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Bender and Dean (2003) investigated the inter-

action of linear water waves with two-dimensional

trenches and shoals of finite width with sloped

transitions between the depth changes (Fig. 1) using

three methods: the step method, the slope method

and the numerical method. Among them, the step

method is valid in arbitrary water depth while the

slope method and numerical method are valid only in

the shallow water region. The slope method is an

extension of the earlier analytical solution by Dean

(1964) for long wave modification by linear tran-

sitions. The slope method is a very useful and

important approach that makes the exact solution of

wave reflection and transmission possible. However,

possibly due to the complex nature of the resultant

system of equations, instead of obtaining the closed-

form analytical expression, Bender and Dean (2003)

computed the reflection and transmission coefficients

numerically with the use of standard matrix techni-
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que for the linear system of equations with eight

unknown amplitudes and eight unknown phases.

Recently, Lin and Liu (2005) has found the closed-

form analytical solution for wave interaction with an

obstacle of general trapezoidal shape based on the

shallow water theory. Their approach can be easily

extended to the trench cases discussed in Bender and

Dean (2003). With the use of Lin and Liu’s (2005)

method, the explicit expression can be obtained and

the reflection coefficient is given as follows

KR ¼ jz1 � iz2j=jz1 þ iz2j; ð1Þ

where

z1 ¼ J1 a1ð ÞY1 a2ð Þ � J1 a2ð ÞY1 a1ð Þ½ � PX þ QXVð Þ

þ i J1 a1ð ÞY0 a2ð Þ � J0 a2ð ÞY1 a1ð Þ½ � PXVþ QXð Þ;
ð2Þ

z2 ¼ J1 a2ð ÞY0 a1ð Þ � J0 a1ð ÞY1 a2ð Þ½ � PX þ QXVð Þ

þ i J0 a2ð ÞY0 a1ð Þ � J0 a1ð ÞY0 a2ð Þ½ � PXVþ QXð Þ;
ð3Þ
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Fig. 1. Definition sketch for trench with sloped transitions.
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X ¼ e�ik3W þ eik3W ; XV ¼ e�ik3W � eik3W ; ð4Þ

P ¼ J0 b1ð ÞY1 b2ð Þ � J1 b2ð ÞY0 b1ð Þ

þ i J0 b2ð ÞY0 b1ð Þ � J0 b1ð ÞY0 b2ð Þ½ �; ð5Þ

Q ¼ J0 b2ð ÞY1 b1ð Þ � J1 b1ð ÞY0 b2ð Þ

þ i J1 b2ð ÞY1 b1ð Þ � J1 b1ð ÞY1 b2ð Þ½ �; ð6Þ

with r13 ¼
ffiffiffiffiffiffi
h1
h3
;

q
r53 ¼

ffiffiffiffiffiffi
h5
h3
;

q
a1 ¼ 2k1x1; a2 ¼ a1=

r13; b1 ¼ 2k3h3 x4 � x3ð Þ= h3 � h5ð Þ; b2 ¼ r53b1, and

k1 and k3 being wave numbers related to water depths

h1 and h3, respectively.
Fig. 2. Comparison among the present analytical solution, the numerical so

Dean (2003): (a) Fig. 16 and (b) Fig. 17.
As a validation, four cases shown in Fig. 16, Fig.

17, Fig. 19 and Fig. 20 in Bender and Dean (2003) are

calculated again here by using the analytical solution

(1), and the comparisons are presented in Figs. 2(a)–

(b) and 3(a)–(b), respectively. It can be seen that the

agreement among the present analytical solution and

solutions of the numerical method and the slope

method are quite good.

It is worth indicating that the analytical solution (1)

can be reduced to several well-known special cases,

namely, waves past a rectangular obstacle with a finite

length by Mei (1989), a step with an infinite length by

Lamb (1932) and an infinitely long step behind a
lution and slope method solution for two cases studied in Bender and



Fig. 3. Comparison among the present analytical solution, the numerical solution and slope method solution for two cases studied in Bender and

Dean (2003): (a) Fig. 19 and (b) Fig. 20.
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linear slope by Dean (1964). They are shown as

follows.

When x2Yx1 and x4Yx3, then a1Y0, a2Y0,

h1Y0 and h2Y0, thus

Pc� 2

pb2

þ b2

pC 2ð Þ ln
2

b1

�
þ i

2lnr53

pC 1ð Þ ;
�

ð7Þ

Qc� 2

pb1

þ b1

pC 2ð Þ ln
2

b2

�
þ i

C 1ð Þ
pC 2ð Þ

1

r53
� r53

�
;

��
ð8Þ

z1c
C 1ð Þ
pC 2ð Þ

�
1

r13
� r13

�
PX þ QXVð Þ

þ i
1

p

�
a1

C 2ð Þ ln
2

a2
þ 2

a1

�
PXVþ QXð Þ; ð9Þ

z2c

�
2

pa2
þ a2

pC 2ð Þ ln
2

a1

�
PX þ QXVð Þ � i

2lnr13

pC 1ð Þ
	 PXVþ QXð Þ; ð10Þ

therefore

KRc
j 1� r13ð Þ 1þ r53ð Þe�ik3W� 1þ r13ð Þ 1� r53ð Þeik3W j
j 1þ r13ð Þ 1þ r53ð Þe�ik3W� 1� r13ð Þ 1� r53ð Þeik3W j ;

ð11Þ

which coincides with the reflection coefficient given

by Mei (1989) (see pp. 130–131) for this special case,

where carefulness must be taken as there is a pen slip

in Eq. (4.17) in Mei’s (1989) solution.
Furthermore, if r13=1 or r53=1, then (11) degener-

ates into

KR ¼ 1� r53ð Þ= 1þ r53ð Þ; ð12Þ

KR ¼ 1� r13ð Þ= 1þ r13ð Þ; ð13Þ

which are the reflection coefficients for an infinite

step given by Lamb (1932).

On the other hand, when r53Y1, then b1Yl and

b2Yl and

P ¼ Q ¼ � 2

p
1ffiffiffiffiffiffiffiffiffiffi
b1b2

p ei b2�b1ð Þ þ O
1

b2
1

!
;

 
ð14Þ

we therefore have

KRc
jz3 � iz4j
jz3 þ iz4j

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jz3j2þjz4j2þ2 Re z3ð ÞIm z4ð Þ� Im z3ð ÞRe z4ð Þ½ �

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jz3j2þjz4j2�2 Re z3ð ÞIm z4ð Þ� Im z3ð ÞRe z4ð Þ½ �

q ;

ð15Þ

where Re(z) and Im(z) denote the real and imaginary

part of z, respectively, and

z3 ¼ J1 a1ð ÞY1 a2ð Þ � J1 a2ð ÞY1 a1ð Þ

þ i J1 a1ð ÞY0 a2ð Þ � J0 a2ð ÞY1 a1ð Þ½ �;
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z4 ¼ J1 a2ð ÞY0 a1ð Þ � J0 a1ð ÞY1 a2ð Þ

þ i J0 a2ð ÞY0 a1ð Þ � J0 a1ð ÞY0 a2ð Þ½ �:

By denoting that

D1¼J 20 a1ð ÞþJ 21 a1ð Þ; D2¼ J 20 a2ð ÞþJ 21 a2ð Þ;
l1¼Y 2

0 a1ð ÞþY 2
1 a1ð Þ; l2¼Y 2

0 a2ð ÞþY 2
1 a2ð Þ;

m1¼J0 a1ð ÞY0 a1ð ÞþJ1 a1ð ÞY1 a1ð Þ;
m2¼ J0 a2ð ÞY0 a2ð ÞþJ1 a2ð ÞY1 a2ð Þ;

the Eq. (15) can be further simplified as

KRc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D1l2 þ D2l1 � 2m1m2 �

8

p2

r13

a21

s
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D1l2 þ D2l1 � 2m1m2 þ

8

p2

r13

a21

s ; ð16Þ

which coincides with the analytical solution by an

infinite step behind a linear slope, Dean (1964) (see

pp. 19–20) for long wave modification by an infinite

step behind a linear slope, although Dean considered

waves incident from the opposite direction.
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