD_D Ao =ai 8
p(Dt—vAp Dt -pvV pvp =Ain@®,, (6)
where we have introduced
dvs JUy
=p— . 7
A P, %, m

Finally, we make the usual specification of the com-
pressibility relation, namely

Dp/Dt=(1/c)(Dp/Dt), (8)

where c=c(x,y,2,t) is the local velocity of sound. This
is the assumption that if the pressure changes on a ma-
terial element it undergoes adiabatic compression;

cf. (Ref. 11, Eq. 4.2.32) or (Ref. 9, Eq. 5.4) (for

the case of no accession of heat). We substitute this in
(6) and have a preliminary form of the Lighthill equa-
tion:

D _. )L% .(1 A
P\ o v'A oc DI oV pvp =Ain@®,, 9)
with '
— Vs 3Ur
“Fox, ax,

The only approximation in (9) is the discarding of the
gradients of the viscosity coefficients, both dynamic
and kinematic.
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P (2).

i1. THE LIGHTHILL AND RIBNER EQUATIONS

In discussing (9), we borrow from the usual linear
theories as necessary; we look for a linear equation
for an acoustic overpressure. Equation (9) eould be
regarded as an inhomogeneous linear wave equation for
p if the other quantities were known functions. The
left-hand side would be a linear wave operator acting
on p, the waves having material phase velocity ¢, and
linear viscous damping. The right-hand side, quad-
ratic in the velocity gradients vv, would represent an
acoustic source density. Actually, of course, A, the
coefficients, and D/Dt, all depend on all of the mo-
tions, so a variety of nonlinear interactions is involved
in (9). We want to disentangle the acoustic pressure,
but before this we will specify our model in more de-
tail.

We assume that the quiescent ocean is stratified, and
that phenomenological profiles p,= p,(z) and ¢,= c4(z)
are given. We assume that both of these functions
have the constant surface values p,, ¢,, respectively,
in the mixed region where the surface gravity wave
motion is nonnegligible, .say, tens of meters below §,.
[Below the thermocline a value ~(1/¢)dc,/dz* (85 km)™
is representative. The variation of p, is specified by
its logarithmic derivative
_1dpo N, g (10)

pdz & &
where N (radians/s) is the Viisili—Brunt frequency
limit. At great depths, y~g/c®*~(230km)™, and N—-0,"
(1/N)dN/dz =(1 km)™ (Ref. 12, p.4). In the thermo-
cline values N =(60 s)™ and y=(45 km)™ are possible;
(1/y)(dy/dz) can be large locally, with either sign
(Ref. 11, p. 303.)]

The appearance of the material derivative operator
in (9) is a reflection of the fact that a wave undergoes a
Doppler shift when it propagates in the flowing water
(Ref. 11, Sec. 4.8) (Ref. 8, Ch. IIT); the fractional fre-
quency shift is bounded by £ M if the flow has Mach
number M. We are going to drop from (9) the advective
part v+ v of D/Dt, per the following considerations.
The nonlinear sound—sound terms are complefely neg-
ligible for us, since the actual water flow involved in
an acoustic wave at level 100 dB/u Pa (rms amplitude
0.1 N/m?) has Mach number <10'°, The Mach num-
ber in a gravity wave flow is of order (wave height)/
(acoustic wavelength at same frequency), e.g., M
<1/200 for 20 m swell of frequency 0.1 Hz. We would
expect the advection effects to be localized; in the far-
field the angular distribution and phase of the sound’
might change to order M, but the relative change in the
power spectrum should be smaller. The only nonlinear
gravity wave interactions of interest are those respon-
sible for the production of sound—our gravity wavefield
will be a linear superposition of the waves of the usual
theory.

Terms in the derivatives of the coefficients appear
when (9) is expanded, and the coefficients themselves
need to be expressed as (static +first-order fluctua-
tion). In a linear treatment of the left-hand side of (9),
at frequencies above 0.1 Hz, only one of these terms is
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retained, to give the correct static behavior. [In the
full linear treatment of (1)~(8) the terms in v+ v are
first order when applied to a static quantity, and must
be retained at internal wave frequencies. Also, a gra-
vity wave with a phase velocity g/(2nf) would be super-
sonic for frequencies f < g/(2m¢)=0.001 Hz. Compres-
sional and buoyancy effects are strongly coupled at
these frequencies, and the order of the system changes
from 2 to 4 (Ref. 11, Sec. 4.2).]

In the right-hand side of {(9) we replace A by
av, av,
“Pe iy, ox, ax,
arguing that p=p, near the surface where vv is not
negligible; the difference :

9v, 9v,

A-Ay=
ax ox,

(o-p,

(acoustlc pressure) v, av,

c ax, ax

is of the same order as terms already discarded. Our
approximation of (9) now takes the form

1 (3 _,iA)2P _ /.
(al A)at Ap - Ya Ay in @, .

A plane acoustic wave is attenuated by the viscosity
term according to

p~expli(wt - k- 1)] exp{-wt/(2Q)] ,

where Q s¢?/(v'w) varies inversely with frequency. Q
is not really a Reynolds number, since w/k is not a
material velocity.) From (Ref. 13, p. 102) the empiri-
cal value of c?/v’ is =9.5x 10° s", and the v’ term in
(9) will produce negligible effects at acoustic frequen-
cies of interest. (E.g., at 100 Hz the power relaxation
time @/w exceeds 40 min.) We drop the v’ term, and
then have a dissipationless wave equation
2
Lz%tgz_Ap —7%%-_—/\0:

The pressure p in (11) is the total water pressure,
and includes the static part. We need to introduce
some sort of refecence pressure p’, defined in ®,, such
that p —p’ away from the gravity wave flow represents
the acoustic overpressure, i.e., p’ should tend to the
static pressure at great depths. As will become ap-
parent in Sec. IV, it is also very desirable to have
p -p'=0o0n s, and the complications from this occupy
the rest of the present section.

in &, . (11)

The static pressure in the quiescent ocean is
0
Ps=D4 +gf polz')dz’, —0 <2 <0,
[ ]

where p, is atmospheric pressure at the ocean sur-
face, assumed uniform. The formula serves to extend
the definition to &, if we take py(z’) = p, in the crests
® {z = 0}. The extended p, has the properties

3p./0t =0,
VD= =g, in &, , (12)
Ps
=0
BPatY 5 02
Dy=p, - gpah on §; .
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It follows from this that p, satisfies the homogeneous
equation in (11), so if we use p, as the reference pres-
sure we have

1 a’
c Z 3%
p —ps = O
We call this the Lighthill equation for ocean acoustic

waves. It suffers from the disadvantage that the boun-
dary values of p —p, are nonvanishing on 8,.

-A- y—)(ﬁ =P =4,

(1), as z— ~w,

Following Ribner, let us use as reference pressure
the pressure p, that would exist in a dynamically in-
compressible ocean. The stratification p, stays the
same, but we replace the compressibility condition (8)
by Dp/Di =0Q, (Imagine turning Dp/Dt off and following
the motion for a short time.) The equation correspond-
ing to (9) would be

()

but we use instead the approximation correspondmg to
(11), namely,

3P

Yoz M

=-Apy - in®, .

The source term should be formed from the velocity
gradients of the incompressible flow. However, this
will differ from the compressible A; by terms of the
order of those already neglected. We make this ap-
proximation, and find that p,=p —p, satisfies the
Ribner-Lighthill equation:

Ctz aat’;l -Ap, - yi’i‘:—claaf;, in®,. (13)
The excitation term can be interpreted as a density of
monopole sources: A pressure fluctuation 5p, produces
a density fluctuation (1/¢%)8p, in the actual compres-
sible ocean, so the right-hand side can be viewed as a
monopole source density ~3%p/at> (Ref. 11, p, 33).

The idea i8 due to Ribner.®

The boundary condition for p on §, is, say

b=p,
where AJi={(3*h/ax®) + (2%k/0y?) is the usual curvature
approximéuion of the linear theory. (The geometrical
surface tension is T=7.4x 10" m®.) The air above the
ocean is qujet, as a first approximation; wave energy
has propagated from remote sources.'* We assume
that p, satisfies the same condition:

Po=b. -80,TAR oONS,, (15)
so we will have p, =0 on §,. At depths there will hold
p -p,=0(1), p,-p;=0(1) [or O(1) pseudosound], and

=p-p,= O(l) will represent the acoustic overpres-
sure We show later that the pseudosound term in p,
vanishes uynder assumptions we make involving the sur-

-gp,TAh onS,, (14)

- face waves.

The nuisance term (3p/az) is needed in (11) to give
the correct static behavior. Since p, has no static
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part, we can eliminate this term in (13), if necessary,
as follows. We define a function B=B(z) in &, by B
=[pa/po(z)'/2, with the extended definition of p,. The
values of B will differ from unity by at most 2% at
depths of interest. The coefficients

B'/B= %y(zg/cz) ’

b=B"/B=%y' + v =(g/c?*)],

will be of the order indicated and will be slowly varying
{(except in the thermocline, where & can be larger,
with either sign).

Now we put

pl(x:y,z’ t) =A1(5r,y QZ’t)/B(z) in®,;
this is the Lighthill transformation of (Ref. 4, See.
4.2). It has the property

/1 ap _1

pov'(p— vPl) Ap, +y — 3z =§ (.AAx -b4)),
80 that in terms of A;, Eq. (13) becomes the selfad-
joint

1 5,
c2 3t

B.3%pa

—AAl+bAl=—E§ o

in(R, -

The effect of the b term is to change the local acoustic
dispersion relation to

wfc=(E+p)/2,

The fractional change in the phase velocity is of order
(1/2)(g/c)/wF; thisis 0.5x 10™ at 0.1 Hz. If we dis-
card the b term and the dependence on B, we have a
simplified version of the Ribner—Lighthill equation:

_Laapl_ _ 1 apa

c,2 at? 1T T2 ott

p,=0 ons,, _
p,=0(1), asz—~+ —w. (16)

lil. THE GRAVITY WAVEFIELD

. We will model the reference pressure p, as that of an
irrotational incompressible flow: There is a velocity
potential ¢ such that v=v¢. The incompressibility
condition V+v=0 becomes the familiar A¢=0. As a
Bernoulli integral we take

2
-0 82+7) .5

This does not quite satlsfy vI=0 (Ref. 9, Chap. IV);
instead,

vI= —ypo(acb +v;v)e.

However, we can argue that ¥ will vanish in the mixed
region, and the other factor in w1 will have become
negligible at depths where y >0 must be considered.
We shall thus impose the normalization I=0 on ¢,
which is to say

el
po =p. (at +—— ln (Rf
428 J. Acoust. Soc. Am., Vol. 69, No. 2, February 1981

The excitation term in (13) takes the form

1 3%, _ (a¢ LYV ’
2 o co art \ ot 2)‘ a7

The boundary values of p,, p, being given by (15), (12),
respectively, we find that ¢ should sa.t'isfy

¢ _ —gh - TA,h) ~(v°v/2) ons,.

We are going to make a perturbation series expansion
o=, + P, + ... in which the expansion parameter is
essentially the rms wave amplitude. First, however,
we introduce the basic stochastic element. We assume
that % is a stochastic process which is wide-sense sta-
tionary in x, y, ¢, and that h is a linear superposition
of plane surface waves of the usual linear theory. That
is,

r=(N2) f{exp[i(at -t *THu(de)]

+ exp[-i(ot -k *rruldx))}, (18)

where r= (x,y,z) is the position vector, k= («,, x,, 0) is
the horizontal wave vector of a surface wavelet, with
magnitude = ll&ll = (<3 + «2)*/2, and where a=olk) is
determined by the dispersion relation %= gx(1+ T«?).

The overbar onu denotes complex conjugate, and the
spectral process U is assumed to be centered with
complex orthogonal increments. That is, if we denote
by ( ) the stochastic expected value

tuldk)h)=0,
(uldie Juldk,)) =0,
Culdiey ulde,)) = (dx, Ndk,) ,

where 9M(dk) = 0 is the spectral measure of the 4 pro-
cess:

(K= f M (dk) . (19)

The wave mean potential energy in a square meter
column of ocean, P.E. =(gp,/2Xh(h ~TA})) (see Ref.
11, p. 228), is equal to the corresponding kinetic en-
ergy density

0
K.E. =(p,/2)f {v-v)dz, namely,

: P.E.=K.E.=(gp./?-)f(1+Tx’)‘m(éiK).

Convergence of various integrals involving on(dx) will
be taken for granted. Later we will assume that there
is a continuous spectral density: 9 (dk)=f(k)dx where
dx =dx dxk, i8 Lebesgue measure in the wave vector
plane.

The acoustic intensity will involve higher-order mo-
ments of theu process. We assume that all third mo-
ments vanish, and that the only nonvanishing fourth
moment is

(W (diey Y e, Vel Y )
=91 (die, N die )Ml ;Ndie I {diey, N dis )9 (de, Nd)
(20)
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In other words, the moments up to order four satisfy
the same relations that the moments of a centered
complex orthogonal increments Gaussian process satis-
ty.

We expand the velocity potential ¢ =4, + ¢, + ... in
powers of U, ; only the first two terms are obtained.
The first order term ¢, is the potential of the usyal
linear theory, satisfying °

in®,, 22— _s(h - Tap)

Y on{z=0}, (21)

Ap,=0
¢, —~0, as z—~-=,

Explicitly,

6= [ (o/0)

x{iexp{i(ot - k- 1) + k2]UldK) +c.c} in®,, (22)

where c.c. within braces will always mean the complex
conjugate of the preceding term within the braces.
For ¢, to exist it is necessary that

f (1/x)om (dx)

converge at the origin.

The second order term ¢, has the properties®

Ap,=0 in @,
29, 1
%:—h%—iv%-v(p, on {z=0}. (23)

We sort out the contributions to p, according to their
degree in the u process. We put po=p,+p ' +p? +...,
where the first-order term is

—_p. 20
p ! —-Po 3t
= (oD [ 0¥/
x {exp[i(ot — x- 1) + k2] u(dn) + c.c.} (24)

and the second-order is (omitting the algebra)

2 I¢2 1 o
p =—po<)ai;+§ V¢,'V¢1)=—% ff{Klexp(llxl+x2||z)+1gexp[(x1+x,)z]}-(exp{i[(ol+02)t—(x1+xz)-r]}

x u(dx, Yu(dk,) +C.C.)—% ff{KanP(“Kl -"a“z)"'K«iexD[(’fl‘H‘z)z]}

x (expfilo, =00t = (x, — k,) * rT}u(dk, ) (dK,) +c.c.) , (25)
I
the coefficient abbreviations being unless
X, + 2 - _— 2 = +
K,= (0, + 0, _oyofllx 2"¢:I‘|{ (1, —%,)] ’ w=0,+0,,
v K=Hy Koy

0,05 () + ) = ey + Kol ]

K= 2u,k,

oyt 4 20l Kl 1 = )

Ka=ay 2K,K,

b
_ 0'102[("1 + 1) = Ik, = Kll° ]

K 2.k,

The corresponding forcing terms in the Ribner-Light-
hill equation are

1 821, 1
h=mE
_ 1 azp 2 ;
J"‘__cg ok (26)

The following kinematic considerations are important
for understanding the sound production mechanism.
Let k=(k,,%,, %) be the wave vector of a plane acoustic
wave, of frequency w=ck with 2=1lk||. It is convenient
to separate out the horizontal projection x=(k,, k,, 0).
so that k= (k? + £2)/2, The forcing term in (25) with
horizontal phasor

expfiflo, +0,)t - (i, +&,) - ¢}
cannot excite an acoustic component

exp{i[wt —x *r] ik, 2}

429 J. Acoust. Soc. Am., Vol. 69, No. 2, February 1981

this is a consequence of the assumed homogeneity in
x,y,t. From

(o, +0,)/c=w/ec=k2 k=K, + &, > |k, — k5]

and

o0F —ol2=glk, -k )[1+ T(k2+ kx, + k2], (27
we obtain

loy -0, < (g/e)1+ T2+ kyxp+ £3)] . (28)

That is, two gravity waves at frequencies o,, o, below

the ripple region, say 13 Hz, will not interact to pro-

duce an acoustic wave at the sum frequency unless their
frequency difference is less than 0.001 Hz. If the sur-

face waves are each about 50 Hz, the difference is /
bounded by 0.03 Hz, so the constraint is still severe at

higher frequencies.

There is a corresponding result for the difference
terms. The notation being as before, :

w=0,-0,,
K=K, —K,,
requires

(0, —0,)/c=w/c=k2 k=K, — k)l Z Ky — K,
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for the case 0, >0,. This and (27) give

g to,< (g/c)[l + T(Kf + Kk, + K:)] .

This cannot be satisfied unless the sum is below
0.001 Hz or above 2 x 10'2 Hz. We omit the difference
frequency terms after this.

Consider now the first order term J, of (26).
vity wave with horizontal phasor

expli(o,2 - x;- 1)]

will excite a plane acoustic wavelet directly only if the
horizontal phasors are the same, i.e.,

A gra-

w=0,,
K=Ky,

is the previous notation.
k is determined by

k2= —xk, - (g/c)1 + TK?)]'?

and 4, will be imaginary at all frequencies of interest.
An acoustic wave decaying exponentially with depth can
be regarded as part of a nearfield. This can be re-
flected by the moving surface to produce a propagating
field. We examine this at the end of Sec. IV; it is a
small effect. '

The z component of acoustic

There is one part of p, —p, which does not decreasge
exponentially with depth, formally. Namely, as z

- 00

’
4

Pp? =-p, f f o?{exp(2ig,t)u(dx,)u(dx,) + c.c.} (—),

where (—) means that the limit x,= —x, is to be taken
after the rms value has been calculated. (We cannot
put k, = —«, directly in the double stochastic integral,
in general, without careful examination.) The condi-
tion k,= —k, is that two oppositely moving plane gra-
vity waves interfere to produce a standing wave, of
course. The deep water oscillation ~exp(2ic,t) in p,
comes from the Bernoulli pressure drop at the sur-
face, i.e., the surface average of —p,(v-v)/2, propa-
gating instantaneously to all depths. This source oscil-
lation drives a vertically propagating acoustic wave of
velocity ¢,. That is, the resulting term in p =p,+p,
should be (the amplitude is correct for constant p,):

B=-po [ [ oo uldn)utdr,) + c.c} (=)

where we have used the abbreviation

Blzzcl(t— . co(z’))

for the phase of the vertically propagating wave. Then

(i)2)=p§ffff o202« ({e*1u(de, Juldr,) + c.c.} {e*suldn,)uldk,) + c.c.}) (—‘)=4p§ffa}fm(dxl)ﬁn(dx2) |~

=4ngf 01 f () f (~y)dK,d(—k,)=0,

because the diagonal k,= -k, in four-dimensional Eu-
clidean space E* has Lebesgue measure 0. The gist of
this is that if there isa spectral density, then the
probability is O that there will ever be any standing
waves. Pseudosound will bé present only when there
are permanent standing waves, iLe., M(dx) contains
paired discrete swell linés o,6(k + k,)dk (this is re-
marked by Kadota and Labiancaf). In such a process
there is always 4 standmg wave at the fixed (x,, —&,),
the phase and amplltude being random. Note that the
physical processes derived from k are not ergodic if
an (dx) has nonvanishing atomic part.

IV. THE GREEN FUNCTION

We will assume from now on that the ocean is homo-
geneous, and p, ¢ will denote the constant values of p,,
C,- Our methods have generalizations in the stratified
case, but we do not have closed form for the results.
Moreover, the acoustic sourcé intensity of the surface
wavefleld will be pretty much independent of the Co
profile.'® .

We denote by O the D’Alembertian wave operator for
acoustic waves in the homogeneous ocean:

1 22

=i =%

and we deénote by G=G (r,f;r',t’) an acoustic Green
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I
function,

O0G=o'G=056(r -x’, ¢t -t'),

in a domain to be specified; primes denote arguments
or operations on the primed variables in G. Propaga-
tion is assumed to be from r’, ¢’ to r, ¢, so that

. - 1
G=0 ift<t+ E=FN

Further boundary conditions will be imposed later.
We are interested in solving an equation
Cu=J in@&,,
u=0 ons,,
u=0(1)

as z — —w;

in particular, we want the rms values of « at a point
well below the mixed region. Let [¢;,¢,] be a time in-
terval containing the time ¢ of interest; later ¢, — -,
t,—~ . Let & be that part of ®, contained in a large
ba.11 centered at the origin. The radius L of the ball is
to satisfy L > [Ir|l, and L — « later. We denote by T
the (r,f) region in E* whose f section is R, tost<t,,
We apply Green s second identity to

#('G)- Q' u)G=us -J'G,

in the region 7’ c E*. The result is
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u(r,t):f G(r,t;x’, t)J(r’, t")dr'dt’
‘rl

+f‘u’°F'da',(r,t)e‘r. ' (29)

al’ -

The surface terms on the right-hand side are as follows.

The boundary 3T consists of ends
(R, 1)

and
((Rtl; tl) H

and the sides (§,,f,<t<t,)and (y,,, <t <t,), with §,
the part of 8, within the ball of radius L and y, the part
of the spherical surface of the ball within ®,. The in-
tegral over the part

((Rtlyh)
of 37 is noncausal and can be omitted. The outward
unit normal v to a7 in E* has (x,y,z, ) components

v=(0,0,0,-1) on ((R,u,to) ,

ok ak oh
U:(—a—x, —5, 1, _BT)/K on (s“t),

with

o )2 ( ah)2 ah )2]“ 2
=l=) +H{=) +1+(=
K [(ax ay 1 (at ! »
v=(n,0) on (y,,{) with n the unit normal in E® to the
spherical cap y,.

The components of the four-dimensional flux vector
F=(F, F;) appearing in (29) are
F' = -[u(v'G) - (v'u’)G],

Fi= (1‘/62)[u'(ac/at') ~(au'/3t")G].

The three-dimensional surface element d@ of 3T can
be parametrized as follows:

da'=dx'dy'dz’ on ((ﬁ,n,to),

da'=K'dx'dy'dt’ on (8], t,<t'<t,),

da’'=L%mn'dt’ on (y., t,<t'<t).
(Note that K’ cancels out.)

It is evidently very desirable to have the surface
terms vanish. The integral over

@y 5t

represents the influence of the remote past, and should
vanish as {,—~ —«. (E.g., turn the system on slowly
with an exponential parameter which goes to 0.) The
integral over vy, represents acoustic energy entering
7' from the sides and below, and should vanish as L

— o if the theory is convergent. Any static and
pseudosound terms are picked up by the y,, termj the
calculation is straightforward, but can be done just as
well by the method of the preceding section, and we
omit the details.

The boundary condition » =0on §; is a fairly realistic
condition on an acoustic field. (A refinement might take
the water/air impedance ratio and radiation loss into
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the air into account.) If we impose the boundary condi-
tion .

G=0 on(R,x8)u(s,x&,),

we will have F’=0ons,. This eliminates the last of
the surface terms, and we are left with

uzf GJ'dr’dt’ .
-

Scattering of acoustic waves in the water by a moving
ocean surface has been treated by Labianca and Harper
in a series of papers.'®-2° Their results may be re-
phrased for our purposes as follows. The Green func-
tion has the form G=G,+G,+G,+ ... where G, is the
Green function for the quiescent ocean and where G,,
j=1, is of degree j in a wave -height perturbation pa-
rameter (#%'/2, (In-our setup, G, is of degree j in du
or di.) The first-order term G, represents Bragg re-
flected by the moving spatially periodic components of
8,. We are going to calculate pressures only to order
two in du. Since the source density J, of (26) is already
of degree two in du, i.e., it takes two gravity waves to
generate a propagating acoustic wave, it is consistent
with our approximation to omit the G,, j> 1, terms for
excitation J,.

In the homogeneous case, the Green function for the
quiescent ocean is

_O(t-t'—R/c) s(t-t' -R/c)

Go 471R 41R ’

where
R=lr-r'll,
R=lr-r"l,
with
r’=(x',y’, -2 ifr'=(@u',y',z2').

We calculate J, from expression (26), and denote by p,?
the contribution to p, from J,:

p
bt :fGOJgdr'dt’=16”cz

xfffwz{Klexp(llxl+x2||z')+K2exp[(x1+x2)z’]}

p-tuR /e e-mEIc
x[( - expilwt = (k, +&5) r’]

R 7
X W(d,)U(dk,) + c. c.] ar’, (30)

it being understood that w is an abbreviation for w=o0,
+0,. The dr’ integration is over a retarded time ver-
sion of &,, which we will not try to give explicitly. The
corresponding integral over the quiescent ocean differs
from the exact value by higher-order terms, however,
since the integrand vanishes on {z/= 0} and the differ-
ence region has thickness O(%). In other words, we
may take {z’ <0} as the integration region in (30).

The 2z’ integration can be done in (30) as it stands, but
the following technique extends to the nonhomogeneous
case. We are going to evaluate (p?) at a point well be-
low the mixed region. If R=|lr -r’|| is large the
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spherical waves e~ /<R will look like plane waves as
r’ varies over limited regions. Let n=(n,,n,,0) be a
point in {z’ = 0}; its uses will become apparent later. It
is convenient to introduce the abbreviations

k=w/c,
k=k{ -n)/llr -l ;

that is, k is the direction from g to r renormalized to
have magnitude 2, If =7+ (r’ —1) is near 1,
e-(m e-ilmr-nn

- (e Al
R ir-nll

ce (31)

‘o

where the omitted terms are of higher order in 1/R;
the expansion is valid for ||z’ - 7|l «|lr -nll. For R
we use the same 7, so simply replace z’ by -z’.

Now we do the z’ integration in (30). We make
the notational change r’ to r;, and abbreviate (%,, k,, 0)
=K:

pzziff(K+LK k
1 T 8r Vo, + kP HREE Y e

x (i exp{i{ wt - (k, + &, - k)-1,]}

x exp[ — i&lr — 7ll - ik - 1] uldk,)uldr,)

dxldyl
e —nll°

+c.c.) (32)
In this, we imagine that the integration region is broken
up into finite regions, squares say, and that g is
piecewise constant on each region.

Now let us consider the J, excitation. The direct
field

[ e,

vanishes exponentially with depth, and represents an
acoustic nearfield. This nonpropagating field can in-
teract with the surface to produce a propagating re-
sultant; this term p{" in the farfield p, we now calcu-
late.

With r far from §,, the term G, in G is determined
byzo

= _Mx”y’;t’)'a&}

G,
27 =0 02| 4a0

It is convenient to refer ' =9+ (r’ —7q) to a vector
n=(n,,n,,0), as before. We have

3Go|  _ 2u 8"t —t'—R/c) |
32'| 4y © 4nR

where u=(r —g)/llT —qllis the unit vector from g tor,
and where the omitted terms are higher order in 1/R

and will not contribute to the radiation field at r. We
express the singular function as

8'(t =t' =R /c)

=% j: iwexpliw(t - #)] expl-i{w/c)R)dw.
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We use the expansion (31) with the understanding that
k= w/c can now have either sign. The boundary values _
of G,, to the order considered, are found to be

1 exp(-ikllr —qll =ik <n)
G =—— ffk et ' :
! 4/272 2 I -l

2 =0
X {ielt' (w=gy 11 (kx| Jor?q (d"l)
pieTtt wrorded oy ) r"l_l(dkl)}dw .

Here, k= w/c can have. either sign, k=Fku, and &
=(k,,k,,0), with due regard for the sign of .

The bounded solution of [)'G =0 with these boundary
values is obtained by inserting a factor e®% in the in-
tegrand, with

a=[ltk -xl? - (w-0,)%/c*]?
for the U(dk,) term and
a=[llk+x,l? - (w+0,)%/c*]/?

for the ai(dk,) term. Now we can do the dt’, dz’ inte-
grations in

{”:fGlJ{dx'dy’dz’dt' ,
with
 _ p fo_; Rog'
JI_CZ\/-Z K, ¢

x{expli(o,t’ -k, r")]uldk,) +c.c.}.

" The di’' integration will introduce factors

205{w+0,£0,),

and the dw integration then fixes w at (¢, +0,). The
interpretation is clear; we retain only the +(o, +0,)
terms. Also, from now on w will be an abbreviation
for 0, + 0,, as a positive quantity. The dz’ integration
gives a factor

0 1
f e(uzm-,rdzlz
. K, ta

for a previously described, Omitting some algebra,
the result is

@=L [ [ [% te-1a- G0,
x(i explilwt — (k, + x, —x) °1, T}

x exp(—ikll r —qll - &k *p)ulde, Juldx,)

dx,dy,

+c.c.) Tr—nli-

(33)
It will turn out that p/*’ is negligible compared to p2.

V. THE ACOUSTIC INTENSITY

We want to calculate ( pﬁ) at a point well below the
surface, with p,=p{® +p™ from (32), (33). Let us
multiply two copies of expression (32) together, with
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dx,, di,, dxdy, as the infinitesimals in the second in-
tegrations. Taking {( ) of the product will produce a
factor

f (Kl)f (“a)d"xd"z ’

from terms k;=x,, K, =K,, together with “c.c.” terms,
and the phase factors exp[#(w? - Zllr — 1|| —=k+1)] cancel
(wide sense stationarity). There is another pair of
terms from ky=x,, k,=k,, according to (20). The spa-
tial phase factor in all cases has the form

exp[ti(k, +x,— 1) (x,-1))],
where r,, T, now lie in {z=0}.
Let us make the change of integration variables
g=r,-r,,
n=3(r+1,),
with unit Jacobian:
drdr, =dgdn .

(This is the value we choose for the previous 7.) The
vectors are all two-dimensional. The d§ integration
produces a factor

f exp{i(K, + K, — k)] - EdE =4m26(x, +x, —K),

where the 5 function is two-dimensional.
The element of area dn subtends solid angle

dnedny

d =
=lr g

|eosd],

at r, where cos §=£_/k is the z-direction cosine of the
vector r —n. In other words, the remaining differen-
tial dn/llr —n I can be expressed as

dn/llr -nl?=k/|k,|dQ,
with 9 =k /k the direction of k. Altogether,

(pi):%ff W' Tk, flc ~k,)| cosé |[dQdk,, (34)

with
P=w?- 0,0,[ K% = (1, —1,)*] - 0,0, (k, + 1,)* = %]
B 2K, 2 Kk k[ (K, + K, + £2)
o2 \V/? o2 \1/2
o386 57

The first term in I’ is the leading term; from

0,~0,~w/2, k/k,=4gc)/w, |o, —a,|=0(g/c) ,

one finds that the correction terms are [(g/c)/w]?
relative to the first; this is 10™* at 0.1 Hz. We drop
these terms, and we replace f(x,) by f(-x,). The 4
integration becomes

an
f’cosﬂldﬂ:f f' lcos6|sinadgdp=m,
o “nf2

and the resulting formula is

0D =3% [ o) (—rydax,, (35)
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where again w=20, is the frequency of the emitted
acoustic wave and the normalization is

(hz):ff(x)dx.

Dr. B. Hughes has informed the author that an extra
factor of 2 was inadvertently introduced in Ref. 4, Eq.
(33). (The folding of the negative frequency spectrum
onto the positive frequency axis was done twice.?) If
we take for our f(x) the Hughes form X(%,)G(6), our (35)
becomes the corrected version of his (33).

Dr. Hughes also notes®' that the corrected version of
the Brekhovskikh® Eq. (54) should be

r=01/2) [ doax,

essentially because Brekhovskikh uses the sine function
instead of the exponential for the basic wavelets [Ref.
2, Eq. (19)]. [There are also canceling errors by a
factor of 2 just before Ref. 2, Eq. (49).] If we replace
@*(k) in the Brekhovskikh Eq. (53) by our 2f(x), his
spectrum exceeds ours by a factor

{1+[Te?/4Q1 + T(H]}?,

in our notation. This factor is essentially unity below
ripple frequencies (26 Hz acoustic), but increases to
(5/4) (i.e., 1.94 dB) at high frequencies.

Altogether, after the above corrections are made,
the spectrum of Hughes and the present author agree,
and the spectrum of Brekhovskikh agrees with these at
low frequencies. The acoustic source level corre-
sponding to (35) is discussed in Appendix II.

Let us assume that the direction-frequency spectrum
of the surface gravity wavefield has the form &(0)G (6);
the normalization is (Ref. 22, Sec. 4.5):

()= ‘( " s(o)do,

fz'o(e)de=1.

The acoustic spectrum involves the association parame-
ter y defined by

x=2nf2'0(6)0(0+ mdg;

x=1 for uniform G, and x = 7/4 is the value used in
Ref. 4. For (o) we take the form

d:(a):‘j—g—: y 0>0,,
o

=0, o<o,,

with ¢, the wind-and-fetch dependent spectral peak and
B8=0.0123 a dimensionless constant (Ref. 22, p. 147).
Then, with w=20 =2(g«x)'/? and f,=0,/7,

= stpar

(]
for acoustic spectral density

S(f) = (4xp’g ®8%/n°c®) (1/f7) .
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{Numerically,
1010g(S(f)/10°2]=113.1 - 10logf
dB/ uPa’/Hz),
above the cutoff; we have used x=7/4.}
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APPENDIX A
Vorticity considerations

It is known that the potential flow of Sec. II leaves a
nonvanishing stress on §, when the viscosity term is
included in the mdmentum flux tensor (Ref. 22, Sec.
3.4). This stress must be eliminated by including a
vector potential term Vx A in v; a wave-height ampli-
tude perturbation series has been given to second order
in Ref, 6. Except for a pseudosound term proportional
to vx® (Ref. 22, Eq. 3.4.13), the vorticity field is con-
fined to a thin layer near §;, and the Vv components in
this layer are of the same order as those in the poten-
tial flow (Ref. 22, p.48). The relative thickness of this
layer (unit 1/x) is 1/(2Q)"/2, where the viscous damping
coefficient for gravity waves is @ =o/(4v«®). Graphs of
1/(2Q) are given in (Ref. 22, Fig, 3.1) (For a clean
ocean surface, 2Q =100 at ¢=200 radians/s, acoustic
frequency 64 Hz. Even with oil film, 2Q ~ 50 at 100
Hz acoustic). Since the production of sound is a volume
effect, according to our treatment, vortical corrections
of the acoustic intensity will be of order 1/(2Q)!/?
relative to the intensity due topotential flow. At the
frequencies of interest (0.1-10 Hz) these corrections
will be negligible. :

APPENDIX B

The source level

An acoustic monopole in the ocean close to the sur-
face will generate a dipole farfield, because of the an-
tireflection at the free surface. The dipole is vertical-
ly oriented, and lies in the surface. In a homogeneous
ocean, the acoustic intensity at a large distance »
from the source is p*/(pe)=[3 cos?6/(2m?)|W W/m?,
where 8 is the polar angle from the dipole to the point
of observation, and where W is the total acoustic power
into the ocean,

Suppose next that such sources are distributed over
the ocean surfaces, radiating into the ocean at a mean
rate I W/m? which is uniform over the whole sur- -
face. The contributions from disjoint areas are as-
sumed to be incoherent. At a point P well below the
surface an element of solid angle df2 in the upper
hemisphere at P intercepts an element of area »2dQ/
cosf on the ocean surface, where @ is now the colati-
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tode of A2 and r the distance from P to the surface in
direction Q. The sources in this element of area have
power Ir?d§3/cosé, and the resulting contribution at P
is

p? _3cos?9 Ir%dQ _, 3cosé

dp—c_ 277% cos =1 2 .

The integration over the hemisphere
f cosg dQ=m

is elementary, and gives
Pz/DC = g‘l ’
for the mean square pressure at P.

The factor  is required by the cos 8 distribution of
the flux at P, as follows. Radiation from Ir?d/cos §
strikes a horizontal square meter at P obliquely, and
the incident flux through a horizontal window at P is

f cos 6d (p—a)
pc

\ _ .
:I_[Bc;: 0 dQ =1 W/(horizontal m?}.

This elementary conservation of energy would be far
more complicated if bottom reflection and water atten-
uation were taken into account*; reverberation could
raise the level by 6-30 dB.

Comparing with (34)-(35), it is apparent that the
source level producing (35) is

=28 =25 f WU (=K -
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