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Abstract. In this study we present a new formulation for the nonlinear wave-wave
interaction source function in finite water depth. The formulation, denoted the reduced
integration approximation (RIA), is shown to compare well with published formulations,
both for shallow water wave-wave interactions [Herterich and Hasselmann, 1980; Polnikov,
1997; Hashimoto et al., 1998; A. Masuda and K. Komatsu, manuscript in preparation,
1998] and also for the asymptotic deep water limit: (1) the Hamiltonian formulation
proposed by Lin and Perrie [1997], by (2) Hasselmann and Hasselmann [1981], and (3) the
line integral transformation of Webb [1978] and Resio and Perrie [1991]. Of these deep
water formulations, that of Lin-Perrie generalizing the Hamiltonian representation of
Zakharov [1968] to finite depth water, is notable for its simplicity, efficiency and its ability
to apply to very shallow water (kh ' 0.3), and highly nonlinear (« # 0.3) interactions.
RIA is based on an analysis of the main resonance domain, which reduces the six-
dimensional integration to a quasi-line integral to minimize computational time. In terms
of computational time, RIA is a thousand times faster than the EXACT-NL version
formulated by Hasselmann and Hasselmann [1981], with similar accuracy. Thus RIA can
be considered a candidate for operational forecasting in finite depth water, in the sense
that the discrete interaction approximation was presented as a candidate for operational
deep water wave forecasting by Hasselmann et al. [1988].

1. Introduction

The importance of the nonlinear source term in a wave
model needs no emphasis. In an operational wave forecast
model, 25–50% of the computation time is used for evaluating
the nonlinear source function. Recently, Young and Van Vled-
der [1993] and Komen et al. [1994] have given a comprehensive
review of the history of past efforts to evaluate this term ef-
fectively. The state of the art, in operational wave models, is
still the discrete integration approximation (DIA) method pro-
posed by Hasselmann and Hasselmann [1985] for operational
models, and the EXACT-NL formulation of Hasselmann and
Hasselmann [1981] for research models. By introducing DIA,
Hasselmann et al. [1988] provided the possibility of having a
fully discrete spectral wave model that is based on solving the
energy balance equation, which was not possible before this
time. In particular, DIA made possible the introduction of
explicit source functions for input and dissipation. With some
tuning, DIA and Wave Model (WAM) are able to produce
reasonable deep water growth curves. Scaling allowed some
accommodation for finite depth conditions. Therefore DIA
represents a genuine milestone in the development of opera-
tional wave modeling.

However, it is impossible for a parameterization such as
DIA to satisfy all possible different spectral wave shapes, es-
pecially because the nonlinear transfer is very sensitive to both
the shape of spectrum and the water depth. Sensitivity of the
nonlinear transfer to angular resolution follows because the

distribution of the resonant solutions is highly nonlinear, as
reported by Phillips [1960] and Fox [1976]. Moreover, for ex-
tremely shallow water, quasi-resonant three-wave interactions
will transfer energy within the spectrum, as discussed by Elde-
berky [1996], although they do not theoretical satisfy the reso-
nance conditions for energy transfer. Therefore any apparent
ability of widely differing operational models (first, second,
and third generation) to predict the sea state with equal suc-
cess, as suggested by Cardone et al. [1995], reflects both model
tuning, as well as test storms which do not produce conditions
that deviated sufficiently from classical empirical growth
curves, to which the models were tuned.

Although DIA is very practical and EXACT-NL is very
elegant, the former has not been shown to work well for shal-
low water, and the latter is not efficient enough for operational
work. The motivation of this study is to find an accurate and
efficient method to evaluate the nonlinear wave-wave interac-
tions for finite depth water in the coastal region. The origin of
the nonlinear source function can be traced to the pioneering
studies by Hasselmann [1962], who applied perturbation theory
to fifth-order and obtained the energy transfer rate between
four-wave components for finite depth water. This result has
been recognized as a standard formulation for more than 3
decades. More recently, this work was extended by Herterich
and Hasselmann [1980], Hashimoto et al. [1998], A. Masuda
and K. Komatsu (manuscript in preparation, 1998), and to
finite depth water. However, the Hasselmann [1962] formulation
is not only limited to weak nonlinear interactions (« # 0.06)
but also to water that is not too shallow (kh $ 0.7), as
suggested by Herterich and Hasselmann [1980]. Furthermore, it
is too complicated to be of any practical use in describing the
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sea state evolution, especially in an operational wave forecast
model. Longuet-Higgins [1976] and Fox [1976] used a simplified
approach to estimate the nonlinear wave-wave interaction en-
ergy transfer for deep water. However, they concentrated on
the interaction of the components near the spectral peak, using
a limited number of degrees of freedom. Although effective,
this approach cannot be used for a discretized spectrum, which
is used by WAM. Moreover, this method is not in good agree-
ment with the results obtained through a more exact integra-
tion by Hasselmann and Hasselmann [1981]. The discrepancies
are especially pronounced in the determination of the loca-
tions of minimum and zero values.

A breakthrough in evaluating the nonlinear source function
Snl was proposed by Webb [1978] and Masada [1980], who
derived a equivalent but much simpler deep water formulation,
compared to that of Hasselmann [1962]. This simplified for-
mulation led to a new integration method for Snl, in addition
to EXACT-NL, the classical integration method for Snl. This
new method was implemented in the similarity scaling method
(SSM) formulation of Tracy and Resio [1982] and Resio and
Perrie [1991] in studies of the nonlinear source function in deep
water. The SSM formulation, which uses scaling and phase
space terms to replace the full integration variables with trans-
formed variables, generated an opportunity to accurately cal-
culate the nonlinear energy transform. This was verified by
comparisons with the classical investigations of Hasselmann
and Hasselmann [1981], as reported by Resio and Perrie [1991].
However, the speed of SSM is still much too slow to be used in
the operational model. Yet for research purposes, it has proven to
be of value, as shown by Young and Van Vledder [1993].

Recently, Snyder et al. [1993] proposed a hybrid scheme for
the Hasselmann [1962] formulation to simulate the nonlinear
action transfer rate. However, this method is only ;20 times
faster than the original full integration given by Hasselmann
and Hasselmann [1985], for the spectral frequency-direction
resolution of our integrations. Moreover, because the hybrid
method has to invoke the assumption that the spectral function
is piecewise constant basis and pre-sums coefficients, it divides
the frequency domain into 16 bins and the angle domain into
10 bins. For such low resolution, the solutions by Snyder et al.
[1993] may be similar to EXACT-NL. However, for high res-
olution, the solutions by Snyder et al. [1993] will significantly
differ from EXACT-NL. This is because the piecewise con-
stant assumption distributes the resonant solutions linearly.
However, the resonant solutions are highly nonuniformly dis-
tributed in the real world [Phillips, 1960; Fox, 1976].

As discussed by Lin and Perrie [1997, hereafter referred to as
LP97], Zakharov’s method is more elegant and has a much
simpler algebraic formulation than Hasselmann’s formulation,
which leads to a greater efficiency in the initialization of the
computation and also to greater accuracy in strongly nonlinear
situations [Crawford et al., 1981]. The former is based on a
Hamiltonian formulation whereas the latter is based on a
Boltzmann integral derived from perturbation expansions.
Herterich and Hasselmann [1980] suggest that the Boltzmann
integral method will break down when kh # 0.7, whereas the
Hamiltonian formulation remains valid until kh # 0.3. LP97
extended Zakharov’s calculation and obtained a new formula-
tion for the nonlinear energy transfer due to wave-wave inter-
actions in finite depth water with nonlinear dispersion. LP97
also found that wide band instability dominates in shallow
water, instead of narrowband instability. Moreover, Zakharov
[1998] pointed out that the nonlinear transfer rate in shallow

water is extremely sensitive to water depth, shape of the spec-
trum, and spreading angle.

In this paper, we are concerned with obtaining an accurate
and efficient formulation for the nonlinear wave-wave interac-
tions suitable for operational wave forecasting in finite depth
water. The theoretical basis for our presentation is found in
LP97. In the following sections, we present our reduced inter-
action approximation (RIA), and we compare our simulations
with the finite depth simulations of Herterich and Hasselmann
[1980], Polnikov [1997], Hashimoto et al. [1998], and A. Ma-
suda and K. Komatsu (manuscript in preparation, 1998) as well
as the asymptotic deep water simulations of LP97, Resio and
Perrie [1991] and Hasselmann and Hasselmann [1981]. In order
to make these comparisons, we use linear dispersion in the
following computations, which assumes v2 5 gk tanh kh .
Nonlinear dispersion, which will be presented in a related
paper, generally leads to smaller nonlinear transfers, especially
in shallow water.

2. Reduced Integration Approximation
In the following paragraphs, we are going to introduce a new

integration method, which achieves a reduction of the integra-
tion dimensions in order to speed up the integration. We will
show that the full six-dimensional integration can be reduced
to a quasi-line integration, which we denote as RIA.

From LP97, we know that the nonlinear action transfer rate
for wave-wave interactions in finite depth water is given by

­A ~ki!

­t
5 4pEEE

2`

`

Ti,1,2,3
2 d~k i 1 k1 2 k2 2 k3!

z d@v ~k! 1 v ~k1! 2 v ~k2! 2 v ~k3!#

z $A ~k1!A ~k2!@A ~k1! 1 A ~ki!#

2 A ~k1!A ~ki!@A ~k3! 1 A ~k2!#% dk1 dk2 dk3, (1a)

where

Ti,1,2,3 5 2V ~k3, k32k1,k1!
~2! V ~ki, k2, ki2k2!

~2!

z H 1
v ~k12k3! 2 v ~k3! 1 v ~k1!

1
1

v ~k2! 1 v ~ki2k2! 2 v ~ki!
J

2 V ~k2, ki, k22ki!
~2! V ~k1, k12k3, k3!

~2!

z H 1
v ~k12k3! 2 v ~k1! 1 v ~k3!

1
1

v ~ki! 1 v ~k22ki! 2 v ~k2!
J

2 V ~k2, k22k1, k1!
~2! V ~ki, k3, ki2k3!

~2!

z H 1
v ~k12k2! 2 v ~k2! 1 v ~k1!

1
1

v ~k3! 1 v ~k32ki! 2 v ~ki!
J

2 V ~k3, ki, k32ki!
~2! V ~k1, k12k2, k2!

~2!

z H 1
v ~k12k2! 2 v ~k1! 1 v ~k2!

1
1

v ~ki! 1 v ~k32ki! 2 v ~k3!
J

2 V ~ki1k1, ki, k1!
~2! V ~k21k3, k2, k3!

~2!

z H 1
v ~ki1k1! 2 v ~ki! 2 v ~k1!

1
1

v ~k21k3! 2 v ~k2! 2 v ~k3!
J

2 V ~2k22k3, k2, k3!
~1! V ~ki, k1,2ki2k1!

~1!

LIN AND PERRIE: WAVE-WAVE INTERACTIONS IN FINITE DEPTH WATER11,194



z H 1
v ~k21k3! 1 v ~k2! 1 v ~k3!

1
1

v ~ki1k1! 1 v ~ki! 1 v ~k1!
J

1 W ~ki, k1, k2, k3!, (1b)

in which

V ~ki, k1, k2!
~6! 5

1

8p Î2 H @k i z k1 6 kik1 tanh ~ki!h tanh ~k1!h#

z F v ~ki!v ~k1!k2 tanh k2h
v ~k2!kik1 tanh kih tanh k1hG

1/ 2

1 @k i z k2 6 kik2 tanh ~ki!h tanh ~k2!h#

z F v ~ki!v ~k2!k1 tanh k1h
v ~k1!kik2 tanh kih tanh k2hG

1/ 2

1 @k1 z k2 1 k1k2 tanh ~k1!h tanh ~k2!h#

z F v ~k1!v ~k2!ki tanh kih
v ~ki!k1k2 tanh k1h tanh k2hG

1/ 2J , (1c)

W ~ki, k1, k2, k3! 5 W# ~2ki, 2k1, k2, k3! 1 W# ~k2, k3, 2ki, 2k1! 2 W# ~k2, 2k1, 2ki, k3!

2 W# ~2ki, k2, 2k1, k3! 2 W# ~2ki, k3, k2, 2k1! 2 W# ~k3, 2k1, k2, 2ki!, (1d)

with

W# ~ki, k1, k2, k3! 5
1

64p2

zFv ~ki!v ~k1!kik1k2k3 tanh ~kih! tanh ~k1h! tanh ~k2h! tanh ~k3h!

v ~k2!v ~k3!
G 1/ 2

zF 2S ki

tanh ~kih!
1

k1

tanh ~k1h!D 2 U k1 1 k3U tanh U k1 1 k3U h

2U k1 1 k2U tanh U k1 1 k2U h 2 U k i 1 k3U tanh U k i 1 k3U h

2U k i 1 k2U tanh U k i 1 k2U hG . (1e)

The resonant conditions, as given by Phillips [1960], are

k3 5 k i 1 k1 2 k2, v ~ki! 1 v ~k1! 5 v ~k2! 1 v ~k3!, (2)

which are represented by the delta functions in (1a). These
limit part of the integral to a contour, the so-called locus of
interaction, thereby effectively reducing its dimensions. Fol-
lowing Webb [1978], Tracy and Resio [1982], and Resio and
Perrie [1991], we let OB(k1) equal the argument of the angular
frequency delta function. Setting OB(k1) 5 0, the two reso-
nant conditions in (2) can then be combined into a single
relation:

OB~k1! 5 0 5 v ~ki! 1 v ~k1! 2 v ~k2! 2 v ~ki1k12k2!, (3)

Introducing (n, s) coordinates, normal and tangential to the
interaction locus defined by (3), we may rewrite (1a) as
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The Dirac delta function has the following property [Jackson,
1962]:
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Since * dn[d(n 2 0)] 5 1, substituting (5) into (4), we obtain
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ĵU , (7a)

and the Heaviside function is
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Equation (6) reduces the original six-dimensional singular in-
tegration equation (1a) to a three-dimensional regular integra-
tion by eliminating two delta functions and evaluating the
integral along a resonant orbit, as suggested by Webb [1978]
and Tracy and Resio [1982].

The function Ti ,1,2,3 in (6) is given by the (1b). The fifth and
sixth terms in the right-hand side of the (1b):

1
v ~ki1k1! 2 v ~ki! 2 v ~k1!

1
1

v ~k21k3! 2 v ~k2! 2 v ~k3!
,

1
v ~k21k3! 1 v ~k2! 1 v ~k3!

1
1

v ~ki1k1! 1 v ~k1! 1 v ~ki!
,

are bound by the resonant conditions. However, the first four
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This means that if ki 3 k2 or k1 3 k3, the denominators of
these quotients will approach zero. Therefore these parts will
approach infinity. A similar explanation applies to the follow-
ing formulations.
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Therefore the nonlinear coefficient Ti ,1,2,3 from (1a) is mainly
determined by the limits ki 3 k2 and k1 3 k3, in which case,
the nonlinear transfer coefficient Ti ,1,2,3 converges to Ti ,1,i ,3

and Ti ,1,2,1 and we may write Ti ,1,2,3 . Ti ,1,i ,3 1 Ti ,1,2,i. We
can express k3 in terms of k2 by using resonant conditions, with
ki and k1 fixed. Furthermore, from (7a), we see that if ki 3 k2,
then u­OB/­n u 3 0 and the right-hand side of (6) converges
to its maximum. For these two reasons, we conclude that the
nonlinear coefficient Ti ,1,2,3 is mostly determined by contri-
butions occurring when ki 3 k2 and k13 k3. Therefore we do
not need to integrate k2 from 0 to `, but only from ki 2 Dk
to ki 1 Dk . Equation (6) becomes
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By optimizing accuracy and efficiency, through numerical

tests (see appendix), we find associated values for Dk and Du
(Dk). As only very limited ki domain (ki 6 Dk) is involved in
(8), we describe this integral as quasi-two dimensional. There-
fore, we have reduced a three-dimensional integration (equa-
tion (6)) to a quasi-two-dimensional integration (equation (8)).
In fact, we can further reduce the integration to a quasi-line
integration, because the limitation on k restricts the angle (Du)
of integration on k2. However, when k1 5 k2 and k1 5 k3, the
product of actions in (8) will vanish. We can solve this problem
by finding u9i instead of u i, where the integration in (8) at a
fixed u is maximum. Thus we have finally,
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which constitutes the reduced integration approximation
(RIA).

In the limit of a full integration, RIA is equal to SSM. This
includes the computation of the loci, and the phase terms;
however, the coupling coefficient of RIA is based on Hamil-
tonian formulation [Lin and Perrie, 1997], and those of SSM is
based on modified Webb formulation [Trancy and Resio, 1982].
In the tests implemented in the next section, the integration
limits on (9) are constrained by Du 5 308 and, in terms of
frequency, Df 5 0.4fp, where fp is the spectral peak fre-
quency.

3. Verification of RIA
In the above section we have examined the resonant domain

analytically and reduced the six-dimensional integration to
lower-dimensional integrations. In this section, we will numer-
ically compare the original integration with the approximation
integrations. To facilitate the comparison, we will use the same

JONSWAP spectrum with a narrow peak spreading (Hassel-
mann-Mitsuasyu spreading) as in LP97, which is shown in
Figure 1a. We also use the Pierson-Moskowitz spectrum with
wide angle spreading (cos2 u), as shown in Figures 1b, to
simulate a fully saturated wave spectrum. Finally, Figure 1c
uses the JONSWAP spectrum of Figure 1a, with cos2 u spread-
ing, as in Figure 1b. As mentioned above, we use linear dis-
persion.

Using the JONSWAP spectrum with Hasselmann-Mitsuasyu
spreading of Figure 1a, we present the nonlinear transfer, in
deep water in Figures 2a–2c. The nonlinear transfer of Figure
2a is computed by (6), which is a three-dimensional integra-
tion, whereas Figure 2b is computed using (8), which is a
quasi-two dimensional integration, and Figure 2c is computed
by (9), a quasi-line integral. In all these figures, the lines A,
B, z z z , G represent the angles of action transfer from 08, 308,
608, z z z , and 1808, respectively. As one can see, the shapes of
each computation in Figures 2a–2c are similar. Similar results
are presented in Figures 3a–3c, repeating the tests of Figures
2a–2c using an assumed Pierson-Moskowitz spectrum with
cos2 u spreading in finite depth conditions (kh 5 0.8), fol-
lowing A. Masuda and K. Komatsu (manuscript in preparation,
1998) and Hashimoto et al. [1998].

To examine the variation in magnitude, we plot the one-
dimensional action transfer, integrated over all the angles in
Figures 4a and 4b. Lines A, B, and C, in Figures 4a and 4b
represent the results from the full integration of (6), the two-
dimensional approximation of (8), and the quasi-linear approx-
imation of (9), respectively. Figure 4a gives results from the
JONSWAP nonlinear transfers of Figure 2, whereas Figure 4b
gives the results from the Pierson-Moskowitz nonlinear trans-
fers of Figure 3. One can see that there is only a slight change
in their magnitudes. The result obtained from the quasi-two
dimensional integration is almost the same as that correspond-
ing to the three-dimensional integration. Their maximal and
minimal values differ from the values obtained from the quasi-
line integral by ,12%. Further sensitivity tests are presented in
the appendix. In the next section we compare RIA with the
other nonlinear transfer formulations considered in this study.

4. Comparing RIA and Other Formulations
The tests of this section assume that (1) narrow peak spectra

with Hasselmann-Mitsuyasu spreading, as shown by the JON-
SWAP parameterizations of Figure 1a, (2) widely spread old
spectra, as shown by the Pierson-Moskowitz parameterizations
of Figure 1b with cos2 u spreading, and (3), widely spread
young spectra, as shown by the JONSWAP parameterization
of Figure 1c with cos2 u spreading. These input spectra are
chosen as important representatives of real ocean wave spec-
tra. Moreover, these input spectra correspond to published
tests for the nonlinear transfer formulations considered in this
study.

In the following calculations, the frequency increments are
given by dfi 5 0.08fi21, and the angular discretization (Du )
is 7.58. The number of frequency bands is 35, and the number
of angular bands is 48. The one-dimensional action transfer
rate is presented in Figures 5a–5b, calculated by the RIA
method. The initial spectra are the narrow JONSWAP spec-
trum of Figure 1a and the broad Pierson-Moskowitz spectrum
of Figure 1b, respectively. The lines A, B, C, and D represent
kh 5 36.3, 1.58. 1.0 and 0.8, respectively.

Using the narrow JONSWAP spectrum of Figure 1a, we
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Figure 1. The initial input energy spectrum, where the energy density profile is given in 308 increments. The
lines A, B, z z z , G represent angles 08, 308, z z z , 1808. NCWM indicates the New Coastal Wave Model
formulation for (6), as derived in LP97. (a) Using the JONSWAP spectrum, where sa 5 0.7, sb 5 0.9,
g 5 3.3, a 5 0.01, and fp 5 0.3, with a Hasselmann-Mitsuyasu directional spreading distribution. (b)
Pierson-Moskowitz spectrum with cos2 u directional spreading. (c) As in Figure 1a, with cos2 u spreading.
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Figure 1. (continued)

Figure 2. Comparisons of the various integration schemes for the nonlinear action transfer rate, using the
initial spectrum of Figure 1a: (a) three-dimensional integration (equation (6)); (b) quasi-two dimensional
integration (equation (8)); (c) quasi-line integration (equation (9)). The lines A, B, z z z , G represent angles 08,
308, z z z , 1808. NCWM indicates the New Coastal Wave Model formulation for (6), as derived in LP97.
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Figure 2. (continued)
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Figure 3. Comparisons of the various integration schemes of the nonlinear action transfer rate using the
initial spectrum of Figure 1b: (a) three-dimensional integration (equation (6)); (b) quasi-two dimensional
integration (equation (8)); (c) quasi-line integration (equation (9)). The lines A, B, z z z , G represent angles 08,
308, z z z , 1808. NCWM indicates the New Coastal Wave Model formulation for (6), as derived in LP97.



show in Figure 5a that as the water depth decreases from deep
to shallow, the nonlinear transfer rate initially decreases, until
kh . 1.58. Thereafter, with further decreases in water depth,
Figure 5a shows that the nonlinear transfer Snl increases, in
qualitative agreement with Herterich and Hasselmann [1980].
By comparison, the broad Pierson-Moskowitz spectrum of Fig-
ure 1b, leads to the nonlinear transfer shown in Figure 5b. This
shows that the nonlinear transfer increases with decreasing
water depth when kh $ 0.8, which is in good quantitative
agreement with A. Masuda and K. Komatsu (manuscript in
preparation, 1998) and Hashimoto et al. [1998]. Finally, Figure
5c presents the nonlinear transfer resulting from the broad
JONSWAP initial spectrum of Figure 1c. This shows that the
nonlinear transfer increases with decreasing water depth in
qualitative agreement with Figure 5b. Results from A. Masuda
and K. Komatsu (manuscript in preparation, 1998) are given in
Figure 5d, for kh 5 10.0, 1.0 and 0.8. The nonlinear inter-
actions are the same when kh 5 36.3 or kh 5 10, because
they both are completely deep water cases. Figure 5d shows
that the peak values of the nonlinear transfer at kh 5 0.8 are
1.25 times the corresponding values at kh 5 1.0, which is also
consistent with similar figures by Hashimoto et al. [1998]. The
change in scales between Figures 5b and 5c is about 53, with
is in good quantitative agreement with Figures 4a and 4b in
Hashimoto et al. [1998]. This quantitative agreement becomes
more evident when Figures 5b and 5c are normalized.

We have demonstrated, in the previous section and in this
section, that the one-dimensional nonlinear action transfer, as
estimated by the RIA method verifies well with more compre-

hensive full integral tests given in (6) and (8), and with ac-
cepted results from other research efforts, independent of wa-
ter depth or the spectral spreading function. In Figures 6a–6c,
we present the associated two-dimensional nonlinear action
transfer, with frequency (Hz) plotted on the absissa and wave
direction v plotted on the ordinate. Figure 6a is from the full
integration of (6), and qualitatively verifies well with similar
results obtained by Hasselmann and Hasselmann [1981] and
Resio and Perrie [1991]. Figure 6b is computed using the for-
mulation of Hasselmann and Hasselmann [1981]. Figure 6c is
obtained from the formulation of Resio and Perrie [1991]. One
can see that all the results are qualitatively very similar. The
corresponding RIA integration is presented in Figure 7, and
compares well with Figures 6a–6c, although the computation
time is much smaller. For example, compared to the Hassel-
mann and Hasselmann [1981] formulation of Figure 6b, the
computation time is several orders of magnitude faster.

The nonlinear transfer formulation originally proposed by
Zakharov [1968] was for deep water only, whereas the formu-
lation by Hasselmann [1962] includes finite depth water. How-
ever, the latter is based on the deep sea theory of Crawford et
al. [1981], using the small perturbative parameter « [ ak ,
where a is the wave amplitude. In LP97, we applied Zakharov’s
approximation to finite depth water and derived a formulation
in terms of the global perturbative parameter [ak(3 1 tanh2

kh)]/(4 tanh3 kh). Our formulation also includes an appro-
priate nonlinear dispersion relationship. We showed that as
the water becomes shallow, Phillips mechanics become less
effective, the resonant condition involves three gravity waves

Figure 3. (continued)
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Figure 4. Comparison of one-dimensional nonlinear action transfer rate integrated over all angles with
various integration schemes, where lines A, B, and C represent (6), (8), and (9) respectively; (a) the initial
spectrum of Figure 1a; (b) the initial spectrum of Figure 1b.
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Figure 5. One-dimensional nonlinear transfer rate, where lines A, B, C, and D represent kh 5 36.3 (10.0),
1.58, 1.0, and 0.8; (a) initial spectrum of Figure 1a; (b) initial spectrum of Figure 1b; (c) initial spectrum of
Figure 1c; (d) from Masuda and Komatsu (manuscript in preparation, 1998) using Pierson-Moskowitz
spectrum and cos2 u directional spreading (with permission).



interacting with one long wave and the nonlinear transfer rate
is reduced, especially in very shallow water. In the deep water
limit, our result is identical to that obtained from the Zakharov
[1968] formulation.

A quantitative comparison of these formulations is given in
Figure 8a, showing the maximal positive nonlinear transfer
rates summed over all angles, plotted as a function of angular
discretization sizes. It should be noted that as this is a very
“sharp” peak, this constitutes a very sensitive measure of con-

sistency. In Figure 8, lines A, B, C, and D represent the meth-
ods by Lin-Perrie, Hasselmann and Hasselmann, Resio-Perrie,
and RIA respectively. Figure 8 shows that the quantitative
differences among the different formulations are due to the
numerical computation. In fact, Dychenko and Lvov [1994]
have shown that the formulations by Zakharov and Hassel-
mann are analytically identical, for the one-dimensional case,
and semianalytically identical, for the two-dimensional case. In
our spectral computation, we found that the difference be-
tween formulations by Hasselmann and Hasselmann [1981],
and Lin-Perrie is ,8% and between Resio-Perrie and Lin-
Perrie formulations, is 9.7%, if Du # 7.58 . The differences
increase drastically for Du . 7.58 . Among all the formula-
tions, the one by Hasselmann and Hasselmann is the most
sensitive to the angular discretization size when Du . 7.58 .
To show this in another way, we also plotted the net nonlinear
transfer, which is the total integral of DA/Dt over the entire
frequency and direction domains, in Figure 8b. Since nonlinear
wave-wave interactions are a conservative process, the net non-
linear transfer should be zero. However, because numerical
computational errors accumulate throughout the calculation,
all formulations show a rapid deterioration of action conser-
vation as the angular discretization increases. This becomes a
serious problem when Du . 7.58 as shown in Figure 8b, with
curves identified as in Figure 7a. Therefore a wave model
should always keep the angular discretization ,7.58, regardless
what formulation is used for nonlinear transfer.

It is important to note that EXACT-NL and related formu-
lations are not “exact” because they do not represent analytical

Figure 5. (continued)

Figure 5. (continued)
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Figure 6. The full integral of the nonlinear action transfer from wave-wave interactions over deep water with
linear dispersion; (a) from (6) (kh 5 36.3) in frequency and direction coordinates. The increment between
two contour lines is 3 3 1026; (b) Hasselmann and Hasselmann [1985] formulation and (c) Resio and Perrie
[1990] formulation. The increment between contour lines is 3 3 1027 in Figure 6a and 3 3 1026 in Figures
6b and 6c.
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Figure 6. (continued)

Figure 7. The nonlinear action transfer rate computed from the reduced integration approximation, RIA in
(9). The increment between the contour lines is the same as in Figure 6a.
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Figure 8a. Comparison of the maximal positive values summed over all angles, denoted DA( fp)/DT , where
fp is the peak frequency of the transfer rate, from various formulations, as a function of angle discretization:
where A, B, C, and D represent Lin-Perrie, Hasselmann and Hasselmann, Resio-Perrie, and RIA.

Figure 8b. Comparison of the net nonlinear transfer from various formulations as a function of angle
discretization: where A, B, C, and D are the same as Figure 8a.
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calculations; they are only numerical computations. Of course,
integrations involving higher resolutions are closer to the real
solutions than integrations resulting from lower resolutions,
especially because the resonant solutions have highly nonlinear
distributions [Phillips, 1960]. Therefore calculations resulting
from lower resolution integrations may not even follow the
basic principles of the equation, such as conservation of en-
ergy. Figure 8b shows the relation between resolution and
energy conservation for the numerical integrational methods
considered in this study.

We compare the action transfer rates summed over all an-
gles, from Lin and Perrie, Hasselmann and Hasselmann, Resio
and Perrie, and RIA formulations, when Du 5 7.58 , in Figure
8c. The lines A, B, C, and D represent Lin and Perrie, Has-
selmann and Hasselmann, Resio and Perrie, and RIA, respec-
tively. Despite the differences in formulations, the overall ac-
tion transfer rates still look very similar. One can see that they
almost overlap. The maximum difference between these for-
mulations is ,10% at the peaks.

5. Conclusions
The RIA method is based on limiting the computational

domain, as suggested by an analysis of coupling coefficient
only. In this sense there is a difference between RIA and the
EXACT-NL formulation, in which the computational domain
is filtered on the basis of the small contributions to the total

integral, which are based on the product of the coupling coef-
ficient, for a certain interaction, and the wave number product.
In EXACT-NL, because the wave number product is needed,
the filtering depends on the actual spectrum for which the
nonlinear interactions are computed. In RIA, the “filtering” or
“reduction” of the integration space does not depend on any
target spectrum. This is an important difference.

In deep water, we have shown that the nonlinear transfer
computed by RIA compares well with results obtained from
the formulations by Hasselmann and Hasselmann [1981], Resio
and Perrie [1991], and Lin and Perrie [1997]. In shallow water,
RIA compares well with results from Herterich and Hassel-
mann [1980], Polnikov [1997], A. Masuda and K. Komatsu
(manuscript in preparation, 1998), and Hashimoto et al. [1998].
In the deep water tests, we used JONSWAP spectrum with
narrow spreading distribution (Hasselmann-Mitsuyasu) as in-
put spectrum, as is used by Hasselmann and Hasselmann
[1981], Resio and Perrie [1991], and Lin and Perrie [1997]. In the
shallow water tests, we used Pierson-Moskowitz and JON-
SWAP spectra with a broad angular distribution (cos2 u), as is
used by A. Masuda and K. Komatsu (manuscript in prepara-
tion, 1998) and Hashimoto et al. [1998]. This is important
because the nonlinear transfer is very sensitive to the shape of
the spectrum and the angular resolution, as noted by Hassel-
mann et al. [1985], as well as the water depth [Herterich and
Hasselmann, 1980]. In these tests, we have shown that RIA

Figure 8c. Total action transfer rates summed over all angles in deep water, assuming linear dispersion and
Du 5 7.58 . Line A represents Zakharov [1968] and Lin and Perrie’s formulation of (6). Line B represents the
Hasselmann and Hasselmann [1981] (EXACT-NL) formulation. Line C represents the Resio and Perrie [1990]
formulation. Line D is calculated by the RIA formulation of (9).
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works well with the symmetric JONSWAP and PM spectra. In
fact, RIA also works well with the directional sheared spectra
[Jensen et al., 1998].

In obtaining our results, we found that that RIA is only ;20
times slower than DIA, when its resolution consists of 35
frequency bands and 48 angle bands and DIA’s resolution
consists of 27 frequency bands and 12 angle bands. Therefore
RIA is very efficient. This efficiency is several orders of mag-
nitude faster than the other nonlinear transfer formulations,
for example EXACT-NL. This makes RIA a very practical
formulation, in view of its accuracy, particularly for operational
shallow water modelling. However, the good RIA verifications
we obtained in this study may depend on the tuning implicit in
RIA (namely the selection for Dk and Du). A final assessment
of RIA must be based on further tests and comparisons, in-
volving comprehensive wave model implementations, using
both analytical spectral such as the SWAMP tests of Hassel-
mann et al. [1985], as well as real data, in a broad variety of
spectral conditions. In computer tests, additional spectral
forms, besides the JONSWAP and Pierson-Moskowitz spectra
used here, must be involved.

Appendix
To compare the full Lin-Perrie formulation, given in (6), to

the quasi-two dimensional integral in (8), we plot the nonlinear
transfer DA/DT as a function of Dk in Figure A1, expressing

ki 1 Dk in terms of frequency, f(ki) 6 Df . The comparison
uses Df 5 1.10 Hz , 0.8fp, 0.4fp, 0.3fp. Sensitivity is minor
until Df is about #0.3fp. The difference in peak maximum
values is ;10%. To test the sensitivity to Du, we present
DA/DT as a function of Du in Figure A2. Minor sensitivity is
apparent when Du # 308. The difference in peak maximum
values is about 14%.

A more critical evaluation of RIA is given by consideration
of the two-dimensional nonlinear transfer. Thus we present
computations showing the sensitivity of DA/DT to Df and Du

in Figures A3–A5. Although the approximation to DA/DT
presented in Figure A3 is slightly coarse, with Df 5 0.3fp and
Du 5 158, it has the basic qualitative features displayed by
complete integrations, as shown in Figure 6a (from equation
(6)), Figure 6b from Hasselmann and Hasselmann and Figure
6c from Resio-Perrie. Figure A4, having Df 5 0.3fp and Du 5
308, more closely resembles the RIA formulation of Figure 7,
and the other formulations of Figures 6. Finally, with Df 5
0.4fp and Du 5 608 in Figure A5, DA/DT goes beyond the
RIA formulation and very closely matches the results pre-
sented in Figure 6a, and 6b and 6c for complete integrations.

It is important to emphasize that the results of Figures
A1–A5 were achieved by using a fine resolution angle–
frequency grid. A coarse grid would result in greatly reduced
peak nonlinear transfer values. For example, using an angular
discretization (Du ) of 308 and frequency increments given by

Figure A1. Total nonlinear transfer DA/DT as a function of Dk , expressing ki 6 Dk in terms of frequency
f(ki) 6 Df , Df 5 1.1 Hz , 0.8fp, 0.4fp, and 0.3fp.
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Figure A2. As in Figure A1, as a function of Du 5 3608, 908, 608, 308, and 158.

Figure A3. The two dimensional nonlinear transfer DA/DT , for an RIA formulation with Df 5 0.3fp and
Du 5 158.
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Figure A4. As in Figure A3 with Df 5 0.3fp and Du 5 308.

Figure A5. As in Figure A3 with Df 5 0.4fp and Du 5 608.
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dfi 5 0.1f i21, the corresponding nonlinear transfer DA/DT
from the full integration of (6), as shown in Figure A6, is an
order of magnitude smaller than the corresponding results
shown in Figure 4a.
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