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ABSTRACT

The ratio of the buoyancy force driving thermal convection to the surface wave vortex-force driving Langmuir
circulation in the Craik-Leibovich mechanism involves the Hoenikker number Ho. The critical value Ho,, at
which wave forcing and thermal convection contribute equally to the circulation, is found to increase with
decreasing Langmuir number La and approaches 3 in the small La limit. For a typical wind speed and surface
cooling, Ho is of order O( 1072) to O(10™"). Thus, wave forcing dominates over thermal convection in driving

Langmuir circulation.

Stratification induced by strong surface heating suppresses the circulation generated by wave forcing and
could completely inhibit the CL instability. In the physically plausible range of —0.1 < Ho < 0, however, this
does not happen for small La and the dynamical effect of heating is very small,

For a given heat flux, the temperature difference between the regions of surface divergence and convergence
in Langmuir circulation depends on Ho, Pr, and La and on the depth distribution of the heating, but is typically

O(i0 %) K.

1. Introduction

Langmuir circulation, consisting of a pattern of
counterrotating vortices oriented downwind (Lang-
muir 1938), is a key process in the ocean surface layer,
although its precise role in distributing heat, momen-
tum, and gas in the layer remains to be determined
(Thorpe 1985, 1992).

Observations of Langmuir circulation by Weller and
Price (1988) showed a downward vertical velocity
sometimes exceeding 0.2 m s~ below the surface con-
vergence. The downwind-directed current is greatest
at the surface convergence and has a magnitude com-
parable to the downwelling velocity at middepth in the
mixed layer. This downwind and downwelling flow is
jetlike in-structure, being confined to a narrow region
in the crosswind direction. The temperature difference
between the surface divergence and convergence is
generally small, ranging between 0.005 and 0.015 K
under strong winds (Thorpe and Hall 1982; Weller
and Price 1988).

The currently accepted model of Langmuir circu-
lation is the Craik-Leibovich (CL) model (Craik and
Leibovich 1976; Craik 1977; Leibovich 1977), in which
the Stokes drift of surface waves tilts the vertical vortex
lines of a near surface downwind jet to produce
streamwise vorticity with surface convergence at the
jet maximum. The jet is then reinforced by continued
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acceleration, by the wind stress, of the converging sur-
face flow. Li and Garrett (1993, hereafter LG), how-
ever, suggested that the CL model is incomplete as it
predicts a weaker downwind jet than is observed.

Other suggested mechanisms for Langmuir circu-
lation include thermal convection in a shear flow
(Csanady 1965). This was later dismissed on the
grounds that Langmuir circulation is observed under
thermally stable or neutral conditions (Leibovich
1983). However, incoming solar radiation is distributed
over an absorption depth so that water in a surface
layer may still become unstable due to sensible and
latent heat losses at the surface. Thus, thermal con-
vection can occur even when the ocean receives a net
heat flux, and can certainly occur if there is net heat
loss.

In this paper, we add surface buoyancy forcing to
the CL model of Langmuir circulation. We will assume
that the convective cells have their axes aligned in the
direction of the wind, as this is the preferred mode for
the CL mechanism, and convective instability of a shear
flow favors cells aligned in the wind direction but sup-
presses crosswind instability (Etling and Brown 1993;
Domaradzki and Metcalfe 1988; Kuettner 1971; Kuo
1963). It will be shown that wave forcing in the CL
mechanism dominates over thermal convection in
driving Langmuir circulation.

2. Model formulation

The wind stress 7,, gives a surface boundary condi-
tion
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3z’
where p,, is the water density, »7 is the eddy viscosity,

and # is the downwind velocity. Similarly, a surface
heat flux Q into the sea surface requires

o0
9z’
where C, is the specific heat at constant pressure, «7is
the eddy diffusivity of heat, and 8 is the temperature.

The wind stress 7,, is related to the wind speed U,
through

()

Tw = Pw¥T

Q = Cppukr (2)

Tw = pulty = CppaU (3)

where u, is the water friction velocity, p, is the air
density, and C)p is the drag coefficient. Using a typical
value of the drag coefhicient, LG estimated

{1 1
Us = (950 to 650) Uw

for wind speeds between 5 and 25 m s~
The total surface heat flux Q has four components:

Q=00 ~ O~ Q. (3)

where Q; is the rate of inflow of solar energy through
the sea surface and is distributed over an absorption
depth, Q is the net rate of heat loss by the sea as long-
wave radiation to the atmosphere, Q, is the sensible
heat flux, and Q. the rate of heat loss by evaporation
(latent heat flux ). The last two terms, Q, and Q., may
be of either sign, depending on the turbulent properties
of the atmosphere and can be calculated from mea-
surements of temperature, humidity, and radiation us-
ing bulk aerodynamic formulas and transfer coefficients
given as functions of stability and wind (Large and
Pond 1982; Smith 1988). At night, the sensible, evap-
orative, and longwave radiative components usually
combine to yield a net upward heat flux (Q < 0) that
may reach as high as 200 to 500 W m™? (Shay and
Gregg 1986). During the day the ocean typically re-
ceives heat (i.e., Q > 0), though in winter the outgoing
fluxes may overcome the incoming insolation to yield
Q < 0 even during the daytime. We shall consider a
period much shorter than the diurnal cycle, so that the
heat flux is taken to be steady.

For a two-dimensional model of ocean surface water
in a crosswind vertical section, the governing equations
can be written as (Leibovich 1977)

au a* ot

(4)

1

+ D=+ W— =V,
ER AT (6)
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in which ¥ is in a horizontal direction perpendicular
to the wind and Z is vertically upward. The three ve-
locity components i, ¥, W represent the downwind,
crosswind, and vertical velocities; © is the streamwise
vorticity, #, is the Stokes drift current, and « is the
coefficient of thermal expansion. Here we parameterize
turbulence by constant eddy viscosity »r and constant
eddy diffusivity x7. In the vorticity equation (d/
dZ)(di1/dy) is the Craik-Leibovich vortex force and
ag(80/3y) represents the production of streamwise
vorticity by buoyancy gradients, assuming net evapo-
ration makes a small contribution to the surface buoy-
ancy flux B, (e.g., Shay and Gregg 1986); that is, By
~ —agQ/(pwCy).

The Stokes drift current can be approximated ade-
quately by an exponential profile in modeling Lang-
muir circulation (LG) so that we can take #; = 2.5, X
exp(2BZ) in which 25, is the surface drift and 1/
(28) is the e-folding depth of the Stokes drift.

Nondimensionalizing distance, velocities, time, and
temperature as

5,2 = 673, 2), (10)
ﬁ=%%u, (11)
(@%=£%G§¥Yﬂmwx (12)
?o=afx—ﬂee, (14)

we obtain the following nondimensionalized governing
equations

— 40—+ w— = LaV? 1
3 v 3 w 3 aViu, (15)
o0 00 Q du, ou ae
—+v—+w—=Lav’Q — —— — HoPr—
a oy " 2 4z 9y  HoPrgl
(16)
of o0 00 La
—+v—t+tw—=—V?
Py e e (17)
Y Y
—_— —— = — V2
v 3 7 '’ Q v, (18)
with the surface boundary conditions given by
du o0 o
o Zog =X =
9z > 8z v 92?2 0. (19)

The nondimensionalized Stokes drift has a profile u,
= 2¢??, There are three dimensionless parameters in
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the above equations. The Langmulr number (Leibo-
vich 1977)
La = (@)3/2(:?2)—1/2
Uy Uy

represents the ratio of viscous to inertial forces. The
Prandtl number Pr = v1/«is the ratio of eddy viscosity
to eddy diffusivity. The third dimensionless number is
the Hoenikker number, ' which is defined as

(20)

Ho = Sl (21)
or
_ ag0/(Cyow)

if the surface heat flux dominates the contribution to
the surface buoyancy flux. It is noted that Ho > 0 when
the ocean loses heat (Q < 0) and Ho < 0 when the
ocean receives heat (Q > 0). The product Ho Pr rep-
resents the ratio of convective forcing to wave forcing
* through the Stokes drift. We can rewrite Ho as

-1

Uy L
in which L = —u3/(xBo) is the Monin-Obukhov
length and « is the von Karman constant. The ratio
D/ L of the mixed layer depth to the Monin-Obukhov
length has been used as a bulk stability parameter, in-
dicating the importance of convective instability of the
mixed layer when the parameter is large and negative
(Turner 1973). This criterion relies on the assumption
of a smooth surface and no coherent secondary flows
and is not a priori applicable to the upper ocean, which
contains breaking waves and Langmuir cells (Thorpe
1985).

Taking a = (1to 2) X 107* K ™! as for temperature
in the range 10-20K, C, = 4.0 X 103J K" kg™!, and
using the estimates u, = (1/950 to 1/650)Uw, 2S5
= (0.014 to 0.015)U,,, and 1/(28) = 0.12U%/g for
fully developed seas (LG), we find

4 @
~ — 4y X
Ho =~ —(7 X 107%) U

w

(24)

For a surface heat loss rate Q = —200 W m™ and a
wind speed U,, = 10 m s~', Ho is thus estimated to be
0.014, The spectrum of the Stokes drift gradient S8
1s flat so that Ho is fairly independent of fetch. If Pr

! The dimensionless number Ho is named after the distinguished
ocean thermodynamicist Dr. Felix Hoenikker (Vonnegut 1963). Dr.
Hoenikker, the inventor of ice nine, was modeled on Irving Langmuir,
for whom Kurt Vonnegut’s brother Bernard worked at the General
Electric Laboratories in Schenectady, New York (B. Vonnegut 1994,
personal communication ).
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=1 is taken for turbulent fluids, then the convective
forcing appears to be typically less than 2% of the Stokes
drift forcing, provided that both (du,/dz)(du/dy) and
d0/dy are of the same order of magnitude. Given the
different profiles of the two forcing termsin (16 ), how-
ever, it remains to be seen whether Ho = 1 really does
represent the transition from wave forcing (through
Stokes drift) to convective forcing, or whether the
transition occurs at some other value of Ho.

To investigate this, (15)~(18) together with (19)
are solved numerically by a spectral code extended from
that described by LG. A main point to make is that
the stress-type boundary conditions for # and 6 can be
made homogeneous by the decomposition u = U(z,
t)+u'(y,z, t)and = T(z,t)+ 0 (y, z, t) in which

; .
U(z, t) = 2(Lat)' " f(n), "= a2 (25)
La \!/2 ~ z
T(Z9 [)—2(5}'1) f(g-), K_W, (26)

f(n) = 77127 4 g erfe(—17). (27)

The perturbations u’(y, z, t) and 8’(y, z, t) are then
stress-free and flux-free at the upper boundary, and we
assume that this is also true at the lower boundary.
Hence,

au 60' _62
9z oz =0, ¢=

ol

=0 at z=0,-5d,

o)

Z
(28)

in which d is the depth of the computational box.

The computation is carried out in a rectangular box,
which has a horizontal extent L. Periodic boundary
conditions are imposed at the two lateral boundaries;
that is,

Wy +BL)=¥y), u'(y+BL)=u(y),

0'(y+BL) =0'(y). (29)

The cells typically grow to fill the domain regardless
of the size of B8L. We shall choose a computational
box with 8L = 27 and 8d = = in the following nu-
merical simulations. For homogeneous water, the de-
pendence of numerical results on the box size was dis-
cussed in LG. The maximum downwelling velocity,
on which our main conclusion is based, appears to be
a weak function of box size at small La. Although the
vortex force of surface waves has a depth scale deter-
mined by the profile of the Stokes drift, neither the
vortex force nor the buoyancy force have any inherent
horizontal scale. It is therefore expected that the com-
parison of the two forcing terms will be independent
of the box size once the box has a depth much greater
than the depth scale of the vortex force. With 8L = 2«
the Stokes drift drops to less than 0.002 of its surface
value at the bottom boundary.
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Computer power has limited our simulations so far
to 64 X 64 or 128 X 128 Fourier modes. For this, we
have adequate resolution, with one-dimensional energy
spectra showing exponential decay at high wavenum-
bers if La > 0.01. Time steps are chosen to ensure
numerical stability. Generally speaking, higher reso-
lution and a smaller time step are required at smaller
La. For La = 0.01, the eddy viscosity vy = 2.6
X 1073U3 /g so that for U, = 10 ms™', vy = 2.6
X 1073 m? s}, close to the estimate given in Leibovich
and Radhakrishnan (1977), although real flows may
have La somewhat smaller than 0.01. However, the
scale analysis to be discussed later will produce useful
insights into the flow properties, even at smaller La
which cannot be resolved by the numerical model.

3. Combined wave and thermal forcing

In this section we investigate the circulation driven
simultaneously by wave and thermal forcing. The flows
are studied in detail for a typical parameter set. Then
how three key flow indices vary with the dimensionless
parameters La, Ho, and Pr is investigated.

a. Flow and temperature fields

At small La vigorous cells are generated by wave
forcing, so we question if the circulation will be sig-
nificantly reinforced by the addition of a typically small
convective forcing. We take Pr = 1, La = 0.02, and
Ho = 0.05 and focus on the quasi-steady cells that
emerge from the amalgamation of small cells.

Figure 1 shows the distributions of downwind cur-
rent velocity, temperature, vorticity, and streamfunc-
tion over a vertical crosswind section. When Pr = 1,
the temperature differs from the downwind current
only in sign because both are advected by the same

(a)
0
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crosswind velocities v and w and satisfy the same
boundary conditions. It is clear that # and 6 have an
extremum at the downwelling site. A surface boundary
layer and a vertical boundary layer at the downwelling
site are apparent. Within the narrow downwelling re-
gion, the vorticity jumps between the two extreme val-
ues. Away from the two boundary-layer regions, viscous
dissipation is weak and u, 6, and Q appear to be ho-
mogenized, as expected for flows within closed stream-
lines (Batchelor 1956; Rhines and Young 1982).

We investigate changes in key flow quantities from
Ho = 0 to Ho = 0.05 at La = 0.02. The first is the
maximum downwelling velocity Ws,, which can be
written as

S, 1/3
%n=m(i) La ™ wy,, (30)
Uy
using
3
v _ La2/3(§9)” (31)
Uy Uy

from (20). The second flow quantity is the pitch (the
ratio of the surface downwind jet strength to the max-
imum downwelling velocity):

Pt =

ﬁcon — Uiy - (_S_O)_Z/3 La~1/3 Ucon — Uaiv (32)

Wan Us Wdn
The third quantity to compare is the temperature dif-
ference between the divergence and convergence lines:
Y - SoBuy { S
880 = Bgiy — Boon = & (_0
Uy

~1/3
) Ho Pr La~2/356.
g

(33)
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Fi1G. 1. Contours of flow fields for quasi-steady cells at La = 0.02, Ho = 0.05, and Pr = I: (a)
downwind current, (b) temperature, (c) streamwise vorticity, and (d) streamfunction.
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We note that Ho = 0.05 corresponds to a fairly strong
heat loss at moderate wind speeds. The maximum

downwelling velocity is only 4% larger, representing a

marginal increase in the circulation caused by the extra
" convective forcing. Without considering buoyancy, LG
found that the pitch predicted by the Craik-Leibovich
model is weaker than the observed value. The pitch at
Ho = 0.05 is slightly less than that at Ho = 0. Water
at the surface convergence is colder than that at the
divergence; the temperature difference is estimated to
be about 0.027 K using the same values of the param-
eters as used in estimating Ho in (24). For Ho = 0.014
found at typical oceanic conditions, the surface buoy-
ancy forcing will have even less effect on Langmuir
circulation, so that temperature is effectively a passive
tracer and the temperature difference is linearly pro-
portional to Q if the other parameters remain the same.
Now let us examine temperature and heat flux pro-
files. The temperature {#) averaged across the cells is
the sum of the reference conduction temperature 7°( z,
t) and the perturbation temperature {§’). Figure 2a
shows the profiles of 7(z, t), (6", and {#) at t = 150
when the cells reach a quasi-steady state. Except near
the surface boundary, the total temperature (0} 1S uni-
formly distributed with depth as (8"} due to the cell
offsets T(z, t). :
The total downward heat flux can be decomposed
into two parts as Q, = Q. + Q,, where the conductive
heat flux Q. is given by

- ROJN)
Qc"CprKT EY =0 dz
~of L KD\ _
- oG+ %)= 0t 0 (0

and the advective heat flux downward is given by
"y Pr ,
Q.= — ppw<W0>=—QE<wa > (35)

The total heat flux Q, has its maximum value Q at the
surface and decreases with depth (Fig. 2b) because of
continual surface cooling and a gradual decrease in
temperature. The advective heat flux Q, brings warm
water up at the upwelling site and cold water down at
the downwelling site and dominates the contribution
to Q, away from the upper and lower boundaries. As
shown in Fig. 2¢, the conductive heat flux Q. is greatly
reduced because of the temperature homogenization.
Thus, the cells carry most of the heat flux through ad-
vection and reduce the conductive heat flux by ho-
mogenizing the temperature.

The flow patterns shown in Fig. 1 appear to be rather
laminar, in contrast with highly turbulent flows ex-
pected in the ocean mixed layer. Unfortunately, it is
impossible with our existing computing resources to
resolve the turbulence, which is parameterized here
through eddy-mixing coefficients. The effective Reyn-
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FiG. 2. Vertical profiles at La = 0.02, Ho = 0.05, and Pr = 1 for
(a) temperature, (b) heat fluxes, and (¢) conductive heat fluxes.

olds number, defined as Re = Wy,d/vrin which Wy, is
the maximum downwelling velocity and d is the depth
of the cells, is 120 for the numerical run presented in
this section.
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b. Transition from wave forcing to convective forcing

We have shown that the circulation is marginally
reinforced by the convective force at Ho = 0.05. Our
next step is to determine the critical value Ho. at which
the convective forcing becomes comparable to the wave
forcing in driving Langmuir circulation. To do this,
we examine the distributions of the three flow indices
Wan, Pt, and 66 as functions of La and Ho. The effects
of varying Prandtl number Pr will be discussed in sec-
tion 3d; for the moment we take Pr = 1.

Figure 3a summarizes the numerical results for the
maximum downwelling velocity Wy, . As expected, Wyy,
increases as La decreases. At a fixed value of La, Wy,
increases with increasing Ho. Thus, the circulation will
be stronger when more convective forcing is added.
Using a spline fit, we construct a three-dimensional
distribution of Wy, in La and Ho space, as shown in
Fig. 3b. The strength of circulation as measured by Wy,
increases with the weakening of viscous dissipation and
reinforcement of convective forcing.

We plot the pitch Pt as a function of La for different
values of Ho in Fig. 4a. The pitch decreases as La is
reduced and decreases with increasing Ho. The pitch
appears to be a strong function of Ho but a weak func-
tion of La at small La. A corresponding three-dimen-
sional diagram for Pt is shown in Fig. 4b.

Figure 5 shows the surface temperature anomaly
across a cell as a function of La and Ho. For all three
values of Ho, 60 shows the same trend, gently increasing
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with decreasing La (i.e., with decreasing viscosity).
While 66 is a weak function of La, it is a strong function
of Ho (46 is approximately a linear function of Ho for
small Ho, as expected if @ is a passive tracer of the flow
and does not influence it dynamically). The functional
dependence of 46 on the three dimensionless param-
eters will be further studied in section 3d.

Since the maximum downwelling velocity measures
the strength of Langmuir circulation, we use it to clas-
sify the flows into two regimes: one dominated by wave
forcing and the other dominated by convective forcing.
We examine Wy, in La and Ho space, and locate a
dividing line at which Wy, for the combined forcing is
twice of that for wave forcing only (Fig. 6). Below this
line, one can say that Langmuir circulation is domi-
nated by wave forcing; above the line, the circulation
is dominated by convective forcing. The critical value
Ho, is close to zero at large La where wave forcing
alone cannot overcome viscous dissipation in causing
convective instability. As La is reduced, Ho, increases
and approaches 3 at La = 0.01.

¢. Scale analysis for Ho,

As demonstrated in our numerical modeling, cells
develop a boundary-layer structure similar to that ob-
served in homogeneous water (LG). Figure 1 clearly
shows the existence of a surface boundary layer and a
narrow downwelling region in a cell. To exploit this,

(a)
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N . + o
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~— 10 .
TN . °
553 . .
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- (b)
5 6
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)3 4
~—— \
TN 2
= 3
N 9
0.3
1 0.2
oo 0.1
Ho La

FIG. 3. Maximum downwelling velocity as a function of La and Ho. (a) Summary of numerical results
for Ho = 0 (@), Ho = 1 (+), and Ho = 2 (O). (b) Three-dimensional distribution obtained from a spline fit.
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FIG. 4. Pitch distribution in La and Ho parameter space. (a) Summary of numerical results for Ho = 0
(®), Ho = 1 (+), and Ho = 2 (O); (b) three-dimensional distribution obtained from a spline fit.

we extend the scaling analysis developed in LG to study
the small La regime. Our goal is to understand the
critical value Ho, determined in the numerical mod-
eling and to determine the parametric dependence of
key quantities.

The steady-state nondimensionalized governing
equations are

vi;;, w(%l;—,+‘2—[2])=LaV2u', (36)
v%ﬁ-+w3—Z=LaV29~%?;l— oPrZi',m)
() Loy

—%%, —g—‘yb, Q=vy, (39)

where dU/dz_= erfc(—z/(2VLat)) and dT/dz
= erfc[—z/(2VLat/Pr)]. In the following analysis, we
shall restrict our attention to Pr = 1. The length scales
in the y and z directions are denoted by Y and Z,
respectively; ¥ is chosen to represent the scale for
streamfunction ¢; W is the scale of the downwelling
velocity; U’ is the scale of the perturbation downwind

current u’; and T’ represents the scale of the pertur-
bation temperature 6'.

Within the narrow downwelling zone, the length
scale in the y direction is much smaller than in the z
direction, so that the viscous term is dominated by the
horizontal component; that is, 82/3y® > 3%/9z2. Asin
LG, we hypothesize that the advective, diffusive, and
forcing terms are of the same order of magnitude.

Equating advection and diffusion terms in the three
equations gives

LaZ
¥ =——-,.
Y (40)

Balancing advection terms and forcing terms in (36)
and (38) yields

U'=27Z=0(1),

T '=27Z=0(1), (41)
10'
o
g,—\ + + ° ° o ° o
o|2 * + +
w |3 +
~— o°t .
|3
s
B |w
. ° b . . .
10 +
10° 10" 10°

La

FIG. 5. Temperature anomaly as a function of La for Ho = 0.05
(®), Ho = 1 (+), and Ho = 2 (O).
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10 ¢ Convective forcing dominates

Wave forcing dominates

10" 10°
La

FIG. 6. The separation of the wave-forcing-dominated regime from
the convection-dominated regime in La, Ho space. The solid line
corresponds to Wy, being doubled from its value at Ho = 0.

by taking dU/dz = dT/dz = 1. The same balance in
(37) gives
La’Z 4U’+ HoT’
Y3 Y
Combining these relations and taking the dimension-
less vertical scale as 1 gives

(42)

¥ = (4 + Ho)* La'’?, (43)
W = (4 + Ho)'/?, (44)
Y = (4 + Ho) /4 La'/2, (45)

Using (30), we infer for the dimensional down-
welling velocity

Wan oc (4 + Ho)/2 La™'/3, (46)

Hence, one might deduce that the maximum down-
welling velocity is doubled at Ho, = 12. This value is
four times as large as the numerical value of Ho, = 3
at La = 0.01. However, in the scaling analysis we have
used the surface value of the Stokes drift gradient to
represent the magnitude of wave forcing. The discrep-
ancy between the scale analysis and numerical mod-
eling suggests that the vertical profile of wave forcing,
ignored in the scaling analysis, is important. To check
this, we have investigated the circulation driven solely
by wave forcing. We have found that the maximum
downwelling velocity ( Wy, hin corresponding to a linear
Stokes drift profile du,/dz = 4 is about twice as big as
{Wan )exp corresponding to the exponential profile du,/
dz = 4e?, If « is used to represent the magnitude of
the exponential Stokes drift gradient in the vorticity
equation, the scaling analysis tells us that (W, )exp
oc a'’?. Since (Wan)exp/ (Wan )iin = 0.5, one deduces (a/
4)1/2 = 0.5. Thus we should use « = 1 instead of 4 as
the coefficient of U’ in (42) in order to take the profile
of the Stokes drift into account. If this is factored into
the scaling analysis, we deduce Ho, = 3 at the point at
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which the transition from wave forcing to thermal
forcing occurs, in good agreement with the numerical
result.

d. Effects of Pr

So far we have assumed Pr = 1. This is not an un-
reasonable assumption for turbulent fluids, but it is
interesting to see how our results vary with Pr. When
Pr # 1, the diffusion coefficients in the momentum
and temperature equations are different. Therefore,
when boundary layers develop at the surface and at
the downwelling site, the thickness of thermal boundary
layers differs from that of momentum boundary layers,
as shown in Fig. 7.

In Fig. 8 the three flow indices for three values of
Pr are compared at Ho = 1. The maximum down-
welling Wy, is an increasing function of Pr for large La
(see Fig. 8a) because in this viscous regime the buoy-
ancy forcing is strengthened by the weaker temperature
diffusion at larger Pr. The temperature anomaly across
a cell varies inversely with the thickness of the thermal
boundary layer and hence is an increasing function of
Pr, as shown in Fig. 8c. The remarkable thing to notice
from this figure is that both Wy, and Pt appear to be
independent of Pr in the small La limit. This is because
at Ho = 1 the circulation is driven primarily by wave
forcing even when Pr exceeds 1. We have also analyzed
the Pr dependence at Ho = 0.05 and found again that
Pr has little influence on Wy, and Pt. Thus, we conclude
that wave forcing dominates over thermal convection
in driving Langmuir circulation, irrespective of the
choice of Pr.

For the small Ho of typical oceanic conditions, tem-
perature is a passive tracer and the buoyancy forcing

FI1G. 7. Contours of (a) downwind current and (b) temperature at
La =0.02, Ho = 1, and Pr = 0.5 showing the differences in thickness
of thermal and momentum boundary layers at the surface and in
the downwelling region.
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FIG. 8. Effects of Pr on three key flow quantities at Ho = 1 and
for Pr = 0.5 (O), Pr = 1 (@), and Pr = 2 (+): (a) maximum down-
welling velocity, (b) pitch, and (c) surface temperature anomaly.

makes a negligible contribution to the circulation
strength, so that 66 oc Ho. We can carry out a scale
analysis -of the governing equations for the surface
boundary layer to deduce the full functional depen-
dence of 66 on Ho, Pr, and La.

Mass conservation across the streamlines in a cell
requires ¥ = La'/? in the surface boundary layer, by
use of (43) for small La. Comparability of advection
and diffusion terms in (36) and (37) produces

Z, =Lla'/?, (47)

where Z, is the thickness of the surface momentum
layer.
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When Pr # 1, the thermal boundary layer has a dif-
ferent thickness, say Z,. Suppose 8 represents the order
of magnitude of the change of total temperature 6 in
the surface layer, either from the surface divergence to
convergence or, equivalently, from the cell interior to
the surface at a representative horizontal position. Since

the heat flux is fixed at the surface, we have
o0
—=1 48
Z, (48)

Integration of the temperature equation across the sur-
face layer yields

X 007z, = B

R
Combining with (48) and using the estimates of ¥ and
Z,, we deduce

(49)

80 oc Pr"2Lal/?, (50)

Fitting to the numerical estimates of 66 at Ho = 0.05
for different values of Pr and La, and using (33) for
dimensional 68, we derive

—-1/3
68 = S0 (ﬁ) Ho Pr'2La~"6, (51)
ag \uy

where ¢ = 2 is the constant of proportionality. Formula
(51) is equally applicable to the case when Ho is small
and negative. Figure 8c shows that 66Pr~'/? collapses
at small La even for Ho = 1, but better agreement
between (51) and numerical estimates is obtained at
Ho = 0.05. We can extend the scale analysis to examine
the effect of horizontally variable eddy viscosity and
diffusivity. It can be shown that 66 only depends on
the Prandtl number in the surface layer.

4. Suppression of circulation by heating

To consider the stratification effect caused by heat-
ing, we first investigate a surface heat flux and then a
heat flux distributed with depth. It must be noted that
Ho is now negative. In this section we shall fix Pr = 1.

a. Structure of flow and temperature fields

To illustrate the effects of surface heating, we present
in Fig. 9 the snapshots of downwind current and vor-
ticity fields when the cells are in a quasi-steady state.
The dimensionless parameters are chosen to be La
=0.02, Ho = —1, and Pr = 1. In this case, the non-
dimensionalized temperature and downwind current
are identical fields. Evidently the cells are constrained
to a surface layer, which only occupies about one-third
of the box depth. Much weaker circulatory cells are
found at lower depths. In the surface layer the isolines
of downwind current and temperature have a structure
reminiscent of that seen in Fig. 1. Beneath the surface
layer the isolines become almost horizontal. The vortex
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(a)
0

FI1G. 9. Contours of downwind current and vorticity at La = 0.02,
Ho = —1, and Pr = 1, illustrating the effect of stratification to constrain
the vertical penetration of cells: (a) downwind current and (b)
streamwise vorticity.

force overcomes stratification in the surface layer, but
both (dus/dz)(du/dy) and adf /3y diminish at greater
depth. These results show that strong surface heating
inhibits the vertical penetration of Langmuir cells.

It is worth noting that four cells are left in the final
quasi-steady state, in contrast to the two cells in the
unstratified flow. When faced with strong surface heat-
ing, cell growth is limited by stratification but the cell
aspect ratio remains about 1. However, for the physi-
cally plausible range of —0.1 < Ho < 0, we found that
in the quasi-steady state, two cells filled the compu-
tational box with 6 behaving as a passive tracer only.

Figure 10 illustrates the temperature and heat flux
profiles for Ho = —1. Again we see that temperature
is homogenized in the surface layer occupied by the
strongest cells (Fig. 10a). Below the surface layer the
temperature is mainly conducted downward, although
a small portion is carried by the weaker cells situated
there. Both conduction and advection contribute to a
heat flux that tends to cool the surface water and warm
the cold water below (Fig. 10b). Figure 10c shows that
advection carries most of the heat flux in the middepths
of the surface cells.

b. The stability diagram in La, Ho space

The above example demonstrates that the stratifi-
cation induced by strong surface heating suppresses
the circulation driven by surface waves. Figure 11
summarizes the magnitude of maximum downwelling
velocity Wy, as a function of La and Ho. Clearly Wy,
increases with decreasing values of La but becomes
smaller if Ho decreases. It is expected that the circu-
lation will be completely inhibited at Ho between —2
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and —4, although the precise value of Ho is somewhat
tedious to pin down because cells take a long time to
develop when the parameters are close to the stability
boundary.

35 0 0.5 1
QvQ, Q:/Q, Q2/Q
(c)
0
-1 L
N -2
-3
%5 0 05 1

Qa/Ct

FG. 10. Vertical profiles at La = 0.02, Ho = —1, and Pr = 1 for
(a) temperature, (b) heat fluxes, and (c) the ratio Q,/Q..
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FiG. 11. The effect of stratification on the maximum downwelling velocity: Ho > 0 represents
surface cooling, while Ho < 0 represents surface heating.

Nevertheless, it is worthwhile to map out the stability
boundary in the La and Ho space. Using the value of
the maximum downwelling velocity, we extrapolate the
critical value of La, at which the cells just become un-
stable for each value of Ho. We have tried to push La
against the critical value as much as possible and believe
our estimate of La, is accurate, although mapping out
the precise stability boundary requires a proper stability
analysis, which will not be attempted in this paper.
Figure 12 shows the stability diagram, and it is clear
that the critical value La, at which instability develops
is an increasing function of Ho. With Ho < 0 surface
heating suppresses the instability, while with Ho > 0
surface cooling reinforces the instability.

N

Unstable

Ho

Stable

0.5

04
La

(o} 0.1 0:2 0.3 0.6 07 0.8

FIG. 12. The stability diagram in La/Ho space at Pr = 1. The
critical value La_ is estimated by extrapolating Wy, to the La at which
it is zero.

c. Small effects of a typical surface heat flux

We have seen some striking effects of buoyancy flux
on Langmuir cells. Given a typical value of the surface
heat flux, a problem of practical concern is whether
the stratification will strongly damp the circulation.
The heat flux during daytime heating is usually no more
than 1000 W m™2. Hence, Ho = —0.1 represents an
upper limit under moderate winds. Numerical results
show that for small La, the reduction in downwelling
velocity is 5% and the amplification of pitch is §%.
There is a larger reduction in Wy, at larger values of La
when Langmuir circulation is relatively weak due to
strong viscous dissipation. As the circulation becomes
more vigorous, the surface heating has little impact on
the vertical velocity. Furthermore, we notice no ap-
preciable effect of the buoyancy flux on the pitch in
the small La regime. The mismatch of pitch between
the CL model and observations (see LG) does not be-
come smaller when the effect of surface buoyancy flux
is included.

Thorpe and Hall (1982) and Weller and Price (1988)
reported a small and positive temperature difference
between the surface convergence and divergence lines
(—46) of 0.005 and 0.015 K under strong winds. The
positive temperature anomaly, with water at conver-
gence warmer than at divergence, was presumably
measured during the periods when the ocean received
a net heat flux (i.e., @ > 0). Taking the maximum Q@
= 500 W m~% and maximum U,, = 15 m s~ recorded
during the experiment, we estimate Ho = —0.023. The
model predicts a positive surface temperature anomaly
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of 0.012 K at Pr = 1, which falls into the range of the
observed values. The agreement is encouraging but in-
conclusive because 66, while rather insensitive to La in
(51), is proportional to Pr!/2, and we do not know the
eddy Prandtl number of the flow. Another factor that
might affect the prediction of 66 is the heat flux through
the base of the mixed layer, which is not considered in
this model.

d. Solar insolation distributed with depth

The model assumes that the incoming solar radiation
O, is absorbed at the water surface. In reality only about
55% of Q; is absorbed very close to the surface; the
remainder penetrates deeper and is absorbed more or
less exponentially. The attenuation coefficient v varies
between about 0.03 m™! in clear Mediterranean water
and 0.3 m™! in dirty coastal water. A value of 0.04 m™*,
corresponding to a scale depth of 25 m, appears to
characterize much of the open tropical and subtropical
oceans (Niiler and Kraus 1977).

Our model can easily be modified to study the effect
of a distributed heat flux. Assuming all the heat flux
to be distributed with depth, the nondimensionalized
governing equations obtained are

au ou u

s tUg t g, = L, (52)
%+v3—9+ a—Q=LaVZQ c;_u%@_H Pr%
(53)

%g vg+ ?z%ﬁ(vza+‘fi—g), (54)
v=—%, w=%, Q =V, (55)

where the internal heating rate is determined by Q
= exp(~vz/B). The surface boundary conditions are

ou_ . o 9%y

g =0, v=5%=0.
oz > 9z ¥ 9z? 0

(56)
Usually the scale depth 1/v of the solar insolation is
much greater than the e-folding depth 1/(28)
=0.12U%/g of the Stokes drift, which is 2.76 m for
U, = 15 m s™!. In the following simulations, we in-
vestigate the influence of d, = (28)/7, the ratio of the
solar attenuation depth to the Stokes drift e-folding
depth, with d, = 10 being a typical value. The com-
putational box chosen in our simulations has a size of
BL = 2# and Bd = , corresponding to a width of 34
m and a depth of 17 m at wind speed of 15 m s™!.
The maximum downwelling velocity corresponding
to distributed heating Q exp(yZ) is compared with that
for the same heat flux Q applied at the surface. We
choose Ho = —0.1, a typical value for the incoming
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solar radiation alone, and study four different atten-
uation depths as measured by d,. Our numerical results
show that Wy, for the distributed heating is slightly
larger than that for the surface heating, approaching
the downwelling velocity without incoming heat flux
when d, becomes large, so that distributed heating has
even less impact on the strength of Langmuir circu-
lation than surface heating.

Figure 13 shows a strong dependence of 66 on d,.
The temperature anomaly is reduced to one-third for
d, = 1 and by a factor of 70 for d, = 10. As the incoming
heat flux is distributed over a greater depth, the water
is closer to being homogeneous and the temperature
anomaly is reduced. In turn, this will exert less buoy-
ancy torque on the water, further failing to constrain
the circulation. It is noted that | 80| gently decreases
with decreasing La for d, = 2, 5, 10, in contrast with
the case d, = 1 when | 58| starts to grow at asmall La.
It is possible that, for high values of d,, | 68| will start
to increase at much smaller La, though further nu-
merical runs will not add much to the point already
made regarding the weak dependence of 86 on La.

We have demonstrated that 80 associated with the
internal heating is negligible for a typical d,. The tem-
perature anomaly across Langmuir cells must then be
induced by the heat flux coming through the surface,
which accounts for 55% of the insolation. When using
(51) to predict the temperature anomaly for Q > 0,
we must base Ho on the heat flux that is absorbed or
lost right at the surface.

5. Conclusions

We have investigated subsurface Langmuir circu-
lation driven by surface waves as well as by surface
cooling. It is found that the vortex force of surface
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FiG. 13. Effects of a distributed heat flux on the temperature
anomaly for Ho = —0.1. The solid line corresponds to a surface heat
flux. Points @ (d, = 1), O (d, = 2), X (d, = 5), and + (d, = 10)
represent distributed heating.
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waves proposed in the CL model typically dominates
over thermal forcing in driving the circulation.

Under moderate winds, typical surface heating or
cooling does not significantly alter the dynamics of the
CL model. Strong cells prevent any stratification from
forming, so that the pitch predicted by the CL model
does not get closer to the observed values. The addition
of a convective forcing makes the theoretical pitch even
less. Thus, the inclusion of buoyancy flux cannot bridge
the apparent gap in the pitch between the CL model
and observations.

For a given heat flux, the temperature difference be-

tween the regions of surface divergence and conver-
gence in Langmuir circulation depends on Ho, Pr, and
La and on the depth distribution of the heating but is
typically O(1072) K, falling into the range of observed
values, although the difficulty in estimating the eddy
Prandtl number makes the comparison between the
model and observations uncertain.

In our model we assume that the circulation is com-
posed of two-dimensional cells with their axes aligned
in the wind direction. Although observations of at-
mospheric convective rolls suggest that the rolls usually
align with the wind direction, Soloviev (1990) and
Thorpe et al. (1991 ) observed temperature ramps in a
crosswind direction in a thermally unstable ocean sur-
face layer. Further theoretical studies may require the
consideration of these three-dimensional convective
plumes, although their main role may be to increase

- the eddy mixing coeflicients.

Future studies will address the effect of Langmuir
circulation on a preexisting stratification, and partic-
ularly the mechanism by which a surface mixed layer
is deepened.
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