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ABSTRACT

Sets of simultaneous data of wind profiles and surface waves recorded in Lake Michigan
during fall 1965 facilitated a detailed study of generation and decay aspects of wind waves.
A logarithmic wind profile, fitted to data measured simultaneously at 3 or 4 anemometcr
heights, appears to be satisfactory. From the parameters of frictional wind velocity and
roughness element computed from the logarithmic wind profile, the spectral growth of
waves according to recently developed theoretical models of wave generation was predicted.
The energy spectra of measured waves indicate that wave energy growth rate is, as pre-
dicted, exponential with respect to time but is 8 times larger than the predicted rate. The
decay of wave spectra at a single location was qualitatively examined. The peak frequency
either increased or. remained constant for decreasing spectral energy. The similarity in
behavior of wave spectra was demonstrated through normalization which resulted in an
empirical equation for wave spectra. The measured equilibrium range in the high-frequency

region of the spcctra follows the f° rule.

INTRODUCTION

Along with the development of various
theoretical models for the physical proc-
esses of wind-generated water waves, a
number of laboratory and field measure-
ments have been made recently. The pub-
lished results of these studies show little
quantitative agreement as yet between the-
ory and experiment on wind waves. This
may be because a mathematically tractable
model requires drastic assumptions and
simplifications, whereas the actual proc-
esses involve many physical unknowns.

In connection with the study of waves
in the Great Lakes, spectral anlysis of wave
records from Lake Michigan, where wind
profile data are simultaneously available,
were obtained. Thc available data were
recorded during a nonsteady wind field,
where both speed and direction were
changing with time; nonsteadiness of wind
is frequent in the Great Lakes and inhibits
substantial efforts to link field data with
existing theoretical results. This paper pre-
sents some qualitative features of wind
waves resulting from a study of Lake Mich-
igan wave spectra. The results provide a
basis for estimates of spectral growth in
wave spectra over the major frequency
range; this is discussed in the light of
theoretical models.

DATA AND ANALYSIS
Wind and wave data

The wind profile data used in this study
were reported by Elder and Soo (1967).
The data were recorded in 1965 from U.S.
Lake Survey’s Lake Michigan Research
Tower, a stecl mast of braced construction
extending 16 m above the water surface
and located in 15 m of water about 1.6 km
from the east shore of the lake near Muske-
gon, Michigan (Fig. 1). Anemometers were
placed on the mast 4, 8, 12, and 14 m above
mean water level. The published data
(hourly averages) were reanalyzed in this
study and fitted to logarithmic profiles. In
particular, 33 sets of profiles during the
period of 29 October to 1 November 1965
were used because wave records during
this period were also available, »

The waves were measured with a step-
resistance wave gauge consisting of a 4.5-m
wave staff fabricated in plastic sections
with resistors spaced at 6-cm intervals.
Wave data were recorded continuously
(1.27 em/min) on magnetic tape. Episodes
of wave records 8 to 10 min long, selected
to accord with wind data, were reproduced
in analog form on strip charts through a
flux responsive system reproducer at the
U.S. Army Coastal Enginecring Research
Center, Washington, D.C. The strip-chart
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records were then digitized at a sampling
rate of 3/sec.

Logarithmic wind profiles

The form of the wind profile has been
studied extensively. The logarithmic profile
is generally accepted as valid for turbulent
air motion over water. Based on dimen-
sional analysis, the vertical distribution of
windspeed U with respect to height z over
water is given as

U(z) = Ui In (2/), (1)

where z, is the parameter of roughness, and
U, is the reference velocity defined by

Uy = Us/k = k71 (T0/pa) . (2)

Location of Lake Michigan research towecr.

U denotes the friction velocity, « is the
nondimensional K4rmén’s constant assumed
equal to 0.40, p, is the density of air, and
7o is the shear stress at the water surface.

Equation (1) was fitted to the profile
data using the method of least squares.
The parameters Uy and 2, were solved si-
multaneously during the regression process.
The resulting dimensionless profiles of
windspeeds, where Uy = 2.5Usx, are plotted
in Fig. 2. The measured data and the line
denoting the logarithmic law show fair
agreement, with some indication that the
value of Karman’s constant for the Great
Lakes may be somewhat smaller than as-
sumed. Earlier measurements on the Great
Lakes (Portman 1960; Bruce, Anderson,
and Rodgers 1961), also plotted in Fig. 2,
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F1c. 2. Dimensionless profile of windspeed over water waves.

indicate the same result. In the absence of
more accurate measurements, a logarithmic
profile apparently is adequate to describe
the distribution of windspeed over waves
in the Great Lakes.

The data in Fig. 2 were obtained from
the reported profile data without consid-
ering the effects of atmospheric stability.
An examination of these effects indicates
that all data lie within 1% of the linear
regression line for a neutral atmosphere.
For stable or unstable atmospheres, on the
other hand, a maximum deviation of 3%
was detected. Most of the wind profiles
used in the study of waves were recorded
under neutral or near-neutral conditions
(i.e., temperature differences between air
and water within =3C).

Windspeeds and drag coefficients

It is customary to express the shear stress
exerted by the wind on the water surface
in terms of the average windspeed mea-
sured at a certain height, usually 10 m, as

(3)

The factor of proportionality C.o, a dimen-
sionless constant, is known as the drag

To = Pacm U,e?

coefficient. Because U:?=7¢/ps, C1o can
be easily related to the parameters of the
wind profile by

Ci10= (U+/Uig)2 (4)

Using equation (1) with z = 10 m and
equation (4), we can compute a pair of
values of Uyq and Cy, for each profile. The
problem of determining the surface stress
is thus reduced to ascertaining reliable
values of Cyy.

When only wind data of neutral stabil-
ity conditions are used and cases of de-
creasing wind are eliminated, relatively
less scatter is found and unambiguous
connection between Ci, and Uy is ob-
tained (Fig. 3). The solid line in the fig-
ure is a linear regression curve which can
be represented by

Ci0= (035 +0.15U,9) X 103,  (5)

where Uy is in m/sec.

Although quantitatively less, the trend of
data in Fig. 3, which indicates that C;, in-
creases with increasing windspeed, agrees
qualitatively with most recent investiga-
tions (e.g., Deacon and Webb 1962; Paul-
son 1967). In particular, the order of
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Fre. 3. The variation of drag coefficient with
windspeed for neutral and near-neutral atmo-
sphere.

magnitude of the empirical coefficients in
equation (5) agrees quite closely with the
results of Sheppard (1958) and Zubkovskii
and Kravchenko (1967); the latter was
obtained from direct measurements of
momentum fluxes with an acoustic ane-
mometer,

Spectral analysis

Spectral analysis is a convenient mathe-
matical tool for the study of water waves.
The spectra in this study were computed
by the -correlation-cosine transformation
procedure (Blackman and Tukey 1958).

Assuming that the digitized wave records
can be regarded as stationary Gaussian ran-
dom processes, the autocorrelation function
is given by

R(ty) = (h(t) h(t + to)), (6)

where h(t) represents the time history of
the water surface, and (-) denotes the aver-
age with respect to time. R(%), a function
of time lag %, is the temporal average of
the correlation of all values of h(t) that
are separated in time by #,. For zero lag,
it becomes

R(0) = (h*()) = 0%, (7)
where o2 designates the variance of the
surface displacements. Physically, the vari-
ance is proportional to the average energy
contained in the train of waves. The sig-
nificant wave height H;,3, defined as the
average of the highest third of the wave
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heights in the record, is related to the vari-
ance by 1'11/3 =40 (Cole 1967).

The energy spectra were calculated by
the following relation:

E(f) = f7 R(¢) cos 2nft dt. (8)

spectra thus obtained were
smoothed and the noise removed by the
techniques described by Liu (1968). A
total of 1,600 data points was used from
each set of data for the calculations. A
maximum of 80 lags was used in calculating
correlation functions. The 90% confidence
limits were approximately 0.72 and 1.31,
with respect to the spectral values.

RESULTS AND DISCUSSION
Representation of the spectral field

Following the presentations of Barnett
and Wilkerson (1967) and Munk et al.
(1963), a spectral field for waves was de-
rived by plotting the contours of equal
spectral density on the frequency-time axes
(Fig. 4). The corresponding wind histo-
ries are also plotted to provide an overview
of the variability of spectral energy of
waves with respect to wind field.

The contour diagram represents the 3-
day period from 0700 on 29 October
through 0300 on 1 November 1965. The
contours cover mainly the lower-frequency
part of the spectrum, where most of the
dominant energies are concentrated. The
plotting interval along the frequency axis
was 0.025 Hz, which gives approximately
16 values of E(f) from each of the 33
spectra. Along the time axis, the plotting
interval varies from 1 to 5 hr depending
on the availability of wind records. Wind
data are plotted and represented by solid
lines, with the exception of two large gaps
of 1400-2200 hours on 29 October and
0800-1400 hours on 31 October which are
shown by dotted lines. Continuity and
linear variations were assumed between
the discrete data points; this seems justi-
fied in view of the variations of corre-
sponding spectral fields.

An cxamination of the spectral field
versus wind field indicates that for increas-
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sponding wind dircction and speed.

ing windspced, the major spectral peaks
migrate toward lower frequencies. This is
analogous to what is expected from a the-
oretical model of “switching on” a steady
wind over a large body of water for an
increasing duration or fetch. The varia-
tions of wind direction appear to have less
qualitative effect over the spectral field
than does the windspeed. However, a con-
stantly changing wind direction causes a
low intensity of spcctral energy compared
to a steady wind direction of lower speed.
It is obvious that the actual mechanism of
wave growth differs markedly betwcen
winds with varying direction and those
with steady direction.

Several ridges appear in the higher fre-
quency region of the spectral field. These
ridges approximatcly parallel the frequency

axis and more or less correlate with energy
peaks which, in turn, closely correspond to
the pcaks of windspeed. This illustrates
that the spectral field of waves is very
sensitive to the wind field and that the
wave spectra are directly affected by the
instantaneous wind variations.

The growth of wave spectra

Since the first analyses of Miles (1957)
and Phillips (1957) on the generation of
wind waves were published over a decade
ago, there have been many significant con-
tributions to further advances in modern
wind-wave theory (for reviews see Kins-
man 1965; Sandover and Holmes 1966;
Phillips 1966).

In this study, attention is directed to the
generalized model by Miles (1960) and
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Phillips (1966). This model combined the
resonance mechanism (Phillips 1957) of
wave generation with the shear-flow model
(Miles 1957) to give a quantitative theory
for the growth of waves over a limited
range of time. According to this model,
the wave growth rate is linear in the very
carly stages, followed by a transition to
exponential in the later stages. Laboratory
studies seem to substantiate this result
qualitatively (Hidy and Plate 1966; Suth-
erland 1968). In a previous study of Lake
Michigan waves (Liu 1968), there was
some indication of exponential rate in spec-
tral growth. The data of this study were
used to continue investigations of the
applicability of this model.

According to Phillips (1966), the instan-
tancous wave-number spectrum for wave
energy mcasured at a fixed point can be
expressed by

Y(k, t) = [7l(k, f)/(pwc)?] X
sinh 2arfet/2mfe, (9)

where p,, is the water density, c is the phase
speed of waves, and k is the wave number
vector where y(k) =y(k,6) with 6 being
the direction of wave propagation and k
the onc-dimensional wave number associ-
ated with wave frequency by 2zf = (gk)*.
The term II(k,f) represents the wave-num-
ber-frequency spectrum of the atmospheric
pressure fluctuations with respect to t. The
dimensionless constant ¢, interpreted as the
fractional increcase in mean energy per ra-
dian-cycle, can be evaluated if the wind
profile is known (Miles 1960).

To facilitate the application of the results
obtained from this study, the onc-dimen-
sional frequency spectrum E(f,t) rather
than directional wave-number spectrum
¢(k,t) is used (Hidy and Plate 1966;
Sutherland 1968). For waves with small
amplitude the frequency spectrum function
is given by

E(f,t) =[2(2nf)*/g*1y(k, ).  (10)

Let
F(k,f) =[(2m)*f3/ (puge)?]Ti(k, f), (11)
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then cquation (10) becomes
E(f,) = F(k, f) sinh 2nftt/2mfe. (12)

Assuming that the spectrum of atmo-
spheric pressure is independent of time,
then F(k,f) is also independent of time.
The differentiation of the logarithm of
equation (12) with respect to time then
yiclds the thcoretical rate of energy
change Sy

Sy =01n E/ot = 2zrf¢ coth 2aft. (13)

Equation (13) can be used to estimate the
growth rate of measured spectral compo-
nents. For the cases when 2mf¢t is suffi-
ciently large, equation (13) reduces to

ol E/ot=2mft for 2mfet> 1. (14)

When 2af¢t is sufficiently small, equation
(12) becomes

E(f,t)=F(k f)t for 2mfet <1. (15)

Since F(k, f) is independent of time, equa-
tion (15) indicates that theoretically E(f,t)
increases linearly with time.

As can be scen from Fig. 4, there are
only two episodes of wave data that dis-
play the nature of growing. Figure 5 shows
the plot of individual wave-frequency spec-
tra obtained from 2100 on 30 October
through 0800 on 31 October. The wind
field concerned is quite unsteady. Wind
dircction changed constantly while wind-
specd increased from 5 to 15 m/sec over
the 12-hr period. The changing wind di-
rection resulted in constantly decreasing
fetches involving a wave-generating mech-
anism yet to be understood. During that
period the spectral peak generally moves
toward lower frequencies. Howecver, the
growth of peak energy does not reveal a
clear pattern. In the figure inset, the spec-
tral components of energy at the frequency
f1 are plotted versus time, where f, is the
frequency at which maximum energy is
attained during this episode. A dashed line
plotted through the scattcred points sug-
gests an approximate linear growth rate for
this energy component. Since the linear
growth implies the early stage of wave
growth under a stcady wind, the growth



264 PAUL C. LIU

~f=0.175 sec™
d
3+ //
/~ » f=0150 sec™!
/° ,/
/ /
10° - /
/
/
f=0.125 sec™
2_
§ alnEf 4 =l
A : 244 %10 "seC
) 1A}
S A
w P
P
[
1= P
P 10°E_ | | | |
| ,r\\ o7 08 09 10 1 hr
m 29 Oct 65
|
i ';’ .
[/
i ,' WIND
! / LEGEND  TIME (HOURS) DATE (1965) DIRECTION
lil 0700 29 Oct 200
L f A\ 0800 29 oct 200
Py / -------- 0900 29 Oct 200
i [\ 1000 29 Oct 195
. 1100 29 Oct 195
i)
'y
o I// | ] ] L
0 02 04 06 08

FREQUENCY  (Hz)

Fic. 6. The growth of wave spectrum under increasing windspeed and constant fetch. The figure
inset shows the cxponential growth of spectral energy components at selected low-frequencies.



WIND WAVES IN LAKE MICHIGAN

of wave spectra under direction-changing
wind may be analogous to some kind of
resonance between the waves and the ex-
citing turbulent pressure fluctuations.

The other episode of growing waves,
covering a shorter period (0700 through
1100 hours on 29 October), presents a
much better basis for study in the light of
theoretical analysis. The wind direction
was essentially constant, and the wind-
speed increased linearly from 8.9 to 11.2
m/sec over the 5-hr period. The wave
spectra obtained under this wind field are
plotted in Fig. 6. The results illustrate a
recognizable pattern of wave growth. The
spectra are sharp crested, and their shapes
remain similar. The peak energy continu-
ally increases, and the front face of the
spectra moves progressively toward lower
frequencies as time goes on. At the high
frequency side of the spectra, a region of
saturated state exists where all correspond-
ing spectral values are clustered together
independent of time or windspeed. This
region, representing an equilibrium be-
tween energy input and energy loss dur-
ing the generating process, is known as
the equilibrium range of the wave spec-
trum. Qualitatively, this observed bchavior
closely resembles the features expected
from the theoretical model assuming con-
stant windspeeds.

In the inset of Fig. 6, spectral compo-
nents of energy at three low frequencies
are plotted against time on a semilogarith-
mic scale. Although the dashed lines indi-
cate some curved trend at a later time, the
solid lines clearly demonstrate the evidence
of exponential growth of the spectral encrgy
components. The slope of these lines pro-
vides the observed logarithmic growth rate
of 4.4 X 10* sec; this value will be used
in comparison with theoretical calculations
in the next section. The curved trend may
indicate the “overshoot” behavior of the
spectral cnergy components (Barnett and
Sutherland 1968). However, the wind de-
cayed too soon to give further evidence for
this phenomenon.

From the discussions of equations (14)
and (15), it is evident that the parameter
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¢ is of central importance in defining the
time history of each spectral energy com-
ponent. The determination of ¢ involves
intricate analysis of the interactions be-
tween wind and waves. Several alternative
mechanisms are presented in the literature,
each being applicable under specified con-
ditions. In this study, the inviscid shear-
flow model of Miles (1957) is used, which
requires only the wind profile and the
wave spectrum to carry out the theorctical
calculations.

The central concept of Miles’ model is
the existence of a “critical layer”—the cle-
vation above the water surface at which
the mean windspeed equals the phase
speed of the wave perturbation. When the
logarithmic wind profile of equation (1)
is used and setting U = ¢, the height of the
critical layer z, is

(16)

At this height, the energy is extracted from
the wind and transferred downward to the
waves. The rate of energy input to the
waves is proportional to the curvature of
wind profile at this critical layer. Miles
(1957) has introduced a dimensionless pa-
rameter B and obtained the following rela-
tion for logarithmic wind profile

¢ = (po/puw) (Ur/c)*B,

where g is a function of kz, and k denotes
the wave number. The value of g for the
corresponding value of kz, can be obtained
from the curve provided by Miles (1959),
and ¢ is readily computed from equation
(17). The data of 29 October and appro-
priate parameters computed for the spectra
of Fig. 6 are given in Table 1, the last
column of which represents the theoreti-
cally predicted growth rate of spectral en-
ergy components computed by equation
(14). The phase speeds ¢ are associated
with the peak energy of each spectrum.
The elapsed times ¢ after the onset of the
wind are not as clearly defined as are the
fetches in this case. For a wave component
in a linearized model, Phillips (1958) has
demonstrated theoretically that ¢ is dy-
namically equivalent to a fetch distance D

¢ = %o €XP (O/Ul)

(17)
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Fic. 7. Transition fetch distance, expressed in
wave lengths, of the waves undergoing transition
as a function of ¢/U. Data points of various in-
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by D = ct/2, where c¢/2—the decp-water
group velocity—is the speed of energy
propagation of the spectral energy compo-
nents. From this, the ¢ values in Table 1
were estimated. A comparison of the
slope given in Fig. 6 with the thcoretical
slope, listed as Sy in Table 1, indicates that
the observed growth rate is greater than
that theorctically predicted rate by a fac-
tor of 8.
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This underestimation of Miles inviscid
shear-flow model in calculating spectral
energy growth ratc is by no means unex-
pected. Laboratory and field -experiments
reported previously have all indicated simi-
lar conclusions. The main difficulty lies
perhaps in the fact that the idealized model
is unable to tackle the inseparable effects
within the wave field, such as wave break-
ing, dissipation, and nonlinear interactions
between waves. The factor of 8 obtained
in this study is consistent in order of mag-
nitude with the results of Snyder and Cox
(1966) and Bamett and Wilkerson (1967).
This study, however, represents the only
analysis of field measurements that uses
measured logarithmic wind profiles.

As seen from equation (12), the expres-
sion 2mf¢t represents an important factor
in the wave-growth mechanism. In the

TasLe 1. Data of 29 October 1965 and parameters for theoretical prediction of spectral energy growth
of wind waves

13 S

U, v, % H,, ¢ %, Kz, B X S0 w10+ x Tos
Hour (m/sec)  (m/sec) (cm) (m) (m/sec)  (m) (rad-1) (sec) (sec)
0700 8.9 0.47 0.44 12 7.0 1.8 0.36 0.9 3.3 5.2 4.7
0800 9.4 0.42 0.10 1.5 7.0 0.8 0.16 1.7 4.9 5.2 6.8
0900 10.0 0.46 0.13 1.5 77 1.1 0.17 1.6 4.6 45 5.9
1000 10.7 0.49 0.14 1.9 8.5 14 0.18 1.5 3.9 3.5 4.8
1100 11.2 0.54 0.19 2.1 85 1.0 0.13 1.8 5.9 3.5 6.6
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WIND
SPEED DIRECTION
9.0 m/sec 220
5.5 m/sec 205
5.8 m/sec 195
4.2 m/sec 165

DATE {1965)
0700 30 Oct
0900 30 Oct
1300 30 Oct
1700 30 Oct
1900

30 Oct 4.3 m/sec 170

FREQUENCY (Hz)

Fic. 9. The decay of wave spectrum under decreasing windspeeds.

early stages of wave growth, 2nf¢t < 1, the
components of the wave energy spectrum
grow linearly with time. As the wind dura-
tion increases, the rate of growth for a
given wave frequency changes from a lin-
ear increase to an exponential one, and
27f¢e > 1. Thus, a transition will occur for
a duration ¢ when 2wf¢t is of the order of
unity. Based on this concept, Phillips and
Katz (1961) defined a transition wind dura-
tion T; for each frequency by

T(f) = (2mfe). (18)

To relate the transition to an observable
property of wave spectra, they suggested
that the time at which a particular wave
component occupies the steep forward
face of the energy spectrum is about equal
to the transition time. Using the Miles
numerical value for ¢, Phillips and Katz
derived a theoretical relation and displayed
the result as the transition fetch distance

in wave length (D,/L;) versus the speed
ratio of wave phase speed and windspeed
[¢(f:)/Uio] shown in Fig. 7. The sub-
script ¢ denotes that the parameters arc
associated with transition. The lower part
of the theoretical curve in Fig. 7 gencrally
corresponds with the measurement of Bur-
ling (1959) and Kinsman (1960) under
moderate wind and short fetch. Howecver,
for measurements under stronger wind, the
data of Snyder and Cox (1966) and Bar-
nett and Wilkerson (1967) have shown a
significant deviation from the theory. My
data, which do not concur with the theory,
are compatible in order of magnitude with
those of other investigators shown in Fig.
7. As the theoretical curve was based on
Miles’ ¢ value, which results in Sy 8 times
smaller than measured, the diverging trend
between theoretical and measured results
is not surprising.

In a continued analysis of equation (9),
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WIND
LEGEND "TIME (HOURS) DATE (1965) SPEED  DIRECTION
2200
0000

29 Oct [l.4m/sec 210
30 Oct I1.8m/sec 215
30 Oct 11,7 m/sec 220
30 Oct 10.3 m/sec 220

(m%sec)

FREQUENGCY (Hz)

Fic. 10. The decay of wave spectrum under
constant windspeed.

Phillips (1966) amended the work of Phil-
lips and Katz (1961) by a generalized
model for momentum flux. This model,
considering the effect of the undulatory
turbulent air flow over waves, will pre-
sumably produce additional contributions
to the parameter ¢. The theoretical results
on transition are shown in Fig. 8, where
the amplification factors of sinh 2mf¢it/
9mfeyt are plotted as functions of speed
ratio c¢(f;)/U» versus normalized transition
time T;g/U+. Here ¢ represents the value
estimated by Phillips (1966). In an analy-
sis of fully developed ocean waves, Volkov
(1968) compared the theoretical curves in
Fig. 8 with the field measurements in the
western Mediterranean Sea and the data of
Kitaygorodskiy and Strekalov (1962, 1963),
Pierson and Moskowitz (1964), and Snyder
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and Cox (1966). The results show only
a qualitative agreement between theory
and observation. My data are also shown
in the figure, and fit closely with other
field data. For all measured data with
values of ¢/U: in the range of 7 and 20,
values of T;g/Us are located consistently
below the theoretical curves. This can be
explained by the fact that for ¢/Us less than
20, the value of the coupling parameter ¢
estimated by Phillips has practically the
same value as Miles’ ¢, which, as previously
indicated, is too low for an oceanographic
scale. A quantitative agreement between
theory and observations is yet to be ac-
complished.

The decay of wave spectra

The behavior of a decaying wave spec-
trum has received relatively little attention.
No relationships have been developed to
show how the wave spectrum decays with
respect to time at a single location. The
decay studies in the literature are for
waves that spread out from a generating
area into a calm region (e.g., Sverdrup and
Munk 1947). Under this condition, an in-
crease in wave period is associated with
the decrease of wave energy. In this study,
the spectral field interpolated for the pe-
riod of missing record between 0800 and
1400 hours on 31 October (Fig. 4), seems
to agrec qualitatively with the criterion.
However, the three sets of spectra that are
decaying with respect to time (shown in
Figs. 9, 10, and 11) reveal that the fre-
quency of peak energy either remains con-
stant or increases with the decreasing wave
energy. This is just opposite to the gencral
criterion of wave decay. Although there
seems no valid interpretation for this con-
sequence, a previous study by Ijima (1957)
gave similar results.

Although the spectra in Fig. 9 correspond
to a decreasing windspeed with varying
wind directions, the winds for the spectra
in Figs. 10 and 11 are essentially constant.
Thesc quite different wind conditions im-
ply varied decaying processes, and an
examination of the results shows that the
decay of the peak energy of the spectrum



WIND WAVES IN LAKE MICHIGAN

LEGEND

E {nf -sec)

TIME (Hours) DATE (1965)
1300

269

HWIND
SPEED DIRECTION

31 Oct 11,6 m/sec 280

31 Qct 11.2 m/sec 290

31 Oct 11,5 m/sec 300

31 Oct 11,9 m/sec 305

0.4

FREQUENCY (Hz)

Fic. 11.

follows an approximate linear rate with
respect to time for decreasing windspeed
and an exponential rate of decay for con-
stant windspeed.

Similarity of wave spectrum and
equilibrium range

Similarity analysis is one of the elemen-
tary tools for studying measured wave
spectra. The analysis establishes the de-
pendence of the spectrum on various
wave-generating factors. Using a simple
normalization indicated by Hidy and Plate
(1966), Liu (1968) demonstrated the simi-
larity characteristics of wave spectra by the
following expression

E(f)fm/0* =F(f/fm), (19)

where f, denotes the frequency at which
the spectral energy E(f) is a maximum, o2
is the variance of the water surface, and
F(f/fu) represents a dimensionless func-

The decay of wave spectrum under constant windspeed.

tion that is universal for the spectrum of
wave energy. A typical application of
equation (19) to the spectra observed in
this study is shown in Fig. 12. The 11
normalized spectra clearly displayed the
behavior of similarity.

Defining the statistical properties of
wave parameters in terms of the moments
of the spectrum, Strekalov (1965) has de-
rived a generalized spectral formula which,
using the present notation, is

E(f) = G1(Ho?/fo) (fo/f)* X
exp [-Gz(fo/1)*], (20)

wherc the subscript 0 denotes averaged
parameters, and G, Gz, ¢, and b are di-
mensionless numbers empirically determi-
nable. If linear relations exist between H,
and o, and fo and f., then equation (20)
can be rewritten as

E(f) = A(*/fm) (f/fm)* X

exp [-B(f/fm) ], (21)
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which is practically the quantitative form
of equation (19). Fitting equation (21)
to the data of Fig. 12 then leads to the
following empirical equation of wave
spectrum

E(f) = 2.6(0%/fn) exp [-0.94(/fm) 4], (22)

which indicates that on the high frequency
side of the spectrum, E(f) is proportional
to % This is the region of the “equilib-
rium range” representing the saturation
state of waves as first introduced by Phil-
lips (1958). The two negative exponents
of (f/fn), namely -5 and -4, are in agree-
ment with the spectrum developed by
Bretschneider (1959) and the one proposed
by Pierson and Moskowitz (1964) for fully
developed seas. The application of simi-
larity analysis to substantiate the f-° rule
seems more appropriate than the process
of averaging spectra generally employed.

The parameters o and f,, can be obtained
from directly observable quantitics H, and
fo, respectively. Therefore equation (22)
can be used to estimate a wave spectrum
where actual wave recordings are not avail-
able. With the empirical relations between
wind and H, and f, available, equation
(22) can also be used for hindcasting wave
spectra directly from wind data.
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